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PROCEEDINGS 


OF THE 


Cambridge Philosophical Society. 


The stability of rotating masses g igis» > nole to a former paper. 
By Professor H. F. BAKER. i 


[Received and read 4 May r. 


In these Proceedings, Vol. xx (1920), pp. 198-204, the writer 
ventured (l.c. p. 203) on some remarks as to the reago why Sir 
G. Darwin and Mr Jeans had obtained discordant resis ‘for the 
stability of the pear-shaped figure of equilibrium, suggesting that 
this was due to a different mode of expansion of the functicns 
involved. Sir G. Darwin used an infinite series of Lamé functivis: 
Mr Jeans’ method was equivalent to using the early parts from az: 
expansion, of which every term, when expressed as an integral 
series of Lamé functions, would be an infinite series. At that time 
there was difficulty in obtaining Liapounoff’s* papers; since then, 
by the kindness of M. Belopolsky, of Pulkova, the whole of the 
four parts of Liapounoff’s publication “Sur les figures d’équilibre 
peu différentes des ellipsoides d’une masse liquide homogéne douée 
dun mouvement de rotation,” in all over 750 large folio pages, have 
become available; and these are now in the market. It is par- 
ticularly interesting to see that the fourth part (1914) is devoted 
precisely to that change in the method of development which 
would arise in passing from Sir G. Darwin’s expansion to the other 
expansion referred to above. And it is only by this change that 
Liapounoff is able to give the general proof of a form of expression 
of his results—in terms of polynomials and not infinite series— 
upon which his theorem of instability is made to depend. The 
careful consideration of the convergence of his expansions, which 
adds so greatly to the length of Liapounoff’s papers, supplies 
materials for the proof that the expansion used in Mr Jeans’ 
paper can be placed on a sure foundation, while Sir G. Darwin’s 
expansion requires an estimation of the remainder. 


* An obituary notice of Liapounoff, in Russian, was written by Stekloff, 
Bulletin de l’ Académie des Sciences de Russie, 1919, pp. 367-388. 
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2 Professor Hill, On the hypothesis of the obtuse angle 


On the hypothesis of the obtuse angle. By Professor M. J. M. 
HILL, Peterhouse. a 
[Received 3 April, read 4 May, 1925.] 
- ‘INTRODUCTION. 

1. Engel and Stackel in their Theorie der Parallellinien von 
Euklid bis auf Gauss*(1895) call attention to the fact that Saccheri 
and Lambert have used in their argument the property of the 
triangle that’ the external angle is greater than either of the 
interior and, opposite angles (Kuc. 1. 16), which is not true for 
triangles «fall magnitudes when the hypothesis of the obtuse angle 
holds good. They do not show how starting from the point of mew 
of Sacchert and Lambert the proofs should be amended so that they 
would be valid in the Elliptic Plane. Bonola (Non-Euclidean 
‘Gedmetry, translated by Carslaw, 1912, p. 31) in his account of the 
subject also uses Euc. 1. 16. It is the object of this paper to obtain 
the main results proved by Saccheri and Lambert when the hypo- 
thesis of the obtuse angle holds without using Euc. 1. 16. It is not 
suggested that this is a convenient method of procedure but it may 
perhaps have some historical interest. The key to the procedure 
here adopted is found in the reversal of the Euclidean order in 
a certain group of propositions, viz. I. 16, 18, 19, 20. 

Euclid, after proving 1. 16, deduces 1. 17 (any two angles of a 
triangle are together less than two right angles). Then from 1. 16 
he deduces 1. 18 (the greater side of any triangle is opposite to the 
greater angle), and from I. 18 its converse 1. 19, from which he 
deduces I. 20 (the sum of any two sides of a triangle is greater than 
the third side). 

Now propositions I. 18, 19 and 20 are true for triangles of all 
magnitudes in the Elliptic Plane, although 1. 16 is not. It is, there- 
fore, desirable to obtain proofs of propositions 1. 18, 19 and 20, 
which do not depend on I. 16. 

After these have been given a proof of the following proposition, 
which gives as much of the information furnished by I. 16 as is 
required, will be obtained. 

Let ABC be a triangle, nght-angled at A, but acute-angled at 
B and Cf. 

Then if a point P move from B to A, CP steadily decreases, 
whilst the angle CPA steadily increases. 


2. The following propositions in the First Book of Euclid will 
be assumed: 1-15, 23 and the first part of 26. 


* Pp. 52, 144 and elsewhere. 
t This is the only kind of right-angled triangle which Saccheri considered. 
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Further, after proofs of Euc. 1. 18 and 19, which are inde- 
pendent of 1. 16, have been given, it will be possible to use also 
Euclid’s proofs of 1. 24 and 25. 

In order to forestall criticisms that might be raised from the 
point of view of Elliptic Geometry, frequent references are made 
in this paper to the known properties of right-angled triangles in 
the Elliptic Plane for the purpose of showing that the conclusions 
in the paper which might have been reached by Saccheri and Lam- 
bert are not in conflict with the theorems of Elliptic Geometry. 
These are in square brackets. If Saccheri had proved his pro- 
positions in the manner here set forth, the possibility of the 
objections noted in square brackets would not have occurred to 
him, but the proofs would not have been open to such a criticism 
as that of his use of Euc. 1. 16. 


3. In view of the alterations here made in Euclid’s order of 
proof it is necessary to give the proofs of some properties of right- 
angled triangles, which might be more simply proved if Euclid’s 
order could be followed when discussing the hypothesis of the 
obtuse angle. 


First Group oF THEOREMS*. 


Theorem I. 


4. Let OX, OY be two rays bounding an acute angle. 

Let P be any point on OY. 

Then the perpendicular drawn from P on to the straight line, 
of which the ray OX is a part, falls on the ray OX. (The proof is 
left to the reader.) 


Theorem II. 


5. There cannot be two distinct lines which are both perpen- 
diculars from P on OX. 

Saccheri and Lambert would have dismissed the possibility of 
two such perpendiculars as being in conflict with Euc. 1. 17. 

(In Elliptic Geometry, if PM, PN are both perpendicular to 
OX and are not situated on the same straight line, then 
it is known that every straight line through P is per- Y 
pendicular to OX. P 
_ If then the angle MOP in the figure be acute, it is 
impossible to draw two distinct lines from P perpen- O M x 
dicular to OX. 

This leaves open the possibility that MP produced through P 
may meet OX at right angles. 


* The proofs of the theorems of this group are valid whether Euclid’s Postulate 
of Parallels holds good or not. 


I—2 
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Further it is known in Elliptic Geometry that if MOP is acute, 
MP is less than the polar distance which we shall call ZL. 

Hence in discussing any nght-angled triangle the side opposite 
to an acute angle is less than L, and if it be known that one of the 
sides containing the right angle is less than L, then the angle 
opposite to it is acute. 

To represent these facts, which were not known to Sacchert, we 
shall place in this investigation a limitation on the lengths of certain 


lines. | 


Theorem III. 


6. If two right-angled triangles have their hypotenuses equal 
and an acute angle in each equal, then the triangles are congruent. 

In the triangles ABC, A’B’C’ let the angles at C and C’ be 
right angles, let AB be equal to A’B’, and let the angles BAC, 
B’ A’C’ be equal to one another and let both of them be acute. 


D I 
A 
A B A' B’ 


On AC take AD equal to A’C’. 

If possible let D be distinct from C. Join BD. | 

Then the triangles ABD, A’B’C’ are congruent. Therefore the 
angle ADB is equal to A’C’B’ and is therefore a right angle. 

Therefore BC, BD, which are two distinct lines, are both per- 
pendicular to ACD, whilst the angle BAC is acute, and this is 
impossible by Art. 5. Hence D coincides with C and therefore the 


triangles ABC, A’B’C’ are congruent*. 


Theorem IV. 


7. If two right-angled triangles have their hypotenuses equal 
and a side in each equal, then the triangles are congruent. 

In the triangles A BC, A’B'C’ let the angles at C and C” be right 
angles, let AB be equal to A’B’ and let the sides AC, A’C’ be equal 
to one another. - 

Construct the angle BAD equal to the angle B’A’C’ on the 
opposite side of AB to C, and make AD equal to A’C’. Join BD. 
Then the triangles BAD, B’A’C’ are congruent. 


* A similar demonstration would hold good in Elliptic Geometry if the angles 
BAC, B’A’C’ were equal and obtuse. 
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Now AD is equal to A’C’ and therefore equal to AC. BD is equal 
to BC’. 

The angle ADB is equal to A’C’ B’ and is therefore a right angle, 
and so is equal to ACB. Join CD. Then, since AD is equal to AC, 
it follows that the angles ACD and ADC are equal and therefore 
the angles BCD and BDC are equal, and therefore BC is equal to 
BD and therefore equal to B’C’. But AC is equal to A’C’ and the 
angles ACB, A’C’B’ are equal; therefore the triangles ABC, A’B'C” 
are congruent. 

[In Elliptic Geometry there would be different figures according 
as either of the lengths AB, AC were or were not less than L.] 


Cc 
/~ | (>. 
A B D 
Cc! 


Al B' 
Theorem V. 


8. To prove that in a triangle, each of whose angles is less 
than two right angles, the sum of any two sides is greater than the 
third side (Euc. 1. 20). 

Let ABC be such a triangle. 

Bisect the angle ABC by BD meeting AC in a point D, neces- 
sarily lying between 4, C. Then BD is wholly inside the triangle. 


A 
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Bisect the angle BCD by a straight line CE meeting BD in EF 
necessarily between B and D, so that E is a point inside the 
triangle. 

Draw EF, EG, EH perpendicular to BC, CA, AB respectively. 

Since ABC is less than two right angles, the angle EBC is 
acute, and therefore BF is in the direction of the ray BC (Art. 4). 

In like manner ECF is acute and therefore F is on the ray CB. 
So F is on the same side of B as C, and also on the same side of C 
as B. Therefore F les between B and C. 

Then the triangles EBF, EBH are congruent by Art. 6. 

Therefore EF, BF are equal to HH, BH respectively. 

In like manner EF, CF are equal to EG, CG respectively. Hence 
EG ìs equal to EH. Join EA. 

Then in the triangles HAG, EAH there is a right angle in each, 
the hypotenuses are equal and there is a side in each equal. There- 
fore the triangles are congruent (Art. 7). Therefore the angles 
EAG, EAH are equal. Now E is inside the triangle. Therefore EA 
is the internal bisector of the angle BAC. 

Since LAG, EAH are acute angles it follows, just as in the proof 
that the point F lies between B and C, that G lies between C and A 
and H lies between B and A. 

But BF is equal to BH and is therefore less than BA. 

Also CF is equal to CG and is therefore less than CA. 

Hence the sum of BF and CF is less than the sum of BA and CA. 

Hence BC is less than the sum of BA and CA. 


Theorem VI. 


9. The angles of the triangle ABC being each less than two 
right angles and the angle ABC being greater than the angle ACB, 
it is required to prove that the side AC is greater than the side 
AB (Euc. 1. 19)*. 

A 


B C 


* The only other proof of this theorem, known to me, which is valid for triangles 
of any magnitude in the Elliptic Plane, will be found in Coolidge’s Non-Euclidean 
Geometry, p. 35, Theorem 28. It involves an axiom of continuity, an infinite limiting 
process, and a reductio ad absurdum. 
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Through B draw a straight line BD making the angle CBD 
equal to the angle ACB; then the straight line BD lies between 
BC and BA and therefore meets AC in some point D between A 
and C. 

Also BD is equal to DC. 

Then CA is equal to CD + DA which is equal to BD + DA, 
which is greater than BA by Art. 8. 


Theorem VII. 


10. The angles of the triangle ABC being each less than two 
right angles and the side AC being greater than the side AB, it is 
required to prove that the angle ABC is greater than the angle 
ACB (Euc. 1. 18). 

This can be deduced from the preceding theorem by a reductio 
ad absurdum, or can be proved directly by drawing a perpen- 
dicular through its middle point to the side BC of the figure of 
Art. 9, proving that it must meet AC, the longer of the two sides 
AB, AC in some point D, and then joining B to D. Then it follows 
that the angle ABC is greater than the angle ACB. 


Theorem VIII. 


11. The triangle ABC has a right angle at A and acute angles 
at B and C*. 

To prove that if a point P describe BA from B to A, CP will 
decrease steadily from CB to CA, 
whilst the angle CPA will increase 
steadily from CBA to CAB. 

Since CBA is acute it is less than 
CAB. 

Therefore CB is greater than CA. 

Now produce CA to D so that CA is 
equal to AD. z 

Join DP, DB. Then CP and DP ^ j 
are equal, as also are the angles CPA and DPA; CB and DB are 
equal, as also are the angles CBA, DBA. 

In the right-angled triangle CAP the angle CPA [being opposite 
to CA, which is less than L] is less than a right angle. Therefore the 
angle CPB is obtuse, but the angle CBP is acute; therefore the 
angle CPB is greater than the angle CBP. 

Therefore CB is greater than CP. 

Also CPA is a right-angled triangle and the angles at C, P are 
each acute. 


* [In Elliptic Geometry this involves the sides of this triangle, each being 
less than L.] 
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Now take R on AP between A and P, then it can be proved 1n 
like manner that CP is greater than CR and that the angle Cè A 
is acute. 

This proves that as P goes from B to A, CP steadily decreases. 

It remains to prove that the angle CRA is greater than the 
angle CPA. Produce RA to E making AE equal to AR. Join EC’. 


C 


The triangles CAE, CAR are congruent. 

Therefore CE is equal to CR, which is less than CP, therefore 
the angle CEA is greater than the angle CPA. But the angles 
CEA, CRA are equal; therefore the angle CRA is greater than the 
angle CPA. 

Theorem IX. 


12. The triangles ABC, A'B'C’ have the angles at C and C” 
equal to right angles, all the other angles being acute; further, the 
sides AB, A’B’ are equal. But the angle CAB is greater than the 
angle C’A’B’. To prove that CB is greater than C’B’, AC is less 
than A’C’, and the angle ABC is less than the angle A’B’C’. 

Through A draw the straight line AX so that the angle BAX 
is equal to the angle B’A’C’, then AX cuts BC at some point E 


X 


O 
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between B and C; then by Art. 11 the angle AEC is acute, and 

therefore the angle BEX is acute; also the angle BAE is acute. 
Therefore the perpendicular from B on AX falls on AE pro- 

duced through Æ. 

ee it BD; then the triangles BAD, B’A’C’ are congruent 

Art. 6). 


C’ 


A’ B’ 


Therefore AD is equal to A’C’, BD is equal to B'O”. 

The angles ABD, A’B’C’ are equal; hence A’C’ is equal to AD, 
which is greater than AZ and this is greater than AC by Art. 11. 

B’C’ is equal to BD which is less than BE by Art. 11, and 
therefore less than BC. 

Also the angle A’B’C’ is equal to the angle ABD, which is 
greater than the angle ABC. 


SECOND GROUP OF THEOREMS. 
Some Important Quadrilaterals. 


Theorem X. 


13. Saccheri’s Quadrilateral. Let ABCD be a quadrilateral, let 
the angles at A and B be right angles, and let AD be equal to BC, 
to prove that the angles at C and D 
are equal. (The proof is left to the D c 
reader.) 

Saccheri now makes three hypothe- 
ses. If the angles at C and D of the 
quadrilateral ABCD are each equal to a 
nght angle he calls this the hypothesis 
of the right angle. 

If they are both obtuse angles he 
calls this the hypothesis of the obtuse 4 p 
angle; and in like manner if the equal angles are both acute angles 
he calls this the hypothesis of the acute angle. 
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Theorem XI. 


14. Lambert’s Quadrilateral. If F, G be the middle points of 
DC, AB respectively in the figure of Saccheri’s quadrilatera l 
(Art. 13), then GF cuts AB, CD at right angles. (The proof is left 
to the reader.) 

Also GBCF, GADF are two quadrilaterals, each having three 
right angles. These are called Lambert Quadmilaterals. Such a 
quadrilateral has three right angles and one obtuse angle when the 
hypothesis of the obtuse angle holds. 


Theorem XII. 


15. In the quadrilateral ABCD let the angles at A and B be 
right angles and let the angle ADC be greater than the angle 
BCD, it is required to prove that AD is less than BC; and con- 
versely if AD is less than BC it is required to prove that the angle 
ADC is greater than the angle BCD. 

(Before proving these propositions it should be observed that 
they are related to the propositions corresponding to Euc. 1. 18 
and 19 in Elliptic Geometry. In fact, by producing DA and CB 
to meet at K we get a triangle ACD, and then applying articles 
9 and 10 we find, when ADC is greater than BCD, that KC is 
greater than AD; from which it follows that BC is greater than 
AD. I now proceed to give proofs of the above propositions such 
as Saccheri might have given if he had not made use of Euc. 1. 16.) 

In the quadrilateral ABCD the angles at A and B are right 
angles and the angle at D is greater than the angle at C; it is 
required to prove that AD is less than BC. [It 
will be supposed that AD, BC are each less E C 
than L, and AB is less than 2L.] D 

Bisect DC at E and draw through E a 
perpendicular to DC. 


(i) It will be proved in the first place that 
this perpendicular cannot cross AD between F 
A and D. 

If possible let it cross AD at F. Join FC, 

E. B 

The angles FDE, FCE are equal; therefore s 
FDE is less than BCD, i.e. ADC is less than BCD, which is 
contrary to the hypothesis. 


(ii) Suppose next the perpendicular through E to CD crosses 
AB at F between A and B; then the angles FDE, FCE are equal, 
but the angle ADC is greater than the angle BCD. 

Therefore the angle ADF is greater than the angle BCF; also 
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l1 


FD is equal to FC: hence, in the right-angled triangles ADF, BCF 
the hypotenuses are equal, then if the other angles are acute, it 


follows by Art. 12 that AD is less than BC. 


[Saccheri would not have doubted that the other angles of the 


right-angled triangle FAD, FBC were 
acute. 

In Elliptic Geometry it follows from 
the restriction that 4D and BC are each 
less than L, that the angles AFD, BFC 
are acute. 

Now FD and FC being equal cannot 
be greater than L; for if they were, then 
FA and FB would each be greater than 
L. And therefore the length AFB would 
be greater than 2L, contrary to the 
hypothesis. Hence FD, FC are each less 
than L. 

Then AD and BC being each less 


A 


E 


F 


Cc 


than L, it follows that FA and FB are each less than L. There- 


fore the angles ADF, BCF are each acute, 


as has been assumed above. | 


(ii) Lastly, suppose that the perpendi- p 


cular through E to CD crosses CB at F 
between C and B, then CF is equal to DF. 
Therefore CB is equal to the sum of DF 
and FB which are together greater than DB 
which is greater than DA. Therefore BC is 


greater than AD. 


The proof of the second part of the 
theorem can be obtained from the first part 


by a reductio ad absurdum. 


> 


THIRD GROUP OF THEOREMS. 


Properties of two straight lines meeting a third at right angles. 


Theorem XIII. 


16. Let ABCD be a Lambert Quadrilateral. 
Let the angles at A, B, D be right angles and the angle at C 
obtuse. Suppose that AD is less than L. Then, by Art. 15, since 
the angle at C is greater than the angle at D, BC is less than AD 


and therefore less than L. 
At C draw CE perpendicular to DC. 


E 


Cc 


be | 


Then, since ADC, DCE are right angles, Saccheri would have 


said that DA, CE cannot meet. 
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[We must, however, consider the possibility in Elliptic Geo- 
metry of CE meeting AD between D and A at some point F. In 
that case DF would be equal to L. And so 
AD would be greater than L, contrary to the P H 
hypothesis. | c 

Now, since the angle BCD is obtuse and 
CE is at right angles to CD, it must cross the 
boundary DA, AB somewhere. It has been 
shown that it does not cross DA between D, A. 
Hence it must cross AB at some point G between A and B. 

Since BC is less than L, therefore in Elliptic Geometry the 
angle BGC is acute and therefore less than the angle GBC, and 
therefore GC is greater than CB. Draw GH perpendicular to AB to 
meet DC at H. Since the angles BGC and GCB are both acute, 
therefore GB, BC are both less than Z. Therefore it is known in 
Elliptic Geometry that GC is less than L. Hence the angle GHC 
is acute; also the angle HGC is acute, therefore HC is less than L. 

Since HC, GC are both less than L, and GCH is a right angle; 
therefore GH is less than L. 

Since GHC is an acute angle, GH is greater than GC, which is 
greater than BC. The angle GHD is obtuse and therefore greater 
than the angle ADH. 

Therefore AD is greater than GH (Art. 15) which is greater 
than BC. 

It is now possible, starting from H, to proceed as we did when 
we started from C. 

The process could only come to an end if the straight lines 
corresponding at any stage to CG, GH coincided, and that could 
only happen at D. 


A B 


D 


A G K B O 


Now draw KLM perpendicular to GB at K meeting GC at L 
and HC at M; LC is less than GC, which is less than L. Therefore 
LMC is acute; then KM is equal to the sum of KL and LM, which 
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is greater than the sum of KL, LC; which is greater than KC, 
which is greater than BC. 

Also A.M is less than GM which is less than GH since GCH is 
anght angle (Art. 11). 

Therefore GH is greater than KM which is greater than BC. 

Hence in a Lambert Quadrilateral the perpendiculars drawn 
to the base 4B steadily increase as the foot of the perpendicular 
passes from B to A. 

Now suppose DC produced through C; through B draw BN 
perpendicular to DC meeting it at N; draw NO perpendicular to 
dB produced through B meeting it at O. 

Then the angle ON D is obtuse and AOND is a Lambert Quadri- 
lateral with the angle at N obtuse; hence we see that if two straight 
lines AB, DC meet the straight line AD at right angles. then perpen- 
diculars drawn to one of them, say, AB cut the other DC so as 
always to make a Lambert Quadrilateral with an obtuse angle; 
and further that the side perpendicular to AB having one end at 
the obtuse angle steadily diminishes as the foot of the perpen- 
dicular recedes from A. 


Theorem XIV. 


17. If there be in the plane one Lambert Quadrilateral with an 
obtuse angle, then all other quadrilaterals in the plane having three 
nght angles must have the remaining angle obtuse. 

In the quadrilateral ABCD let the angles at A, B, D be right 
and the angle at C obtuse; on AB set off AB’ equal to a side of the 
other quadrilateral, and along AD set off a length AD’ equal to 
another side of the second quadrilateral and so complete a figure 
congruent with the second quadrilateral. 

Let DC meet B’C’ at E; then (Art. 16) the angle CEB’ is obtuse 
and also by the same article the angle D’C’B’ is obtuse, so the 
second quadrilateral, to which AB’C’D’ is congruent, has three 
nght angles and one obtuse angle. 


D’ 
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Theorem XV. 


18. If the hypothesis of the obtuse angle hold, then the sum of 
the angles of any triangle is greater than two right angles. 

Since any triangle can be divided up into the sum of two right- 
angled triangles, it is sufficient to prove the theorem for right- 
angled triangles only. If the right-angled triangle has one of its 
other angles equal to or greater than a nght angle, the proposition 
is evident. 

It is sufficient, therefore, to consider the case of a right-angled 
triangle in which the other two angles are both acute. 

In the triangle ABC let C be a right angle and the angles at 
A and B both acute; bisect BC at F, draw BD perpendicular to 
BC and equal to CA; join AD, then ACBD 
is a Sacchen Quadrilateral. A = D 

Bisect AD at E and join EF; then 
EFBD is a Lambert Quadrilateral and the 
angles BDA, CAD are obtuse. In the figure 
EACF the angles at E and F are right angles, 
the angle at A which is obtuse is greater than 
the angle at C which is a right angle: there- 
fore by Art. 15 AE is less than FC and C E B 
therefore AD is less than BC. 

Hence in the triangles ABC, ABD the sides AB, AC are 
respectively equal to the sides AB, BD and the side BC is greater 
than the side AD; therefore the angle CAB is greater than the 
angle ABD (Euc. 1. 25), and therefore the angles of the triangle 
ABC are together greater than the angles ABD, ABC and ACB, 
that is, they are greater than two right angles. 


Theorem XVI. 

19. If the straight lines 4X, BY meet the straight line AB at 
right angles and if, through any point P on AX, a perpendicular 
be drawn to AX to meet BY at Q, to prove that as P moves along 
AX away from A the obtuse angle PQB will increase. 


B Q g 
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Let D be on AX farther from A than P, and let DC perpen- 
dicular to AX meet BY at C, then the quadrilateral PDCQ can be 
divided into two triangles and therefore the sum of its angles is 
greater than four right angles; but the angles at P and D are right 
angles, therefore the angles PQC, DCQ are together greater than 
two right angles: but PQC and PQB are together equal to two right 
angles. 

Therefore the angle DCQ is greater than the angle PQB. 


Theorem XVII. 


20. Suppose that the straight lines AX, DY cut the straight 
line AD at right angles. To prove that, if the hypothesis of the 
obtuse angle hold, they must meet. 


D 


A B C E X 


On AX take points B, C, E so that BC and CE are equal and 
each is less than L, and that the perpendiculars at B, C, E to AX 
meet DY at F, G, H. 

It has been proved that AD, BF, CG, EH are in descending 
order of magnitude, and that the angles EHG, CGF, BFD are also 
in descending order of magnitude, all of them being obtuse. On 
BF take BI equal to CG, and on EH produced take EJ equal to 
CG. 

The quadrilaterals BCGI, CEJG are congruent. 

The obtuse angles BIG, CGI, CGJ and EJG are equal. 

The sum of the angles FGI, IGC, CGH is equal to two right 
angles. 

The sum of the angles JGH, CGH is equal to JGC which is equal 
to IGC. 

Hence the excess of JGH over FGI is equal to twice the excess 
of IGC over a right angle: therefore, since IGC is obtuse it follows 
that the angle JGH is greater than the angle FGI. 

Now GJ is equal to GI, and the angle JGH is greater than the 
angle FGI, and the angle GJH, which is obtuse, is greater than 
the angle FIG, which is acute. 

Hence if JN be drawn making the angle GJN equal to the 
angle FIG, and if GN be drawn making the angle JGN equal to 
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the angle FGI, the point N will be inside the triangle GJH and the 


triangles GNJ, GFI are congruent. So that JN is equal to FI. 
Also GJN is equal to FIG, which is acute. 
And GNJ is equal to GFI, which is acute. 


Hence, if a perpendicular GQ be drawn from G on JN, its foot 


Q falls between J and N. 
Now GQ is less than GJ since the angle GJN is acute. 


But in the Saccheri Quadrilateral GJ is less than CE, since 
GJE is obtuse, and therefore GJ is less than L, for CE by hypo- 


thesis is less than L. 


F 


B C E 


Therefore GQ is less than L. 

Therefore in the right-angled triangle GQP the angle GPQ is 
acute. Therefore the angle JPH is obtuse, but JHP is acute. 
Therefore JH is greater than JP, which is greater than JN. Now 
JN is equal to FI; therefore JH is greater than FI. 

Therefore EJ less EH is greater than BF less BI. 

Therefore CG less EA is greater than BF less CG. 

Thus as we go along AX by equal lengths, the decrease in the 
length of the perpendiculars from points of DY on to AX increases 
at a greater rate. 

However small the difference in the lengths of the first and 
second perpendiculars may be, we must be able, if we continue to 
take equal lengths on AX, to erect perpendiculars to AX such that 
the sum of the decreases in the lengths of consecutive perpen- 
diculars will become greater than AD. This is impossible if the lines 
AX, DY do not meet. 

Hence the lines AX, DY must meet; and as Lambert points 
out (p. 192) on both sides of A. 

So that two straight lines would enclose a space. This Lambert 
rejects as absurd. It represents, however, the consequence of the 
hypothesis of the obtuse angle. 
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Theorem XVIII. 


21. It has been proved that two straight lines which cut a third 
line at right angles- always meet in two points. Suppose now that 
AB and CD are any two straight lines in the plane; to prove that 
they also meet in two points. 

From any point P on CD draw PQ perpendicular to AB. 


Cc 


(i) If the angle QPD is a right angle, then by Art. 20 the 
straight lines CD and AB meet in two points. 

(i1) If the angle QPD is not a right angle, then either it or the 
angle QPC is acute. Suppose that QPD is acute; at P draw a per- 
pendicular to QP. It was shown in Art. 20 that this perpendicular 
would meet QB in two points. Call that one of these two points, 
which is on the same side of PQ as D, is R. Then PD meets QBR 
in some point S; so the straight lines CD, AB meet in one point S 
at least. | 

In order to prove that CD and AB meet in a second point, it 
is necessary to go somewhat beyond the ideas of Lambert. 

We come in fact to the modern treatment of Elliptic Geometry. 

We have shown that if AX, DY are both perpendicular to AD 
then they meet in two points. Call one of these S and join S to 
any point E on AD between A and D; then if SE is not per- 
pendicular to AD suppose that the angle SEA is acute and there- 
fore the angle SED is obtuse; then it will follow from the triangle 
SEA which has a right angle at 4 and an acute angle at E that SE 
is greater than SA, and from the triangle SED that SE is less than 
SD; but this is impossible because SA is equal to SD; thus any 


S 


F ` 
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straight line drawn through S between SA and SD meets AD at 
right angles. We may by producing AD through D take a point F 
so that DF is equal to DA. 

If we now join SF, the triangles SDA, SDF are congruent; 
so any straight line through S between SD and SF will meet DF 
at right angles. Continuing in this way we can show that any 
straight line whatever through S will cut AD or AD produced 
at nght angles; and consequently it is possible to draw through S 
two lines making any given angle with each other which are cut 
at right angles by a third straight line. Now we proved that the 
two straight lines 4B, CD met in one point and we have now 
proved that at whatever angle they meet they can be cut by a third 
line at right angles, and therefore by Art. 20 they must meet in two 

oints. 
: Thus the conclusion is reached that the Geometry of the Plane 
when the Hypothesis of the Obtuse Angle holds is identical with 
Elliptic Geometry of the spherical kind. 
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On the substitution of Wallis’s postulate of similarity for Euclid’s 
postulate of parallels. Addendum. By Professor M. J. M. HILL, 
Peterhouse. 


[ Received 25 November, read 7 December, 1925.] 


The following is an alternative to Proposition II of the former 
paper*. It does not assume the second of the initial assumptions 
in Art. 2, nor does it assume that the angles supplementary to equal 
shales are equal, which Hilbert regards as a proposition (Founda- 
tions of Geometry, p. 18 of the English translation). 

The assumptions in the following proof are: 

(i) Through any two points one and only one straight line can 
be drawn. 

(ii) At any point a straight line can be drawn making with a 
given straight line through that point on a given side an angle equal 
to a given angle. 

(iii) In the triangle ABC a straight line through A in the angle 
BAC must meet BC between B and C. 

(iv) and (v) are included in Wallis’s Postulate of Similarity and 
may be stated thus: 


A 


B C 


Let there be three straight lines in a plane which intersect so 
as to form a trangle ABC. Take any two points B’, C’. At B’ 
make the angle C’B’X equal to the 
angle CBA. At C’ make the angle A! 
B'C’Y in the same plane as C’B’X PeR 
equal to the angle BCA. 


Then it is assumed x 
(iv) that B’X and C’ Y will meet at 

some point A’, and [2 3 N ; 
(v) that the angle B'A'’C”’ will be B' C 


equal to the angle BAC. 
* Proc. Camb. Phil. Soc. vol. 22 (1925), pp. 964-9. 


20 Professor Hill, On the substitution of Wallts’s postulate of 


It will now be shown that if a be a straight line in a plane, and 
A a point in the plane, but not on a, then it is possible to draw only 
one straight line through A in the plane, which does not meet a. 

Join A to any point B on a. Produce BA through A to any 
point C. 

Then through A a straight line b can be drawn making with 
BAC an angle equal to the angle which a makes with BAC. 

By Proposition I, b does not meet a. | 

It will now be shown that every straight line through 4, other 
than b, must meet a. 

On b take any point D on the same side of BAC as that on 
which the equal angles DAC, aBC are situated; and join C to D. 


By Art. 4, Corollary (ii), since the angles CAD, CBa are equal, 
it follows that CD, if produced, must meet a in some point E, and 
the angles CDA, CEB will be equal, since the triangles CAD, CBE 
are, by assumptions (iv) and (v) above, equiangular. 

On b take any point F on the opposite side of A to D, and join 
CF. 
Then since the angles CDF, CEB are equal, it follows by Art. 4, 
Corollary (ii) that CF, if produced, will meet a in some point G, 
and the angles CFD, CGE will be equal, since the triangles CFD, 
CGE are, by assumptions (iv) and (v) above, equiangular. 

Now any straight line through A, other than b, must pass 
through either the angle CAD or the angle CAF. If it pass through 
the angle CAD it must meet CD in some point H between C 
and D. 

Then since the angles HDA, HEB are equal, it follows by Art. 4, 
Corollary (ii) that HA must, if produced, meet a in some point K. 


| 
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If, however, a straight line through A pass through the angle 
CAF it must meet CF in some point J between C and F. 

Then since the angles JF A, JGB are equal, it follows by Art. 4, 
Corollary (ii) that JA must, if produced, meet a in some point J. 


Consequently every straight line through A, other than b, 
meets a. 


Note. The triangles CFA, CGB have two angles of the one 
respectively equal to two angles of the other. 

Therefore by Art. 4, Corollary (i) the remaining angles CAF, 
CBG are equal. These are the angles supplementary to the equal 
angles CAD, CBE. 

This result is proved by Hilbert (Foundations of Geometry, 
p. 18) by a proof in which the congruence of triangles is used. 
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The reciprocation of one quadric into another. By Professor 
H. F. BAKER. 


[Received 16 October, read 26 October, 1925.] 


It is a familiar fact that if two quadric forms, in (n + 1) homo- 
geneous variables, be each expressible as a sum of squares, of 
(n + 1) independent linear functions of the variables, then they 
are polar reciprocals of one another, in regard to any one of 2” 
quadrics. The question arises whether this is true for any two 
quadrics. Segre* states that this is an unsettled question. A solu- 
tion is given, however, by Terracinit for any two non-degenerate 
quadrics, supposed to have been reduced to the Weierstrass 
canonical form. The present note has the purpose of pointing out 
that a solution is derivable from a remark made by Frobenius; 
this requires a knowledge of the roots of the equation satisfied by 
the matrix of the two quadrics§. 


§ 1. We consider two quadrics in (n + 1) homogeneous variables, 
both of non-vanishing discriminant. The matrix of the coefficients 
of one of these being m-, the matrix of the coefficients of the 
tangential-form of this will be m; let the matrix of the coefficients 
of the point-form of the other quadric be M. If the quadric which 
is sought, by means of which the two given quadrics are polar 
reciprocals of one another, be of matrix p, we are to substitute, 
for the tangential coordinates u in the first form, mu?, the values 
given by u = pz, and the result is to be the second form Mz?. Now 


mu? = mpx. pr = pmp.z, 


where p denotes, as usual, the matrix obtained from p by trans- 
position of rows and columns. In other words, the problem is, 
given m and M, to find a symmetrical matrix p such that 


pmp = M; 
by hypothesis m and M are symmetrical. 


* Encykl. Math. 111, C. 7. p. 864, 1912. 

t Ann. d. Mat. xxx, 1921, p. 155. 

+ Berlin. Sitzungsber. 1896, p. 7. Frobenius refers to Kelland and Tait, Qua- 
ternions (1873), chap. x, and to Sylvester, Papers, 111, pp. 562-567 (1882). Sylvester 
refers to Babbage’s Calculus of Functions. 

§ This equation may be the same for cases of different invariant factors. For 
example, if m be the matrix of the coefficients of the form 2ry +2? +t?, and M, M, 
be the respective matrices of the coefficients of the two forms 

26ry +x? + 02274 ot, 20ry +r? +z? +t, 
both the matrices M,m, M,m satisfy the equation 
(N-0P(N - )=0. 
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§ 2. Now we can, without loss of generality, suppose the quadric 
form m-!z? reduced to a sum of (n + 1) independent squares, at 
starting, and find the form to which Mz? is reduced by the same 
transformation. Thus it is clear that there is no loss of generality 
in supposing m = 1. Then the problem is to find p such that 


p= M. 


But, if the equation satisfied by M be of order (r + 1), it is 
an obvious suggestion of the theory of algebraic numbers to attempt 
to solve this equation by substituting for p a polynomial in M of 
order r; the number of conditions to be satisfied by the coefficients 
in this polynomial is then equal to the number of these coefficients. 
Frobenius (loc. cit.) has given an explicit formula for this poly- 
nomial when the roots of the equation satisfied by M are known; 
this may be regarded as the well-known Lagrange’s interpolation 
formula extended to the case of repeated roots. It is clear that 
if M is symmetrical, this polynomial will likewise represent a sym- 
metrical matrix. The formula is quoted below (§ 5). 

§ 3. Without this reduction of the matrix m to a unit matrix, 
the equation pmp = M may be solved by finding q such that 

q? = Mm, 
and then taking p = qm-!. To prove this it is only necessary to 


show that gm-! is a symmetrical matrix; for, from q? = Mm, we 
have 


pmpm = Mm, 
and hence pmp = M. | 
Now the equation q? = Mm leads, because m, M are symmetrical, to 
gq? = mM; 
thus, if q = A, (Mm) + ... + Ay (Mm) + A), 


we have, for 9, 
g = A, (mM) + ... + Ay (mM) + Ap; 
and hence, as 
m (Mm) = mMm Mm... Mm = (mM) m, 
we have mq = gm, 
or | qm! = m~"9, 
which, since m is symmetrical, shows that gm-! is symmetrical. 
We may illustrate this procedure by deducing Terracini’s result. 


The forms to which Weierstrass reduces any two quadrics have 


matrices such as 
Gye oa wes Oe es ck cay 
lg . à . 4 
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wherein a, is a matrix whose diagonal coincides with that of the 
whole matrix, and b, a similarly placed matrix of the same order; 
likewise a,, b, are similarly placed matrices of equal order; and so 
on; each of the couples (a,, b1), (ag, b2), ... is associated with one 
of the elementary divisors of the matrix formed by the original 
family of quadrics, that is, of the matrix M+pm-'. As the 
product of two matrices of these reduced forms is the matrix 


a,b, 
azb . 


it is clear on consideration that it is sufficient to consider only the 
two matrices a,, b,, the other couples being similarly treated. Thus 
we may suppose, in the equation pmp = M, limiting ourselves to 
four rows and columns, and recalling the forms obtained by 
Weierstrass, that 


me a a UA. MES 1 08], 
T 34 . | 6 
E ee -g 1 6 
Le = 6 
the elements not written being zeros. Here m-! = m, and we have 
Mm='\6 1 . 
61. 
0 1 
6 


Thus (Mm — 6)4 = 0; therefore, denoting Mm — @ by N, a matrix, 
q, such that q? = 0 + N, may be obtained by expanding (6 + N)È, 
in powers of N, as far as the term in q3. Namely we have 

q= 0È (1 + 40-1 N — 4O-*N? + ,0-8N); 


this, however, is 


q= 0 E ae 
gg ws 
ae ae 
ee | 


— 9+} 1 JO-2 — 40-2 19-8 |; 
l 46-1 — 40-2 

; 1 46-1 

: l 


+40-1]. 1. .|-40- + 70-3 


es 
. 1l 


day Ae te 
ewald 
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thus p, = gm-}, is given by 
p=6) 0 — 40-2 402 1 
— 40-2 36-1 l 
40-1 l 
1 f 


Terracini obtains this result by trying, as a form for p, the matrix 
p=|A à Ag Al; 


À, 
then, with the proper m, we have 
pmp = | (1234) (234) (34) (4) 1, 
(234) (34) (4) 
(34) (4) ; 
(4) i ; 
where (1234) = (Ay, Àz, Às, Aq) (Ags Às, Ags Ar) = 2A À, + 2ApAs, 
(234) = (Àg, Ags Àa) (Ags Ags Àa) = 2AA, + Ào’, 
(34) = (Ag, Ag) (Ags As) = 2A3A4; 
(4) = (Ag) (As) = A’; 
to identify this pmp with the matrix M we require 
A? = 0, 213A = 1, 2A, Aq + Ay? = O, 2A, Aq + 2A,A, = 0, 
and these give, for À; , Az, As, Aq, the values obtained otherwise above. 
§ 4. We may compare the procedures under § 2 and § 3. To 
put the matrix m in unit form, it is necessary to take a matrix «a 


such that 
m = aa; 


the equation to be solved is then 
paap = M, 
or, if r = apa, r? = aMa. 


Conversely, when r is found from this, p can be found. To 
identify this with the procedure in § 3, it is necessary to show that 


ā (Maa)? = (aMa)? a; 
this can be proved precisely as it was proved that 


m (Mm)*t = (mM)? m. 
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§ 5. The formula of Frobenius, referred to above, for the 
matrix p such that p? = M, is as follows: Let the equation of least 
order satisfied by M be 

(M — 0P (M —¢)’... = 0, 
where 0, $, ... are all different. If the determinant | M — p | divide 
by (p — @)', and all the first minors divide by (p — 0)», then 
a = l — l; and similarly for b, ...*; thus, to find the equation, we 
may divide the determinant | M — p | by the highest common 
factor (as regards p) of the first minors of this determinant, and. 
then replace p by M. The process is rational when M is given; 
the determination of 6,¢, ... is a subsequent step. Now expand 
the fraction 
Mi 
(M =}... ° 
where the denominator is obtained by omission of the factor 
(M — 0)*, as if M were a single number, in powers of M — 0; 
denote the terms of this expansion, up to the term in (M — 6)2-1 
inclusive, with an arbitrary + sign prefixed, by [0]. Then the 
polynomial in M, consisting of the sum of such terms as 
[0] (M — 4)’ ..., 

computed for all the roots 6,¢,... in turn, is such that, when 
squared and then reduced by means of the equation satisfied by M, 
it reduces to M. This polynomial, U, is of order less than the 
order of the equation satisfied by M. The verification is by ex- 
panding M — U? in powers of M — 0, M —4@,... in turn, which 
shows that this divides by the left side of the equation satisfied 
by M. If k be the number of different roots of | M — p | = O, 
there are 2* possibilities for U. The product of any two such terms of 
U as[0] (M — $)’ ... contains all the factors of (M — 0)*(M—¢)°...; 
thus U? is the sum of the squares of the separate terms. 

As a simple illustration, suppose 


M=|0 1 


then M? = 1, and we find 
M? = 1 (aM? + bM + o), 
where, with e? = e° = &? = 1, w = 1, 
a = € + € + €, D = e + wt egw", C= E + egw? + egw. 
§ 6. Certainly for some particular values of m and M, the pre- 
ceding does not give the general solution of the equation pmp = M. 
* Proc. Lond. Math. Soc. xxx, 1899, p. 196. 
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For instance. when m = M = 1, and the matrices are, respectively, 
of orders 2 and 3, we have solutions, with arbitrary parameters, 


p =| cos@ sin 0 


sinô —cos@ 
p = (a? + b? + c?)-1! b? + c? —a?, = — 2ab, — 2ac : 
ee ee ee 
i — 2ae, — 2be, a? + 6? — ¢? | 


these being symmetrical orthogonal transformations. 
With somewhat more generality, if the matrix, z, of an ortho- 
gonal transformation, for which zz = 1, be capable of the form 


ıt = B-*pa, 


where p involves arbitrary parameters, but a and $ are definite, 
the matrix p being symmetrical, the equation zz = 1 is the same as 


B-paa p3- = 1, 
or pmp = M, 
whereby the symmetric matrix m, = aa, is changed, with the 
symmetric matrix p, involving parameters, into the symmetric 


matrix M, = B8. A case of this, the only one existing for matrices 
of order 3, is 


z=ł]| 1 0 2 0 0 l 1 0 =i]. 
0 2⁄2 0 0 —1 —m 0 v2 0 
-3i 0 W|] -m J(l—m’)}}1 0 7 


This arises from the symmetric orthogonal form quoted above by 
taking a = m, b = 2/2, c = im. It corresponds to the fact that 
the conics 

2xz + y? = 0, 2rz+ y? +2? =0 
are polar reciprocals not only with regard to 

2z + y? + $27 =0 

but also with regard to 

2rz + y? + $2? — $ (mz + 2y)? = 0 
for any value of m. 


§ 7. We have deduced Terracini’s result from Frobenius’ work. 
But the converse view may be taken. And, by a combination of 
both, we are in a position to write down at once a general mth 
root of any matrix, supposed first put in reduced form—namely, 
by means of components such as that called q in § 3 above, the 
fractional coefficients being replaced by the cbefficients in the 

1 1 


expansion of (1 + t)”, and 6? by 6”. Or, indeed, to write down 
explicitly any algebraic function of the matrix. 
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Note on the pedal locus. By Mr J. P. GasBatt, Peterhouse. 
[ Received 6 October, read 26 October, 1925.] 


While the paper “On the pedal locus in non-euclidean hyper- 
space ”* was in the press, Professor H. F. Baker kindly directed the 
writer’s attention to a referencef from which it appeared that the 
euclidean case had first been studied by Beltramift. After publica- 
tion, it was discovered that the main subject of Beltrami’s paper 
was the non-euclidean case§. He proves, by analytical methods, 
theorems which may be stated as follows: Let Ay, A, ..., An denote 
the vertices of a simplex, [A], in non-euclidean space of n dimen- 
sions, and P a point such that the orthogonal projections of P on 
the walls of [4] lie in a flat, p; then the locus of P is an (n — 1)- 
fold, W, of order n + 1, which is anallagmatic for the isogonal 
transformation q. [A]; the isogonal conjugate of P is the absolute 
pole of p, and the envelope, w, of p is therefore the absolute re- 
ciprocal of W. Beltrami does not note the theorem, fundamental 
for the geometrical treatment of the subject, that W is the Jacobian 
of a certain group of n + 1 point-hyperspheres. He goes on to 
show that in the euclidean case the locus W breaks up into an 
n-ic (n — 1)-fold and the flat at infinity, while the envelope w does 
not, in general, break up. Finally, he notes that in two dimensions 

there is also a special non-euclidean case, in which W breaks up 
into an order-conic and a line, and w into a class-conic and a point; 
and that the appropriate condition is fundamentally that which is 
necessary for the degeneration of a certain class-conic into a pair 
of points. “But what are the points? And what is the corre- 
sponding condition satisfied by the absolute conic? This is a 
question which it would be interesting to resolve.” It does not 
appear that the subject has been pursued further; and in the 
present note an attempt is made to discuss fully the analogous 
case of degeneracy in n dimensions. 
Let [A] denote a simplex in non-euclidean space of n dimen- 
sions; let A; denote a vertex of [A], and a, that wall of [A] which 
does not contain A,; let Q denote the Absolute, B,, b; the absolute 
pole, polar of a;, A, respectively, and [B] the simplex determined 
by the points B,. Now (for each of the n possible values of 7) the 
point B, and the join of a;, a; determine a flat. If B;’ denote the 
meet of the n flats so determined, then (2-22) B,’ is the isogonal 
conjugate, q. [A], of B;. Let [B’] denote the simplex determined 


* Gabbatt. Proc. Camb. Phil. Soc. xx1 (1923), 763-771. References in the text, 


thus: (2-22), are to this paper. 
t Encyk. d. math. Wiss. 111, C 7, 806-7, footnote 121. 
t Mem. Acc. Bologna (3) vir (1876), 241-262 =Op. mat. m1, 53-72. 
§ See Encyk. d. math. Wiss. 111, C 7, 962. 


Mr Gabbatt, Note on the pedal locus 29 


by the points B,’, and 6,’ that wall of [B’] which does not contain 
B,’; then (2-31) there is a quadric, Q’, the ene q. [4], such 
that [A], [B’] are polar q. Q’ (2 = 0, 1, 

Let the locus, W, of a point, P, eine 4 is such that the ortho- 
gonal projections of P on the walls of [4] lie in a flat, p, be termed 
the pedal locus, and the envelope of p the pedal envelope, q. [A]*. 
Then (3-11, 3-22) W is the Jacobian of the point-hyperspheres de- 
termined by the n+ 1 points B;, and (3-1) contains those points 
and the points B,’. The locus W also contains all the (n — 2)-folds, 
a,a;, of [A], and the n+ l joins, a,6,, of corresponding walls of 
[A], [B]. 

If the n + 1 lines 4; B; meet at a point, C, so that [4] is ortho- 
centric, and C the orthocentre of [A]; then the n + 1 linear 
(n — 2)-folds a,b, lie in a flat, c, the orthazial of [A]; the n+ 1 
lines A,B,’ meet (2-4) at a point, C’, the isogonal conjugate, q. [4], 
of C; and the flat b; contains a;b; (it = 0, 1,..., n). The locus W 
is now (5-13) the Hessian of a cubic (n — 1)-fold, Ut; isogonally 
conjugate points of W are conjugate poles q. U; and (1-2, 3-12, 5) 
c is the mixed polar flat, q. U, of any other pair of isogonally 
conjugate points. We shall need three further theorems on this 
case (the orthocentric case). 

First, it is clear from the specification of B,’ that the polar flat 
of C q. the n-ple of flats (a,"—1, by) is the flat, dọ, determined by 
By and agb). Now the isogonal transform, cy)’ (q. [4]), of the flat b,’ 
is an n-ic (n — 1)-fold containing each of the points A;, Ag, ..., An 
(n — 1)-ply and each of the points B,, B2, ..., B, simply; thus d 
is the polar flat of C q. c)’. Hence, and similarly: J If the sumplex [A] 
be orthocentric, and if C denote the orthocentre of [A], and c; the 
wogonal transform, q. [A], of the flat b,'; then the polar flat, q. c;', 
of C is the flat determined by the point B; and the join of the foe 
as, bi (3 = 0, 1, ..., n). (I) 

Again, the polar, q. Q’, of the line A,B,’ is the (n — 2)-fold 
a,b,’, which in the present ’(orthocentric) case is a;b; Moreover, 
if S denote the polar quadric, q. U, of C, then (5-12) the polar flat, 
q. S, of A, contains a;b;; and since C, C’ are isogonal conjugates, 
therefore the polar flat, q. S, of C’ is the orthaxial, c, which also 
contains a,b,. Thus A;B,’, a;b; are polar q. both the quadrics 
Q, S (««=0, 1,...,); whence: In the orthocentric case, if S 
denote the polar quadric of the orthocentre q. the cubic (n — 1) -fold 
of which the pedal locus is the Hessian; then S and the Secondary, 
£V, touch at all their common points, and those points are in the 
orthazial. (IT) 


* Beltrami terms W, w respectively the hypersteinerian locus and envelope 
q. [A]. This term is used in a different sense by Brambilla, Rend. Acc. Napoli, 
XXXVI (1899), 144-5. 

t Bauer, Sitz. Akad. München, xvin (1888), 337-354, proves this theorem for 
three dimensions; see Jessop, Quartic Surfaces, Cambridge (1916), 189-190. 
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Lastly, let &’ denote the common section, by the orthaxial, c, 
of the quadrics S, Q’. Then since S, which is the polar quadric, 
q. U, of C, contains every point, M, of X’; therefore the polar 
flat, m, of M contains C. Moreover, since M is a point of c, there- 
fore m touches the polo-n-ic, c’ (q. U), of c; also c’ 1s the isogonal 
transform, q. [A], of c; and the point of contact of m, c’ is the 
isogonal conjugate of M. Thus: If &’ denote the section of the 
Secondary by the orthazial, and c’ the rsogonal transform, q. [A], of 
the orthazial; then the rsogonal transform of X’ ıs the locus of the 
points of contact of the tangent flats to c' from the orthocentre. (III) 

We now proceed to examine the assumption that, in non- 
euclidean space, a flat, g, can form part of the locus W. Re- 
membering that the section of W by a wall, a,, of [A] consists of 
n + 1 linear (n — 2)-folds (viz. the joins of a, with the remaining 
walls of [A], and with the corresponding wall, 6;, of [B]), and 
having regard to the section of the walls of [A] by the assumed 
flat, g; we see that g must contain either (i) at least two of the 
joins a,a, or (11) at least n of the joins a,6,. In case (i), g must be 
a wall, a;, of [A]; this occurs when a, either touches the Absolute, 
or is the absolute polar of A;. The case is not analogous to that 
of Beltrami, and will not be further discussed. 

In case (ii), if the Absolute be non-degenerate, then at least 
n of the lines A; B; meet at a point. The n + 1 lines 4; B, therefore 
meet at a point*; the simplex [A] is orthocentric; and the flat g 
is the orthaxial, c. Now if c form part of the locus W, then the 
remainder of the locus is the isogonal transform, c’, of c. Also 
W contains all the points B, and their isogonal conjugates B,’. 
Thus either (a) c contains all the points B; or (B) c contains at least 
one of the points B,’. In case (a), the Absolute is a flat quadric 
in c; this is the euclidean case. 

We now consider case (8). Since, whenever [A] is orthocentric, 
the flat determined by B,’ and a;b; (which lies in the orthaxial c) 
contains all the remaining vertices of [B’] except B,’; therefore 
if c contain (e.g.) By, then c also contains all the n points B,’ 
(i= 1,2,...,). The quadric Q’ then degenerates into a flat quadric 
in c, and is therefore identical with X’ (see III); also B,’ is the 
pole, q. X’, of a;b;. Thus we have the following: In non-euclhdean 
space of n dimensions, the pedal locus, q. a simplex [A], includes 
a flat if [A] is orthocentric, and one of the points B; lies in 
the orthaxial, c, of [A]. Then all the n + 1 points B; lie in c; the 
n+ 1 points B; lie in the rsogonal transform, c', (q. [A]) of c; the 
pedal locus consists of c and c'; and the pedal envelope consists of the 
orthocentre, C, of [A] and the absolute reciprocal of c’. (IV) 

Referring to the case of theorem IV as Beltramis case, we have 
from (I): In Beltrami’s case, the polar flat, q. c’, of C is c. (V) 

* See Schläfli, J. f. Math. Lxv (1866), 189-197. 
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Also from (II, III): In Beltramz’s case, the n+ 1 points B,’ are 
the poles (q. a flat quadric, X’, in c) of the n + 1 joins of corresponding 
walls of [A] and the absolute polar simplex, [B]; and X' ts the vsogonal 
transform, q. [A], of the locus of the points of contact of the tangent 
flats from C to c’. (VI 

It has not yet been formally proved that, in the orthocentric 
case, incidence of one of the points B,’ on the orthaxial is possible. - 
It may therefore be noted that, if the restriction that the quadric Q 
is the Absolute be removed, and if the terms required (perpen- 
dicular, isogonal conjugate, etc.) be defined projectively q. Q, then 
(2-33) the substitution of Q’ for Q results in the interchange of 
the simplices [B], [B’] and of the quadrics Q, Q’; and the isogonal 
transformation, q. [A], remains unaltered. Moreover (2-42) the 
simplex [A] is either orthocentric q. both the quadrics Q, Q’ or q. 
neither; and (5-14) in the orthocentric case (but only in that case) 
the pedal locus q. [A] is unaffected by the substitution. Beltrami’s 
case is therefore projectively identical with the orthocentric case 
in euclidean geometry; the apparent difference (as regards de- 
generacy) in the behaviour of the pedal envelope in the two cases 
being due to the circumstance that, in the former case, that one of 
the two quadrics 2, Q’ which is non-degenerate is regarded as 
Absolute, while in the latter, that which is degenerate is so 
regarded. 

It is interesting to remark that the euclidean expression of 
theorem V is as follows: If c’ denote the pedal (n-ic) locus, q. an 
orthocentric simplex in euclidean space of n dimensions, and C” 
the isogonal conjugate of the orthocentre; then the polar flat of C’ 
q. č is the flat at infinity. Now since any line parallel to an edge 
of the simplex meets c’ (n — 2)-ply at infinity, it follows that: In 
euclidean space of n dimensions, if [A] denote any orthocentric 
simplex, and C” the tsogonal conjugate, q. [A], of the orthocentre: 
then any line containing C’ and parallel to an edge of [A] meets the 
pedal locus (q. [A]) at two actual points only; and the segment de- 
termined by the two points ts bisected at C’*. In a euclidean plane, 
this reduces.to the theorem that the circumcentre of a triangle is 
the isogonal conjugate of the orthocentre. (VII) 

In the actual case discussed by Beltrami, the theorems IV-VI 
take the following form: If Aj, A,, A, denote the vertices of a non- 
euclidean plane triangle, [A], and B,, B,, Bz the corresponding 
rertices of the absolute polar triangle, [B], and if the six points A,, B; 
be on a conic, c’ ; then the six sides a;, b; of [4], [B] touch a conic, K, 
the absolute reciprocal of c’. The pedal locus, q. [A], breaks up into 
the conic c’ and the orthaxis, c, of [A]; the pedal envelope breaks up 
nto the conic K and the orthocentre, C, of [A]; c is the isogonal 
transform, q. [A], of c; and c is the polar, q. c', of C. If B; denote 

* Cf. Gabbatt, Proc. Lond. Math. Soc. (2), xxiv (1925), 173. 
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the tsogonal conjugate, q. [A], of B;, and C; the meet of a;, b 
the two points B,’, C; are conjugates in an involution range, on c, of 
which the double points, D, D', are the meets of c, c’, and constitute 
the isogonally conjugate point-pair onc (t = 0,1, 2)*, (VIII) 

If the conditions of theorem VIII be satisfied, and if any line 
containing C meet c’ at the points X, Y; then it is easy to show 
that A; (4; 4k XY) A B; (B, B,Y X). In particular, the line X Y 


may be the absolute polar of B,’; and in that case it may readily 


be proved that the four lines A,X, A;Y, B,X, B,Y all touch the 
Absolute. The relation A;(A,;A,XY) A B,;(B,;B,YX) then ex- 
presses the congruence of one of the supplementary angles ajax 
with one of the supplementary angles b,b, (2,7, k = 0, 1, 2). Thus: 
In a non-euclidean plane, if [A] denote any triangle of which the 
angles are, independently, either congruent or supplementary to the 
angles of the triangle [A]; then the congruence of one of the triangles 
[A] with the absolute polar triangle of [A] 1s a necessary condition 
for degeneracy (of the type considered) of the pedal locus. It may be 
shownf that the congruence, for a single pair of values of J, k, of 
one of the supplementary angles a,a, with one of the supple- 
mentary angles b,b, is in general a sufficient condition for de- 
generacy. (IX) 
In the special case of theorem VIII, the point-pair D, D’ 

replaces the class-conic, Q’, q. which, in general, the triangles 
Ay A,A_, Bo B/B are mutually polar. It is to be observed that 
Q’ is not the conic of which the degeneracy in the same case is 
noted by Beltrami. If the Absolute be expressed by the line- 


equation | 
OS (Oris echt apse tis 0 Cotta) 
then 


is then 


SAE TE EA eaea dotos 31 £11 ta) = 0, 
whereas Beltrami’s class-conic is expressed by the equation 

(ant cosy sieges ...}3 seU bos ĉi, £,)? = 0; 
the condition for the case of theorem VIII being the vanishing of 


the determinant 
(Qij = @;;). 


-1 -1 
Gon Q21 Q22 
* Cf. Neuberg, Mathesis, (3) vixi (1908), 159-160; Juhel-Rénoy, ibid. 257-258. 
t E.g. from Gabbatt, Proc. Camb. Phil. Soc. xxı (1923), 297-362, §§ 9-12, 15-1. 
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On the series of forms of Jacobi’s rotating liquid ellipsoid. By 
W. F. Sepewick, M.A., Trinity College. 


[Received 20 October, read 26 October, 1925.] 


The object of these notes is twofold. First, to connect the theory 
of the possible shapes of Jacobi’s ellipsoidal equilibrium figure, for 
a given mass of homogeneous rotating liquid, with the theory of its 
stability and other properties given by Prof. H. F. Baker in his 
paper “On the stability of rotating liquid ellipsoids” in Proc. 
Camb. Phil. Soc. vol. 20, pp. 190-97. And secondly, to indicate 
two inconclusive reasonings on the subject in Thomson and 
Tait’s Natural Philosophy (2nd edition), arts. 778 and 778’, and to 
complete the proofs of the results in question. 


1. Taking Va, Vb, Vc as the semi-axes of the ellipsoid, in 
descending order of magnitude, Prof. Baker has provided a concise 
proof, in the paper* referred to, that as a — b increases numerically, 
a + b (which is proportional to the moment of inertia about the 
axis of rotation c), the moment of momentum, and the total energy 
(kinetic + potential), all constantly increase when the volume 
or, the density being invariable, the mass of the liquid is given; 
whilst the angular velocity, on the other hand, constantly de- 
creases. For the fact that a — b constantly increases, as we proceed 
along the series of ellipsoids, he refers to the numerical tables giving 
the values of the axes at successive intervals. As, however, it is 
difficult in such cases, apart from strict mathematical demonstra- 
tion, to feel quite satisfied that in the course of the calculations 
some additional series of figures, or some minor maxima or minima 
resulting from variations extending only over short intervals, may 
not have been accidentally overlooked, it seems desirable to connect 
with Prof. Baker’s equations a rigorous proof that, as a constantly 
increases, both 6 and c constantly decrease. And this can easily be 
done. 


2. Writing 
Sn eo 
fo {(£ +a) (£ +b) (z+c)}t’ A 
_ ”$ _ od 
P= ia P= goa’ 
* In this paper, on p. 191, line 12 from foot, for ` (E? zim tm’, read 


“u (£? — E10; +7,°)”; on p. 192, line 13 from foot, for ` ‘p,=c” read “¢,=c"’; and 
on p. 194, line 6 from foot, for “b +x” read “b +y. 
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Prof. Baker shows (p. 194, l.c.) that 
do=tehP, dg=—-h®P—-—R, ans. (2) 
where P, R are each essentially positive and different from zero 


in the problem under consideration, so that ¢,, is positive, and >> 
negative. Also we have the equation (p. 193, l.c.) 


h2 (Sa + Sb) = — Sk = 2e, n, (3) 
2 
showing at once that if c constantly diminishes, h does so also, and 
therefore a + b constantly increases. 
Now by the condition of constant mass, i.e. of volume, we have 


-ba — ab = "8c, nn (4) 

From (3) and (4) 
(a — b) h?da= ae (cha + Dh? die), sevens (5) 
— (a — b) h®8b = t (Choo + ah2dis). maaan (6) 


But by (2), since ah + bh = 1, 

Cha + bh? dye = Cho + Zhor — h (1 + ah) pa = —cR—h(1+ ah) dis, 
and ca + bhè, and similarly ch + ah?°$ı2, are accordingly 
negative. Thus ôa and ôb always have opposite signs; and, when 
a> b, 5b and dc have each the opposite sign from da. Moreover, 
it is impossible for any one of the three quantities a, b, c to vary 
without a simultaneous variation in each of the other two; except 
to the first order of small quantities at the point of junction 
with Maclaurin’s spheroid, where a =b and c is a maximum. 
Starting from this point of junction, we must suppose either a or b 
to increase. If a increases, both b and c constantly decrease. The 
supposition that 6 increases leads obviously by symmetry to a 
precisely similar set of figures; for the future, therefore, we shall 
always suppose that it is a that increases. Since 


(Va+vb?=a+b+4+ 2Vab, 
and by (3) and (4) both a + b and ab constantly increase, it follows 


that the sum of the axes of the principal section perpendicular to 
the axis of rotation constantly increases; their difference obviously 


does so. 
3. The Jacobian condition of rotational equilibrium, as derived 


from the criterion that the total energy is a minimum (p. 192, l.c.), 
may be written, when the mass is constant, in the form 


I {a (b — c) — be — ex} rdx _ 
Clo {(£ +a) (+b) (s+ 
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On making use of the identity 


2(" d x 
bse), tl @ioesberot|® 


oe ore Wee (8) 
C.o {(æ+a) (+b) (z+ 7 


we can transform (7) into 
O E s 
e o {(z+a)(z+b) (r+) 
æ — 7 
i SA ne eee CO a) 
Clo (z+ a) (z + b){(z + a) (z + b) (z + o)}* 
From (7) we see that as a becomes large, b approaches equality 
with c, since otherwise the positive part of the integral would 
become indefinitely large compared with the negative part. Ac- 
cordingly, since abc is finite, we have b = c = 0, when a = œ . The 
same result follows from (9), taken in conjunction with the fact 


that c is less than the least of a and b; a fact which follows at once 
from (7), since the integrand in that equation would be always 


or 


negative unless c < aab 
4. Again, by (2) and (6) we have 
Pe-e a a a 
a i EEE DE iP) 


b a br 2 b a+2b_ b" 

Now — ay a a (a —b)h aab > m? l, ...(11) 
provided n>0. Hence, when n is real and positive, b” — c” 
constantly decreases to zero; in particular, both b — c and Vb — vc 
constantly decrease to zero. Since it has been shewn that both 
a+bandVa+-Vb constantly increase, it follows that a + c and 


Va +vVc both constantly increase, since 
a+c=a+b—(b—- co), etc. 

Thus it has been proved that in the case of each of the two 
principal sections through the greatest axis (a), the sum and 
difference of the axes, the area, and the moment of inertia about 
the axis perpendicular to the section all constantly increase to 
infinity, as we proceed along the series of Jacobi’s ellipsoids from 

aoe 
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the junction with Maclaurin’s series. On the other hand, all these 
quantities constantly decrease to zero in the case of the third 
(smallest) principal section. 


batt b 
5. As regards the ratios of the axes, it is obvious that A and Z 


constantly diminish to zero as a increases to infinity. Also by (10) 
3 ($) cò (b — c) — (b — c) òc 
j= 
c 
b b a b 2 + ea” By MAB, 
c (a—b)h? hP)’ 
and this is negative by (11). Hence constantly diminishes to 


unity, when b = c = 0. Thus when any one of the three ratios is 
given, the other two are determinate and unique, since any given 
value of any one of the ratios occurs only once in the series of 
ellipsoids. This has been proved on the supposition that the 
volume, and therefore abc, is constant; but it holds generally. For 


on writing z = cu, a= =, b= in (7), and inserting the factor 


abe in order that the variational equation may relate to the energy 
multiplied only by a numerical factor (p. 192, l.c.), we find that the 
equation may be written 


(abc)? | _ (i ~s—t~ stp) pdp _ a= | an (12) 
“0 {(1 + y) (1+ sp) (1+ ty)}3 


This is virtually the form of the Jacobian relation used by C. O. 
Meyer in his original investigation (see §9 below), by means of 
which he showed (as corrected by Liouville) that as s increases 
from 0 to 1, ¢ diminishes from 1 to 0, and vice versa; and it is 
apparent from this form of the relation that it conditions only the 
form of the ellipsoid, without regard to its volume. Consequently, 
if for any given value of the ratio of any two of the axes there were 
more than one value for the other two ratios, the same multiplicity 
of values would arise also when the volume of the ellipsoid is kept 
constant. But we have seen that in that case all the ratios are 
uniquely determined by any one of them; hence this proposition 
holds generally. 
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6. We now come to the treatment of the matter in Thomson 
and Tait’s Natural Philosophy (§ 778). Taking a, b, c as the semi- 
axes, and writing D = (a? + u)? (b2 + u)? (c? + u)?, the authors 
write the Jacobian relation in the form 

 udu/l 1 l u 
h lata- ast ama) =O. 


= — gee ee ee 
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and remark that it “may be regarded as an equation to determine 
3 for any given values of a and b.” They then proceed as 
ollows :— 


“It has obviously one and only one real positive root; which is 
proved by remarking, that while u increases from zero to infinity, 
u/D® decreases continually to zero, and the last factor under the 
integral sign continuously increases, only reaching a positive value 
for infinitely great values of u when c is zero, and being positive 
for all values of u when 1/c? = or < l/a? + 1/6?: and that, for any 
constant value of u, the last factor increases with increase of c?. 
As every element of the integral is positive when 


1/c? = or < 1/a? + 1/6? 
and as we may write this inequality as follows, 
c? = or > b?/(1 + b?/a?), 


we see that if c = or < the less of a, or b, every element of the 
integral is positive, and we infer that the root c is less than the least 
of a or b.” 


Remark in the first place that the last sign of inequality should 
be “>” instead of “ <” ; and that for “u/D®” we must read “1/D3,”’ 
if the passage is to read correctly as it stands, since u/D* increases at 
first. We can in fact easily show that u/D? increases to a single 
maximum: the reasoning would not, however, be affected if this 
algebraical expression were allowed to stand with suitable altera- 
tion of the werding. The argument is that, as c increases from zero, 
an ever-increasing range of the integral, including the larger values 
of u, becomes positive, and consequently only an ever-decreasing 
range, including the smaller values of u, remains negative; whilst 
the value of the positive elements continually increases, simul- 
taneously with a continuous decrease in the numerical value of the 
negative elements. Consequently, as the integral is negative at first 
but finally positive, a stage must be reached, and only one such 
stage, when the positive and negative parts of the integral balance, 
which determines a unique value of c? or c. Unfortunately the 
authors appear to have overlooked the fact that the denominator 
as well as the numerator of the integrand increases with increasing 


c, on account of the factor (c? + u)? in the former; and although this 
factor causes a further decrease in the numerical value of the 
negative elements of the integral, it is impossible to say without 
further investigation whether it may not cause so great a con- 
current diminution in the value of the positive elements, at certain 
stages in the continuous increase of c, as to cause the integral to 
vanish more than a single time. 
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The defect is, however, easily remedied. For if, with the object 
of including all the parts of the integrand involving c, we write 


TEE oy ees 
(2 + u)? aœ b œ atbh?}’ 
we find 


E o 3 
d(c) (+u? (2\c? a b) œ c4 a) > 
which is always positive when, as in our problem, u is positive and 


1 1 #1 
ct qi! Be" 


Thus v always increases with c?, and the above argument for the 
uniqueness of c with given a and b becomes applicable. The same 
result follows of course from § 5 above, since the ratio of c to a 
follows uniquely when that of a to b is given. It may be remarked 
that the converse is not true, for with a given c there is conjoined 
a singly infinite series of pairs of values for a, b: if, however, the 
volume also is given it follows from § 2 above that c determines 
a and b. 


7. In § 778’ Thomson and Tait proceed to deal with the case 

of junction with Maclaurin’s spheroids, for which a= b. They 
la — cÈ 

point out that in this case, on writing f = i z z z 


relation reduces to the equation 


tanfo 1+ P 
f 1+ 48 f?+ f4 eseese (13) 


The authors then proceed as follows :— 

“ When f is increased continuously from zero to infinity the 
left-hand member of this equation diminishes continuously from 
unity to zero: the right-hand member diminishes also from unity 
to zero, but diminishes at first less rapidly and afterwards more 
rapidly than the other. Thus there is one and only one root,” ete. 

Now on writing w for the left-hand member of the equation, 
and w’ for the right-hand member, we find 


dw o 1l tan-lf 

o pe 
dl __ gg 1+6 13t 

df (3 + 14f? + 3f4)?° 


, the Jacobian 


NT I ge ee a PERENA a ae ee T 
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When f is smal] these equations yield 


df = af ae: f Sea 
dw r 
m df = af — “of ne 
And when f= 1, 
dw l x 
dw’ 
= df = 3. 
dw’ dw 
Thus at first df <~ qf? 
dw’ dw 
and when f= 1, 7” a: 
and the authors’ statement is so far confirmed. But if when f is 
large we write ¢ for zi where ¢ is small, we have from (14) and (15) 
dw p3 


wo p a? tanri 
if +e? é tan $) 
= 3 $? — 24% + terms in ¢°, etc., 


dic op 18-4 664+ ot 
df (3 + 1446? + 344)? 
= 2643 + terms in ¢°, etc. 
Hence, when f is large we again have — a <— k as at first; 
> df df ? ? 


and although when f is large w > w’, so that there is certainly one 
root of (13), we cannot be certain, without further investigation, 
that the sign of = — 7 may not have changed more frequently, 
and in such wise as to cause the curves w = 0 and w’ = 0 to meet 
at more than one point. 


8. In order to remove this difficulty the simplest method seems 
to be to isolate the transcendental function in (13), so that it may 
disappear on differentiation (cf. a letter written by Laplace to 
D'Alembert in 1777, Œuvres, Tom. xiv (1912), p. 349; or Méc. 
Cél. Livre 111, ch. iti, Nos. 20 and 21). For this purpose we consider 


the function 
3+ 13f? 


y =f y rapt + gf tan f aae (16) 
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On differentiating, we find 
dy 9+ 75f?+ 155f*— 39° 1- 
df (3+ 1l4f? + 3f*)? l1 +f? 
_ _16f*(1 + 3f?) (1 —f?) 
~ (L+f?) (8 + 14f? + 3f4)?" 
Thus when f is real and positive, as in the present problem, 


vanishes only once, viz. when f= 1; and, by what has gone before, 
y is positive when f is small, but negative when f is infinite. Hence 
equation (16) has one, and only one, positive root, and this root is 
greater than unity. 

The same result follows of course at once from §§ 2 and 5 above, 
whether the volume of the ellipsoid is or is not given. The series of 
Jacobi’s ellipsoids has therefore only a single point of contact with 
the series of Maclaurin’s spheroids. 


9. It is rather remarkable to what a number of incorrect or 
inconclusive arguments this problem of the series of possible forms 
of Jacobi’s ellipsoid has given rise. In the first place Lagrange had 
inferred on insufficient grounds that no form with unequal axes 
is possible at all; this is the more striking in that he had actually 
obtained the two equations equivalent to (4) of Art. 374 of Lamb’s 
Hydrodynamics (5th edition, 1924), from which Jacobi’s relation 
immediately follows (see the Méc. Anal., Première Partie, Sect. VII, 
Art. 26, on p. 192 of Tome 1 of Bertrand’s edition of 1853, where 


in line 11 for “f” read a twice; see also Bertrand’s note Iv 


on p. 405, l.c.)*. With p and w for the density and angular velocity, 
and a, 6, c for the semi-axes, Lamb’s equations above cited are 


2 2 
(o E A dan (Bo - a) byt, ya (17) 


where 2zp (a2, BoY, yoz) are the component attractions. Lagrange 
in effect argues that because a, is the same function of a, b that fo 
is of b, a it follows from (17) that a = b; a position that is untenable. 

Pontécoulant follows Lagrange in the first edition of his 
Théorie Analytique du Système du Monde (1829), Tome 11, Livre v, 
Ch. iv, No. 25, p. 395. He obtains, with different notation, the 
equation for w derived from (17), viz. 


2 
aya? — pb? = 5 (a? — b), 


and then argues that because the right-hand member is independent 
of c the left-hand member must be so also; without regard to the 


* Or Lagrange, Œuvres, Tome x1 (1888), pp. 219, 464, where the above- 
mentioned errata are repeated. 


| 
| 
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fact that the equation is not an identity, but determines the value 
of w. In note 11 (pp. 52-5) of his Supplement to Livre v, published 
subsequently to Jacobi’s discovery, Pontécoulant supplies the 
developments of the theory necessitated by that discovery, which 
are incorporated in the text (pp. 430, 435-8) of the second volume 
of the second edition (1856) of his work, with a note (x) at the 
end (pp. 567-8) indicating the error in Lagrange’s work; but with 
the repetition on p. 430 of the unsound argument just indicated. 

In the Roy. Soc. Phil. Trans. for 1834, p. 513, Ivory gave 
another demonstration to the same effect as Lagrange, based on 
incorrect mechanics (see the paper by Todhunter on Jacobi’s 
theorem and Ivory’s discussion thereof in Proc. Roy. Soc., 1870-1, 
vol. 19, pp. 42-56). Jacobi announced his discovery later in the 
same year (Poggendorff’s Annalen der Physik und Chemie, Band 
33, pp. 229-33; or Jacobi, Werke, Band n (1882), pp. 19-22), 
and in a further memoir published in the Phil. Trans. for 
1838, pp. 57-66, Ivory proceeded to discuss the consequences. 
This memoir contains quite a number of unfounded assertions or 
inconclusive reasonings as to the signs of integrals, to some of 
which Liouville drew attention in 1839 in his Journal de Mathéma- 
tiques (IV, pp. 169-174), whilst Todhunter has dealt with them more 
fully and completely in the paper cited above. In accepting a 
correction made by Liouville, Ivory (Phil. Trans. 1839, pp. 265-6) 
proceeds to make other unwarranted assertions, also dealt with 
by Todhunter. 

It would appear that it was not till 1842 that the question was 
at all adequately treated, when C. O. Meyer, to whom the problem 
had been proposed by Jacobi himself, published in Crelle’s Journal 
(xxıv, pp. 44-59) a demonstration that as the ratio of the 
greatest axis to the least increases to infinity, from the value 
corresponding to the Maclaurin-Jacobi junction, the ratio of the 
mean axis to the least constantly diminishes to unity (cf. § 5 above), 
whilst the angular velocity constantly diminishes to zero. In order 
to submerge refractory negative parts of his integrals Meyer 
ingeniously made use of an integral identity analogous to (8) above; 
a method which is substantially the same as that which lies at the 
foundation of Prof. Baker's paper (l.c. ante), and of Mr Hargreave’s 
previous demonstrations in Camb. Phil. Soc. Trans. vol. 22, pp. 69-71. 
Unfortunately, in evaluating the above-mentioned identity, Meyer 
made the algebraical mistake of writing 4 (s + t) for 3+ 8+ ¢; 
an error which vitiated his resulting expressions, though not his 
conclusions. For, on substituting the correct expression for the 
identity, precisely the same results follow, and even more directly. 

Attention was drawn to Meyer’s mistake, and correct expressions 
were given, by Liouville; who also extended the work on the same 
basis so as to shew that with a given mass, or volume, of liquid, 
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the moment of momentum increases as the ellipsoid elongates 
(Additions a la Connaissance des Temps pour lan 1846, pp. 85-96; 
or Journal de Mathématiques, xvi, 1851, pp. 241-54). If with 
Meyer’s notation we proceed to form the expression for the total 
energy (kinetic + potential), and then take the variation of this 
expression on the supposition that the volume and moment of 
momentum remain constant, we are led without difficulty to 
Jacobi’s relation expressed in a form equivalent to (9), which the 
writer then found could be deduced from the usual form (7) by 
means of the integral identity (8). The second order differentia- 
tions, required to determine the question of stability, seem likely, 
however, to lead to expressions of some complexity by this method. 
It is curious that Todhunter does not appear to have been ac- 
quainted with Meyer's paper, although in his History of the Mathe- 
matical Theories of Attraction, etc. (Art. 1582) he refers to Bertrand `s 
correction of Lagrange’s error in his edition of the Mécanique 
Analytique, whilst at the end of his supplementary note (pp. 406—7) 
Bertrand makes mention of that paper. Had Todhunter been 
acquainted with Meyer's method it would seem to be doubtful 
whether he would have thought it worth while to devote so much 
attention to the development of the much less direct method of 
Ivory’s analysis, in which the discussion of the problem turns on 
the range of values assumed by two quantities denoted by p and 7, 
equivalent in Prof. Bakers notation to 


= j= Pe E 
..«/ — and —a/ —, 
c c c c 
and therefore only somewhat indirectly related to the variations 
of the axes and of their ratios. 

In a further paper published in Proc. Roy. Soc. 1872-3, vol. 21, 
pp. 119-21, Todhunter has drawn attention to another piece of 
erroneous reasoning in our subject, which appeared in 1866 in 
Poggendorff’s Annalen der Physik und Chemie, Band 129, pp. 443- 
50, in a paper by Dahlander, purporting to show that the homo- 
geneous rotating liquid ellipsoid can be in relative equilibrium 
when rotating about an axis which is not a principal axis. This, 
however, is a state which is easily shown to be impossible, as is 
done by Todhunter in the above cited paper. Dahlander s error 
proceeds in effect from the erroneous assumption that the “‘ centri- 
fugal force,’ relative to the fixed axis of rotation, can be analysed 
into three component “centrifugal forces” about three moving 
rectangular axes (proceeding from a point on the fixed axis); the 
component with reference to any axis being the same as it would 
be if the body were rotating about that axis as a fixed axis with 
angular velocity equal to its actual component angular velocity 
about the axis in question. 
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Lastly, in addition to the cases of inconclusive reasoning 
already cited, we have the two instances in Thomson and Tait's 
Natural Philosophy (2nd edition, Part 11, 1883) dealt with in §§ 6 and 
Tabove. In their first edition of 1867 the authors confine themselves 
to proving that for any given values of a and b there is a value of c, 
without regard to the question whether that value is unique; and 
they do not deal specially with the Jacobian ellipsoid for which 
a =b (§ 778’ of 2nd edition). 
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Periodic solutions of a linear differential equation of the seconda 
order with periodic coefficients. By Mr E. L. Ince, Trinity College. 


[Received 14 November, read 7 December, 1925.] 


The equation to be considered is of the type 


d 


where p (x) is continuous for all real values of z, even, and periodic. 
It is no restriction to suppose that the period is 7, and this assum p- 
tion will be made, so that the equation is virtually Hill’s equation. 

Of two fundamental solutions the one is even and the other 
odd. In a previous paper, published by this Society*, it was proved 
that in a particular case, that of the Mathieu equation, the funda- 
mental solutions cannot both be periodic and of period m or 277. 
Other proofs of this theorem have subsequently been discovered, 
both by the present author and by other writerst. It is now pro- 
posed to examine the more general caset. 

By substituting in the equation a formal sine or cosine series- 
expression for the solution, it may be verified that if the solution is 
periodic, its period is an integer multiple of m. An even periodic 
solution will be denoted by Č (x), and an odd periodic solution 
by S (x). 


The expression for an even periodic solution, of period sz, is 
C (x) = £ Cy COS 2 (+ k) z, 
k=-@ 

where 7 is prime to s, and 2r < s when s > 2. 

Now the differential equation itself is unchanged if m — x is 
written for x; if therefore it is satisfied by 

y = C (x), 
it is also satisfied by y = C (m — 2). 
But | 
C (m — x) = cos 2 O (a) + sin 27 2 csin? (+ k) LX. 
k 


= —00 


À 2r . 2rrm. 
When s > 2, neither cos ~, nor sin —~ is zero, and therefore when 


* Proc. Camb. Phil. Soc. vol. 21 (1922), p. 117. 

+ E.g. Einar Hille, Proc. Lond. Math. Soc. (2), vol. 23 (1923), p. 224. 

tł Another particular case was discussed by the present writer, Proc. Lond. 
Math. Soc. (2), vol. 23 (1923), p. 56. 
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an even periodic solution exists, there exists also the odd periodic 


solution 
S()= £ cx sin 2 (? +h) 2, 


k= -0 


whose coefficients are precisely the same as those of the even 
solution. 


When s = 2, r = 1l and the equation is satisfied by y = C (zx), 
en 0 (x — 2) = — C (2); 

if it is satisfied by y = S (z), then 

S (n — x) = S (x). 


When s = 1, r = 1l and the equation is satisfied by y = C (zx), 
then 


C (7 — x) = C (zx); 
if it is satisfied by y = S (x), then 
S (m — z) = S (x). 


Now let s = 2 and consider the possibility of the coexistence of 
the even and odd periodic solutions 


y = C (x), y=S(z). 
These solutions may be so chosen that 


C (x) S’ (x) — S (x) C’ (x)= 1. 
If C (z) = È a cos (2k + 1) zx, 


S (x) = £ b, sin (2k + 1) 2, 
then EAR 


1= £ £ (27 + 1) a,b, cos (2k + 1) x cos (27 + 1) z 
k=0 f-0 
+ = Z (2k + 1) a,6; sin (2k + 1) 2 cos (27+ 1)2 
-0j-0 
== kt Nab, + e È k- j) (ajb — a,b;) cos 2 (j+ k+1)x 


i oTe £ y + k + 1) (a,b, + a,6;) cos 2 (k — 9) x. 
(k> 


This relation is satisfied identically, and therefore 
È (2k + 1)a,b,=1, 
k=0 


= (2k T 2) (arbr+1 + ak4 b,) = 0, 
= (2k + 3) (arbr+2 + @x+2bx) + (A9b, — abo) = 


Cz (2k + 4) (abras + ar+3br) + 2 (aob: — azb) = 0, 
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and so forth. Let the coefficients a, be regarded as known, then 
there is an infinite set of linear equations to determine the co- 
efficients b}. But the formula 


S (x) = C (2) | {C (2)}-2 dz 


shows that the coefficients b, are uniquely determined (apart from 
a constant multiplier) by the knowledge of the coefficients a, . 
Hence the system of linear equations has one and only one solution 
(5,) such that the series-expression for S (x) converges for all real 
values of x. 
This solution is easily found; it is given by the relations 

aby + a,b; = 0 (k — j odd), 

a,b, — a,b, = 0 (k — j even), 
and these relations are, in turn, satisfied by 

r = (— 1)* a. 


If, therefore, the equation 


d 
TY + p(a)y=0 


has two periodic solutions, expressible as convergent infinite series, 
these solutions are of the forms 


C(x) = È a, cos (2k + 1) z, 
k=0 


S (x) = È (— l)tasin (2k + 1) z. 
k=0 


But now it is an easy matter to verify that p (x) has the period $r, 
contrary to hypothesis. Consequently when p (x) is of period v, 
the equation cannot admit of two solutions of period 27. 

If C (x) terminates, and the last term is a,, cos (2m + 1) z, the 
second solution is periodic when, and only when, 


y= a=... = a,_, = 0, 
and then S (x) = bn sin (2m + 1) 2, 
and p (x) has the constant value (2m + 1)?. 
It may also be proved that when p (x) has the period z, two 
solutions, C(x) and S (x), of period 7, cannot coexist except in the 


trivial case when p (x) has the constant value 4m?. In these 
exceptional cases p (x) is not, strictly speaking, of period v. 


Ty OT gl ee el a 
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The second solution of the Mathieu equation. By Mr E. L. INCE, 
Trinity College. 


[Received 14 November, read 7 December, 1925.] 


The fact that the Mathieu equation, and, as was proved in the 
preceding paper, the more general Hill equation, can admit of but 
one solution of period v or 27, suggests the problem of determining 
how far the second solution deviates from periodicity when the 
first solution has either the period ~ or the period 27. 

Let the Mathieu equation be written in the form 


dèy 
gat (a + 16q cos 2x) y = 0, 


then, if an even solution of period 27 exists, the characteristic 
number a must be a root of the determinantal equation 


a— l+ 8q, 8q, 0, . 
8q, a — 9, 8q, R ET 


0, 8q¢, a@-— 25, 


The equation which determines the characteristic numbers for the 
odd solutions of period 27 is formed by changing the leading 
element of the above determinant into a — 1 — 8g. 

Let a;,,, be the characteristic number for the solution 


Y = Cêzn+1 (x), 
then a,,., is determined accurately to the term in q?”+! if all but 
the first 2n + 1 rows and columns of the determinant are ignored, 
and to a lower term gq?” (m < n) if the determinant is stripped of 
all members except the m rows and columns on each side of the 
element a — (2n + 1)?. 
This shows that if 


Gans, = (20+1)? + X ag", 
r= 
then Q = g = eee = Qa-1 = 0, Oon+, # 0. 
Incidentally it may be verified that, if p = 2n + 1, 
32 
a = pl (p > 3), 
128 (5p? + 7) 


a= p 4) (p > 5), 


and so on. 
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Now let b,n; be the characteristic number for the solution 


Y = Seni (x), 
then, since bens, = (2n + 1)2 + È (— 1)'a,q', 
r=l 


it follows that Oe — beny = O (g*): 


The corresponding theorem for solutions of period ~ is as 
follows. If a» and 6,, are the characteristic numbers for 


Ceon (£) and Sezn (x) 
respectively, a , and bzn are even functions of g. If 


Aen = 4n?+ È taq”, 
r=1 

bo, = 4n? + È Bag”, 
r-1 


then Bor = aor (r < n), 


and consequently an — bn = O (q 
As before, if p = 2n, 
Q, = p?—1 (p > 2), 

128 (5p? + 7) 


E. si 
3 (p? —1)3 (p? — 4) (p 4) 
and so on. 


The actual development of an even periodic solution in ascend- 
ing powers of q is of the form 


ce, (£) = cos px + $ A,q’, 
r=1 


where 
2 +2 2 —2 
A, = 2S eee (p>2), 
2cos(p+4)x _ 2cos(p—4)z 
= p++) p-p- P72) 
P = 4cos(p+6)zx , (pt + 4p + 7) cos (p +2)z 
> 8(pt+1)(p+2)(p+3) °° (p—-1)(p+1(p+2) 
_ 4(p? — 4p + 1)cos(p—-2)zx 2) x 4 cos (p — 6) x 


(p+ 1)(p—1)8(p—2) — 33 (p—1) (p— 2) (p— 3) 
(p > 4), 
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and so on. Similarly, the odd solution se, (x) may be developed 
in the form 


se, (x) = sin px + 5 B,q', 
r=l1 


where B, is derived from 4,, for r = 1, 2, ..., p — 1, by replacing 
each cosine by the corresponding sine. 

Since b, agrees with a, up to, but not including, the term in q?, 
the second solution corresponding to ce, (x) will agree with se, (x) 
up to and including the term in g?-? at ‘least. 

If, therefore, the first solution is 

Yı = Cy (x), 
the second solution is of the form 
Ya = Se, (1) + Kxce, (x) + $ (x), 
Where x and ¢ (x) are of the order of q? and « is to be so chosen that 
¢ (x) is odd and purely periodic. 

Since y, is to satisfy the Mathieu equation for a=a,, and 

se, (£) is a solution for a = b,, it follows that ¢ (x) must satisfy 


$” (x) + (a, + 169 cos 2x) d (x) + 2xce,’ (x) + (a, — bp) se, (x) = 
Let xq? be the leading term of x. Then ¢ (x) must satisfy 
$” (x) + (a, + 16g cos 2x) d (x) 
= 2pKoq? sin pr — (a, — Pp) q? sin px + O ar). 
Since, therefore, ¢ (x) is to be purely periodic, 


and consequently $ (x) = O (q?*?). 


Thus the periodic part of the second solution agrees with se, (x) 
up to and including the term in g?. The non-periodic part begins 
with a term in q?. 
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On a family of constructs in higher space. By C. G. F. JAMEs, 
B.A., Trinity College. 


[Received 24 November, read 7 December, 1925.] 


The constructs in question are represented by the vanishing of 
all determinants of two rows and columns drawn from a matrix 
of r + 1 rows and s + 1 columns, where r can be taken less than or 
equal to s*. They are thus the multiple constructs of highest 
dimension on the well-known family of constructs generated by 
projective systems of linear spaces. In the present note the 
constructs are considered from a somewhat different point of view, 
the principal applications being to the determination of directrix 
loci of minimum order for the systems of spaces which they con- 
tain, and to the re-proof and extension of a known theorem. 


§ 1. We can suppose all the constructs derived by section from 
those in a space, S, of (r + 1) (s + 1) — 1 dimensions, given by 


ty Ta @seeceeneenenne L541 = 
Lig PY eee eestesene Ly949 
Lrs+r+l asosoosoceocooosoooooo’ Tir+1) (8+1) 


The coordinates in each row give the non-vanishing coordinates 
of r+ 1 linear spaces} [s], any pair of which are in (1, 1) corre- 
spondence, corresponding points being such that the coordinates 
of the respective spaces in the same column of the matrix have the 
same value. The spaces [r] joining corresponding points generate 


the construct which is thus of dimension r + s, and f (r, s) denoting 


the order, will be denoted by vi ie » It similarly contains œ” spaces 


[s]. Such a construct and all its sections Vii", will be said to 
belong to the same group. The work, in fact, illustrates the advan- 
tage of grouping together a set of constructs which can be obtained 
as general sections by spaces of suitable dimension of some non- 
conical construct of a higher space for which this is not truef. 

We now start ab initio, defining our constructs by means of the 
above collineation construction, and shall deduce therefrom such 
properties as are required even when such are already known by 
other methods. 

* Cf. H. W. Richmond and F. Bath, Proc. Camb. Phil. Soc. vol. 22 (1924), 


§ 6 (r=1). 

t [a] denotes a linear space of dimension a. 

ł For example the present vi (758) and examples quoted in “Complexes of 
conics and the Weddle surface,” Proc. Camb. Phil. Soc. vol. 22 (1924), p. 5 (small 
print). Such constructs may be referred to as section-normal. In the paper quoted 
this property was proved only for r equal to unity, but from the present con- 
struction the extension to any value of r is immediate. 
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§ 2. Starting with the case r = 1 we obtain a Ve 9 in [2s + 1] 
generated by the lines, d, joining corresponding points in a collinea- 
tion between two spaces S, S’ of dimension s in independent 


position. It contains an infinite number of constructs Vo 
derived from spaces [j] in the respective spaces S, S’ and corre- 


sponding in the collineation. These we shall term subconstructs 
of Vari’. 

(i) The construct Vey © contains œ! spaces [s] cut in collineation 
by the lines thereon. (The latter statement follows immediately 
from the first.) Consider first the case s = 2, giving a V, in [5]. 
Let P be any point on V, and d the line through it. There are oo} 
pairs of corresponding lines in S, S’ meeting d and giving quadric 
subconstructs in spaces through d. The conjugate lines through P 
generate a cone C, which does not pass through d, since then S 
and S’ would meet. Now consider the section of C, by a space of 
four dimensions S, through P. S, cuts S and S’ in lines l, V 
respectively, and l’ cuts the line in S’ corresponding in the collinea- 
tion to / in a single point, thus giving a pair of corresponding points 
in S,. Joining these to the intersections with d we have two 
corresponding lines defining a quadric subconstruct, such that the 
conjugate line through P les in S,, and conversely there is only 
one such line. C, is therefore a pencil, and through every point P 
of V, passes a plane contained therein. Let the theorem now be 
assumed true for s = 2,3, ...s — 1. Take P as before on a line d 


of Vi‘:" and consider the section by an arbitrary space S,, of 
dimension 2s. This space cuts S and S’ in [s — 1] and as above it 
follows that S,, contains in S, S’ corresponding [s — 2], which 
joined to the extremities of d give corresponding [s — 1] in the 
respective spaces. The subconstruct defined by these [s — 1] has 
by assumption an [s — 1] through P. This cuts S,, in an [s — 2] 
(on the subconstruct defined by the corresponding [s — 2] in S, S’) 
and in P which is external to this space; and is thus contained 
therein. It forms the section by S,, of the cone of conjugate lines, 
V,, of the oo *-! quadric subconstructs arising from the œ *-! pairs 
of corresponding lines in S, S’ meeting d. This cone is therefore 
linear and its lines form a space [s]. The theorem is thus proved 
generally. 

The spaces [8] we shall regard as generating spaces, the lines d as 
directrices. 

(ii) The order of the construct is s + 1 {f (1, s)= s+ 1}. Let us 
seek the number of intersections with a space [s] in arbitrary 
situation. In the star of [s + 1] passing through this space (which 
we shall denote by w) a correspondence is established when the 
corresponding spaces cut S and S’ in points corresponding in the 


4—2 
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collineation between them. This is regarded as a correspondence 
of “points” in a space S,, and we can apply a theorem of Schu- 
bert’s*, which states that the number of united “points” equals 
the sum of the indices with a third number, which is now equal to the 
number of pairs of corresponding [s + 1] which lie in a [21] through 
w and define an [s + 2] through a fixed [s + 1]in the [2s]. Now the 
[2s] contains, as we have remarked above, corresponding [s — 2] 
in S and S’ and the number sought is the number of joining lines 
of their collineation which meet an [s — 2], namely f(1, s — 2). 


The united “points” arise from the points where Vo meets w. 


Hence 
fQ, s)=2+4+f(1, s — 2). 


Now f (1, 1) = 2, and considering the above correspondence in- 
dependently for s=2 gives f(1,2)=3; and thus generally 
f(1,s)=s+1. We pass on to the determination of directrix 
constructs for the generating spaces of the groups of constructs. 


§ 3. Directrix curves of the scrolls of the family. These scrolls are 
in fact the well-known Ve of [r], and from our point of view are 
obtained by taking the section of Vv of [2s + 1] by [s+ 2]: 
Previous to so doing, however, consider the subconstructs yit A of 


Vii Their sections by [7+ 1] in their spaces give normal 
curves of order j + 1 and meeting each generating [s] in a single 
point (in general). It is evident that such of these curves as lie in 


a [2s + 1 — t] wil) be directrix curves of the œ? [s — t] on the Pi a 
section of vsti, Now the dimension of the system of such curves 
equals the dimension of spaces [7] in [s] added to the dimension 
of the spaces [7 + 1] in [27 + 1], namelyf 
(j + 1) (s—3)+ (9 + 2)9, 
or spt+s+ 7; 
and the dimension of the system of those in a [2s + 1 — ¢] will be 
sgts+j—t(7+ 2). 
In the present case (t = s —1) the dimension of the system of directrix 


curves CI+! of the scroll Vz" is in the general case 27 — s + 2. In 
order then that such curves may really exist we must have 
2j — s + 220, and hence the least value jẹ of 7 compatible with 
this condition gives directrix curves of minimum order of this type 


on Ve. Though the existence of directrix curves of other type 


* Mat. Ann. vol. 26, p. 56. 
¢ It is readily seen that each [j +1] arises once only in this construction. 
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is not excluded, yet such could not be of lower order. For if one 
such were of order 7, + 1 — h the scroll could be generated as the 
join of points of the two curves in (1, 1) correspondence and hence 


8+1<j+14+ (Jo +1-A) 
which is impossible. We have thus re-proved the known* theorem: 


A scroll V3" of [s + 2] possesses in general a single directrix 
curve of minimum order $s when s 18 even, and œ} such curves of 
order 4 (s + 1) when s ts odd. 

Scrolls with directrices of lower order can be obtained from 
Vii by taking the section by an [s + 2] through such a directrix 
curve. Notice also that the scroll of lines d passing through points 
of a directrix curve CJ+! cuts each [s] in a normal curve C’. Con- 
versely taking corresponding curves C* in corresponding spaces [3] 
in S and S’ and considering the directrix curves C+! on the scroll 
of order 27 of lines joining corresponding points (the scroll being 
itself a member of the family we are considering) the same theory 
could be built up by induction. Since (Bertini, loc. cit.) all directrix 
curves on the scrolls are rational normal curves it follows inversely 
that they can all be obtained by one or other of these constructions, 
so that the above restriction is shewn to be superfluous. 


§ 4. We shall now generalize these results to apply to the case 
of any construct ve t section of viti by a space [2s + 1 — t]. By 
a previous argument the latter space contains corresponding 
[s — 2t] in each space [s], and hence as long ast t < [48] the construct 
contains directrix lines d, and in general precisely œ °- thereof. 
Curvilinear directrices are obtained as before by considering the 
sections of subconstructs derived from corresponding spaces [j] 
in the [s], and the condition for their existence on the general 
construct depends on the number j satisfying 


sptatj—t(j4+2)>0 oa. (1) 


To ensure that the least value of 7 (say 7.) satisfying this in- 
equality does indeed give the minimum directrices we use a 
theorem of Schubert’sf{ on series of œ! groups of k points lying on 
a curve C (irreducible or compound) in a space [d], the points of 
each group lying on an [r] (k >r). If 2 denotes the number of 
groups of the series of which one point lies in a [d — 1], x the number 
such that the joining [r] meets a [d — r — 1]in a point, y the number 


* See Bertini, Geometria protettiva degli spazs..., Ed. 2, Messina 1923, chap. 14, 
p. 538. 
+ [z] as a numerical symbol denotes as usual the greatest integer contained in 


the positive number z. 
See Severi, “Sopra alcune singolarità delle curve...” Mem. Torino (2), 


vol. 51 (1902), p. 81. 
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of groups of which two (only) points coincide, and z the number, of 
whose points r + 1 (only) belong to an [r — 1]; then 
k-1 k(k —1) 
Y = Biya plow) 
k-l1 zE k(k—1) 
r r(r+ 1) 
Now take s — t + 1 directrix curves and suppose (if possible) 
that all of these save one are of order Jẹ + 1, the last being of lower 
order 7, + 1 — h. To this compound curve apply the last theorem, 
the groups being those on the generating [s — t] of Viii- We 
have 
. kK=s—-t+l=r4+1, ņn=(s—t+1)(%+1)—h 


and hence 22 


and r=8+1. 
Hence (s—t+1)(+1)—h-—(s+1)>0, a (2) 
so that (s—t+1), >t+h. 


Now, by (1), if 9) is the actual minimum value as above 
or (s—t+1)%,<t. 

Comparing these two inequalities it is seen that the assumption 
was absurd. The argument excludes only the case when (1) becomes 
an equality when Jẹ is written for j. In this case take the unique 
directrix curve C%+!, s — t — 1 directrix curves C%+?, and another 
of order Jp + 1 — A (if such is possible). Then (1) gives 

(s —t+ l) = 2-8, 
and in place of (2) we have 


(s—t+1)(g4+1)4+ (s—t—1)—A-(84+1)320, 
or (s—t+1),_>2t—s+1+h, 
whence O>h+1. 


This is again impossible, and the value of J actually gives the 
minimum directrices. Notice also that the last inequality shews 
further that in this case there can be only one directrix of minimum 
order. Thus 


+1 . ; — 
The construct Ve41-14 has 0% directrix curves of minimum order 


2t — 8 
piit 


where a is defined as the residue when 2t — s is divided by s + 1 — t, 
provided ut is not zero. In this excluded case there is a unique directria 


curve of order 
2t— sS 
p +1— | oe 
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Notice before passing on that the subconstructs obtained from 
corresponding [s — 1] in the [s] give for every construct Vitia 
svstem of spaces [2s — 1 — t] which cut it in V,_,. In particular 
they give the s-secant [s — 1] of the rational normal curves C'*+1 


of the group, and the [s] which cut the scroll V3" in rational 
normal s-tic curves (t = s, s — 1 respectively). 


§ 5. We pass on now to the general case in which the construct 


ives generated as the locus of spaces [7] Joining corresponding 


points in a set of collineations between r + 1 spaces [s]. We verify 
first that in addition to the œ * spaces [r] the construct also contains 
æ" spaces [s]. Let the original spaces [s] be named S,, S,, ... S,,,. 
Let P be a point on a line joining corresponding points in S,8,. 
Then by the previous theorem through P passes an [s] lying wholly 
in the ysti defined by S, and S, and therefore in the Ve. 
and this [s] is cut in collineation with S, ... S,,,.. Now let P’ be 
any point on the line joining P to its correspondent in S,. Through 
P’ again passes an [s] on the construct, and we join P’ to its corre- 
spondent in S,, selecting on the joining line a point P”, through 
which again passes an [s] on the construct. It is evident that every 
point on the construct will be reached by this construction at or 
before the stage in which a point is selected on the line joining 
P\'-2) to its correspondent in S,,,. Thus through every point 
passes an [s] and the result follows. 

To find the order of the construct notice first that in virtue 
of the theorem just proved f(1,s)=/f(s,1) (or generally 
f(r, s)=f(s,7)). If the r+ 1 spaces [s] are chosen so as to lie in an 
[r (s + 1)j the construct so obtained is the projection of that of the 
general case and its order remains unaltered. Consider, therefore, 
the section of dimension r + s — 1 by the [rs + r — 1], È, defined 
by (say) the first r of the r + 1 spaces [s]. This consists of the 

; eae generated by the [r — 1] joining corresponding points in 
these r spaces [s], together with the ue generated by the [r] 
Joining corresponding points of r+ 1 spaces [s — 1] of which the 
last is the section of S,,, by & and the remainder are its corre- 
spondents in S,...S,. Thus 


f (7, s) = f(r — 1,8) + f(r, 8 =). 
The solution of this equation subject to the above conditions is 
Sf (7,8) = ("**) 
which is therefore the order of the construct*. 


* This formula is not new, but the present proof I believe is. See C. Segre, 
“Gli ordine delle varieta...,” Atti Lincei (5), vol. 9, ii (1900), p. 253. 


56 Mr James, Ona family of constructs in higher space 


§ 6. We now seek for directrices, in this case V,, of the system 


of œ" [s — t] in the section Vo of Vee by a space [T] or 


[(r + 1)( + 1)— 1 — t]. As before, provided ¢ does not exceed a 
certain value, there will be directrix [r]. Now the [T] contains 
corresponding [s — t (r + 1)] in 8,... 8,,,, and hence there exist 


directrix [r] provided 
je. 
Ss r+ Ls ) 


the dimension of their system being s — t (r + 1). 

It ¢ exceeds this value we proceed as before to choose corre- 
sponding [ j] in the [s], and to form the Va in spaces [jr +j + r] 
thereby defined. Their sections vo by spaces [jr +r] are 
directrix constructs for the system of [s — t] on any section, pro- 
vided their spaces lie in the [T]. The dimension of these directrices 


on the Vi, is thus equal to the dimension of the system of [7] 
in [s] together with the dimension of the system of [(7 + 1) 7] in 
[gr +3 + r] less {(7 + 1)r + lft, namely 


(gt) (s—-y) to(ntrt 1) —(nt+r4 le. 


The minimum value of j compatible with this condition gives 
the directrices of minimum order f(r,j) of this type. The most 
interesting case arises when ¢ = s — 1, giving a construct of œ" 


lines. The dimension of the system of directrix Vi? is now 
(r — 1) 9? — j (rs — 2r — s) — (rs — r — 1) 


and the minimum value of j is 0, or 0 + 1, according as this ex- 
pression can be made equal to zero or not, and the value of 0 is 


rs — 2r — s + {s?(r—1)?+ 4} 
l 2(r— 1) | 


The result in the present case, it must be pointed out, merely 
establishes the least value for the order of directrix constructs 
of a certain type. Whatever the results for r = 1 may suggest, the 
possibility of the existence of other directrices of lower order is not 
excluded, as we have not devised an arithmetical test which shall 
exclude this possibility. 


§ 7. On the spaces of the subconstructs with reference to the points, 
lines, etc. of the fundamental space. Taking first r = 1 the spaces 
[27 + 1] of the subconstructs Vi form an interesting system 
234, of dimension (3 + 1) (s — 3J) (j = 1, 2,...8—1). Such spaces 
we shall term (j + 1)-spaces for Vey. Those passing through 
a point Q are obtained as follows. Through Q passes a line A 
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meeting the two spaces S, S’ defining V i; the points of section 
being (say) A, B’ respectively. To B’ corresponds in S a point 
B and to A a point A’ in S’. The lines AB, A’B’ correspond and 


i i +1. . 
define an ordinary space meeting V,,, in a quadric (namely a 
2-space). The (7+ 1)-spaces (j > 1) through Q are obtained by 
taking corresponding [J] through the lines AB, A'B’ respectively 
and hence their system is of dimension (j — 1) (s — j). Generally 
through a space [k] in arbitrary position passes a space [2k + 1] 
cutting S and S’ in [k], so that there arise in these spaces corre- 
sponding [2k + 1], whose [4k + 3] passes through the original [k], 
this space being a (2k + 2)-space of Ve The (7 + 1)-spaces 
(Jj, s > 2k+ 1) through the [k] are obtained as before by drawing 
corresponding spaces [7] through the [2k + 1] in S, S’ and are 
therefore oo (s-2*-1)(s-4) in number. 

So also for arbitrary values of r there is one line through a 
point Q of the fundamental space meeting the defining spaces 
Si: S2, ...S,4, in points A, B’, C’, ...: to the latter r of these corre- 
spond in S, points B, C, .... These points define a space [r] therein 
(if r < s) to which correspond in S,, S3, ... other spaces [r] passing 
respectively through B’, C’, .... The space [r? + 2r] which they 


define passes through Q and is thus the unique (“”)-space passing 
through Q (to extend the above definition), cutting Van in a 
F Aua As above there pass through Q œ- (= Fo )-spaces 


rkt+k-+ 2r 
r 


(j >r). Similarly through a [k] passes one ( )-space, 


and oo (i—rk-k=1) (4-3) (’ a ")-spaces (s,9>rktir+ k). 


§ 8. The present method of discussing the constructs of our 
family leads to a new proof of a theorem on the 3-spaces of a Vi, 
namely*: 

The œ? 3-spaces of a Vi which meet a line l are such that those 
through a point of | pass through the same ordinary space (namely 


a 2-space), whose locus as the point moves on lis a second Vi, any 
one of whose directrix lines may replace l. The spaces also pass by 


sets of æ! through the generating spaces of a third Vi. 

These three constructs we shall denote by V,, V1, V2, and we shall 
term V, the projecting construct and V, the derived construct of 
Fo for the line l on Vj. 

* The theorem as now worded summarises the results of my paper, ‘ Exten- 
sions of a theorem of Segre’s and their natural position in space of seven dimen- 


sions,” Proc. Camb. Phil. Soc. vol. 21 (1923), pp. 664-84. See also Jd. vol. 22, p. 24, 
for references. 
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The three constructs are in symmetrical relation in that starting 
with V, its projecting and derived constructs with respect to a line of 
V,are V,and V, respectively (i +3 +k). They cut in a rational sexteic 
construct V3, which the present method identifies with a construct 
obtained by an alternative method. The method has also the 
advantage of being capable of generalization, the new theorems 
being dealt with later. 

Fixing two spaces S, S’ of V, let I, denote the collineation 
between them as between each and all such spaces. Let P be a 
point on }, h the line through P meeting S in A and S’ in B’ (see 
§ 8), and let A’ in S’ correspond to A in S, and Bin S to B’ in S. 
Let m denote the line AA’, m’ the line BB’. (All lines named m 
belong to the system of directrices of V, and similarly all lines 7, k 
eventually to those of V,, V, respectively.) Then AB and A’B’ 
correspond in I). 


Fig. 1 


As P varies on l, A varies on a line k, B’ ona line k,’. Let k’ and 
k, be their respective corresponding lines in S’ and S. Then the lines 
3J in the various positions join points on k and k, which are thereby 
put into (1, 1) correspondence, and hence the lines 7 describe a 
regulus È (7k);, as we shall call it, of which k and k, are directricest. 
The lines 7’ describe the corresponding regulus R’ (4’k’),, and there 
are corresponding figures in all the spaces (S) on V,. The lines 
analogous to 7 or 7’ in these describe a regulus R (ym), of which m 
and m’ are directrices, and so also do the sets of lines analogously 
derived from any point on l. Let P, denote a second point on J. 
Let the analogous figure be constructed, all its points, lines, etc. 
being qualified by a lower suffix 1 (see Fig. 1). 

Now all the 3-spaces through P pass through the spaces (77’) 
and so also those through any point on / pass through the space 

t Generally R (ab) denotes a regulus whose lines belong to a system each line 
of which is named “a,” and the directrices belong to a system “b,” the various 


: mbols R, a and b beig possibly qualified by accents, suffices, etc. Q (ab) denotes 
e quadric base of these reguli. 
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defined by the lines 7 analogously derived. These spaces contain 
quadrics Q (jm), etc., bases of the reguli R (jm); in their various 
positions; and these quadrics are in collineation in pairs, all corre- 
sponding points lying on a line. This is therefore subordinate to a 
collineation T, between their spaces, which therefore generate a 


second V4 namely V,, the projecting construct. To this / belongs 
as directrix, and may therefore be replaced by any other directrix, 
all of which (except l) are named “k.” 

We have seen that all the 3-spaces meeting l are obtained from 
planes passing through one or other of the lines 7 in St. Each there- 
fore passes through a line of the regulus È (7k), conjugate to R(7k);, 
and thus the spaces in question pass by sets of co! through a second 
set of ordinary spaces, namely those joining lines of this regulus to 
their corresponding lines in S’. The quadrics Q (km) in these spaces 
(subconstructs of V,) are again in collineation as above, and their 
spaces therefore describe a third Vy namely V,, the derived 
construct. The collineation of this construct we term I, and its 
directrices are named “j.” 

The three constructs cut in the locus of the quadrics Q (jk), 
Q (jm), and Q (km), which is thus triply described as the join of 
quadrics in collineation, and is thus identical with a construct 


mentioned by Dr Richmond and Mr Bathf. It is a sextic, V3, in 
virtue of the lemma: 
The construct which is generated by the joins of corresponding 


points of two Viz in collineation (namely which correspond in a 
fixed collineation between their spaces) is of order R (d + 1). More 
generally given r + 1 such constructs in collineation the order of the 


locus of spaces [r] joining corresponding points is R i ZF 


The lemma is deduced at once by an appeal to the conservation 
principle. To cover the results quoted above, it remains to prove 
the reciprocity of the various quartic constructs. The reciprocal 
relation of V, and FV, for V, as projecting construct is the most 
quickly proved since we can take the same line / and consider the 
3-spaces of V, which meet it. Let S, joining k and k’, and 8,’ 
joining k,, ką be assumed as the defining spaces of V,: then the line 
through P meeting these spaces is again h, but m and m’ are now 
the lines through A, B’ respectively and corresponding in I,. As 
P varies A, A’, B, B’ move as before on k, k’, kx, and kx; and the 
locus of the space (mm’), the new projecting construct, is again V,. 

+ The system is thus represented on the tangent planes of a quadric, and there- 
fore also on the points of a quadric such that those through a point are represented 
by pointe on a line of one regulus. This result, read off from the equation of the 
construct, was the starting-point of my other method of proof. “Extensions, 


etc.” loc. cit. , 
t Loc. cst. 
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The derived construct is the locus of (77’)in its various new positions, 
namely V,. 

We pass on to prove that starting with a line of V, and consider- 
ing the 3-spaces of V, we obtain V, as projecting construct and V, 
as derived construct. It is important to remark that the points, 
lines, etc. which we proceed to define are not in the first place to be 
identified with the points, lines, etc. which bear the same names in the 
previous figure, with the exception of the lines 9, 7’, 9, and j. Let S, 
joining 97’ (Fig. 2) and S,’ joining j,7,’ be assumed as the spaces 


defining V,. Let d (a line “m”) be a directrix of V, joining corre- 
sponding points X, X’ in S, S’. Let g be drawn in S so as to meet 
jin A and 7, in B, and passing through X. This is the line (analogous 
to h) which meets both defining spaces (now) of V,. The lines of 
these spaces passing through A and B, and corresponding i in I’, are 
j and 7,. In this same correspondence let A, on j correspond to 
A and B on j to B,. Also let A’, B’, A,’, B,’ of S’ correspond to 
A, B, A,, B, in Ty as in the former figure, and let the joining lines 
be named as in the former figure when they join similarly named 
points. 

As X varies on d there arise similar figures in the generating 
spaces on V,, and in particular in the space S’, each figure corre- 
sponding in I’, to that in S or S’. A varies on m and B on m’. The 
projecting construct is the locus of the spaces analogous to (371) 
In the various figures, namely Vo. 

The derived construct is the locus of the space joining a line 
of the regulus R(jm),, to its correspondent in the collineation 
between S, and S,’, and this is seen to be identical with V,. These 
two cases cover the full reciprocal relations of the three constructs. 


§ 9. Theorems analogous to the theorem of § 8. The new method 
of proof of the theorem we have been dealing with shews that it is 
one of a large number of similar theorems dealing with constructs 
of the family we are considering. We shall restrict ourselves to the 


i 
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case when these constructs are in the highest space possible. Each 
gives rise to a group of theorems, respectively for the various 
sections of the section-normal construct*, but we shall not, as a 
rule, record these individually. We deal first with the most com- 


pletely analogous results. Let r + 1 spaces [s] be taken in collinea- 


P „Sír, . 
tion and the pea constructed, where s for the moment is un- 


determined. Through a point P external to the construct passes 
a line h meeting the chosen spaces S,, S2, Ss, ... S,,, in points A, B’, 
Cc’, etc. Then to B’, C”, etc. correspond in S, points B, C, ...; and 
similarly to A, C”, D”, etc. points A’, C’, D’, etc. in S,, and so on; 
and hence there arise in each space corresponding [r], passing 
respectively through A, B’, C’’, etc. and therefore such that the 
) 
(7 )-space (of dimension r? + 2r) they define passes through P. 
As P varies on a space [r] external to the construct, which we 
shall denote by w, the points A, B, C, ... vary on spaces [r] in S, 
and the spaces [r] they define in their various positions Join corre- 


sponding points in a collineation I’,, and therefore describe a Vi" i 


in S,, and there are collinear constructs in S,:..S,,,.. We shall 
suppose that these are normal and belong to the [s] so that 
s = r? + 2r: other cases are of minor interest and are noted later. 
Until further stated therefore s is to be understood as being written 
for the sake of brevity in place of this expression. This system of 


spaces [r] in yi‘? will be denoted by F, the conjugate system, 
containing the loci of A, B, etc. by &’. Now an [s — 1] through a 


space of È meets V$” in a space of X’, for the space,7, of & chosen, 


may be taken with r others to define the system X’, and these r 
others are cut by the [s — 1]in [r — 1], and hence there arise in these 
spaces corresponding points (uniquely determined in each) which 
joined to their correspondents in 7 give a space of X'in the [s — 1]. 
Now such [s — 1] all meet w, and define with their correspondents 
in S,, etc. ( i Te * )-spaces of pig In future we shall say that 
a complete set of r + 1 corresponding figures in S; ... S,,, corre- 
spond in I’. The spaces defined by each space of X and its corre- 
spondents in I’, which are also spaces of dimension s, correspond 
in a collineation [,, determined by the collineation between the 


spaces of & given by the spaces of the conjugate system X’. They 


therefore define a second vo and the spaces of X’ give a third 


such construct in the same way. The reciprocal relation between 
these three constructs is proved by the method used in the special 
case r= 1, and the following theorem is thus obtained. In it s 
denotes r? + 2r. 


* Cf. James, loc. cit. 
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Theorem I. The o*-} C a — * )-spaces of dimension rs + s — 1 


of a Vo in [rs + r + 8] meeting an external space w of the rth 
dimension pass by «*1-" through the generating spaces of an 
analogous construct, the projecting construct, these generating spaces 
being the (”)-spaces of the original construct through points of w. 


The first-named spaces also pass by «*-1-* through the generating 
spaces of a third such construct, the derived construct, these spaces 


being also (7) -spaces of the original construct. 

The three Ve 9 are in symmetrical relation (as explained for the 
special case r = 1, § 8) and cut in a construct of dimension 3r and 
order* (3r)!/(r!)8, described either in three ways as locus of œ" V3, 
fz = 4); corresponding in collineations between spaces in certain 
respective systems œ", or in three ways as the locus of œ" spaces 
joining corresponding points in collineations between r + 1 such Voy. 

In this case only we shall state the theorem given by cutting 
the figure with the least space possible to give a significant result, 
namely : 

Theorem I (a). The œ*-} spaces [r° + 2r? — r] meeting an [r] and 


(" oe -secant a certain curve of order ee 3n inan[r3+2r?+ 1] 


all meet a second such curve. The two curves cut in (3r) !/(r !)3 points. 
Alternatively we have in such a space sets of three such curves 
cutting in (3r)!/(r!)3 points, common to each, and such that any space 


[r3 + 2r? — r] meeting one and (" i a 7 -secant a second also meets 
the third such curve. 


The curve in question is given analytically by its equation (see 
the introduction). 

A note on the case s >r? + 2r. To illustrate what happens in 
this caset we may select for brevity the case r = 1, and refer to the 
notation, etc. of § 8. As P varies on the line l the quadric in S is 
described by 7 as before, and we are now to consider spaces [s — 1] 
passing through a line 7, and defining with their correspondents in 


I’ s-spaces of V$; and thus those s-spaces which meet a line l 
pass through the generating spaces [3] of a V4 (these spaces being 
the 2-spaces through points of l) and through those of a second Vi. 


Pa) . 
* By the lemma, § 8, namely in the first place ea (7) ; 
{ Cf. James, “ Extensions...,’’ loc. cit. § 15. 
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This result is not, however, of any interest as it deals essentially 
with the construct in the unique 4-space of Viti which passes 
through l, and whose space is in fact cut by the s-spaces in 3-spaces 
(of Vy and V41). 

The case s < r? + 2r is however more significant. Suppose in fact 


s=r + 2r—42, 


where i must not be so large that two [7] in an [s] cut, namely 4 
must not exceed r? — 1. The theorem obtained refers as before to 


(" i 2 1) spaces of a Vi" in [rs + 7-+ 8] meeting an external 


space [r], but the projecting and derived constructs are no longer 


of the same type but are Vo, and since these constructs 


are not normal the reciprocal properties no longer hold. The con- 
struct common to the original projecting and derived construct 
has the same dimension and order but is no longer normal. 

In the remaining discussion we shall not refer to the cases 
analogous to those just considered. 


§ 10. Theorem I is not the only result deducible from the figure 
of § 8. For let us consider a space [x] in S, passing through c + 1 


of the spaces [r] of the system 2%, and let these be regarded as 


defining spaces of the Vee in Sı- Then the [x] cuts the re- 


maining r — c defining spaces in [r + x — s],'and we obtain by the 
usual argument corresponding [r — (r — c) (s — z)] in these spaces. 
If these are points only, or if r — (r — c) (s — x) = 0, the space [zx] 
contains a space of the conjugate system. The two following 
cases always arise: 

c= 0, zr=s-—l1; 


and c=r— l, r=s—?7; 
of which the former gives Theorem I. The spaces [z] in the latter 


case joined to their correspondents in I" give e #7) spaces of 
Vv meeting w in spaces [r — 1]. The number of spaces [zx] 
passing through one of dimension ¢ in [s] is œ, where 


a = (s — z) (x — t), 


namely in the present case a = r. To see the nature of the pro- 
jecting construct consider first the locus of the spaces [r? + 2r] 


joining the spaces [r] of & to their correspondents in T, namely 


the projecting construct, a VEO (5 = 24 2r). The actual space 


common to all the spaces [zr + xz + r] through an [r — 1] in w 
is obtained as the join of r of the generating spaces [s] of this 
construct, and is therefore of dimension r3 + r? + r — 1, and can 


64 Mr James, Ona family of constructs in higher space 


be alternatively obtained by joining corresponding [r — 1]ins + 1 
collinear [r]. It can be readily verified that the locus of these spaces 
is the* V,3,5,2,9,-1, represented by the vanishing of determinants 
of r+ 1 rows and columns from the matrix in § 1. Generally in fact : 
The locus of spaces [rc + r + c] joining corresponding spaces [c] 
in s + 1 collinear spaces [r] in space of dimension rs + r + 8 is the 
construct of dimension (r + s) (c + 1) — cè represented analytically 
by the vanishing of determinants of c + 2 rows and columns drawn 
from the fundamental matriz of § 1. From this it is seen that it must 
also be the locus of joins of spaces [c] corresponding in the collinea- 
tion between 7 + 1 of the spaces [s] of the conjugate system. For 
the order of the construct, which we shall denote by f (r, s: c), see 
Segre, loc. cit. Constructs which are derived from the same spaces 
in collineation for various values of c we shall say are associated. 
Applying this to the present case we have in all the theorem: 


2 
Theorem II. Theo ( ’ . “i -spaces of the construct of Theorem I, 
being spaces of dimension r3 + 2r? + 2r, meeting the external space w 
24. Op — 
in [r — 1] pass by œ" through the (" E A :) 


which meet w singly in these spaces [r — 1], and which generate the 
4 + ay 
r 


-spaces of the construct 


VC iao 1 associated with the projecting construct. The 


spaces in question also pass by œ" through the generating spaces [s] 
of the derived construct, both projecting and derived constructs being 
the same as in Theorem I. 


§ 11. In special cases there are other theorems deducible from 
the same figure. Let r have any two complementary factors p, q 
(p, q > 1), so that we can take 

c=r— p= p(q-— 1): x= s-— q = pq? + 2pq —4, 
and using c, z, etc. in the enunciation for the sake of brevity the 
new theorem is: 


Theorem II (a). The mrtr—a+p (0+1) C ")-spaces of the original 
construct o (s = r? + 2r) which pass through spaces [r — p] in 


a f a ")-spaces of the same con- 


w pass by o”+'-@ through the ( 


struct meeting w singly in the same ae [r — p], and generating 


the Ve. ee p(rttr+p) associated with the projecting construct. They 
also pass by wo -@+»I'c+l) through the generating spaces [s] of the 
derwed construct. 


2349 
* Of order (° : 3 namely here (C va ') . See Segre, loc. cit. 


Mr James, On a family of constructs in higher space 65 


Other theorems are obtained by removing the condition that 
the spaces [zx] shall contain only one space of the system X’. 


§ 12. Let-us now return for a moment to the case r = 1, and let 


there be defined a V$ by means of collinear spaces [s] in 
[2s + 1]. Through an external point P passes one line h to meet 
these spaces, S and S’ in A, B’ (cf. § 8); and hence arise in them 
corresponding lines AB, A’B’, or (say) 7, 7’, whose space passes 
through P. As P varies on an external space w of dimension ¢, 
the points 4 and B defining j vary on spaces [¢] in S, and hence j 


on the directrix system of a Via of [2¢+ 1], and there is a 
corresponding construct in S’. Taking then s = 2t + 1 we build 
up the figure as in previous cases. 

Taking ¢ + 1 rays j to define the system of generating spaces [t] 


on the Ven i in S it is evident that a space [s — 1] or [2t] through ¢ 
of these rays (and therefore one through any ¢ rays of the system) 
contains one generating space [t]. Using this the following theorem 
is obtained as before: 


Theorem III. The œ+! (2t + 1)-spaces of dimension 4t + 1 of a 
Vo in [4t + 3] which pass through [t — 1] of a fixed external 
space w of dimension t pass by œ! through the 2t-spaces (of dimension 
4t — 1) through the single spaces [t — 1] in question, and again by 
œ? through the spaces [2t + 1] of a second Pa, say the derived 
construct. 

The locus of the 2t-spaces in question is the Vion associated 


with the ae locus of the ordinary spaces joining the lines j 
to their correspondents ın S'. There is in consequence reciprocity 
between the initial and derived constructs in that each is obtained from 


the other, selecting as external space w in the construction a space on 
the Vi ne ” The three constructs in question cut in a Va locus 
(in two ways) of œ! Witt an collineation. 

This theorem and Theorem I are alternative extensions of the 
initial theorem of §8. They and the other theorems quoted are 
included in the following final case in which there are r + 1 spaces 
Si. S,,... of dimension s in collineation, while the typical external 


point P varies on an external space w of dimension t. In each space 
. e . f(r, t) bs hd 
[s], in particular in S,, we have a construct V;,,; containing 


a system È of spaces [r] and a system 2’ of spaces [t]. The spaces & 
are such that joined to their correspondents in I they define spaces 
[r? + 2r] passing through single points P in w and which are 


+) ° 
(77 )-spaces of the fundamental construct derived from the spaces 
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[s]. The spaces of x’ are the conjugate spaces. We are to take 


s=rt+r+t, the fundamental construct being therefore a 
f(r, rt+r+h 
Vitsor+e  » SAY Vo. 
Consider now the space defined by c + 1 spaces [r] of 2, a space 


of dimension cr + c + r. Joined to its corresponding spaces in I` 


it defines a u T i ")-space of V, meeting win a space [c], and any 


space [x] through it will define an (Z ue a 
property. Let the c+ 1 spaces be chosen from ¢ + 1 spaces [r] 
of & forming a set to define the system X’ of spaces [t] on the 
Vi? in S,. The remaining t —c spaces [r] are cut by the [r] 
in [r — (c — x)], and therefore as before contain [r — (t — c) (s — 2)]. 
corresponding in the collineation between the [r] of &. If this ex- 
pression be zero, namely, if we have corresponding points only, 
then these points joined to their correspondents in the first c + 1 
spaces define a space [t] of X’ in the [x] in question. The subse- 
quent details are built up as before. The cases which universally 
arise are 


)-space with the same 


(i) c=s—1, c=t-r, 
(i) z=s—r, c=t—-1], 

but if r have any two complementary factors p, q we can take 
(i) z=s—g, c=t—p; 


and we shall state the theorems simultaneously using the symbols 
8, x, c, etc. to denote these various values. Further, in the enuncia- 
tion a denotes r? + r — g?, and B denotes p(c + 1) or p(t— p+ 1). 
The theorem obtained is: 


Theorem IV. The w+ ") spaces of dimension zr ++2u+r 


of the Ve subsequently denoted by Vo in [rs +7r+s](s=rt+7r+t) 

which meet an external space w of dimension t in [t — p] pass by «0° 
er+c+2r 

through the ( 


of Vo passing through the single [t — p] in w and by 0°+3-" through 
the generating spaces [s] of a second W? say Va, the derived 
construct. 

The locus of the (7 i > °”) -spaces in question is the 


(r?+2r,t: i ‘ *4+2r,t 
Ve, ones associated with the Via ? locus of the [r? + 2r] 
jouning spaces of È in S, to their correspondents in P. 

The relation of V, and V, ts reciprocal in that each is derived from 


)-spaces of dimension (cr-+e+r)rterte+2r 
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the other taking any space [t] of the ViTa’ as the space w of the 
construction, but there does not appear to be any reciprocal relation 
between Vo or V, and this last-named construct, save in the case of 
Theorem I. The three constructs cut in a V,+, locus (in two ways) of 
or po. and of order ( i ‘) ® j 3 i 


r 
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The equianharmonic and harmonic envelopes of a quadrinodal 
cubic surface. By G. Timms, St John’s College. (Communicated 
by Mr W. P. MILNE.) 


[Received 31 October, read 7 December, 1925.] 


Prof. W. P. Milne has recently been investigating, in connection 
with the general cubic surface, the Equianharmonic Envelope S, and 
the Harmonic Envelope T., defined as the envelopes of planes 
cutting the surface in equianharmonic and harmonic cubic curves 
respectively: he suggested to me that I should consider the par- 
ticular case of the quadrinodal cubic surface. 


Denoting the quadrinodal cubic surface & : = 0 by U,, and 


the unique quadric having as enveloping cones the nodal cones of 
U, by ®, (= Xl? — 221m), we obtain by direct calculation: 


The tangential equation to Uis ©, — 64lmnp = 0. 
The Equianharmonic Envelope S, is ®,? — 48lmnp = 0. 
The Harmonic Envelope 7, is , (®,? — 72lmnp) = 0. 


Hence: 

The Equianharmonic Envelope S, of the quadrinodal cubic 
surface is a surface of the fourth class, having as nodal points and 
nodal cones the nodal points and nodal cones of the cubic surface. 

The Harmonic Envelope 7, of the quadrinodal cubic surface 
consists of the quadric having as enveloping cones the nodal cones 
. of the cubic surface and a surface of the fourth class having the 
same nodal points and nodal cones as the cubic surface. 

The degeneration of 7, into a quadric and a quartic envelope 
is easily seen geometrically, for the enveloping cone drawn from 
any point P on U, to U, consists of two quadric cones, and the 
envelope of a plane through P cutting these two cones in pairs 
of lines which harmonically separate each other will be the en- 
veloping cone drawn from P to the quadric ,. 

That S, and the quartic part of Tẹ have the same nodal cones 
may be seen by considering the fact that a nodal cubic curve of 
finite cross-ratio is cuspidal. 
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The adiabatic hypothesis for magnetic fields. By P. A. M. Dirac, 
St John’s College. (Communicated by Mr R. H. Fow er.) 


[Received 5 November, read 7 December, 1925.] 


The validity of Hamilton’s equations during an adiabatic change. 

The usual proof of the adiabatic invariance of the quantum 
integrals of a multiply periodic dynamical system rests on the 
assumption that the Hamiltonian equations remain valid for the 
adiabatically changing system, with the same Hamiltonian function 
H, or at any rate with a new Hamiltonian function differing from 
the old one only by terms that vanish with 4, (a) being the varying 
parameter*. 

Now in most cases of an adiabatic change, including all cases 
when a mechanical constraint of the system is adiabatically 
changed, the accelerations (#, #, Z) of the various particles composing 
the system are the same functions of the co-ordinates (x, y, z) and 
velocities (2, ý, 2) as for the undisturbed motion. For these cases, 
if the relations connecting the Hamiltonian p’s and q’s with the 
(z, y, z)’s and (%, ý, z)’s do not contain the varying parameter (a) 
explicitly, the p’s and q’s must be the same functions of the p’s 
and q’s as for the undisturbed motion, so that the Hamiltonian 
equations will still be satisfied. If the p’s and q’s do involve the 
parameter (a) explicitly, we should have instead 


rea Gne 
Pe = og, ca | (i) 
aH am. | l 
ism apt Be | 


where the p, and q, are regarded as functions of the (z, y, z)’s, 
(z, y, 2)’s and (a) in the partial differential coefficients with respect 
to (a). 

Whenever there are no forces in the system depending on the 
velocities, it is always possible to choose a set of p’s and q’s that 
do not contain (a) explicitly ; we can, in fact, take the Cartesian 
co-ordinates (x, y, z) as g’s, when the corresponding p’s will be mz, 
my, mz. If there is one set of variables p}, g, not containing (a) 
explicitly, any other set px’, g,/ involving (a), defined by 


Up,.dg, = Lp,’ dg,’ + dS, 
will still satisfy the Hamiltonian equations, though with a new 
* Dirac, Proc. Roy. Soc. A, vol. 107 (1925), p. 726. 
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Hamiltonian function H’ differing from the original one by 0S/ca.4, 
since the relation 


Xp,dq, — H dt = Xp,'dq,’ — H' dt + dS 
will still be true with (a) varying. 
For a system which does involve forces depending on the 
velocities, there may be no set of p’s and q’s satisfying the Hamil- 


tonian equations during the adiabatic motion, in which case the 
quantum integrals will not, in general, be constant. 


Effect of an adiabatically varying magnetic field on an atomic system. 


The only important practical case of a system which does 
involve forces depending on the velocities is that of an atom in an 
external magnetic field. The Lagrangian of such a system is given 
by 

L = L — e/e.&(A,% + Ayy + A,2), 
where Lo is the Lagrangian of the system in the absence of the 
magnetic field, (A,, A,, A,) is the vector potential of the field, and 
the summation is extended over all the electrons of the system. The 
momenta are given by equations of the type 


OL > e a 
Pe = a = mi — Ag, _ eee (11) 


and Hamilton’s equations are satisfied, to the first order in A, 
with the Hamiltonian function 


H = H, + Ye/c.(A, v)*, 
H, being the Hamiltonian in the absence of the field, and v being 


the velocity of an electron. 
For a uniform magnetic field H we may take 


A=}, r) 2 22 ues (iii) 


where r is the position vector of the electron considered, this being 
one of the solutions of the equation 


H = curl A. : 
This gives H=H,+e/2me.|H| pg, wave. (iv) 


where pg is the component of the resultant angular momentum of 
the system in the direction of the field. Since the new term 
e/2me.| H| pẹ added to the Hamiltonian remains constant during 
the motion, the quantum integrals are given by the same functions 
of the p’s and q’s as in the absence of the field, though the p’s now 
have different values. 

Now suppose the field to change adiabatically. If the accelera- 


* See Born, Vorlesungen über Atommechantk, pp. 238, 239. 
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tions (%, ¥, Z) are the same as when the field is constant, we should 
have from (i) and (ii) 

. OH ecA, , OH 

Pz= -3T A TS op. TE (v) 


and the Hamiltonian equations would not be satisfied. Actually, 
the change in the magnetic field H must be accompanied by an 
electric field E satisfying 


1 oH 
curl E= -7 z> TET (v1) 
the general solution of which is 
10A 
E -= — soa grad ġ. 


The scalar potential ¢ can have different values according to 
the way in which the change in the magnetic field is carried out. 
Owing to this electric field, m will not be the same function of the 
(x, y, z)’s and (2, ý, 2)’s as when the magnetic field is constant, but 
will be increased by — eE,. From (ii), p must be increased by the 
same amount. n from (v) 


ae H; ĉ$p_—_ oR’ pa CH oH’ 
j oe >. Ox’ Cp, Cp,’ 
where = H — ed. 
Hamilton’s equations thus a hold with the new Hamiltonian H’. 


Equation (11) can no longer be exactly true, since H cannot be 

uniform on account of the equation 

H H H 1H 

or? oy? 0z eoe 
This equation shows, however, that the variations in H are of the 
order T-2, where T is the time taken to establish the field, so that 
the error introduced in equation (iv) is of the order T-2. Also, on 
account of the relation 


1 cE 
curl H = — oR? 


E is of the order T-?, and E and ¢ are of the order T-!. Hence H’ 
differs from H, + e/2me. | H| pẹ only by terms of the order of 


magnitude T-! or Å, so that the ordinary proof of the adiabatic 
invariance of the quantum integrals can now be applied. 
Effect of rapidly varying fields. 

Sommerfeld* states that if the magnetic field is introduced 
suddenly, the momentary velocity of an electron will not be affected. 


* Atombau und Spektrallinien, 4th edition, p. 403. 
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Equation (vi) shows, however, that a sudden change in the magnetic 
field must be accompanied by an impulsive electric field, which will 
in general cause a finite change in the velocity of the electron. 

One way of establishing the field is by means of a plane wave 
advancing in the direction of the x axis with the velocity of light 
and having E, = H, = a constant C behind the wave front, the 
other components of E and H vanishing. As this wave would 
establish a permanent electric field as well as a magnetic one, we 
must suppose another similar wave advancing in the opposite 
direction and having E, = — H, = — C behind its wave front, so 
that the two waves together establish a uniform magnetic field 
H, = 2C and no electric field. If the two wave fronts are timed to 
arrive at the origin (where the atomic nucleus is supposed to be 
situated) at the same time, an electron at (x, y, z) will be subject 
to the electric field E, = — C for a time interval 2z/c (or to the 
electric field E, = C for the time interval — 2z/c if x is negative), 
this being the difference between the times of arrival of the two 
wave fronts at (x, y, 2). We are neglecting the displacement of the 
electron during the time 2z/c, which is permissible if the velocity 
of the electron is small compared with that of light. The electron 
thus receives an impulse 2zeC/c = zeH/c in the direction of the y 
axis. This can be resolved into a radial impulse zyeH/rc and an 
impulse z*eH/rc tangentially about the z axis, where r? = x? + y2. 

Now suppose that the field is established by such waves coming 
uniformly and simultaneously from all directions in the zy plane 
instead of only along the x axis. The radial impulse is now given 
by the average value of 


(x cos a + y sin a) (y cos a — zx sin a) eH/re 
which is zero, and the tangential impulse by the average value of 
(x cos a + y sin a)? eH/rc 


which is }r?eH/re. The angular velocity imparted to the electron 
is thus 4eH/me, which is just the Larmor precession. Hence the 
quantum integrals will remain invariant when the field is suddenly 
established in this way, since the motion is the same as when the 
field is established adiabatically. 

Any method of establishing the field that is symmetrical about 
an axis through the nucleus can be resolved into waves of the type 
just considered, so that the quantum integrals must also be in- 
variant in this more general case. 
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A photographic method of determining the mobility of recoil atoms. 
By G. H. Briaas. (Communicated by Dr J. CHADWICK.) 


[Read 7 December 1925. ] 
(Plate I.) 


The experiments described in this paper were carried out in 
the University of Sydney during November 1924 and, owing to 
the short time which was available, are of a purely preliminary 
character. The following account is given as they are not likely 
to be resumed in the immediate future. 

The method employed is in principle a modification of Zeleny’s, 
using parallel plates, an arrangement which has been used by 
Nolan *, Erikson f and Tyndall and Grindley ł. In the experiments 
to be described instead of using an ionisation method advantage ` 
is taken of the photographic action of the recoil particles to deter- 
mine their distribution. The experiments were begun in order to 
see if any difference in the mobilities of Thorium X, Thorium A 
and Thorium B could be detected. 

The main part of the apparatus was a box built from two brass 
plates 20 cm. long and 7:4 cm. wide, separated at the longer 
edges by ebonite so that the internal cross section was 5-4 cm. 
x 1-0 cm. Air from a large gasometer after passing over pumice 
moistened with sulphuric acid and through a bottle of about 
16 litres capacity filled with calcium chloride was led into the box 
through a tube 6 cm. in diameter and 80 cm. long. The section 
of this tube was gradually changed to fit the rectangular opening 
of the box, care being taken to smooth out irregularities. The 
other end of the box was open to the atmosphere. The air 
used in the experiments was certainly not thoroughly dried and 
its degree of dryness varied in different experiments. 

About half-way along the box, a strip of platinum foil 3 mm. 
wide and 3-5 cm. long was soldered to the bottom brass plate with 
its length perpendicular to the direction of the air current. It was 
desired to obtain a narrow line of Mesothorium bromide along the 
centre of this strip. The method finally adopted was to rule with 
a drawing pen a line of the bromide, dissolved in a small quantity 
of water, on the foil which had previously been slightly platinized 
to reduce the effect of surface tension. The actual width was about 
0-6 mm. and the amount of Mesothorium deposited was equivalent 
to about 0:08 mg. of Radium. The writer§ has recently shown 

* Nolan, Proc. Roy. Irish Acad. vol. 35, p. 38. (1920.) 
t Erikson, Phys. Rev. vol. 17, p. 400. (1921.) 


ł Tyndall and Grindley, Phil. Mag. vol. 47, p. 689. (1924.) 
§ Briggs, Phil. Mag. vol. 50, p. 600. (1925.) 
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that such a source gives Th. X, Th. A, and Th. B, with an efficiency 
of recoil of about 3 to 4 per cent. With suitable electric fields the 
recoil atoms travelled across and were caught on a circular disc 
which fitted flush into the upper plate. With no air current a line 
of activity immediately above the source was formed, while with 
a steady flow the line was displaced down stream. If the three 
recoiling substances have different mobilities the displaced line 
would be expected to have three components. The distribution of 
the activity collected on the disc was found from the impression 
produced when the disc was placed face down on a photographic 
plate. The electric fields employed in various experiments ranged 
from 75 to 140 volts per cm. and the maximum displacement of 
the recoil atoms was about 2-5 cm. Exposures of 30 minutes with- 
out, and one hour with the air current, gave enough activity to 
produce a strong photographic impression when the activated disc 
was left on a photographic plate for some hours. 

The type of photographic impression actually obtained is shown 
in Plate I. In the original photographs the displaced line con- 
sists chiefly of a number of elongated spots with their long axis 
parallel to the direction of the air stream, and it is seen that they 
correspond to dark spots in the undisplaced line. They are simply 
due to points on the source from which recoil is greater than from 
neighbouring regions. The undisplaced line is only about 0-5 mm. 
wider than the source so that diffusion and self repulsion are 
practically negligible. This is also clear from a consideration of 
the width of the elongated spots in the deflected line. The edge of 
the displaced band is much sharper on the high mobility side than 
on the other. 

The relative width of the displaced band to the total displace- 
ment was found to be constant in all the experiments. These 
extended over a range of air currents varying by a factor of three. 
This is further evidence that the width of the band is not due to 
eddies. Again, eddies would make the broadening symmetrical 
about the mean deflection. 

For plates so wide that the effect of the sides of the box is 
negligible the mobility is given by 

a q.d? 
T.A.V 
where z is the displacement, v the voltage, d the separation of the 
plates, q the volume of air flowing per second and a the area of 
cross section. In the present experiments the photographs show 
that the displacement was constant over at least 3-5 cm. (the 
length of the source) of the total 5-4 em., thus indicating that 
the effect of the sides of the box was small. 
An attempt was made to see if the distribution of the three 


Phil. Soc. Proc. Vol. xxi. Pt. 1. Plate I. 
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substances Th. X, Th. A, Th. B in the band of activity was the 
same for each substance by exposing a freshly activated disc to 
photographic plates for a short time immediately after the experi- 
ment, then again after some hours and finally after several days. 
No difference in the photographic impression was observed, but 
it is not felt that the evidence on this point is at all conclusive. 
Fig. 1 shows the blackening of one of the photographs measured 
in the Cavendish Laboratory with a microphotometer. Kinoshita* 
found for two kinds of photographic plates that the blackening 
produced by a-rays follows a law of the form D = Dmax. — e~“%, 
N being the number of a particles and C a constant. The writer 
has found that a law of the same form holds for Ilford Process 


4 8 [2 mm. 
Fig. 1 


plates and that up to a density of unity it is practically a linear 
relationship. Although the plates used in the present work, 
Imperial Eclipse, have not been calibrated there is little doubt 
that the density curve, Fig. 1, gives the distribution of a-ray 
activity quite accurately. 

The values of the maximum and minimum mobilities have been 
calculated from the distances AC and BD (Fig. 1) on the curves 
found with the microphotometer. These are given in Table I and 
also the mobility corresponding to the peak of the curve. 

In these experiments the ionisation from the source is so intense 
that with the strongest fields used it is only about 80 per cent. 
saturated, so that these electric fields may be disturbed by amounts 


* Kinoshita, Proc. Roy. Soc. vol. 83, p. 432. (1910.) 
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sufficient to cause errors of a few per cent. The results are given 
without any correction. By using a point source of recoil atoms 
the amount of this ionisation could probably be reduced to less 
than one hundredth of its present value. 

Erikson has recently measured the mobility of the active 
deposits of Actinium *, Thoriumt and Radiumf, using a method 
which is in principle similar to the present one, but detecting the 
active deposit by an ionisation method. He obtains a curve with 
two peaks, one corresponding to a mobility of 4-35 and the other 
to 1-55. Erikson also notes that the width of the curve for the 
group of slower particles is greater than is to be expected from the 
turbulence of the air and the width of the stream of particles 


Table I. 
Volts ' Mobility 
Max. Peak Min. 
118 1-91 1-57 1-29 cm./sec./volt/cm. 
127 1-87 1-61 1-30 
134 1-80 1-53 1-18 
77 1-91 1-67 1-26 
186 1-80 1-66 1-32 
140 1-77 1-49 1-10 
Mean 1-84 1-59 1-24 + 0-05 


entering his apparatus. Calculating approximately the maximum 
and minimum mobility from Erikson’s curve for the slower particles 
without attempting to correct for spread due to turbulence, etc. 
one gets a range appreciably greater than found in the present 
experiments but with practically the same peak value. It appears, 
therefore, that the writer’s results are in general agreement with 
Erikson’s in regard to the low mobility group of recoil particles. 
The fact that the present experiments do not bring to light the 
particles of mobility 4-35 cm. per sec. needs some consideration. 
In Erikson’s experiments with Radium and Thorium active 
deposit the age of most of the recoil particles before entering the 
box was many seconds or even minutes, while in his experiments 
with actinium emanation their age was probably between 0-01 
and 0-002 sec. whereas in the present experiments they are pro- 
duced actually in the field and cross the box in about 0-01 sec. 
Age then does not appear to be the determining factor. Among the 
different conditions in the two experiments those which seem most 
likely to be of importance are the degree of ionisation in the 
exposure apparatus and the intensity of the electric fields; for the 


* Erikson, Phys. Rev. vol. 24, p. 622. (1924.) 
t Erikson, Phys. Rev. vol. 26, p. 629. (1925.) 
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fields employed by Erikson, of the order of 1000 volts per cm., were 
roughly 6 or 8 times greater than those in the present experiments 
and the ionisation in his exposure apparatus was much smaller. This 
suggests then that the recoil ion with a mobility of 4-35 cm. per 
sec. is able to exist only in strong electric fields or in the absence 
of strong ionisation, though it should be noted here that in 
Franck’s* experiments which gave the mobility as 1-56 cm. per 
sec. fields of about 600 volts per cm. were used. 

The sharpness of the least deflected edge of the band found in 
the present experiments strongly suggests that the particles set 
out with a certain mobility and after going a greater or less distance 
may change into particles of smaller mobility. Those that fail to 
change arrive at the inner edge and those that change at the 
beginning reach the plate at the outer edge of the band. On this 
view the mobilities calculated from the position of the edges of 
the band are of more significance than that for the peak. 


* Franck, Verh. Deutsch. Phys. Gesell. vol. 7, p. 397. (1909.) 
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The quenching of resonance radiation and the breadths of ab- 
sorption-lines. By R. W. Ditcupury, B.A., Trinity College. 


[Read 7 December 1925.] 


In a paper by Slater* a new theory of radiation is discussed 
and the following explanation of the breadths of spectral lines is 
given: “An atom in the tth state has a probability P, of suffering 
in unit time a transition. Thus there is a probability P, that the 
vibrations of each of the oscillators will simultaneously cease. But 
we shall assume that, in addition to this probability P, of ceasing 
its oscillation altogether, each oscillator has also an independent 
probability P, of suffering an interruption in which it ceases its 
oscillation as if it were leaving the state, but immediately begins 
again as if it were entering the same state” (i.e. with an arbitrary 
phase difference). “This term P; ts the same as the probability that 
an atom in the jth state will leave that state.” The total probability 
of interruption of vibration is thus (P, + P;) which is symmetrical 
with regard to the two end states. This makes the breadths of 
absorption and emission lines equal and so satisfies Kirchhoff’s law. 

In the case, however, where 3J is the normal state of the atom P; 
is vanishingly small (except when the atom is in a radiation field 
of enormous density—or subject to similarly strong electron 
bombardment). We should therefore expect that in this case, the 
transition probability would be the same as the total probability 
of interruption of oscillation; i.e. that practically every disturbance 
which interrupted a coherent train of waves would also cause a 
transition. 

The experiments of Fuchtbauer, Joos and Dinkelackerf on 
the broadening of the 2536 line of Hg by the addition of various 
foreign gases enable us to calculate the probability of interruption 
of coherent-wave trains. The experiments of Stuartt on the 
quenching of the 2536 resonance radiation by foreign gases enable 
us to calculate the transition probability under the conditions 
of Fuchtbauer’s experiments. A comparison of the two sets of 
results forms a test of the theory. 


(A) The Quenching of Resonance Radiation. 
The rate of resonance radiation is given by Slater§ as 
Ais Bis (0) p V) bv | 
Aj; + 2B;; (v) p (v) + -Kaf 


* Phys. Rev. vol. 25, p. 395. t Ann. d. Phys. vol. 71, p. 204. 
ł Zs. f. P. vol. 32, p. 262. § Equation 20, p. 419, loc. cit. 


and the breadths of absorption-lines 


~J 
© 


where 
N is the total number of atoms of the radiating substance, and 


A,; is the probability of spontaneous transition (in unit time) 
from state 2 to state 7. 


K; is the probability of transition from state t to state j by 
collisions of the second type. 


B; (v) p (v) is the probability of transition from state 7 to state j 
stimulated by the radiation field whose density is p (v). 


Thus K,, is proportional to the pressure of the foreign gas 
present but A,,; and B,,; are independent of this pressure. If we 
define J, as the ratio of the intensity of resonance radiation when 
the pressure of the foreign gas is p to the intensity of the resonance 
radiation when it is zero, we have 


I = Ai; T 2B; (v) p (v) (1) 
?” Ay t+ 2By(v)p(v)+(Kis)p o TUY ' 


where (K), is the value of K,, when pressure of foreign gas is p. 
“For all ordinary cases B,, (v) p (v) is negligible in comparison with 
A; so that we may write 
A; 
| ee 2). 
> Ag+ (Kale “l 


It is obvious that if J,, is 4 then (K;,;),, 1s equal to 4,,, Po being 
the pressure required to reduce the resonance radiation to half- 
value. We can calculate (A,;),, on the assumption that every 
kinetic-theory collision is effective in causing a transition from 
state 1 to state j. The reciprocal of (K,;),, is the mean time between 
two collisions and the reciprocal of A;; is the mean life of the 
excited atom. For certain gases Stuart finds that, taking the 
ordinary values of the atomic radii, the mean time between two 
kinetic theory collisions at the half-value pressure is greater than 
the mean life of the excited atom (as determined by Wood and 
Ellet, Hanle, Wien and Tolman). This he explains on the assump- 
tion that the radius of the excited mercury atom is much greater 
than that of the normal atom. There is no direct method of deter- 
mining exactly what the radius of the excited atom is, so Stuart 
assumes that in the case of oxygen every collision with the excited 
atom is a collision of the second type, i.e. is effective in causing 
a transition. This gives the radius of the excited atom as 3-4 times 
that of the normal mercury atom and he then calculates the per- 
centage of collisions (within this radius) which are collisions of the 
second type, in the cases of other gases. His results are given in 
the following table. 
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TABLE I. 
°% 
Oxygen (standard) 100-0 
Carbon monoxide 80-0 
Hydrogen 70-0 
Carbon dioxide 20-0 
Water vapour 10-0 
Nitrogen 1-3 
Argon 0-2 
Helium 0:03 


c6 


It is obvious that the above are only relative “efficiencies of 
collision.” If the radius of the excited mercury atom is greater 
than it has been assumed to be, then the efficiency for oxygen will 
be less than 100 per cent. and all the other percentages will have 
to be reduced accordingly. 

(B) The Breadths of Spectral Lines. 


The half-value width of the absorption lines is given by Slater* 
as equal to 


] 
= (P; + P)). 
Making the same assumptions as before this reduces to 
l 
S [Aa + (Kile) O (3). 
When p is of the order 1 atmosphere or greater (K;,;), 18 fairly 


large compared with 4;; and (assuming that (K;;)p 18 proportional ` 


to p) the breadth should then be proportional to the pressure. 
Fuchtbauer’s experiments were made at pressures from 10 to 50 
atmospheres and he found that the breadth is in fact proportional 
to the pressure. 

Since Stuart’s results give the number of collisions of the second 
kind for the different gases and since according to the theory this 
is also the number of collisions which are effective in interrupting 
coherent wave-trains, we can now calculate (from equation (3)) the 
coefficient of this proportionality. The comparison between the 
observed values and those calculated on the above assumption is 
given in the first two columns of Table IIt. The third column gives 
the values calculated on the assumption that every collision 
(within the radius of the excited molecule found by Stuart) is 
effective in interrupting coherent wave-trains. The coefficient is 
given as the width for one atmosphere pressure. The widths are 
expressed in frequency measure and the unit is sec"}. 


* p. 416, loc. cit. + Column (i) gives the observed values. 
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Tase II. 
(i) (ii) (iii) 
Oxygen 7-9 x 10° 70 x10 7-0 x 10° 
Hydrogen 12-3 x 10° 10:5 x10 15-0 x 10° 
Carbon dioxide 13-1 x 10° 12 x 10° 6-0 x 10° 
' Water vapour 10-6 x 10° 0-6 x 10° 6-0 x 10° 
Nitrogen 8-3 x 10° 0-078 x 10° 6-0 x 10° 
Argon 9-6 x 10° 0-01 x 10° 5:1 x 10° 


The disagreement between columns (i) and (ii) shows the dis- 
crepancy between theory and experiment. This discrepancy is, 
perhaps, seen more clearly if the results are treated in the following 
way. Comparing columns (i) and (iii) of Table II we see that 
(except in the case of hydrogen) the number of collisions which 
interrupt coherent wave-trains is apparently greater than the 
number of kinetic theory collisions. This means that the effective 
radius for this purpose is greater than that found by Stuart. On 
the assumption that every collision with a carbon-dioxide molecule 
is effective in ending a train of coherent vibrations we obtain a 
radius for the mercury atom of 9-6 x 10-8 cm., which is 5-5 times 
the kinetic theory radius for the normal atom. Taking this value 
we may now calculate (a) from Stuart’s results, the percentage of 
collisions within this radius which are effective in causing tran- 
sitions; (6) from Fuchtbauer’s results, the percentage of collisions 
within this radius which are effective in ending a train of coherent 
waves. The results for the different gases are given in the following 
table: 


TABLE ITI. 


% % 
Hydrogen 23-0 24 
Water vapour 3-3 57 
Nitrogen 0-51 52 
Oxygen 47-0 53 
Argon 0-08 73 
Carbon dioxide 9-2 100 
Helium 0:009 (No observations) 


iN) 
~J 
© 


Carbon monoxide . 


Thus we see that in the case of carbon dioxide only about 10 per 
cent. of those collisions which are effective in ending a train of 
coherent waves are also effective in causing transitions and this is 
typical of the other gases. 

This seems quite incompatible not only with the theory 
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referred to above but also with any form of the virtual-oscillator 
theory which satisfies Kirchhoff’s law by assuming that the prob- 
ability of a collision which ends a coherent wave-train and does 
not cause a transition is equal to the probability of an atom leaving 
the lower state. This conclusion would not be essentially altered 
even if one makes the somewhat unlikely assumption that only 
part of the breadth of an absorption-line is due to the molecular 
collisions. The reasoning would apply equally to any other cause 
of interruption of vibration. 

Kirchhoff’s law can be satisfied by making the total probability 
of ending a train of coherent waves equal to any symmetrical 
function of P; and P;. In addition to satisfying Kirchhoff’s law 
this function would have to give the statistical conservation of 
energy and momentum and also to explain the above experiments 
quantitatively. The simplest assumption is that the total prob- 
ability of ending a coherent wave-train is (P; + P; + P), where P 
is a constant for all states of the atom. By adjusting the value of 
P for various gases Fuchtbauer’s and Stuart’s results could be 
explained. This probability P would have to be a collision prob- 
ability which would be the same for an atom in the normal state 
as for one with an electron in an orbit of very large radius. It is 
possible to give a physical meaning to such a probability by 
assuming that in order that vibrations may be interrupted it is 
necessary for an atom to pass within a certain distance of the 
particular electron which is vibrating or, alternatively, within a 
given. distance of the nucleus of the vibrating atom. The writer 
has not investigated the energy and momentum relations. 

The difficulty revealed above is not met with if one approaches 
these results from the point of view of the older light quantum 
theory. There is one type of collision which interrupts the atomic 
oscillation and another which causes transitions. There is no 
reason why these should not possess totally different probabilities 
(as in fact they do). Kirchhoffs law is satisfied as long as the total 
chance of interruption of vibrations is the same for an emitting 
as for an absorbing atom. This may be secured, as far as inter- 
ruption by collision is concerned, by making the effective collision 
radius equal to some kind of mean between the radius of the normal 
atom and that of the excited atom. The details of this explanation 
are, of course, obscure but that is because the light-quantum theory 
is unable to give any detailed picture of the emission and absorption 

rocess. 

i It is interesting to consider the physical difference between 
these two types of collision. There is, as Stuart observes, no obvious 
relation between the efficiency of collisions of the second kind 
(i.e. transition collisions) and the atomic field, polarity or any other 
property of the colliding atom. It seems probable that this is 
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& very intimate type of collision and possibly a temporary com- 
pound is formed. The series-electron may go into some kind of 
linking orbit and the probability of this happening would naturally 
depend on the fitting together of the electronic systems of the two 
atoms. The temporary compound would soon disintegrate (either 
Spontaneously or under the influence of other atoms) and the energy 
of excitation would thus go into thermal energy. It is natural to 
suppose that in some cases the compound is permanent and it 
would be interesting to test for a (comparatively) rapid interaction 
of oxygen and mercury (at ordinary temperatures) under the in- 
fluence of the resonance light. 

The efficiency of the interruption of vibration collisions seems 
to depend on the molecular weight of the foreign gas. A reference 
to Table IIT above will show that this efficiency increases gradually 
with the molecular weight except in the case of water-vapour. 

The experimental difficulties of determining the breadths of the 
absorption lines are greater in the case of water than for the other 
substances because it is a vapour and the others are “ permanent” 
gases. Moreover, the values obtained (by different methods) for 
the molecular radius of the water-vapour molecule differ very much 
and if one uses a different set of values of the molecular radii the 
efficiency for water becomes a little less than that for nitrogen, 
the other efficiencies remaining in the same order as before. Thus 
it is fairly probable that the molecular weight is one factor, at least, 
in determining the efficiency of this type of collision. 

The high efficiency of the heavy molecule may be due to its 
high average momentum. Thus a heavy molecule should probably 
create a greater disturbance in the electronic system of the molecule 
with which it collides than a light one would. 

On the other hand, it may be that it is necessary for the two 
atoms to remain within a given radius of each other for a certain 
minimum time in order that the orbital motion of the series electron 
may bring it into such a position that its motion is affected by the 
other atom. The heaviest atoms having the lowest mean-square 
velocities would thus be the most efficient. 

Thus an excited atom can collide with a normal atom in at least 
two distinct ways: (1) in which the phase of its electronic vibration 
is changed; (ii) in which the energy of its excitation is given up to 
the colliding atom. It would seem at first sight that one might have 
another type of collision in which the excited atom would be 
stimulated to give up its energy, not to the other atom, but to the 
aether. This idea of stimulated emission is attractive in many ways 
but its existence seems to be ruled out by the following considera- 
tions. Suppose a mixture of a very efficient and a very inefficient 
gas (say oxygen and helium) to be used in the experiment of Stuart. 
We should then expect the mixture to be less effective than the 
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oxygen by itself (at the same partial pressure) because the helium 
molecules would collide with some of the excited atoms and cause 
them to give up their energy as radiation before a collision with an 
oxygen atom could turn it into heat energy. This effect should be 
quite appreciable in the case of air (considered as a mixture of 
oxygen and nitrogen). Stuart finds, however, that the efficiency 
of the mixture is equal (within experimental error) to that to be 
expected on an additive law. This shows that as regards mercury 
and nitrogen, at any rate, this stimulated emission does not play 
any important part. We may thus conclude that a collision can 
shorten the life of an excited atom only by turning its energy of 
excitation into heat energy and not by transforming it into reson- 
ance radiation. 


I am indebted to Mr R. H. Fowler for opportunities of discussing 
this work with him. 
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Notes on the electrical counter. By K. G. Emeztus, B.A. 
St John’s College. (Communicated by Mr E. V. APPLETON.) 


[Read T December 1925.] 


In a recent communication on the subject of the electrical 
counter, it was suggested that when an ionizing particle enters, it 
brings about a momentary brush discharge from the smaller of 
the two electrodes, and that the transitory nature of this discharge 
is due to a local increase of pressure in the gas*. Some further 
experiments concerning its use and mode of action have now to 
be recorded. In most of these, the point counter devised by 
Geigert was employed. Its outer cylinder was maintained at a 
high potential by a motor-generator or battery, and the needle 
was earthed, usually through a high resistance. In general, the 
point was negative with respect to the case, and the counter was 
filled with air at atmospheric pressure, in contact with phosphorus 
pentoxide. 


1. Examination of the point during counting. 

A counter was made with which the point (P, Fig. 1) could be 
watched with a microscope{, whose objective was just outside a 
mica window (M), fixed with wax over a hole in the case. It could 
be exhausted through a side-tube (T). a-particles entered the 


Fig. 1 


chamber through a second mica window (N), and were recorded 

in the usual way by an electrometer. It was seen that when the 

case was positive, each particle gave rise to a flash at the extreme 

end of the needle. This had the appearance of a typical negative 

brush discharge; a faintly luminous cone of about 30° spread out 
* Emeléus, Proc. Camb. Phil. Soc. vol. 22 (1925), p. 676. 


+. Geiger, Verh. d. D. Phys. Ges. vol. 15 (1913), p. 534. 
t Cf. also Wulf, Phys. Zeit. vol. 26 (1925), p. 382. 
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axially from the tip of the needle into the body of the gas, and 
became brighter and longer when the voltage was raised or the 
pressure Jowered. There was also present a luminous collar round 
the metal, at about 0-1 mm. back from the tip at atmospheric 
pressure, and similar to the collar often observed with a sustained 
discharge at pressures of the order of 1 mm. Hg. If the potential 
was raised above its upper limit for efficient counting, the natural 
discharges from the point were seen to be similar to those already 
described. The effects in air and hydrogen were similar, but at any 
one pressure a smaller potential was needed for the latter gas, and 
the visible discharge occupied a smaller volume. Identical flashes 
were produced by f-particles. 

The motor-generator was not sufficiently steady to keep the 
counter working over the very limited range for which it would 
respond to an ionizing particle when the point was at a higher 
potential than the case, but the natural discharges were typical 
positive brushes from the point*. 


2. Influence of a magnetic field. 


A counter which worked satisfactorily between 1400 volts and 
1700 volts when its point was negative, was sheathed in thin 
ebonite, and put between the poles of an electromagnet. Fields 
of up to 4000 gauss were applied both longitudinally and trans- 
versely. It was found that the magnetic field affected neither the 
magnitude of the throw of the electrometer, nor the number of 
particles recorded, using a-rays from polonium, and y-rays from 
radium bromide and its products: the latter would produce second- 
ary B-particles inside the counting chamber. This absence of effect 
is consistent with the view that the main action takes place in the 
immediate neighbourhood of the point, where the force on an ion 
is already that due to an electric field of the order of 10° volts/em.f 
It is of course possible to prevent an ionizing particle from ever 
entering the counter, by applying a magnetic field transverse to 
its pathf. 

3. The circu resistance. 


It has been usual to employ an enclosed mixture of alcohol and 
xylol, with platinum leads, as a high-resistance leak between the 
counter and earth. This is not readily made in a variable form, and 
a thermionic valve has been found to be a satisfactory substitute. 
The plate and grid are connected to the needle of the counter, and 
one end of the filament is earthed. Its effective resistance is con- 
trolled by the temperature of the filament. 

* Cf. Wulf, loc. cit. 


t Emeléus, Proc. Camb. Phil. Soc. vol. 22 (1925), p. 676. 
t Emeleéus, loc. cit. vol. 22 (1924), p. 400. 
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With the usual circuit, the obvious function of this resistance 
is to make it possible to record the particles with an electrostatic 
instrument. We have pointed out, however, that under some cir- 
cumstances it must also be present to extinguish the discharge’, 
and on one occasion when it was short-circuited, a 1 amp. fuse was 
blown. On the other hand, Kutzner has stated that it is not re- 
quired to prevent arcing, and in a circuit described by Wulff 
the particles are indicated by clicks in a pair of telephones in series 
with the counter, the total resistance being only some 2000 ohms, 

The essential difference is that in our experiments the gas in 
the counter was at a lower pressure than in those of Kutzner and 
of Wulf. The measurements of the fall of potential due to a single 
particle show that at high pressures extinction of the discharge 
can be accounted for by a local increase of pressure in the gas at 
the point, whilst at low pressures it is the fall in the potential across 
the counter which brings about such a diminution of the field 
that ionization by collision stops. The local increase of pressure 
does not depend on the circuit constants, and in consequence the 
discharge is transient with or without a large charging resistance: 
the potential between the electrodes is, on the contrary, a function 
of the resistance, and if the latter is less than some critical value, 
the stable state of the system is one in which a relatively large 
steady current is flowing. 

In order to be sure that in these experiments the difference 
was not due to the use of different counters, one was set up in which 
the pressure could be varied; the particles were recorded either by 
telephones in series, and by microscopic examination of the point, 
or by the electrometer method. As was expected, no large resistance 
was needed when the pressure was above 3 cm. Hg, particles being 
recorded in the absence of a resistance by flashes or clicks, and in 
presence of a resistance by flashes or by the electrometer. Below 
this pressure, a discharge, when once started by an ionizing par- 
ticle or apparently spontaneously, proceeded in absence of resist- 
ance without further ionization of external origin. The resistance 
was now increased by having in series a carefully insulated valve 
and gradually reducing its filament current, and the system was 
found to pass through a state in which the continuous current was 
replaced by bursts of discharges to a final stage when no current 
flowed except in the normal course of counting. 

The necessity for resistance at low pressures can be shown 
readily with a commercial discharge-tube filled with neon. If an 
“Osglim ” lamp (O, Fig. 2) be set up in parallel with a condenser (C) 
and in series with a diode (D)—to act as a variable resistance— 


* Appleton, Emeléus and Barnett, loc. cit. p. 448. 
t Kutzner, Zeit. f. Phys. vol. 21 (1924), p. 281. 
$ Wulf, loc. cit. 
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then when suitably adjusted it will flash intermittently on exposure 
to y-rays*. Both the capacity and effective resistance must be 
fairly high (e.g. 0-1 microfarad, and the filament of a D.E.R. valve 
just visible warm), and the voltage of the battery (B) has usually 
to be less than a volt below the potential difference at which regular 
capacity-resistance oscillations start. If now when the lamp 1s 
responding to 8-particles in much the same way as a point counter, 
the filament current of the valve is gradually increased (or what is 
equivalent, the capacity C is reduced), the discharge through the 
neon proceeds from irregular flashing through a stage where it 
gives bursts of flashes (“spurious discharges”), till finally a dis- 
charge, when once started by exposure to y-radiation, passes 
apparently continuously and without further external stimulus. 


ae wank Secuaes oreen--- 


4. Reaction on the electrodes. 


Each particle, as it is recorded, gives a change in potential 
across the counter which is often of the order of 100 volts. The 
resulting change in the force of attraction between the two elec- 
trodes can be shown with the apparatus illustrated in Fig. 3. The 
counting point was the sharpened tip of a large steel needle (4), 
supported in an ebonite stand (B). The outer cylinder (C) was of 
thin aluminium foil, and was suspended from a glass frame by four 
silk threads (S), like the pan of a ballistic balance. The one end, 
opposite to an ebonite stop (D), was open, and the other end was 
covered with silver leaf. Leads from the motor-generator, and to 
the electrometer and earth, were brought up in glass tubes through 
an ebonite disc (E) and an earthed brass plate (F). To keep dust 
from the needle, which was negative, the apparatus was covered 
by a glass bell-jar. 

As the potential of the cylinder was raised, it was displaced 


* Baeyer and Kutzner, Zeit. f. Phys. vol. 21 (1924), p. 46. 
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longitudinally towards the base of the needle. y-rays were registered 
between about 1300 volts and 1700 volts, and with each discharge, 
the cylinder was seen to jump back a short distance towards its 
undisplaced position. The size of the kick was very approximately 
what would be expected from the fall in potential indicated by the 
electrometer. For example, a potential difference of 1400 volts 


gave a steady deflection of 0-8 mm. to the cylinder. The average 
ballistic displacement as a particle was recorded was 0-16 mm., 
corresponding to a fall in potential of a little over 100 volts: the 
electrometer reading was 60 volts. Similar relative motion was 
observed when the needle was suspended and the cylinder fixed, 
and when both could move. 

It should not be difficult to use this effect to ring a bell by a 
relay. The working of a counter is, however, readily demonstrated 
to an audience by connecting a loud-speaker to the needle, through 
a valve amplifier. 


5. Hysteresis in the discharge. 


An attempt was made to show directly the existence of hysteresis 
in the characteristic curve of the counter*. To measure the current, 
the insulated pair of quadrants of a Dolezalek electrometer, used 
heterostatically, with a maximum sensitivity of 3000 mm./volt, 
was connected to the needle of the counter. The usual earthed 
shields were employed. To minimize insulation leaks in the counter 
itself, a cylindrical earthed guard-ring was inserted in the ebonite 
stopper, between the two electrodes. So long as the resistance 
between the needle and earth remained constant, the deflection 
of the electrometer was proportional to the current in the circuit. 


* Appleton, Emeléus, and Barnett, loc. cit. 
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When a xylol-alcohol resistance was used, no detectable current 
passed unless a discharge had been excited, at at least 1400 volts, 
by an lonizing particle. On then decreasing the voltage, the current 
also diminished, Ohm’s law holding approximately if the changes 
were made sufficiently rapidly. The current also decreased if the 
applied potential were kept unchanged, the fall being roughly 
exponential, with a half-period of about 5 minutes. The maximum 
steady current was 10-4! amp., the bursts accompanying counting 
being much larger, and of the order of 10-5 amp.* f 

When a valve was used instead of the liquid resistance, it was 
less easy to obtain steady deflections of the electrometer, presum- 
ably because of small variations in the electron emission from the 
filament, but no hysteresis was found. The currents were of the 
same order as those which passed with the xylol after a high 
potential had been applied, but they were now determined uniquely 
by the voltage across the counter. 

These results show that the hysteresis necessary for extinction 
of the discharge under these conditions is dynamical. The currents 
seem to be insulation leaks, or small continuous discharges from 
one or other of the electrodes, since control measurements showed 
that they were not due to induction from the high-tension leads 
or lighting mains, and were not due to radioactive preparations in 
the vicinity. Moreover, it appears that a xylol resistance, as here 
used, is liable to become polarizedf. 

Since the currents were about the same whether the point was 
positive or negative, no support is given to the suggestion that the 
counting action is brought about by the release, by ions of opposite 
sign, of a space-charge held in the intense local field at the point. 
Some attempts to obtain such an action, with a commercial diode 
containing helium, and with a diode containing air, whose pressure 
was varied from 1/50th mm. Hg to atmospheric pressure, were 
without result. 

It has been pointed out that when a condenser discharges 
periodically, recharging through a high resistance, some inertia is 
required to stabilize the oscillations. It was at first suggested that 
this was furnished by the natural inductance of the circuit*. It 
may, however, particularly at high pressures, be of mechanical 
origin, rather than electromagnetic, and due to movement of gas 
at the spark-gap. 


6. An effect of intense ionization. 


It has been noticed that when a strong radioactive preparation 
is brought near a counter at atmospheric pressure, with a positive 
* Appleton, Emeléus and Barnett, loc. cit. 


t Cf. also Geiger, Zeit. f. Phys. vol. 27 (1924), p. 7. 
+ Cf. Campbell, Phil. Mag. vol. 23 (1912), p. 668. 
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point, the number of particles recorded diminishes, whilst a con- 
tinuous current passes*. This effect can also be produced at a 
pressure of a few cm. Hg, in which case the continuous current 
itself has a maximum value. Without at present attempting to 
explain it in detail, it may be pointed out that it is probably 
accompanied by electrical convection of the gast, and that some- 
what similar results follow if electrons are supplied to the cathode 
in an ordinary low-pressure discharge-tubef. 


Summary. 

1. The brush discharges from a counting point have been ex- 
amined with the microscope. 

2. Magnetic fields have been shown not to affect counting under 
certain conditions. 

3. The function of the series resistance has been further studied. 

4. An approximate measurement has been made of the me- 
chanical reaction on the electrodes. 

5. An attempt has been made to detect hysteresis in the dis- 
charge, with negative results. 

6. An effect of intense ionization has been noted. 


The experiments described have been carried out at King’s 
College, London. I have to thank Professor E. V. Appleton for 
his interest in their progress, and in particular for suggesting the 
use of a valve as a high resistance. 


* Wulf, loc. cit. 
t Trey, Phys. Zeit. vol. 22 (1921), p. 405. 
t Wehnelt and Jachan, Zeit. f. Phys. vol. 31 (1925), p. 666. 
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On chains of two-two relations and the theory of elliptic functions. 
By Professor H. F. BAKER. 


[Received 8 January, read 18 January, 1926.] 


$ 1. The relation 
a (1 + $20%) + bpd + c ($? + 64) = 0, 

in which we suppose each of a, b, c, a? — c? to be different from zero, 
leads, from a value 0, to two values of ¢, which we may denote by 
0, and 0. Each of these, put in place of 0, leads, beside the value 
0 of $, to another value of ¢, say, respectively, 0, and 6_,. If 4, 
or 6_, be put for 0, the same relation leads to two values of ¢, say, 
6, and 8, or 6_, and 6_,, respectively. And so on. It may happen 
that 0, is the same as 6, in which case also @_, is the same as @; 
this we may express by saying that the relation is closed, or that 
there is closure, after n links. It is the object of the present note 
to express in reduced form, in terms of a, b, c, the condition that 
this may be so. Evidently, if n = pq, the condition of closure 
after links is satisfied when the condition for closure after p links 
(or also after g links) is satisfied. But there is a condition for 
closure after n links which is not satisfied for any less number of 
links; this is the condition which we call the reduced or proper 
condition for closure after n links, and it is this which we seek to 
express. 

The matter has been dealt with by many writers; for this 
reason we limit ourselves as far as possible to a statement of 
results. We put $ = (a? — c?)/b, and express the reduced condition 
of closure by the vanishing of a rational integral homogeneous 
polynomial (with rational integer coefficients) in B, a, c, in the 
form F,,(8,a,c)=0, for n>4. For n=4 the condition is 
b (a? — c?) = 0, and for n = 3 it is B+c=0. If, in terms of its 
prime factors, including, possibly, 2, 


n= pter’ ..., 
we define 4 (n) by 
p(n) = n? (1 — p~?) (1 — q~?) ..., 
the homogeneous polynomial F, (8, a, c) is, unless n = 4, of order 
Ib (n). 
When n is odd this polynomial is irreducible; when n is even it is 


a product of three such rational polynomials. The values of 3% (n) 
for the following respective values of n are given by 


n = 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 24; 
dh (n) = 1, $, 3, 3, 6, 6,9, 9, 15, 12, 21, 18, 24, 24, 36, 27, 45, 36, 48. 
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It can be proved that 
n?— l= È (d), 
d>1 
where d denotes in turn all the divisors of n, including n itself, 
which are greater than 1. 
For each value of n we compute, beside the polynomial 
F, (8. a,c), two homogeneous polynomials, U„ and V,; these are 
used in the computation of the polynomials F, (B, a, c) for greater 
values of n. When n is odd these are both of order } (n? — 1), and 
both contain the term ft("’-)), the former with the sign (— 1} -D, 
This may be indicated by writing 
U,= (— 1p @-) [Bite -D + |], V, = BE -D + l.. 
When n is even the similar statements are those denoted by 
U,, = (— 1)#*-1 [pt + ...], Va = c [np + ...], 
both being of order n?. When the integer $n is odd, U, divides 
by £; when $n is even, V,, divides by £. 
§2. We now give a statement of results for n = 3, 4, ..., 20 
and for n = 24. We use, for abbreviation, 
P = Bt — ae? Q = 2p? — a? — e, 
M = P* — Q*Bta*c?, N = 2P? — Q? (B° + ac’), 
H = 3P4 — P2Q? (Bt + a?c?) — Q*Bta%e?; 
also 1 = — P/Q, a, = ac, c, = B, 
so that MQ- = B,* —a,?c,2, NQ-*? = 2B: — a? — oê, 
HQ = 3R,* — By? (ay? + G?) — a0. 
It will be found that 
P — aQ = (P-a, =P — eR = (P — è), 
P — BQ = — (R? — a?) (B? — c°), 
and P + BQ = 384 — P? (a? + c?) — ae, 
while 
M+ NP? =H, M — NP? = — (P? — Q28*) (P? — Q?a*c?). 
In all cases F, (B, a, c) is an even function of a, or 
F, (B, a, c) = F, (B, — a, c). 
Also it may be noted that the terms containing the highest power 
of B in M, N, H are, respectively, B'®, — 28%, — B®, 
n = 1 U, = l, V, = l. 
n = 2 U, = B, V, =C. 
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F;(B,a,c)=B +e, U, = — (R — a?), V= p-e. 
F, (B, a, c) = Be, U,= —P, Vi = Qe. 
The F, (8, a,c) is purely formal. 
F; (B, a, c) = B® — B?c — Be? + arc. 
= ($? — a?) P — a? (R? — è) Q, 
= ß? (B? — a?)? — a? (B? — c2)?, 
V; = ($? — c?) P — c? (P? — a?) Q, 
= f? (B? — 2)? — cè (8? — a)2, 
F, (B, a, c) = (B — c) (8? — a?). And we have 
F; (P, a, c) Fe (B, a, c) = QF; (B1, @, c). 
U, = f (P? — Qae’), 
Va = c (B* — a?) (B° — c?) [3B* — 2 (a? + eè) — atet]. 
F, (P. a, c) = (P? — c*) P + (R? — a?) BcQ, 
= B® — fte? — B?a?c? + act 
+ Be [2B* — R? (3a? + c?) + a? (a? + c*)], 
U, = — F, (B, c, a) F, (P, —c,—a), 
V, = F, (B, a, c) F, (B, — a, — ce). 
F; (B, a, c) a 
U, = — (P* — Q*B%a°c°), 
= BePQ [(B* + ate?) Q* — 2P*]. 
F, (B, a, c) = R (P? — a*c?Q?) — c (P — a®Q) (P + BQ), 
U, = (p? — a?) [B? (P? — a?c?Q?)? 
— a? (P — eQ) (P + B7Q)*), 
V, = (B? — c) [P (P? — are)? 
— c (P — æQ) (P + B7Q)?). 
Fo (8, a, c) = F; (P, — a, — c) F; (P, c, a) F; (P, — c, — a), 
= B {P? ( P2 = a?c?Q?)? 2 Q?a?c? (P? oe B*Q?)3}, 
Vio = c {P? (Pè — 810°)? — Q°B* (P? — atetQh)}. 
We have F; (B, a, c) Fio (B, a, c) = QF; (Bi, a, 6). 
F,, (B, a, c) = B (P? — a®c?Q)) A ee a ee 
— c (P? — B*Q?) [(B? — a?) P — a? (P? — cè) Q), 


Un = -— Fy (8, c, i a 


Va = Fa (8, a, ¢) Fu (B, — a, — €). 


n= 12 
n= 13 
n= 14 
n=15 
n= 16 
n=17 
n= 18 
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Fy, (B, a, c) a (P? SR a?c?Q?) (P + BQ), 
a OF, (i> a; cı), 
U. = — P (M? — N2Q*B*a%c?), 
Vi = Be (P? — a?c?Q?) (P? — B*Q?) H. 
F,; (B, a,c) = f (P? — a*c?Q)?) (P2 P*Qc* 
— PQ?B%c? + Q?B%a%c?) 
+ c (P? — B4Q?) (P? — P*Qa? 
— PQ?B%a* + QB%a°c2), 
U, = Fs (B, c, a) Fis (Ê, — c, — a), 
Vis = Fs (B, a, c) Fis (B, — a, — ¢). 
F, (B, a, c) = F, (P, — a, —c) F, (B, c, a) F, (B, — 0, — a), 
Ui. = B{(P? — a?c?Q?)? M? — P2Q%a%c? (P? — B*Q?)? NS, 
Va = — ¢{(P? — B*Q?)? M? — P2Q2B4 (P2 — a*c?Q?)? N3}. 
We have F, (ẹ, a, c) Fu (B, a, ¢) = QF, (Bi: a). © 
F; (B. a, c) is found from i 
F, (B, a, c) F; (P, a, c) Fis (B, a, ¢) 
— M (P3 — P*Qc? — PQ?B?c? + Q°B%a*c?) 
— BcPQN (P3 — P?Qa? — PQ?B2a? + Q°8?a*c*). 
Denoting the right side by ®,,(B, a, c), we have 
Oi, = — D.s (Ê, c, a) Ds (B, — c, — a), 
Vis = Ds (B, a, c) D4, (B, —a,—¢). 
Fs (B, a,c) = — MN, 
U = — (MA — P4Q*B4a2c?N4), 
Vig = BoPQMN {2M? — N? (P? + Q*B4a*c?)}. 
We have Fis (B, a,c)=— QF, (B;, M, &). 
F» (B, a, ¢) = M (B? — è) {B? (P? — a2?) 
— e (P — aQ) (P + B°Q)*} 
+ BoPQN (8? — a?) {8° (P? — ato%Q2)? 
— a? (P — c*Q)* (P + B?Q)*}, 
Uy, —= £17 (B, C, a) Fy, (B, — ¢, — a), 
Viz = Fry (P, a, ©) Fy (È, — 4, — c). 
F,, (B, a, c) = F, (R, — 4, — c) F, (P, c, a) F, (P, a a), 
U, = B (P? — a?Q?) { P? (M2 — N?Q*B4a%c?)? 
— Q?a?c? (P2 — B4Q?)4 H?}, 
Vis = c (P2 — B*Q*) {P? ( M? — N2Q4B4a2c?)? 
— Q2B4 (P? — a®c?Q?)* H3}. 
We have F, (£, a, c) Fig (Ê, a, ¢) = Q°F, (By, @1, 61). 
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n= 19 Fyy(B, a,c) = Us Vio + Vy U yo, 
Uis = — Fa (B, c, a) Fio (B, — c, — a), 
Vis = Fs (Ê, a, c) Fig (B, — a, — ©). 
n= 20 Fy (B, a,c) = — [P? (P? — a%c?Q2)? — Q?a?c? (P? — B4Q2)2] 
< [P (P? — BQ?) — QB? (P? — ažc*Q?)], 
Us Bs aos P {M? (M? mae NQ Bta???) 
rae N2Q*B4a2c? (M? nS P4N?2)2}, 
Van Zo: QBc {M? (M? 3 P*N?)2 = N2P4 (M? = N?Q*B4a2c?)?} 
We have Fa (B, a, c) = — QF (B1, @1, G)- 
n=24 F,,(B,a,c) = — (M? — N2Q*B4q%c?) H. 
This is equal to — QF e (B1; a1, ¢,). 
§ 3. As an illustration of the preceding formulae, we may 
consider polygons circumscribed about the circle 
a? + y? = rê, 
with angular points lying on the circle 
(x — d)? + y? = R. 
The condition that the chord, of the latter, whose equation is 
(x — d) cos $ (a + B) + y sin } (e + P) = R cos } (a — P), 
should touch the former is 
a (1 + $0?) + bhO + c ($? + 0°?) = 0, 
where, putting 


ee atte pe = l ap 
r T l— g? 
and 0 = k? tanła, =k? tan 48, 
— m2 
we have a=, b = — 2pq, eal: 
1 1 2Rr 
Now put s= ptT R a” 
4 4r? (R? — d?) 


“e 1) pq 4R — (R? — a2)?” 
then we have 
s? — (4t-1 — 1)? i 
a? = s] ’ c=], B = 2t-1— 1. 
The substitution of these values in the forms F, ($, a, c) = 0 found 
above gives the conditions for closure in terms of s? and ?¢, and 
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hence in terms of R, r, d; we have already said that F, (B, a, c) is 
an even function of a?. 

We may remark* that the interchange of R and d, in the re- 
sulting formula, changes the sign of p, and hence changes B, a,c 
into — $, a, c. Thus it changes F, (B, a, c) = 0 into F, (B, — a, —c) = 0. 
De n is odd, F, (8, — a, — c) is one of the three factors of 

an (PB, @, ©). See § 4 below. 

"The results for the conditions of closure in the cases n = 3 to 
n = 8 may be reduced to the following forms: 


n= 3. Triangle. + c= 0, or t! = 0, giving s$ — 1 = 0. 

n= 4. Quadrilateral. R— d = 0 or, alternatively, t = 2. 

n = 5. Pentagon. s?(¢—1)?—1=0. 

n= 6. Hexagon. (t— 1) [s?(¢—1)+¢—3]=0. 

n= 7. Heptagon. [s (t— 1)— s71} — (t — 1} (t — 2} = 0. 
n= 8. Octagon. 


[s? (t — 1) — 1] PE DF - + ad =0. 
Of these two factors the first leads to 
R? — d = + 2r (+ Ra)!t. 
If we put u = p™ = r|(R — d), v= q! = r/(R + d), so that 
8 = u + v, (s? — Ta 4uv, we have 
B:a:c= 4 (u? + v?— 1): [(u? — 1) (v? — 1)]) : w 
and u?, v? are the roots of the equation 
— c — pore 4p? 4B%c? 


Ta- aa ej TO 


02 — 


§4. The following statement of formulae will shew how the 
results in §2 have been computed, and furnish various ways in 
which they can be verified. 

Beside the polynomials F,, (8, a, c), whose vanishing gives the 
orate condition of closure, we may consider polynomials 

®, (8,a,c), whose vanishing gives the complete condition of 
closure. Theoretically the former can be obtained from the latter 
by the equation 


È, (B, a,c) = i Fa (B, a, c), 
d>2 
where d denotes all divisors of n greater than 2. 
The polynomials ®, (and F,,), and the polynomials U,, Vn are 


* Cf. Chaundy, Proc. Lond. Math. Soc. xxu. 1924, p. 110. 
t E. C. Titchmarsh, Messenger of Math. LII. 1922, p. 42. 
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ae concurrently by the facts following, where A,, denotes 

(a) U,=V,=1; U=, Vasc. 

(b) When n is odd, = 2m + 1, 

D, (B, a,c) = (— 1 (Um V m+ + Vn U m41), 

where k is } (n + 3) according as n is of the form 4s + 1, or of the 
form 4s — 1; namely, (— 1} = — (— 1j ™@-D, 

(c) When n is even, = 2m, 

D, (B, a,c) = (— 1) U m Vins 

where & is } (n — 4) or } (n — 2) according as n is of the form 4s, 
or of the form 4s + 2; namely, (—.1)* = — (— 1) (n*+2n), 

(d) When n is odd, 
An = (= 1) 0-0) D, (B, C, a)®,, (B, —¢, — a)/®, (B, a,c)®, (B, —4a,—c). 


(e) When n is even, = 2m, 


A, = B Am (B,, a; c). 


A particular consequence is that, when n is odd, 
Fon (B, a, ¢) gg F, (B, — a, — c) F, (B, ¢, a) Fa (B, — ¢, — a); 
and it appears that 
Fa (B, a, c) Fon (B, a, c) = + QF, (Bi; a, cı), 
also for n odd (= 3), where s is determinable by the dimensions of 


the two sides. More generally, for any m, it appears that, with 
s similarly determined, 


Fim (P, a, €) = + Q* Foam (Bi, 41, G). 
We have, for m> 1, 7 
Vom a (= 1)” (Umi Vma g Vwi U m41) Un Vas 
Dom = (PU ?m-1 Uma — OV Ana Vm) BOS 
where p is Bc? or a? — c?, according as m is odd or even. 
Also On Vin = (Uma Viner + Vin Um) 0, 


where o is — c or (a? — c?)/Bc, according as m is odd or even. 
Also we have, the sign of Ọm, (B, a, c) being such that it 
contains a term pin (+1) with positive sign, 


Um — Vom m= (— Le? Dom 2m-1 (B, a, c) Dom+t (B, — a, — c), 
Uom + Vom = (— 1)"-? Dany (B, — a, — c) Pom (B, a, ©), 


Vem +E Vom = (— 1)”-! sm-1 (B, — ¢, — a) Doms (B, 6, @), 


a 
Uam a Cc Vom = (— Le Pom- (B, C, a) Dom (B, — 0, — a). 
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These shew, incidentally, that Usm and V,,,/c are both symmetrical 
m regard toaandc. But they have the great theoretical importance 
of shewing that Usm, Vam are both expressible by means of the irre- 
ducible polynomials F,, ,in which nis odd. Whennis odd, U,,, V,, have 
already been expressed by theseirreducible polynomials. We may find 


formulae for Un + Vn, Un + = V,, when n is odd; we have however 


expressed U, and V, each as a product of two polynomials F,,. 
It will be found (for n odd) that 


U,? — Va? = — Vni Van [la — 0)/Be", 
Unt — 2 Va? = Una Unn [a — c2)/Be?). 


It also appears, from the formula given above for ®,, (B, a, c), 
if 4m = 2*N, where N is odd and k = 2, that 

N E("3-) 

at Fy; (B, a, c) = (— 1) Dom (U m-i Vian = Vin m+1)» 
where ô denotes all the divisors of N, and E (= = ) is the greatest 
` integer in $ (m + 1). This formula determines F,,, (B, a, c). 

§5. The preceding formulae deal with algebraic questions. 
But they have in part been found in connexion with the theory 
of elliptic functions. An indication of this may be given. 

There exists an odd doubly periodic function, ¢ (u), of the 


argument u, becoming infinite to the first order for u = 0, so that 
the limit of wd (u) = 1, which satisfies the differential equation 


[p’ (u)}? = [ġ (u)]t + à [$ (u) + Af, 
wherein A, h* are constants, and ¢’ (u) = 0d (u)/du. This equation 
shews that 
(5- ZB) ogle (u) +4 l= pa-p 
= (ša — ga) log [ġ (u) — $ ()], 

and, hence, that the function | 

1/ð a $ (u) + $ (v) 

2 (zu : 3o) 108 btu) — (0) 
is a function of u + v. This function is 


$ (ug (v) -e 0g (u) 
$7 (u) =$? o) 
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Hence, putting t = 0, we infer that this function is ¢ (u + v); 
and a second form for this 1s 

WS a (ey 

$ (uy dh’ (e) Fh (ve) Sd! (u) 

We can take the periods, Q, Q’, of this function so that the 
second pole of œ (u) is for u = 30’, the limit of (u — 3’) ¢ (u) 
being — 1, and so that the zeros are for u = 3Q, u = 30 + 40’; 
further so that 


P (32), = — f' GQ + 30°), = Rè, 
(u+ 3O) = hG (u), $ (u +4) = — S$ (u). 
The solutions of the equation ¢ (u) = œ (v) are then 
u =v, =—#4+ 30’, (mod. Q, Q’). 
By writing the addition equation in the form 
ps ($? — $?) — figs = — Pehr’, 
and squaring, we can infer that, if we take 
a=}, b=—2$'(r), c=- ge), B=- 4 (e)$ (20), 
the (2, 2) relation 
a (1 + $20?) + 600 + c ($? + 0?) = 0 


connects the two functions 


l l 
O, = 74 (u), ®,= 19 (u +r). 
Further, that there is a relation 
Anı (1 + 0,20?) ES b,_,0,0 + Choy (O,? + ©?) =a 0, 
in which 
an = h’, bai za 2p" (nv), Ca = — $? (nv), 

connecting the two functions, © and 

0. = 4 (u + nv). 

The condition for closure after n links is then that 
nv = PQ + P'Q', 


where P, P’ are integers. The reduced condition of closure 
F, (B, a, c) = 0 is the relation connecting 


B, = —  (v) $ (2v), a = h?, Ora p? (v) 
which holds for the values of v of the form (PQ + P’Q’)/n, in which 


ne o in ie, o 
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P and P’ have no common factor which divides n (and are not 
both zero). 

The function A,, or U,/V,,is? (nv) (vj. That this is a quotient 
of two rational homogeneous polynomieis: ‘n B, a, C, follows by 
induction; for instance, from the formulae, + 


AniAna = — (Ag? — af) (4,3 = 1). . 
Anı na A n-i — (a? = c?) A,,/Be (A,? <1)" 


for we have A, = 1, A, = A/c. 
The same is true of d’ (v)/d? (v), for we have 


$’ (v)/$? (0) = $ (Ana — Anis) (Ap? — 1). | 
Also ¢ (nv)/¢ (v) is a rational function of B/c and a?/c?; ifn wo | 


allow the entry of the constant A, these two are connected by the ` 


equation 


E-i- E- 


If we regard £, a,c as coordinates in a plane, the well-known 
theorems as to the algebraic solution of the multiplication equation 
become theorems for the algebraic determination of the inter- 
sections of the quartic curve represented by this last een 
with the curves represented by the various equations F, (8, a, c) = 
For n = 3, 5 this last curve is of genus 0, 1 respectively; for n = 7 
it can be shewn to be of genus 4. 

Also, it may be remarked, when the odd number 7 is not a 
prime, the functions F,, (B, a,c) can be expressed by functions 
Fa (Be, ae, Ce), where n = d (e+ 1), the a., Ce, Bes = (ae? — ¢,?)/b,, 
being as above. 


§6. It may be desirable to compare the formulae of this paper 
with those given by Halphen*. Suppose we require to inscribe 
polygons in a conic S = 0, whose sides shall touch a conic o = 0. 
Let the discriminant of AS + o = 0 be written A3A + à20 + AS + ô. 
Halphen expresses the condition in terms of z, y given by 


z= — (9? — 480)?/28A2654, y = — (93 — 4906 + 8A8?)/234A82; 
in terms of the s, t used above these may be taken to be 
x = (s? — 1) s—t-?, y = — (t — 2) st"; 
or, in terms of the £, a,c used above, if we put £ = z/y, we may 
suppose 
€=(B+c)/M, y=—B(a?—c*)/M, 
where Mc" = (28 + c)? — a’. 


* Fonct. Ellipi. 11. 1888, p. 377. 
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The explicit conditions of elosure, for a polygon of 3, 4,..., 11 
sides. given by Halphen;'are then, respectively, 
(3) €=0; (4) y=0; (5) €—1=0; (6) €+y—1=0; 
(7) E(€—1)+y=-0; (8) (€—1) (2-1) + £y = 0; 
(9) (€- 1)? ~¥(€+y—1)=0; 
(10) €(€+y9+1?+y¥(@-—F+y)=9; 
(11) €(€+y¥—1)8 + (€-1F@-E+y)=0. 
These forms, which Halphen shews (loc. cit., p. 600) to agree with 
the more elegant forms given by Cayley*, do not bring out, for 
instance, that the condition for closure after an even number of 


- links is a product of three factors, each rational in 8, a, c, that is, 
in the coefficients of the (2, 2) relation. As an example the re- 


“+ duction of Halphen’s condition for a hexagon may be carried out. 


* Papers, 1. pp. 87, 138. 
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On a group of 1440 birational transformations of four variables 
that arises in considering the projective equivalence of double sixes. 
By Mr W. Burnsipe, Honorary Fellow of Pembroke College. 


[ Received 10 December 1925, read 18 January 1926.} 
The lines of a double-six will here be represented by the usual 


notation 
a, b, C, d, e, f; 
’ , l ’ 2 Td 
a 3 b 3 C 3 d 3 e 3 f 9 


where two lines whose symbols are in the same line or same column 
of this scheme are non-intersectors and all other pairs of lines 
intersect. Any six of the lines, no two of whose symbols are in the 
same column, and just three are in the same row, are generators 
of a quadric, and the actual position in space of each of the other 
six is determined by the two points in which it intersects this 
quadric. 

A point on the quadric is determined by the parameters of the 
two generating lines that pass through it, and these parameters 
may be chosen so that to three arbitrarily assigned generators of 
either system the values 0, 1, œ of the parameter correspond. 

Hence if S is the quadric of which a, b, c,d’, e’, f’ are generators, 
the parameters A, u of the generators of S may be chosen so that: 


a, b, c areA=0,A=1,A=0, 
d’, e, f are p=0, p=1, p= om, 
a’ meets S whereA=1, u = ù andA=o, p= U, 


b' ” 9 A= 0, p= Uy 9 A= 0, p= U,, 


c’ a- a ASO, psu; 4 A=1,. a= U 
d » » AHH, p=1 y A= Vin 
e » è » CA Ug, p= OO ,, À= Vz, p= O, 
f » ogg CAH Ug, =O „ọ„ À= Vz, p= 1. 


Now each of the lines a’, 6’, c’ meets each of the lines d, e, f. 
This gives nine equations connecting the u’s, U’s, v’s and V’s. It 
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is readily found that one of these equations is a consequence of 
the other eight, and that these give 


u = U U}.- (U, — 1) (V> I) = (ty — 1) (4 — 1) 
twa (U,— 1) (U: — 1)— U, U, Qa — 1) (ua — 1)’ 
Gee Nile eee es a ei De) 
12 Uug (U, — 1) (Ua — 1)— U, U, (u, — 1) (u, — 1)’ 
(U, — a) (U, — 1) 


1 (0,— HO ala 
a (U ~~ = %) (u — 1) 

t (Oy = 1) (Ug = 1) = (ty = 1) (t= 1)’ 
i (Ur= U1) Ue 

2 UU, — ye’ 

(U, — u 1) U, 

i= U, U; — u’ 

oe (U,— u,) U, (ug — 1) 
3= 


Uug (U,— 1) (U,— 1) — UU: (uy — 1) (tg — 1)’ 
y= (U,— u,) (Uz — 1) u | 
3 uu (U, — 1) (Ug — 1) — U, Ug (ty — 1) (ug — 1) 

This is, of course, only one form of solution of the nine equations. 
It corresponds to the supposition that besides a, b, c, d’, e’, f’ the 
two lines a’, b’ are taken arbitrarily. There will be five other forms 
of solution corresponding to the suppositions that b’, c’; c’, a’; d, e; 
e, f; or f, d respectively are taken arbitrarily. Since the double-six 
is determined uniquely when either b’, c’ or e, f are given in addition 
to a, b, c, d’, e’, f’, the last four of the above equations must de- 
termine u,, U,, ug, Ua uniquely in terms of v, Vz, v3, Vs. 

If the notation ab’ (sequence of symbols immaterial) is used to 
denote the point of intersection of the lines a and 0’, the values 
of u at the four points d'b, e’b, f’b, a'b are 0, 1,0, u,; so that u, 
is the cross-ratio of the two pairs of points a'b, e’b; d'b, f'b. The 
symbols U,, w, and U, have similar significations. Hence when 
ay, Uy, U2, U, are given, the cross-ratio of each such two pairs of 
points on any line of the double-six is uniquely determined. 

Now consider the permutation 


(7 b, C, d, e, Í, a’, b', Ci a’, e’, 7) 
ai, b,, ê» dy, êl» ue ay, by’, C’, dy’, ey; fi 
of the twelve symbols, where i, b,, C1» di e&f are a, b, c,d, e, f 


in some altered sequence: a,’, b,’, G, di, & T are a’, b', C: d', e f 
in an altered sequence; and 


Co b’, c, d’, e’, 2 
l f 0 r r ld 
Ai, b,’, cy, dy, & fh 
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gives the same permutation of a’, b’, c’, d’, e’, f’ that 
b, c, d, e, A 
ai, bis Cis dis &, fi 
gives of a, b, c, d, e, f. 
Let S, be the quadric containing a,, bi, &, di, €, fi. The 
parameters of its generators may be chosen so that 
a,, b, à are à =0,A=1,A=0, 


e, fi are p=0, p=1l, p=. 
ai dy’, e', fy are p p H 

a,’ meets S, where à = 1, p=u, and à= œ, p= U; 
and by’ » Sy 5 A=, p=; „ A=0, p= Uy, 
uy, U,', uy’, U; are rational functions of u, Ui, Us, Uy. Also 
since the double-six is uniquely determined by w’, Ui, u,’, 
it follows that u,, U,, ug, U; can be uniquely determined in terms 
of uy’, Uy’, tg, Ux 

Hence the equations 

uy =f (u,, U,, ue, U3), Us’ = 9 (t4, Uj, uz, Us), 

U; = F (u, Uy, ug, U2), U; = G (u, Uy, ug, U3), 
specify a birational substitution of the four symbols; and each 
permutation of the twelve original symbols of the kind specified 
gives rise to such a birational substitution on u,, U,, ua, Us. 
Moreover it is clearly the case that to the product of two of the 
permutations there corresponds the product of the two birational 
substitutions to which they give rise. 

Hence the set of 720 birational substitutions is a representation 
(which has not hitherto been recognised) of the symmetric group 
of degree six. 

There is some interest in shewing how the generating substitu- 
tions of the group in this form may be determined. The specifica- 


a b 
(A=0) | (A=1) 


tion of the twelve u’s, U’s, vs, V’s originally introduced is con- 

veniently given by the diagram, where the symbols written in each 

compartment give the values of A, u at the corresponding point. 
8—2 
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If the quadric S’, determined by a’, b’, c’, d, e, f, is used in the 
place of the quadric S, the diagram would be 


d e 
(u=0) | (w=l) 
0, O 0, 1 
1,0 1,1 


©, 0 œ, | 


v”, l 


Now it is a known property of a double-six that there is a 
quadric, with respect to which a, a’; b, b’; ...; f, f’ are polar lines. 
Reciprocation with respect to this replaces the four points 


b,a’, d,a’, ea’, fia’ 
by the four planes 


[b,a], [d’, a], [e’, a], [f', a], 


where [b’,a] denotes the plane containing b’ and a. These four 
planes are met by the line c in the four points 


b’,c, d’,c, e',c, f',C, 
so that this set of points is projective with the set 

ba’, d,a’, ea’, fia’. 
With the notation here used this gives 

U,” = Uz, 
and in the same way the relations 
uw = Up U =s 4 S= Ups .. V =w y = Vs e 

are proved. Hence the second of the above diagrams is 
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Part of the diagram, corresponding to the permutation 


o b, c, d, e f, a’, b, C, a’, €, A 
b, c, d, e, f, a, b’, č, d', e, f', a'l?’ 


Comparing this with the two that have been obtained above, it 
follows that 
u, 9, 1, ng U,', 9, 1, o) ug, 0, 1, œ U,', 0, 1, œ 
Ug, l, ©, UL) 1, vg, Vs, 0 ©, Vg, Vs, 0)’ Us, 1,0, wy 
are respectively projective ranges. 

Hence 

,_ %&—1 » __ Vg(1— v) ,_ h ,_ U,—-1 

TS ta Uy’ as (Vs — vq) ’ a Va uy O = Ta 


ug — 1 
7 u — U, 
, U,— 1 


'_ (Ua — 1) (U, U, — uu) 
U, (U: — %) (Uz — u2) 
y — (Yaa 1) (UU; = uta) 
* tty (Ug — Vy) (Uz — t) 
The substitution that corresponds to the permutation 
H b, c, d, e, f, a’, b, C, d’, €, A 
b, a, c, d, e, f, b, œ, C, d',e, f 
is found readily in the form 
w = U,, Ur = tq, uw’ = U USU (B); 
and this, together with the substitution just obtained, generate 
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the group of 720 birational substitutions on four symbols which 
gives a representation of the symmetric group of degree six. 
It has been seen above that, to the permutation, 


, ’ ’ , , ’ 

(” b, C, d, e, Í, ey) 
’ , , , , , 

a, b, c, d', e, f'a, b, C, d, e, f 


of the twelve symbols, which does not occur among the 720 per- 
mutations already considered, and which is permutable with every 
one of them, corresponds the substitution 


, a , , 
w = Un Ur siis: Ug =U U ely ks (C), 


on the four symbols. Hence every substitution of the group of 
birational substitutions generated by (A) and (B) is permutable 
with the substitution (C); and (A), (B) and (C) generate a group 
of order 1440, which is simply isomorphic with the direct product 
of the symmetric group of degree six and an operation of order 
two; and in it (C) is a self-conjugate substitution of order two. 

Suppose now that A, B, C are any three non-intersecting lines 
and D’, E', F’ any three lines which meet each of A, B, C. 

Two arbitrarily given double-sixes can, by suitable collinea- 
tions, be changed into two, six of whose lines are A, B, C, D’, E’, F’. 
These two are completely defined by the values 

uy, Uy, ue, U: 
and ty Ua tie Ce 
of the parameters that have been introduced. Then the necessary 
and sufficient condition that the two double-sixes should be pro- 
jectively equivalent is that u,’, U,’, Uz, Ug and u, Uis us, U: 
should be connected by one of the substitutions of the group 
generated by (A), (B) and (C). 


i BEE ree 
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INTRODUCTION. 


The present work is the outcome of a study of the special type 
of (3, 2) correspondence on a circle, namely that between a point 
and the extremities of its pedal line. This led to considering cor- 
respondences in general, and to the formulation of concepts which 
are believed to be new, for example the Canonical Forms, § 1 (2), 
and Multipliers, § 1 (3). The case of the (n, 1) correspondence has 
already been given* by the author. 

In § 1 (4) Wertigkeit (cf. Waelsch, “Uber Binaren Formen...,” 
Monatshefte fiir Math. und Physik, Wien (6) 1895) has been rendered 
by defect. The phrase defective polar forms has been adopted for 


convenience. 


§1. THE GENERAL (m, n) CORRESPONDENCE. 
(1) Double-binary Forms in independent and in cogredient variables. 


There is bound to be a great difference in the algebraic treat- 
ment of double-binary forms in digredient variables xz, y and those 
in cogredient variables; for, though theoretically the only difference 
is in the introduction of a new invariant type (zy), yet the 
possibility of “fixed elements” peculiar to forms in cogredient 
variables—or, in other words, to correspondences between the 
elements of the same binary field—compels certain lines of pro- 
cedure, which have nothing similar to them in the case of forms in 


* Cf. “Theory of the Rational Transformation”, Journal of the Indian Math. 
Soc. (1921). 
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independent variables, or correspondences between different binary 
fields. While this is so, it is true on the other hand that all proper- 
ties of correspondences between distinct binarv fields must con- 
tinue to hold when the fields become identical: for since the change 
from digredience to cogredience only replaces the group of trans- 
formations of the variables by one of its own subgroups. it follows 
that any general theory of forms in independent variables cannot 
become invalidated by the variables becoming cogredient. It would 
thus appear that the forms in cogredient variables. while being less 
general, must also be considerably richer than those in independent 
variables. 

As an important instance of a body of general ideas continuing 
to be valid when the variables become cogredient, we may mention 
the rank-theory* of the double-binary form. An (m,n) form 
F (<, y) is said to be of rank r, when it can be expressed in the 
shape 

F (x, y) = fı (£) i (Y) + Jo (2) pa (Y) + --- + fr (2) $+ (4), 
but not in the shape f, (x) ¢, (y) + ... + fr-1 (z) $r-1 (y). In par- 
ticular, F is of rank one if it is a product of binary forms. The 
necessary and sufficient condition that F may be of rank r is that 
G, be the first of the rank-covariants G,, G3, ... which vanishes 
identically; where 


F (x, y) = az by = apb (p=, 1, 2, ...), 
G, = (94) «.. (a04) (A, 4,) ... (ar15) (by 04) .. 
x (b,_1b,) ao ... Gye ron: “a0, a 


In particular, G, is the (1, 1) transvectant of F. If F is of rank ,, 
and is Tr in the shape 


(x, y) = fr (2) br (y) +.» + fe (2) $, (4), 


it may be Pas that the (k — 1)th oe covariant G,_, is given by 
Gy = BI ye (T) J'i2...x (Y), 
where Jiz... and J'i2...x are the Jacobianst of the forms fifa ... fi 


and hipa... pr respectively. In particular, the last non- -vanishing 
rank-covariant (/,_, is the product of the Jacobians of all the forms 


* Cf. Proc. London Math. Soc. 2, 24 (1925), p. 83. 
t The Jacobian of r +1 binary m-ics fy (x)= ü (k=0, I, ... r) is symbolically 


m-r mor 
(a011) (Ag Gq) ... (Aga,) ... (ar18) ay eak, 


whioh is a numerical multiple of the determinant 
fo Ff Or fe |, 
Ox," Oxy") an Org |’ 
a oombinant of the linear system 


Afotà fite +A Sf. 
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systems 
Ly: Afi @) +Afe(z) +... + Af, (2), 
Ly: pds (Y) + pode (y) + -+ Hehe (y). 
Here L, is the system of forms of the type (bc)"a,, and L, of 


those of the type (ad)™b), cy and d} being arbitrary binary forms. 
The systems L, and L, may be called the z- and the y-concurrency 
systems of F. If m = n, and F has its maximum rank n + 1, then 
both the concurrency systems are non-existent, that is to say, they 
comprise all possible forms. If m> n, and F has its maximum 
rank n + 1, then L, is non-existent and the Jacobian of L is the 
binary form G, of order (m — n) (n + 1). In the particular case 
m = n + l, G, will be of order n + 1 = m, and therefore L, will 
be the system of (n + 1)-ics apolar to Ga. Hence: 


1-1 The concurrency system of an (n+ 1, n) form F of mazi- 
mum rank is the system of (n+ l)-ics apolar to its last rank 
covariant Ga. 

All the above holds, mutatis mutandis, when the variables x, y 
become cogredient. 

We shall be concerned throughout this paper only with forms 
in cogredient variables. We shall whenever possible make no dis- 
tinction between forms and the correspondences obtained by 
equating them to zero; for instance, we shall denote the form and 
the correspondence by the same symbol, and in general speak of 
them interchangeably, whenever that will cause no error. 


(2) Canonical Forms of correspondences with 
gwen fixed points. 

An (m, n) correspondence F (zx, y) = 0 has m + n fixed points 
given by F (zx, x)= 0. The form F (z, y) involves (m + 1) (n + 1) 
parameters linearly; if its fixed points are known, it will still involve 
(m + 1)(n+1)— (m+n) = mn + 1 parameters linearly. To ex- 
press F (x,y) when its fixed points are known, we partition the 
m + n fixed points (supposed distinct) in any way into two groups 
of m and n—a,a, ... €m and B,B,... Bn say. The form F (x, y) can 
then be expressed in only one way in the shape: 


1-2 


F (z, y) = fu 1 Sii,, A, (c442) ... (dtm) (B19) «+» (Bo); 


[p a l, 2, vee M, q = l, 2, eee n]. 


For this shape involves mn + 1 parameters p, ppa And when y 
is put equal to z, it becomes 


(p + Lptyq) (@2) ... (m£) (B12) --- (Bn), 
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shewing that it has the given fixed points. Also, there are no values 
of u, pq, other than zero, for which the right side is identically 
zero; for, assuming such an identity and putting z= a,, Y = Re 
in it, we have up = 0 for all values of p, q, and therefore also 
p=0. Thus the mn+1 parameters p, p,, are effective, and 
F (x, y) admits of unique expression in this canonical shape. For 
different partitions of the fixed points, we get in general different 
canonical shapes; if however m or n is unity, we.get the same 
canonical shape for all partitions. 

On putting x = a,, y = Ê, in 1-2, we obtain the value of upg, 
namely, 


1-3 
—F (a,, Ba) 


ca (appa) (@,a@,). oe (@p_1@p) (a. 1p). PR (map) (Biba). =e (Ba-ba) (Baba) sies (BaBa) : 


Further, if 
F (x, z) = M (& r) a2 (mT) (Bix) sere (BaT), 
we have 
1-4 u + Eup = M. 


These equations determine all the parameters u, pp in terms of 
the fixed points and the coefficients of F. We shall find it con- 
venient to write 


1-5 Pig “+ fog + ee + hna = He > 
Hpi + Hp + +. + Hpn = Hp: 
so that fp = Lp, = M— pz. 
Pp q 


(3) Multipliers. 


If we consider x to be the independent variable, and y the 
dependent variable, the correspondence F also represents a trans- 
formation from x to y. Supposing for the moment that x, y are 
non-homogeneous variables, we define the multiplier of F at a 


fixed point «æ to be the value of - at the place z = a, y = a, of 
the associated Riemann surface. To obtain the value of the multi- 
plier at the fixed point a, when the variables are homogeneous, 
we put z= a, + òz, y = a, + 8’z (z being an arbitrary point and 
6, 5’ infinitesimal scalars), and suppose that F (x, y) = 0 for these 
values. The limiting value of 6’/6 is then the required multiplier. 
Thus from 1:2, we have 


{uò + E puð’ + E pð +... + E pmgd} 
q q q 
X (a12) (a20) «-- (@m@) (B101) --. (Bra) = 0. 


o M ee, ee O emcee, . om Ô ttn a de 


aa 


— 
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Hence v,, the multiplier at a,, and v,’, the multiplier at 8,, are given 
by 


1-6 Vy = mao, pi mea y T% L5) 


’ @ 7 
Hp Ha — 
We have thus the fundamental identity between the multipliers 
m 1 n v. 
p> -+2 1 =0. 


p-1l— vp a-1l— va 
This identity may be written in the symmetric shape 


] 
where the summation on the left is for all the multipliers, and the 
quantity n on the right is the order of F in the dependent variable. 
If the form F is of rank one, say 


F (x, y) = (2)... (€m T) (Bry) <- (Bay), 

then its canonical shape 1-2 for the partition aa, ... @m/B,Be --- Bn 
has only one term, and 1-6 shows that the multipliers at a,a,... €m be- 
come infinite, and that the remaining multipliers vanish. Conversely, 
if all the multipliers of F are infinite or zero, then by 1-7 exactly m 
must be infinite and n zero, and F is necessarily of rank one. 

The polar (m,n) forms are those which result on polarising 
a binary (m + n)-ic in x n times with respect to y. On putting 
y =z in a polar form, we simply revert to the binary form from 
which it was derived. 


1-8 The multipliers of the polar correspondence are all equal, 
each being equal (by 1-7) to — mjn. 

For, supposing that the fixed points a,a, ... @m+n are all dis- 
tinct, let us seek the condition that m + n points p, Po... Pmin 
all infinitely near a, may form a group apolar to (@1@ ... @m+n)- 
Relatively to the scale of the mutual distances of a, pp. -.- Pman 
the points @,@3 ... Amn are all infinitely far away. Hence so far 
as geometry in the immediate neighbourhood of a, is concerned, 
these latter points may all be considered to be coincident with 
the point at infinity on the line. Thus, the required condition 
of apolarity is simply that a, should be the centroid of p, po... Dmin: 
In particular, if z, y are in the neighbourhood of a,, and are corre- 
spondents in the polar (m, n) correspondence defined by 


(4,2) (a32) «.. (@m4nZ); 
then the group composed of m points at x and n points at y is 
apolar to (a,dq ... 2min); 80 that a, is the centroid of masses m, 
n at x, y respectively. Thus the multiplier of the polar correspond- 
ence at a, (and similarly at any other fixed point) is — m/n. 
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(4) Defective Forms. 


If a correspondence F is such that F (z, z) = 0 identically (so 
that F (z, y) has the factor (zy)), then the fixed points of F are 
indeterminate, and so F is an identical—or, as we shall say, a 
defective—correspondence. Among the (1, 1) correspondences there 
is only one type of identical correspondence, namely (zy) = 0; 
but for the (m, n) correspondences F there are different types 
according to the highest power of (zy) that divides F. 

Der. A form F is said to be of defect 7, if it has the factor 
(zy)', but not the factor (xy)*+}. 

The condition that F, when expressed in the canonical shape 
1-2, may be defective is M = u + Xup = 0; that is to say, a form 
with given fixed points has to satisfy only one condition for being 
defective. We see, as a matter of fact, that the (mn + 1)-parameter- 
family of (m, n) forms with given fixed points contains the mn- 
parameter-family consisting of all defective forms. 

A polar form P (x, y) is never defective; for, on putting y = z 
in P, we revert to the binary form from which it was derived. This 
binary form not being supposed to vanish identically, it follows 
that P is not defective. We can therefore give a new meaning to 
the term “defective polar form.” We accordingly define: 


1:9 The product of (xy)* and a polar form will be called a 
defective polar form, of defect i. 

Just as we have the invariant factor (xy) for cogredient variables, 
we also have the correlative invariant operator 


The result of operating with Q on any symbolic product is the 
sum of terms obtained by convolving every factor of the type (ax) 
with every factor of the type (By) (that is, replacing (az) (By) 


by (aB)). 


1:10 The result of operating with Q on a polar form is zero. 
For a polar form being a symbolic product of the shape 
(ax)™ (ay)" every convolution in it leads to zero. 


1:11 The result of operating with Q on a defective polar 
(m, n) form (xy)* P (x, y) is 


i (m+n —i + 1) (zy) P (x, y)*. 


Associated with the existence of the invariant factor (zy) and 
the correlative invariant operator Q, there is a canonical shape, in 


* Cf. Grace and Young, Algebra of Invariants, pp. 53-54 (1903). 
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which any form F can be expressed uniquely as the sum of a 
polar form and defective polar forms, namely: 


1-12 F (z, y) = (P+) ya + (ay) (P™-2)yn a +... 

+ (ay) (BP) toa 
where P” is a binary form of order r in z and the suffix y* denotes 
the Ath polar with respect to y. The validity and uniqueness of 


this shape follow on observing that the number of parameters on 
both sides is the same. The form F is thus specified by the ‘“‘ladder’’* 


(PPI POSE e PRESS o) 
The forms of the ladder can all be obtained by means of the 
operator Q (1-11). Thus 
1:13 [QF (x, y)]y-< 
=4!(m+n— i+ l)(m+n-— t)... (m + n — 2i + 2) Pmin-2, 


(5) Derivate Forms. 


If a pencil of (m,n) forms AF, + pF, contains a defective 
member, it follows on putting y = z, that each member of the 
pencil has the same fixed points. Conversely: 


1-14 A pencil of (m,n) forms determined by two forms with 
the same fixed points necessarily contains a defective member. 


Now, given an (m,n) form F, there are = e forms of rank 


one with the same fixed points as F, each corresponding to a 
partition of the fixed points. [Thus, if aiaz ... a,/B,B,... Bn be a 
partition of the fixed points, the corresponding form of rank one 
is (a£) ... (@mZ) (By) --- (Bay).] By 1-14 the pencil 

F — À (a2) «.. (Gm) (Bry) --» (Bn) 


contains a defective member, (zy) ¢ (z, y) say. 


1-15 We define the (m — 1, n— 1) form ¢((z, y) to be the 
derivate of F in respect of the partition a,a,... a,,/B,B,... Bn of 
its fixed points. 

The fundamental property of the derivate is clear from its 
definition, namely: 


1:16 If ¢ be the derivate of F in respect of 


Oh Uy «.» Om/By By --- Bn 
then the correspondents of z = a, in ¢ are all the correspondents 
of z= a, in F, with the exception of a, itself (p = 1, 2,... m); 
a similar statement holds about the correspondents of y = ß, in 
d (q = 1,2,... n). 
* Cf. Waelsch, loc. cit. 
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In particular, if (aa, ... €m) or (8,8, ... Bn) be a complete set 
of F, it will be a semi-complete set of ¢ (see below, § 2 (6)). 

Of special interest is the derivate of a form of rank one, in 
respect of a partition not its own. Consider for instance the 
derivate of F = (a,2) ... (amx) (B14) ... (Bay) in respect of the par- 
tition 
By were Burs ass a,,/a, see Okka Ses Bas 
which is obtained from a, 4... @,,/B,B, ... Bn by the interchange of 
the groups (Œa; ...a,) and (8,8, ... Bx). The required derivate is 


$ (z, y) = (€k) on (@ 2X) (Bry) “ee (Bany) ob (z, y), 
where 


(xy) $ (x, y) 

= (a2) ... (ax T) (R14) --- (Bey) — (ay) «-- (ey) (B12) ... (Bez). 
The form 4 (x, y) is the symmetric (k — 1, k — 1) form, in respect 
of which any two of the points a,a,...a,, and also any two of 
B; Be... Px are correspondents. If (viv: ... vx) is any group of the 
involution determined by (a,@,... a,) and (8,8, ... Bx), then it is 
easy to see that any two of the »’s are also correspondents in W. 
Incidentally we see that the fixed points of % are the roots of the 
Jacobian of the involution. Thus 


1:17 The derivate of the form (a,2) ... (amz) (B,y) ... (Bry) 
in respect of the partition f; ... BkOk+1 -+ @m/a ... Ox Bey <-> By iS 


(441%) »-. (Gm) (Beary) --- (Bry) $ (2, Y), 
where # is the unique symmetric (k — 1, k — 1) form, in respect of 
which any two of a,a, ...a, and any two of 8,8, ... By are corre- 
spondents. 
It follows that if the derivate of F in respect of a particular 
partition be œ, its derivate in respect of any other partition differs 
from ¢ by an expression of the type obtained in 1-17. 


§ 2. COMPLETE AND CLOSED SETS OF A CORRESPONDENCE. 
(6) Canonical Forms with Complete Sets. 


A set of r points 7,2, ... t, will be said to form a complete set of 
an (m,n) correspondence F if every pair of points 1, whether 
distinct or identical, are correspondents in F. The necessary and 
sufficient conditions for this are therefore the r? equations 


F (ip, t) =9; (p,¢=1, 2, ... r). 
The set 7,2, ... 2, may be said to be a “semi-complete set” of F if 


every pair of different points ìi are correspondents in F; that is, 
if the r (r — 1) equations F (2,, t) = 0 are satisfied for 


p,q = 1,2, ...r; ptg. 


I - -m F o 
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The same set of r points 2,1, ... 7, will be said to be a closed set 
of F if the m roots of each of the r equations F (z,1,) = 0, and 
the n roots of each of the r equations F (2,, y) = 0 are all included 
among 1,5 ... 1p; that is, if no point which is not an + has a point 2 
for a correspondent in F. In other words, the set 2,2, ... 7, 18 closed 
in regard to F, if starting from any 2 it is impossible to go out of 
the set by means of F. 

It follows from the first definition that a complete set is neces- 
sarily a subset of the set of fixed points. This need not be true of 
a closed set. A closed set when it exists need not be complete, nor 
a complete set closed. There may however exist sets which are 
both complete and closed. As an obvious instance, an n-set com- 
plete in regard to an (n,m) correspondence is also closed with 
respect to it. 

An (m,n) form F possessing a complete set (s -- .t,) can be 
expressed in the shape: 


2-1 
F (z, y) = (42) ... (4%) [Pa (17°, Y")] + (try) --» (try) [Pe (2, y"=)]. 

For the right-hand side vanishes when z = 1,, y = 1,, and there- 
fore possesses the complete set 142,...7,. Now the number of 
available parameters in F is 

(m+ 1)(n+1)- r, 
while the number of parameters on the right 1s 
(m+1)(n+1)—7?+(m+1—r)(n+1— 7). 
This excess number (m + 1 — r) (n + 1 — r) may be accounted for 
by the existence of identical relations, involving 
(m+1—r)(n+1-—7) 
parameters, of the form 
(àz) ... (t72) [(4y) -.- (ty) Q (1, y"-")] 
— (44) -- (ty) [(42) .-. (t,£) Q (x, y)] = 0. 

Thus the right side of 2-1 involves effectively the same number 
of parameters as F, and is consequently adequate for representing it. 

The representation 2-1 can be rendered unique by imposing 
either the condition that P, should be identically apolar to 
(7,4) ... (t,y), or the condition that P, should be identically apolar 
to (12) .. < (4,2). 


(T) Reduction of Rank through a Complete Set. 


2-2 Supposing for convenience that m =œ n, we go on to shew 
that if an (m, n) form F (m œ n) possesses a complete r-set, where of 


; l 
course r $n, and if r> Ma» r>m—n, then F suffers a re- 


duction in rank from n + 1 to (n + 1) — (2r— m+ 1). 
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For, the first term in the representation 2-1 being the product 
of a binary form and a (m — r, n) form, its rank is the smaller of 
m—r+1,n+1. Similarly the rank of the second term is the 
smaller of n —r+1, m + 1, that is, since m > n, it is n—r + l1. 
Hence the rank of F cannot exceed 

(n— r + 1l) + smaller of (m—r +1, n+ 1). 


If n is smaller than m — r this statement is trivial. Supposing 
then that m — r< n or r> m — n, the rank of F cannot exceed 
(n+ 1)— (2r— m + 1). 

This statement again will be trivial unless 2r>m + 1. Thus, if 
r>m—n and 2r>m 5 1, there is the actual reduction stated 
in the rank of F. 

Putting r = n in 2: 2, we have the special case, 

2:3 An (m,n) form F possessing a complete n- -set is of rank 

m—-n+2,if2n—l>msn. 

A still more special case which has application to the pedal 
correspondence in n dimensions is: 

2-4 An (n+ 1, n) form possessing a complete n-set is of rank 
three (n > 1). 


(8) Geometrical Interpretation in n Dimensions. 


These theorems about the reduction of rank may be translated 
into simple geometrical properties of curves in n-dimensional 
space. The (m,n) form F(z,y) (m œ n) institutes an (m, n) 
correspondence F between the points of a rational norm curve 
R,, in a space S,, of n dimensions. To any point x of R, F makes 
correspond n points ¥,Y... Yn, and therefore the unique prime 
Yi Yo -- Yn. As x traces out R„, the corresponding prime 4,4... Yn 
osculates a curve R,, of class m, which we may call the associated 
envelope of F; this associated envelope is evidently in birational 
correspondence with the norm curve R,„, and is therefore a rational 
envelope. 

If F possesses a complete n-set iit ... în then, in this birational 
correspondence between R„ and Rn, the prime 1,2, ... în COTTe- 
sponds to each of the points ù, ts... în. Hence it is a multiple 
prime, of multiplicity n, of the associated envelope. On reciproca- 
ting Rm we obtain a curve of order m, possessing an n-ple point, 
in S,. ‘We see therefore that 2-3 asserts that: 

2-5 A curve of order m in S,, possessing an n-ple point, must 
be completely contained in an Sm-n+ı (M < 2n — 1). 

This is geometrically obvious, since the Sm—n+1 Which joins 
the n-ple point to any other m— n + 1 points of the curve cuts 
it in m + 1 points, and therefore contains it completely. Similarly 
it is seen that 2-2 asserts that: 


Mr Vardyanathaswamy, The general (m, n) correspondence 119 


2-6 If a curve of order m (œ n) in S,, possesses a space L,_, 
of n — r dimensions, cutting it in r points, and if 


r>m—n, 2r>m-+], 


the curve must be completely contained in an S,,4,4)-9,- 

The proof is exactly similar; the Sm4n41-2r Which joins the 
L,-, to any other m + 1l — r points of the curve, cuts it in m+ 1 
points, and therefore contains it completely. 


(9) (n + 1, n) Forms possessing a Complete and Closed n-Set. 


Let the (n + 1, n) form F (x, y) possess the complete and closed 
n-set given by f(x) = (42) (gr) ... (inz). By 2-1, the form F can 
be written in oi shape: 


(x, y) =f (x) . (ax) (by)" + f (y) . (ex)"*, 

where (a, b) a c are symbolic. If we now use the condition that 
f(x) is also a closed set, we see that the n points y = 1, 7%... în 
fellas in (az) ) (by) to the n points += 1,%...7, in some 
order. Thus the (1, n) correspondence (az) (by)" merely effects a 
substitution w on the n points y = ù, tg ... în. Hence, there are n! 
ways in which a complete n-set can be closed in regard to an (n + 1, n) 
correspondence, each of these ways corresponding to a permutation w 
on the n points of the set. 

Two types of closure appear to be noteworthy; the first is that 
in which w is the identical permutation, the second is that in which 
n is even, and w interchanges the n points in pairs. It is the latter 
type which, when n = 2, occurs in the case of the pedal form. 
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The stability of a strut under thrust, when buckling is resisted by 
a force proportional to the displacement. By S. GoLpsTEIN, B.A., 
St John’s College. 


[Received 2 February, read 1 March 1926.] 


1. The problem discussed in this paper is that of the stability 
of a strut of length l, either clamped at both ends or pinned at both 
ends, under a thrust R, with buckling resisted by a force equal to 
K times the displacement. The problem was suggested to me by 
Mr H. Jeffreys, of St John’s College, as being of some geophysical 
interest (see 6). It later appeared that it might have some con- 
nection with recent work on the collapse of thin films on water 
(see 9). 


2. Fundamental Differential Equation. 


The usual elementary theory is used*. The strut being of fixed 
length, we know by the principle of the exchange of stabilities 
that when R is gradually increased from zero till a position of 
equilibrium of the strut other than the straight form just becomes 
possible, then the straight form itself becomes unstable. We there- 
fore seek for the relation between R and } which holds when such 
a position of equilibrium exists. The axis of x is taken along the 
central line of the strut in its unbuckled state, which is also taken 
to be the line of thrust. The axis of y is in the plane of buckling. 


lee 
E 


Consider first a clamped strut. Take the origin O at one end, 
and let P be a point whose abscissa is x, the strut being supposed 
just buckled. Take moments about P for the portion OP of the 
strut. This gives the equation 


Bod + Ry+ | Ky (£) (x —€)d€ — M — Fr = 0 ....(]), 


Fig. 1 


dr? 
where M is the bending moment and F the shearing force at the 
clamp, as shown (Fig. 1): B is the flexural rigidity of the strut, and 
y (£) is the value of y at a distance é from the end. 


* Prescott, Applied Elasticity, pp. 82 et seg. (1924). 
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Differentiating this equation twice with respect to x gives 
BSL + ROY + Ky=0- salar (2). 
This equation is unaltered if the origin be taken at any other 
point along the central line; and the same equation clearly holds 
for a pinned rod. 
3. Clamped Strut: R?< 4KB. 
If R? < 4KB the equation 
Bm? + Rm?+K=0 9... (3) 
has roots of the form + a + if, where a and £ are real and positive. 
Let the ends be z = 0 and z =}. At the ends y and dy/dx vanish. 
The solution of (2) is 
y= A cosh az cos Bz + B cosh az sin Br + C sinh az cos Bz 
+ D sinh az sin Bo......(4). 
By the conditions at z= 0, A = 0 and BB + aC = 0, and we 
can write 
y= Dsinhaz sin Bx — aH coshaz sin Bx + BH sinh az cos Bx 
The conditions at x = l give, on eliminating H/D and simplifying, 
p? sinh? al — a? sin? Bl = 0, 
or Bsinhal=+asinBl saa. (6). 
This cannot be satisfied with l> 0, since sinhal>al and 
sin Bl < Bl. 
l -a for values of R less than V4KB, there is stability for any 
ength. 
4. Clamped Strut: R? > 4KB. 
For R? > 4KB, take the origin in the middle. Then y and 
dy'dz vanish at xz = + ġl. 
The roots of (3) are + ty, + 15, where 
By? = §R +v (4R? — KB) aes. (7), 
Bè? = 4R — yv (4R? — KB) an (8), 
y and ô being real and positive. 
The solution of (2) is then 
y = A cos yz + B sin ys + C cos òr + D sin ôx ...(9), 
and the end conditions give 
A cos $yl + C cos 4òl = 0, 
B sin yl + D sìn dl = 0, 
yA sin dy] + òC sin 451 = 0, 
yB cos $y + ôD cos $51 = 0. 
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Hence either B= D=0, B sinal +asin fl=0 00.. (10), 
or P A=C=0, Bsinal—asnpl=0_...... (11), 
where a=t(y+8) B=4(y-—8) an (12). 


The expressions for y in the two cases are of the forms 
y = E (cos 361 cos yx — cos }yl cos dz) corresponding to (10) (13) 
y = F (sin 4ôl sin yx — sin 4yl sin ôx) corresponding to (11) 

To consider the equation £ sinal = + a sin fl (a > 8) let 

pl = z, B/a =p (PEI) cenana (14). 

The equation is + p sin (z/p) = sings > oon (15). 
We are concerned only with positive values of z. 

Let f (x) = sin x — p sin (z/p). Then, if r is an odd integer, we 
have 

f (rma — sin! p)> 0,  f(ra + sin p) <0, 
and, if r is an even integer, 
f (ra — sin p)< 0, f(rr—sin p)> 0. 
Hence there is a root of f (x) = 0 in each of the intervals 
(rn — sin} p, ra + sin™! p). 

Also f (0) = 0, f’ (x) > 0 for x < $n. Therefore f (x) > 0 for z < $r. 
For 47 < z < 7 — sin“! p, sin x > p, and therefore f (x) > 0. Hence 
f(£)>0 for 0< z< vr -— sin! p. 

For 7 + sin™! p< x< 2m — sin™ p, sin z < — p and f (x) < 0; 
for 27 + sin-1 p< z< 3n — sin“! p, sin z> p and f(x) > 0; and 
so on. Hence there is no root of f (x) = 0 outside the intervals 


(rm — sin! p, ra + sin-! p). 


Similarly there is a root of sin z + p sin z/p = 0 in each of the 
intervals (rm — sin-! p, rm + sin-! p), and no root outside these 
intervals. There is only one root of each equation in each interval, 
since otherwise we should have pr < sin-! p. The root of one 
equation is in the first half of each interval, the other equation 
having its root in the second half. The first equation 

(p sin z/p = sin z) 
has its first root the smaller if the greatest integer contained in p-! 
is even: it has its second root the smaller if the greatest integer 
contained in 2p-! is odd: its third root the smaller if the greatest 
integer in 3p-! is even, and so on. 

All these results are easily obtained by drawing the graphs of 
sin z and + p sin z/p for a few values of p. 

The first root for x is then certainly between 47 and 7, so that 
Bl lies between $r and m. For the second root fl is between 7 and 
3m: for the third root between 37 and 27, and so on. Now B 


m ee. ee | ee eee fe, == I i 
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vanishes when R? = 4KB and increases with R, so that if we 
suppose / to remain fixed and RÈ to increase from 2+/KB, instability 
will first manifest itself when the first root is reached, for which 
Bl lies between r and w. Further, if l is comparable with con- 
tinental dimensions the first root will be reached by Bl for a value 
of R very near to 2,/KB (see 7). 


5. Clamped Strut: wave-length and number of nodes after 
buckling. | ; 

The expressions for y in (13) can also be written in the forms 
y/E = sin B (4l + x) sina ($l — x) + sin B (fl — zx) sina (41 + z) 16 
y/F = sin B ($l + z) sina (41 — x) — sin £ (41 — x) sina (41 + z) (16), 
and we may get some notion of the number of nodes corresponding 
to the various roots of (15) by taking Bl = mz, where m is a 
positive integer. This reduces the forms (13) or (16) to 
y= G cos mrzj|l cos mnz/pl (m odd) 


-- — G sin mrzjl sin mrzjpl (m S for the symmetrical modes 


hehe a E  ‘Seeeees (17), 
oo ae os nae Naar) PM odd) for the asymmetrical modes 
= — Hsin mrz/l cos mrz/pl (m even) 
er (18). 


For m = 1 the number of internal nodes is of the order of p-! and 
the wave-length is of the order of 2pl. For higher values of m the 
number of nodes is usually somewhat greater than mp-!. We may 
eompare this with the results for K = 0, in which case there are 
no nodes when buckling first occurs, one node for the first sym- 
metrical mode, two for the second asymmetrical mode, and so on. 
(Of course, the higher modes have practical application only if the 
lower ones are prevented by constraints.) 


6. Note on the Formation of Mountains by Horizontal Com- 
pression. 


According, for example, to the thermal contraction theory of 
mountain formation, the process of the cooling of the earth was 
such as to leave the crust in a state of horizontal compression, 
under which it gave way by crumpling. The objection has been 
raised* that horizontal compression would give deformations only 
on a very small scale, a thin crust being unable to transmit con- 
siderable stresses across regions of continental extent without 
buckling. We shall see that for buckling to occur the depth would 
have to be a good deal less than is generally considered admissible. 
The depth with which we are concerned is the depth of the crust 
down to the level of no strain. The criticism applies not only to 


* E.g. Bowie, J. Franklin Inst, vol. 198, p. 188 (Aug. 1924). 
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the thermal contraction theory, but to any theory of horizontal 
compression. 

In buckling the crust would have to take with it the matter 
underneath, so that the problem is substantially the same as the 
one that we have been considering. Further, for regions of con- 
tinental extent, the breadth is sufficiently large compared with the 
depth to prevent buckling horizontally, so that our two-dimensional 
theory applies. 

To obtain an estimate of the depth required, we take a strut 
of rectangular section of depth d and breadth b. Then B = ETI, 
where Æ is Young’s modulus and J is the moment of inertia of a 
cross-section about the neutral line in its plane; J = bd? and 
E = 6 x 104 dynes/cm.? roughly, so that B = 5 x 10'%d* dynes x 
cm.? K = bgp, where p is the density of the material which the 
crust must move in buckling. Then K = 36 x 103 dynes/cm.? 
roughly, and 4BK = 6 x 1014b*d° dynes?. In order that buckling 
may be produced before crumpling, we must have both R/bd less 
than the breaking stress, which is nearly 19 dynes/cm.?, and R 
greater than 2,/BK. Hence we must have 

6 x 10™b?d3 < R? < 10186*d?, or d< 1-6 x 10° cm.; 
i.e. the depth of the level of no strain must not exceed 16 metres! The 
present depth of the level of no strain is between 75 and 80 kilo- 
metres, and its depth at the last epoch of mountain formation was 
not much different*. 

It follows that the stabilizing effect of gravity is such as to 
ensure that any possible horizontal stress can be transmitted with- 
out buckling, and yield will therefore occur first by fracture at the 
weakest point; this is what is actually needed for mountain 
formation. 


7. Numerical Example of the Buckling of a Clamped Strut. 

For America l is of the order of 4 x 108 cm., and for the Alpine 
fold of order 3 x 10? cm. Hence, if we take the depth to be less 
than the critical depth, the lowest value of R that would produce 
buckling would correspond to a value of 8 of order, say 10-7 cm.-}, 
and would be very near to 2,/KB. If we take d= 10? cm. we 
have B = 5b x 101° dynes x cm.?, 4BK = 6b? x 1033 dynes? and the 
critical value of R is 7-755 x 101? dynes. If we take R = 7-8b x 10" 
dynes we get 

y = 9:3 x 10-3 cm.-1, ô= 8:3 x 10-3 cm.-!, 
a = 8&8 x 10-3 cm.-1, B= 5x 10-*cm.-!, p= 0-06 
and sin-! p = 0:06. For l of the order of 107 cm. the value of $, 
and therefore also of R, is already too large. This shows how near 


* Jeffreys, Phil. Mag. vol. 32, pp. 583 and 585 (Dec. 1916). 
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R must. be to its critical value 2,/BK for l of anything like this 
order of magnitude, and how near fl must be to m for the first 
root in such cases. (B and p both continually increase from zero 
as R increases from 2./BK.) 

The value of R chosen will be just large enough to cause 
buckling for a length of the order of 27 x 105 cm. The wave-length 
would then be of the order of 7-54 x 103 cm., and the number of 
internal nodes would be 16 or 17. 

We shall see in 9 that the results for a pinned strut are prac- 
tically the same. 

(NoTE.—If the wave-length does not come out to be larger than, 
or at any rate comparable with, the depth, the theory certainly 
ceases to have any practical significance.) 


8. Strut pinned at both ends: R? < 4KB. 

Equation (2) still holds. Take the origin in the middle. The 
end conditions are y = 0, d?y/dz? = 0 at x= + hl. 

If R? < 4KB we may write, as before, 
y = A cosh az cos Bz + B cosh az sin Bz + C sinh az cos Bx | 

+ D sinh az sin Bz (a, 8 real and positive). 

The end conditions give 
either B = C = 0, cosh? Jal cos? 461 + sinh? fal sin? 481 = ot (19) 
or A= D=0, cosh? fal sin? $81 + sinh? fal cos? ¿fl = 0 
and again there cannot be buckling if R? < 4KB. 

9. Pinned Strut: R? > 4KB. 

If R?>4KB we may write 

y= Á cos yz + B sin yx + C cos dz + D sin dz, 


where y and ô are given by (7) and (8). 
The end conditions give 
A cos yl + C cos 4ôl = 0, 
B sin ġyl + Dsin4ôl =0, 
y?A cos fl + ô?C cos 45! = 0, 
y*B sin dyl + 52D sin 351 = 0. 
Since, in general, y + 5, it appears that we must have 
A cos yl = B sin yl = C cos $81 = D sin 481 = 0 (20). 
Hence three of A, B, C, D must be zero and either yl or ôl must 
be equal to nz, where n is a positive integer. 
As R increases from 24/KB, y increases and ô decreases, and 


buckling will first take place when y or 5 becomes equal to a 
multiple of z/l. We have then that 


y = Á cos nrzjl or B sin nmal a... (21), 
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where nz/l is the multiple of m/l first reached by 
(}R/B + v (ł}R?/B? — K/B)}, 


as R increases from 2 y KB. The wave-length is 2//n and the number 
of internal nodes is  — 1. 

When l is of the order 27 x 10° cm. and d is 10° cm., so that 
4BK = 6b? x 103 dynes? and R increases from 7-756 x 101! dynes 
as before (see 7), y increases and 6 decreases from 8-8 x 10-5 cm.—?, 
while m/l is 5x 10-§cm.-! When R=7-8bx 10% dynes, 
y = 9:3 x 10-4 cm.-! and ô = 8:3 x 10-*cm.~!, so that a multiple 
of z/l is reached for a value of R nearer the critical value. Thus 
the pinned strut buckles before a clamped strut of the same length 
would do so. Also, for the case considered, n is 17 or 18, so that the 
wave-length and the number of nodes are about the same as for 
a clamped strut. 


10. The Compression and Collapse of Surface Films on Water. 


In a series of papers* Mr N. K. Adam has discussed the be- 
haviour, under compression, of surface films on water. These films 
are of one molecule thickness, and when the area per molecule is 
sufficiently reduced (to about 2-2 x 10-!5cm.?) the film behaves 
like a solid and there is a linear relation between the compression 
and the thrust. The linear relation holds when the thrust is 
increased from 3 or 4 dynes/cm. until we reach the stage at which 
the film gives wayt. 

The atoms being in equilibrium under their mutual attractions 
and repulsions, we suppose that when the system is compressed, 
the restoring force on any atom is approximately proportional to 
its relative displacement, and the usual elementary elastic theory 
may be applied. First, we can calculate from the compressibility 
the value of E, Young’s modulus for the film. Then if the film were 
to buckle, it would have to raise and lower the water with it, so 
that we can employ the theory of 2-5, 8 and 9 to find under what 
thrust instability should first manifest itself. The first effect would 
be to cause buckling, which in a film of one molecule thickness 
would necessarily be imperceptible; but very shortly after this the 
film should give way. We assume that the film does not collapse 
before the thrust reaches its theoretical value for buckling. 


11. The Value of Young’s Modulus for a Solid Film. 


We deal with a breadth of 1 cm. Thenf, since any error in 
experiment will increase the observed compressibility, we shall use 
the lowest value obtained, 0-4 per cent. for a thrust of 10 dynes. 


* Proc. Roy. Soc. A, vol. 99, p. 336 (1921); vol. 101, p. 452 (1922), ete. Re- 
ferences to the two papers mentioned will be given as Part I and Part II. 
t Part I. t Part II, p. 458. 
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We may take the depth of a film as being of the order of 2:5 x 10-7 
cm.* Then Æ is equal to the force per unit depth divided by the 
compressibility. This gives E = O (10) dynes/cm.? 


12. The Collapse of a Solid Film. 


The value of the thrust that produces collapse cannot be 
determined with accuracy, but is anything from 20 to 45 dynesf. 
If we suppose buckling to precede collapse the value of R that gives 
buckling should not be very different from the value for collapse, 
preference being given to the smaller values. 

Now B = EI, I = +d}, K = g, and with our data and the above 
value for E, B=O (10- 11) ee x cm.?, BK = O (10-8) dynes?. 

If we were to take È to be 16 dynes, we should, employing the 
results of 4, find that B = O (4:5 x 105) cm.-} This value of B is 
much too large for a length anywhere between 2 or 3cm. to 
20 or 30cm. We want a value of $ not greater than about 1 cm.—!, 
and this means a value of R of the order of 10-4 dynes, which i is 
nonsense. With R 16 dynes, values of B between 6 x 10-2 and 
6-4 x 10-2 dynes x cm.? give -values of 8 between 2 and 0, so that 
for this value of R we should want B = O (6 x 10-?) dynes cm.?, 
E = O (6 x 10!) dynes/cm.? 

The results if we considered the film as pinned would be 
practically the same, and would show the same discrepancy. 

Clearly then there are other factors to be considered that make 
for stability. 


13. The Effect of Surface Tension. 

Since in both compression and buckling the area of the water- 
film surface is changed, we may expect surface tension to play a 
part. For compression, if T is the surface tension, 

E = (R + T)/(d x compressibility). 
Since the surface tension of a solid film cannot vary appreciably 
with additional compression, we mayt take T to be 70 dynes/cm. 
at temperatures between 10° and 20°C., the temperature of 
Mr Adam’s experiments on palmitic acid§. Then 
E = 0 (8 x 10!) dynes/cm.? 
The equation (2) becomes 


BSY + (R- 7) 54+ Ky =0 oe (22), 


The value of R that produces buckling must exceed T. Ac- 
Ste to the experimental results, however, the film collapses 
for values of R (20-45 dynes/cm.) less than T, and therefore 

* Part II, P: 463. Part I, p. 340. 


t 
t Cary an Rideal, Proc. Roy. Soc. A, vol. 109, p. 320 (1925). 
§ Part I, p. 340 
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less than the theoretical value for buckling. Hence instability 
must first manifest itself by a weakness in the film causing 
collapse; this happens before the film has a chance to buckle. 


14. The Frequency of Vibration of an Atom in a Solid Film. 


From the value of E we can make a very rough calculation for 
the frequency of vibration of an atom in a solid film. The cross- 
section of the head of a molecule is of the order of 26 x 10-18 cm.?*, 
i.e. (5 x 10-8 cm.)?. We take 5 x 10-8 cm. as the original distance 
D, between two atoms, that is decreased to D — ô by compression. 
Then we have 


Force per unit area across a cross-section = £5/D. 


If n is the number of atoms in the molecule, d the depth of the 

unimolecular layer, then the restoring force on an atom 
= (£8/D) + (n/dD) = Edb/n. 

The frequency is +/p/27, where 

p = restoring force = (ò x mass). 
The mass of an atom is 1-65 x 10-*4 4 gm., where Á is its atomic 
weight. Take A = 12 (for a carbon atom), and n = 60, for example. 
With FE = O (8 x 10!) dynes/cm.?, u = O (1-7 x 10%) and the 
frequency = O (6-5 x 101). 

We may compare this with the corresponding frequency for 
crystals, as obtained by the method of residual rays}. The fre- 
quencies are c/A, where c is the velocity of light (= 3 x 10! cm./sec.) 
and À, the wave-length of the residual rays, is between 1-2 x 10-3 
and 1:2 x 10-%cm. for most crystals. This gives frequencies 
varying between 2:5 x 10!3 and 2-5 x 10!%, 


15. Summary. 


For a strut under thrust when buckling is resisted by a force 
proportional to the displacement, it is shown that for both a 
clamped and a pinned strut there is stability for any length when 
the thrust is less than a certain critical value; and the relation is 
found between the length and the first value of the thrust above 
this that will give buckling. A notion of the wave-length and 
number of nodes after buckling is obtained. 

The results are applied to the theory of the formation of 
mountains by horizontal compression, and it is shown that the 
crust of the earth would be able to transmit, without buckling, 
stresses right up to the breaking stress across regions of continental 
extent, unless the depth down to the level of no strain were less 
than 16 metres. 


* Part II, p. 463. 
+ Born, Dynamik der Kristallgitter, p. 623 (1923). 
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An attempt is made to employ the results also to consider the 
stability of solid surface films under compression, and it is seen 
that other factors, making for stability, must enter besides rigidity 
and gravity. This is supplied by surface tension, and it then 
appears that collapse due to a weakness in the film must precede 
buckling. 

A rough calculation is given of the frequency of vibration of an 
atom in a solid film. 


16. I have to thank Mr H. Jeffreys for advice and assistance 
in the preparation of this paper, and Mr E. K. Rideal for showing 
me an experiment similar to those of Mr Adam. 
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Insular Gravity and Oceanic Isostasy. By Sir JOSEPH LARMOR, 
Lucasian Professor. 


[Received 8 February 1926.] 


A century ago geodetic and gravitational universal surveys 
were mainly concerned with determining the effective (gravita- 
tional) ellipticity of the Earth, after due allowance had been made 
for local anomalies, with especial view to the exact purposes of 
physical astronomy. One of the chief of these anomalies was 
exhibited by a remark of Airy, after scrutiny of the available data 
in his treatise (1830) on “‘ Figure of the Earth” in the Encyclopedia 
Metropolitana, that the observations show gravity to be abnormally 
in excess on island stations. It appeared, for instance, that this 
cause might make the mass of the Moon uncertain up to 2 per cent. 
A very refined explanation of this anomaly of island stations 
(which will be seen presently to be only partially effective) was 
offered by Sir George Stokes, from whom this last remark is quoted, 
in the course of a memoir*, fundamental for theoretical geodesy, 
in which he demonstrated that no outside survey could lead to any 
certain knowledge of the distribution of mass inside the Earth, 
even in its outer crust, except as a matter of probability when 
backed up by geological knowledge. 

It is explained there that the form of the sea-level must be 
locally depressed over a deep ocean, owing to defect of density; 
and in consequence on insular stations gravity at sea-level is 
measured abnormally nearer to the centre of the Earth as a whole, 
so that from this cause its value is greater than that belonging to 
the mean spheroidal surface. In fact, the form of the ocean 1s 
an equipotential surface, including therein the potential of the 
centrifugal force of rotation in the familiar manner: but the part 
of the potential arising from the local water is abnormally small 
on account of its low density, and this defect must, in absence of 
local compensation, be made up by a greater potential of the Earth 
as a whole, which demands depression of the local ocean surface 
towards the Earth’s centre. 

The opposite result would arise from excess matter of an adjacent 
mountain or island peak: that would raise the ocean level in its 
vicinity and thereby indirectly diminish gravity, measured at sea- 
level, as determined by levelling operations. 

For example, at the centre of a circular oceanic basin of radius 


* Cambridge Transactions (1849): reprinted in Math. and Phys. Papers, vol. m. 
Some idea of the great debt owed by the Indian and other gravitational surveys 
to the continuous amateur advice of Sir G. G. Stokes, spread over half a century 
of their development, may be gleaned from the collection of his Scientsfic Corre- 
spondence (Camb. Univ. Press), vol. 11, pp. 253-325. 
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6 and uniform depth h, its defect of potential would be with 
sufficient accuracy | yp h2mrdr/r, where p’ is the defect of density of 


the water below that of the average terrestrial crust; thus it is 
2iryp’bh, where y is the constant of gravitation given by yE/a*® = g. 
Here E = 47a%p, p being 4,1, is the mass of the Earth of radius a. 
As the potential of the Earth as a whole is V = yH/r, this change 
of local potential, say 5V,, would be compensated by change of 
sea-level 5h, where 5V,/V = — dh/r. Thus in the present case the 
fall of level relative to depth of ocean is given by the expression 


h Bla 2pa_ 22a’ 
while ôg =-—2 on 

g a 
If the radius b of the oceanic basin is 50 miles this fall would be 
the fraction ,, .;5",; or 54, of its depth; if the radius were larger 
it would increase in direct proportion until it is a considerable 
fraction of the Earth’s radius. A cup-shaped ocean could be 
similarly treated. 

The steady sea-level would thus be depressed by 7, of a mile 
owing to local causes, at the centre of a basin of 500 miles radius 
and 2 miles deep, in free communication with the other oceanic 
waters: and this approach to the Earth’s centre would involve 
increase of g measured at ocean level, given by g/g = — 26h/a, 
or here 5g = -05 cm./sec.2, where g is about 981, which is over 
one-third of the order of magnitude of the observed excesses at 
island stations. 

But this explanation fails because there is a predominant offset. 
The vertical attraction of the local ocean regarded as an extensive 
flat slab of water is abnormally small by 2: yp’h, where g = yE/a?, 


that is by gp’ 2na*h/E or sE á g; thus this direct defect in g may be 


much the greater, being 4a/b times the indirect excess. There is 
however some effect in the other direction due to excess density 
of the local land, which is usually a substantial correction. This 
preponderance destroys and even reverses the Stokes explanation 
of the oceanic anomaly. Indeed closer examination shows that, as 
based by him*, rather confusedly as it seems, it depends on a 
potential equation used by Laplace which can, in limited manner, 

* Math. and Phys. Papers, vol. 11, p. 153. Stokes did not make any correction 
in this reprint in 1883: but Dr Bowie states (loc. cit. infra) that there is no generally 
accepted explanation other than compensating excess of density beneath the ocean. 

This analysis of Stokes in fact establishes as a general P that the effect 
of distant irregularities of surface mass consists of a direct vertical attraction, 
say g’’, together with an indirect part due to change of level, equal to - 4g”, thus 


countervailing four times: this influence, of wide range and presumably actually 
small, is superposed on the local effect here considered. 
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apply only to a locally infinitely thin spherical layer. The prin- 
ciple of depressed level became familiar, simple examples being 
worked out, ab initio and so correctly, by way of illustration in 
Chap. tv of Colonel A. R. Clarke’s standard treatise on Geodesy 
(1880), from the point of view however only of levelling operations, 
not of gravity. | 

But soon the discussion of the data of the Indian geodetic 
survey, by Archdeacon Pratt in India, revealed new features*, by 
showing strong residual defect of gravity on the Himalayas, such 
as could only be accounted for by a large defect of density under- 
neath the mountains. Airy’s idea that the mountains might be 
buoyed up by extensive roots floating in a denser magma, existing 
beneath a thin crust, could not of course now be maintained, at 
any rate in that form, in view of the high rigidity of the Earth as 
a whole. But there was much to be said, on various counts, for a 
thinner and deeper viscid stratum, lying between the crustal 
material and the solid core, in which in the tendency towards 
equilibrium the pressure due to the weight of the crust must in 
course of ages have become equalized laterally, at any rate par- 
tially, and the load upon it thus made uniform to that degree 
everywhere. It is implied that there are no local abnormalities of 
density in the core, which is reasonable as the core is probably 
metallic. This is the hypothesis of isostasy, propounded as a 
universal principle by Dutton and worked out systematically by 
Hayford and his colleagues of the American Survey, who found 
that it gave a fair account of the usually slighter anomalies (mainly 
of levelling) revealed in that great undertaking t. 

Circumspection is, however, suggested in applying these ideas 
to the anomalies at oceanic stations; for the Stokes explanation 
already claimed to be an effective vera causa, without aid from 
compensation of density underneath. It happens that the subject 
is amenable in a general way to simple elucidation: and as the 
essential circumstances for submarine mountains and landscapes 
can perhaps be more directly estimated, it seems indeed to provide 
in some respects a closer test. On an ideal very narrow island-peak 
of negligible mass, in a wide ocean of uniform depth, with adjust- 
ment as a whole to general isostasy by denser horizontal strata 
underneath, there would be but slight resultant abnormality of the 
local part of the attraction. For the totality of the strata could 
almost be regarded as an extensive thin flat sheet, while local 
defect of potential on which change of sea-level depends would be 
still more closely compensated by the extra mass below. Hence, 


* In 1855-9: cf. A. R. Clarke, Geodesy, pp. 96-8. 

t Cf. the chapter in H. Jeffreys’ recent treatise The Earth. 

t In the case illustrated above, with radius of ocean about 500 miles and depth 
of compensation 100 miles, about 10 per cent. of the anomaly both of attraction 
and of potential would remain after compensation of the ocean. 
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in contrast to the Stokes uncompensated case above, under 
isostatic conditions gravity and level ought both to be regular 
over a wide ocean of nearly uniform depth with strata nearly 
horizontal underneath. 

Thus in considering gravity-data, say over the Pacific Ocean, 
we may on the isostatic hypothesis consider only this excess 
density, over that of water, of the local land distributions in an 
ocean with an ideal conveniently assigned flat bottom: and any 
gravity anomaly must be due to these excesses alone, together 
with isostatic compensations of opposite amount underneath to 
maintain the average total load for the crustal strata. The dis- 
turbance of ocean level due to them would be slight if they are 
merely local peaks. If the station is on a straight ledge even of a 
narrow island it will be considerable*. 

This note, with its limitations as regards scope that are imposed 
by imperfect information, has been prompted by an important 
recent Report on “Isostasy in the Southern Pacific” by Dr W. 
Bowief in which, from systematic calculation for the five insular 
stations that were examined, local isostasy is found to account for 
about three-fourths of the observed local excesses in g, which are 
there of the order of over 0-1 in 981. Since the Stokes effect of 
change of ocean level is found inadequate, the greater part of the 
excess of gravity ought to be due solely to direct attraction of the 
Jocal excess of land density measured from an averaged flat ocean 
floor with a cancelling compensation underneath, if oceanic com- 
pensation is to hold good. A set of gravity determinations over 
the wide ocean, combined with soundings, would thus throw 
interesting light. 

For a land survey, as in the Himalayas, heights determined by 
levelling operations are reckoned from an ideal ocean level which 
would be affected in the same way as the actual ocean level near 
island masses, that is only by local excess masses at the surface 
above a mean compensated distribution when the local com- 
pensations extend very deep. 

There is a statement near the end of Dr Bowie’s Report that, 
in the cases examined, if the densities of the island “pedestals ” 
were 10 or 15 per cent. (say 12) above the normal value 24, about 
one-eighth of the remaining non-isostatic excess of gravity would 
be accounted for. From this we may perhaps infer that the excess 
density over that of water, namely 14, along with a cancelling 
diminution below on account of the now complete compensation, 
would account for 192.3.1, or say 3 of the whole local excess of 
gravity. This fraction is not discordant with the estimates (around 


* Cf. A. R. Clarke, Geodesy, p. 93; or Thomson and Tait, Nat. Phil. (1867); 
also snfra for conical forms—and the remark added at the end. 


t Proc. Washington Academy of Sciences (Dec. 4, 1925). 
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ł) in the Report, and is in so far confirmation. As the Stokes 
effect of change of ocean level is now itself obliterated by com- 
pensation, that over-compensation by about one-third could be 
accounted for, as Dr Bowie suggests, by an increase of mean excess 
density of crustal strata which need only be from 1} to about 2. 

In illustration, for a conical island of height A and angle 2a the 
potential at its vertex is myp’h? (seca — 1) and the component 
attraction along its axis is myp’h (1 — cosa). For a sector of the 
cone of angle 8 with its sharp edge along the axis, these are merely 
affected by a factor 8/27. The extra gravity at the summit of 
such a sharp promontory is due mainly to its direct attraction and 
so differs from that for a flat plate by the factor B/27.(1 — cosa). 
Due to this uncompensated plate of ocean by itself of depth A and 
defect of density p’ (= 3) the direct defect of gravity is (as supra) 
3p h 
2 p aI 
density p’ and semi-angle 30° thus would produce an excess half 
this, diminished however by the compensation below, which is 
of the order of the fraction ET 3 a of it, so negligible if H, the 
depth of compensation, is 100 miles. In fact it is only the compensa- 
tion for sideway excess mass, as it attracts more vertically, that 
is of sensible direct influence on g. Its sideway attraction deflects 
the plumb line, and so contributes to the oceanic rise of level, but 
in a way which must be already included in the potential effect, as 
supra. In a sector of a cylinder also, or for a sloping ocean floor, 
results may readily be calculated in general illustration. It is, of 
course, the transverse component of local attraction that affects 
levelling, while pendulums are affected by its vertical component. 
Theoretically the two are interconnected through the potential, as 
above indicated in general terms, in a manner illustrated by precise 
formulae for the case of a set of parallel mountain chains first 
(1867) in Thomson and Tait’s Natural Philosophy, or more readily 
in simpler cases. 

Generally, the conclusion is that the depression of sea-level at 
island stations is not adequate by itself to counteract the direct 
diminution in gravity due to the low density of the attracting 
water, much less to produce the observed excess. But if the oceanic 
defect of density is deeply compensated underneath, down to a 
uniform standard depth of ocean, any local anomaly of gravity 
should be due simply to the excess mass over that of water up to 
an ideal level surface of the local land standing in this ocean. 

An illustration involving the potential is more recently re- 
ported*. It appears that astronomical observation and direct 


which is 0-1 in 981 per mile of depth. A conical peak of 


* Proc. Washington Acad, (Jan. 16). 
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measurement show a difference of as much as | mile in the distance 
between two stations on the north and south coasts of Porto Rico 
about 35 miles apart. Thus over the island the radius of a level 
surface is less than the Earth’s radius R by 1 part in 35. Thus the 
expression for the potential locally is 
V = — g (2 — 27/2.34R + pzz + q2 + ...), 

where p and çq are to be determined from observed local gradient 
of g, as to which levelling alone does not give information. Dis- 
cussions of this kind go back to Bouguer for the Andes, and 
Cavendish and Maskelyne for Schiehallion*. 


* Cf. Cavendish, Scientific Papers, vol. n, pp. 402-7. 
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A Contribution to the Theory of Ferromagnetism. By G. S. 
ManaJAnl, B.A., St John’s College. 


[Received 13 February 1926.] 


The following gives a brief summary of a paper, which it is 
hoped to publish in extenso later. It is a contribution to the theory 
of ferromagnetic crystals, and contains in particular a theo- 
retical explanation of Webster’s* experimental results. 


Introduction. The fundamental fact of interest with regard to 
experiments on magnetic substances is that the direction (%) of 
magnetization (Z) does not in general coincide with the direction 
($) of the external, applied field (H). Experiments on iron crystals 
have now revealed the fact that this “deviation-effect” ($ — p) 
exists even in crystals of cubic structure and a symmetrical 
boundary. In other words, cubical symmetry of structure does not 
make a body magnetically isotropic, as was erroneously assumed 
by Faraday, Tyndall and Pliicker. To account for this “‘deviation- 
effect”, and in general to relate the two directions (¢, ý) with each 
other, must certainly be the first object of any theory bearing on 
this subject. Accordingly Weiss has developed a “‘ macroscopic `’ 
theory by introducing the conception of the “molecular field”. 
The idea served many useful purposes, especially in connection 
with experiments on Pyrhotite. But, as is shown in the present 
paper, it is quite inadequate to explain the phenomena in the case 
of crystals with cubic structure. 

It seemed, therefore, better to give up the idea of the “molecular 
field”, and start right from the beginning with atomic actions. 
This alternative was indeed conceived but not adopted by both 
Weber and Maxwell. It is quite possible that, apart from the 
external field (H), the internal field which governs the magnetiza- 
tion of the body arises partly from the mutual actions of the 
“molecular magnets” and partly from some other force, of which 
we do not know the origin. The rational way of proceeding, how- 
ever, is to try to see whether we cannot do with only the mutual 
actions unaided by a force of an obscure origin. This is the point 
of view adopted in this investigation. 


General method. Two types of ferromagnetic crystals are con- 
sidered : 

1. Iron, which has a cubic structure, space-centred cubic, 
i.e. consisting of two simple cubic lattices, interlocked in such a way 
that the lattice-points of either occupy the centres of cells of the 
other. 


* “Magnetic Properties of Iron Crystals”, by W. L. Webster, Proc. Roy. Soc. A, 
107 (1925). 
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2. Pyrhotite, which has a non-cubic structure. Two ortho- 
rhombic simple lattices are interlocked in a “space-centred” 
manner, and give on the whole a hexagonal symmetry. 

The ultimate particles that form the lattice-points of crystals 
are supposed to derive their magnetic properties from the presence 
of electronic orbits. A parameter (a) is introduced to denote the 
radius of an orbit. The magnetic energy due to mutual actions of 
the particles is calculated as a series of terms involving third, 
fifth, seventh, ..., etc. powers of (1/s), where s is the lattice-con- 
stant. The parameter (a), the radius of an electronic orbit, is also 
naturally involved. The total magnetic energy of the system in an 
external field (H) is determined per unit volume; and it is made 
stationary to search for the steady states of magnetization. 

In either of the two types considered the structure consists of 
two simple lattices. In calculating the internal magnetic energy, 
it is assumed that the “magnetic elements” (or, the axes of the 
electronic orbits in our case) arrange themselves, in any steady 
state, into two groups with two different directions. The two 
groups severally belong to the two component simple lattices. In 
saturation states, the two directions coincide; while in the non- 
magnetized state of the substance they are opposite to each other. 

The two distinctive features of the theory in this paper are the 
association of two distinct directions with magnetic elements in the 
two component simple lattices, and the replacement of the usual 
**doublet-conception” by the one of electronic orbits. 


Notation: 
O-xyz Coincide with three edges of a cell of either lattice. 
(l,m,n) Direction of J, magnetization. 
(l’, m’,n’) Direction of H, applied field. 


w? Volume of a cell. 

Li la The two component lattices. 

1/w Density of magnetic elements in either lattice; and 
2/w? Density in the crystal as a whole. 


The work is divided into three parts, and may now be sum- 
marized as follows: 
Part I. 
This deals with cubic structures with saturation states and is 
devoted mainly to explaining Webster’s results. A space-centred 
cubic structure is specified by 


z = ps 
y = q8} p = q =T (mod 2), 
Z = 18 


where 2s is the side of an elementary cubic cell. 


Io—2 
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The mutual potential energy of two magnetic elements, if 
identified with two parallel electronic equal orbits, radius a, is 
2w, where 


(neglecting higher terms) and 
r = distance between the centres, 


u = 7702, 
P}, P, = P, (cos 0), P, (cos 9), ..., 
and 0 = angle between r and the axis of an orbit. 


The contribution to the internal energy due to any one magnetic 
element, say the one at the origin, in the presence of all others at 
the other lattice-points is 

2772 
W= X m=— Y @ P, — a P.), 
Dat P&r 
PpP=q =r (mod 2), 
and the accent indicates that p = q = r = 0 is a combination to 
be omitted. 
It is easily seen that 


r? = (p? + q?+77)s*, cosd= 


lp + mg + mr 
(P + g? + rE 

It is shown in Part ITI that for cubic structures the third order 
terms which lead to divergent series involve no variable part of 
the energy and we are left with 


Ws = effective part of W, = + 2’ saa ) 
3 P-Q? = 
ay HG" __ P (cos6), p=q=r(mod 2). 


par (p? + g? + 72)? 85 
This reduces, omitting the non-variable part (i.e. not depending 
upon lmn), to 


r p'a? (3Q — P) (Lm? + mèn? + n?1?), 
4 
where P= X 3 a 
p,ar(p? + g? + r?) p=q=r (mod 2). 
Q=- 5. PË 


p.ar (p? + q? + r2)? 


* The mutual potential energy of two linear magnets is, however, 


The second term differs in sign. Actually experimental results require ( +) sign. 
Hence the orbit-conception. 
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Actual calculation shows that 
0-15 < P< 0-18, 
0-068 < Q < 0-076, 
0-032 < 30 — P < 0-064. 

Next, the energy due to-an external field (H) is 

— pH (W + mm’ + nn’). 

Therefore the total energy density per unit volume is 

E= z E (Lm? + mn? + n?) — 2 r + mm! + nn’) 
_ 105 a? 


where a= S (3Q — P). 


(This formula does not take account of temperature effects.) 
Let now Àz + py + z= 0 


be a symmetry plane of the crystal structure, and consider a 
circular plate of the crystal cut parallel to this plane. If H be 
applied in the plane of the disk, we have 


Al’ + um + vn’ = 0. 
By symmetry of the structure the vector of magnetization will 
also lie in the plane of the disk and therefore 
Al + pm + vn = 0. 
Making now Æ stationary subject to 
x=1, Ll=0, 


we get BD m n Uw w 
, H 
l m n |>|l m n |=— Jug 
A up v À up v = 


This is a quite general result and includes all the cases considered. 
Obviously (H) and (Z) will coincide in direction, i.e. the devia- 
tion-effect will vanish, when (l, m’, n’) = (l, m, n), or 


B m n> |=0. 
l m n 
Apv 


This result coupled with 
~YR=1, LA=O, 


gives the directions in the symmetry plane Ax + py + vz = 0, along 
which the deviation-effect vanishes. 
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Particular cases. 
(1) Circular plate cut parallel to the face of an octahedron: 


À= p=v= l/y3. 
In this case XJ = 0 makes 
B m n? |=0 
l m n 
l1 1 l 


an identity, and thus the following experimental fact is explained : 

“The amplitude of the waves of a,, i.e. the component of 
magnetization perpendicular to the direction of H, vanishes in 
stronger fields almost completely*.”’ 


(2) Circular plate cut parallel to the face of a rhombic dodeca- 


hedron. 
Here A= 1//2, u = 1/2, v= 0. 
Solving B m n? 
1 1 0 
xl? = 1, l+m=0 
we get exactly the same result as required by experimental data: 
“...The normal components oa, show four zeros within 180° in 
the direction of the axes at 0, 55°, 90°, 125°, and 180°F.” 


Strictly speaking, theory yields not 55° and 125°, but 
cos} (1/4/3) and m — cos~! (1/4/3), that is 54° 44’ and 125° 16’. 


(3) Circular plate cut parallel to the face of the cube. This is the 
case of Webster’s experiments. We have A= u = 0, v = 1, and 
therefore n = n’ = 0. The result reduces to 


B m3 
l m F H 
| om | Qua’ 
l m 
Putting (l,m) = (cos %, sin = 
(U, m’) = (cos ¢, sin œ) i 
sin ($ — #) 2a p 


we get ep A P 


sin % cos cos 2 H` 
+ Kunz, Bull. Nat. Res. Council, vol. 3, Part 3, p. 180 (1922). 
+ Ibid. 
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Further, if we write 9 instead of J, to denote that we are dealing 
with saturation states, we see that 


Fa _ 2apS 
sin % cos p cos 24 H’ 
i.e. . (S,)max. H = ġa = constant na. (1). 


The explanation of all the experimental curves of Webster is con- 
tained in the two formulae 


_Hsin($-9) 2m os 
Ssingcospcos2s GS 0 G 
(3,,)max. H = faud 


Quantitatively, the second of the results above is made to fit 
Webster’s Graph 4, by adjusting a. All the quantities in equa- 
tion (1) are known, or can be calculated except the parameter 
a, the radius of an electronic orbit. Thus the proper adjustment of 
a to fit the experimental curves yields the magnitude of a. 

The results are: 


Disk A 0-212 >a x 108> reed 
Disk B 0:331 > a x 108 > 0-232 ° 


The conclusion is reached that 
a = O [10-9]. 


The molecular field. Our work shows that if we start from the 
bulk-conception of the molecular field, we must adopt a “‘ third- 
power”? law and not a “fourth-power” one, as is empirically 
suggested by Webster, in the case of cubic structures. Incidentally 
a better generalization of Weiss’s law of simple proportionality in 
the case of non-cubic structures is suggested, which includes both 
the cubic and the non-cubic cases. Thus in place of Weiss’s 


(H m) = Nulis 
we write (H,,),=N,[a,1, + azl, + a;1,° + ...]. 


Adopting this form, we obtain in the case of a circular plate 
the following result: 


"|i 2 

l’ m 

Ilm [a, (Nz — N,) + g (?2N, — m?N,) EOC + a5 (UN, — mN YEL ++...] 
=d, 


In the non-cubic case N, #N,. 
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Retaining only the first non-vanishing term in the denominator 
gives 


Aly w 
Ibn = a,(N,— Ny) 


Take a, = 1 and we obtain exactly Weiss’s result 


H sin ($ — 4) | 
Tantcag > a 


On the other hand, in the cubic case 
N- = N, = N, say. 
Therefore retaining only the first non-vanishing term gives 


Hl yw 
om’ | N 
Pim (E — m3) T 
i.e. in the saturation case 
Hsn(ġ- 4) | ` 
9 sind cosy cos W% cee 


which agrees with the result we obtained by the consideration of 
“atomic actions”. 

Quantitatively, the agreement is fairly satisfactory. We obtain 
the following result: 


| Present theory Be 
MB 576 620 
Ma 368 470 


where Mp, M 4 denote the magnitude in gauss of the molecular 
field in the case of saturation when H acts along one of the structural 
axes, for disks B and A respectively. 


Part II. 


This deals with non-cubic structures. Two methods are pointed 
out for dealing with the “third-order” terms in the energy 
function. It is shown that, in the cubic structures, these involve 
no variable part of the energy; while in the non-cubic cases, these 
involve the most effective part of the variable energy. Hence the 
simple doublet conception suffices in this case. The same results 
are arrived at as Weiss’s. 


Poh ae aes gS 
po 
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Part III. 


In this, an attempt is made to extend the theory to non-satura- 


tion states. The two general results that are obtained may be stated 
here. Cubic case: 


H cos ($ — 4) | 
I j _ Ti (h — 37) cos 4h. fı + 2h’ (1 + cos? 24) +37 (1 cosy} 
= — $w’, 
I — H sin ($ — y) P i 


cE hie 2 an naa A C na 92 , 
sin phh + kA) liht 167 
where g, h, h’, j, 7’ are constants defined by the structure thus: 


oe ae ( (p, 97) all even, 
J p.q, r OT? 0Y? 1 
E Ol 

: ic so (;) 


"a o /l 
i =» r (; 
r? = (p? + q? + r?) 82, 
Ja = fa (1/3) = cos n (fa — Ye), 
}, and y, being the directions of the magnetic elements in the two 


component simple lattices. The constant g is rather too complicated 
to define in this summary. 


Formulae are obtained for the non-cubic structures also, in 
hon-saturated states. 


(p,q,7) all odd, 


Concluding remarks. The theory requires to be completed in 
three directions: 


l. To consider which of the steady states are stable. This will 
probably bear on the hysteresis phenomena. 


2. To consider the effect of temperature. 
3. To put the formulae for the third order terms in Part II 


in a form suitable for numerical computation, and thus to test the 
theory in the case of non-cubic structures quantitatively. 


The writer wishes to thank Prof. C. G. Darwin, Mr A. E. Ingham, 
Dr Kapitza, Mr Webster and especially Mr E. Cunningham for their 
interest in the work. 
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Over-tension in a Condenser Battery during a sudden discharge. 
By P. Kapitrza, Ph.D. Fellow of Trinity College, Assistant 
Director of Magnetic Research at the Cavendish Laboratory, Clerk 
Maxwell Student of Cambridge University. 


[Read 18 January 1926.] 
(Plate IT.) 


In the recent experiments on the Zeeman effect in strong mag- 
netic fields* made by Mr H. W. B. Skinner and myself for obtaining 
an intense source of light for a small fraction of a second, we have 
been discharging a condenser battery consisting of 32 Leyden Jars 
connected in parallel with a capacity of one-tenth of a microfarad. 
The discharge was made through a small spark gap by means of 
an oil immersed switch (the details of this arrangement are to be 
found in the above-mentioned paper). When the discharge was 
produced a curious phenomenon was sometimes observed. After 
the battery had been charged to its maximum tension, and the 
switch had been put into operation, only a small spark occurred in 
the spark gap, and the main part of the discharge went over the 
top of the insulators of one of the Leyden jars. 

By taking the photograph of the spark on a film moving rapidly 
before a slit which was illuminated by the spark, it was possible 
to see the details of the phenomenon. 

In Figs. 1, 2 and 3 are shown three photographs taken with 
different self-inductions in series with the spark gap. On Photo- 
graph 1 a normal discharge is seen in which no flash over the 
insulation occurs in the condenser battery. About 20 full oscil- 
lations can be seen, after which the spark is extinguished. Photo- 
graphs 2 and 3 represent the spark in the case when the discharge 
flashes over one of the condensers. From these photographs it can 
be seen that in the case of Photograph 2 the spark is extinguished 
after the first half of the oscillation, as only one line is seen, and 
that in the case of Photograph 3 it is extinguished after the full 
oscillation, as two lines are seen. This shows the very peculiar 
character of the over-tension occurring during a sudden discharge 
in a condenser battery. In this paper a short account of these 
phenomena will be given in which it will be shown how it is possible 
to account for these over-tensions, and how they can be avoided. 

From general considerations it can be seen that during the 
discharge of a condenser battery, when the self-induction of the 


* Proc. Roy. Soc. A, vol. 109, p. 225 (1925). 
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connecting leads together with the self-induction of the Leyden 
jars is of the same order as the self-induction of the spark circuit, 
electrical oscillations can be set up between the Leyden Jars which, 
being superimposed on the tension of the general discharge, may 
produce over-tension in separate Leyden jars. 

Let us consider a large number of Leyden jars connected in 
series as shown on Fig. 4. 


Oil Swi tch 
Fig. 4 


Let the capacity of each of the Leyden jars be c; the self- 
induction of the connecting leads J; the current in the connecting 
leads of the Leyden jars 7, 7,_,, and the tension of the Leyden jar 
€. We then get a series of equations of the following type: 


den 


ia inae n (1), 
E a pei aa: 


The number of these equations is twice the number of the jars, 
and it is rather difficult to treat the system of these differential 
equations for a large number of Leyden jars, but with a quite 
sufficient approximation we can replace them with two partial 
differential equations. Taking the capacity and the self-induction 
as equally distributed along the condenser battery we get 
c = Cdz ! 
l = Ldz 
tn — in = d, 
Cn — Ona = de. 
Taking the axis of coordinates along the battery as shown in 
Fig. 4, we obtain the equations 


di de 
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Now to obtain a solution of these equations it is necessary to satisfy 
the following initial conditions: that when 


i= 0, 
(A)i=0) 72 
ang OTEN 


where & is the potential to which the battery is charged and h 
may be called the total length of our condenser battery. We must 
also satisfy the following conditions: that 

(C) atz=0, 1=0 


(D) atzr=A, në} (any) t, 


where J, is the outside self-induction. 
The most general solution for i and e in these equations can be 
shown to be of the following form: 


14,e= D(A sinmz+B iat preheat 
+ È (A’ sin mz + B’ cos mz) cos amt 


l 
where a= op tes (7). 


It is easily seen that in satisfying equations (4) and (5) and con- 
ditions (A) and (C), we obtain the following expressions for 7 and e: 


it = LA sin mz sinam ©... (8), 
e=LaxAcosmzcosamt = n (9). 
The boundary condition (D) requires that 
L cos mh = Lymsinmh a... (10). 
This gives the value for m. If, for brevity, we put 
` m= Ma ee (11), 
and y= L serais (12), 


we obtain from (10) the following transcendental equation 


Y = Hm tan Mm = ww enee (13), 


the roots of which determine the value of m. Introducing these 
roots in the general expressions for e and 7 we obtain 


i= EAn sin fa” sin tee aoe (14), 
e = aLXA,, cos i cos Ena! daisies (15). 
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Now the coefficient A,, will be determined from the initial con- 
dition (B). It has been shown by Poisson* that expansions in 
Fourier series with coefficients which are roots of transcendental 
equations such as (13) can be treated similarly to ordinary Fourier 
series. 


h 
We find A, = £2 cost de uun, (16), 
m0 
h 
where Nm = | cos? Ent dë — sien (17), 
0 
4¢e, SIN Um 


and we obtain Ay = La 2pm + Sin Zum 


The final solution in our case is therefore 


— te SID Bm agg bm 
i | anda Oh 
Hm 


a E Ti 

La o 2pm + sin 2m h fean p a 
Let us first consider the case when the outside self-induction 
Lo is very large. It is easily seen that y in equation (13) represents 
the ratio of the total internal self-induction AL to the outside self- 
induction L. When y is very small we find that the roots of the 
equation are close to nmr, where n is any positive integer from 0 
to oo. In this case all the A’s vanish except A, = }, and if we take 

into consideration that the smallest root of the equation (13) is 


T COS Um 7 l aeach (19), 


AL 
=A hes 21), 
we easily obtain from (19) and (20), taking into consideration (7), 
t 
e = @& COS —=——-  &3 3 ereo 22 H 
C08 Fae IF (22) 

: Chrz. t 
t= 0 L h 2 Chie ere (23). 


If we remember that Ch is the total capacity of the battery, we 
see that with a large outside self-induction there are, in the normal 
way, no oscillations in the battery during the discharge, as e is 
independent of z, and the discharge is of the same type as would 


* Journal de la Polytechnique, cahier 18: Poisson, “Mémoire sur la manière 
d'exprimer les fonctions en série de quantités périodiques”. In this work Poisson 
treats a problem very similar to ours. He calculates the vibrations of a load at- 
tached to a bar with an equally distributed mass. The problem dealt with in my 
case is very like that treated by Poisson, as the self-induction of the outside circuit 
is equivalent to the inertia of the load, and the distributed capacity and self- 
induction of the condensers correspond to the distributed mass and to the elasticity 
of the load. 
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be obtained with a condenser of a capacity Ch, with an outside 
self-induction L. From (23) we see that the current ? increases 
linearly along the battery. 

If y be large, the tension along the condenser will not be equally 
distributed during the discharge, and from expression (19) we can 
easily see that the maximum value of e will be at z = 0, the end 
of the condenser opposite to the end from which the current is 
taken. ein this place will equal 


4 SiN [Lm [em at 
ĉo Dum + SİN 2pm Os h (EREKE) ( 


From the time ¢ = 0 to the time ¢ = the tension at this place is 


constant, as can at once be seen from the way in which we deter- 
mine the coefficient A,,, (16) and (17). Further on it decreases to 
zero and then increases again with opposite sign. In order to see 
what really happens we have to calculate the value of this sum for 
a longer time than ¢ = 7 and for different y’s. This is not difficult 
as it is quite sufficient to calculate four terms of this expression 
which approximately converges as = If y=1 we find that 


after the first half of the oscillation the tension at z = 0 will be 
1-28 of the initial one. If y = 2 we find that after 14 full oscil- 
lations the tension at the same place will be equal to 1-35 of the 
initial one. If y = 4 after ten full oscillations the tension at x = 0 
will be 1-56 of the initial one. This shows that with increasing y the 
over-tension will gradually increase, but the maximum will occur 
later. This explains the fact that sometimes the breaking down of 
the condenser happens only after several half-oscillations. Cal- 
culating the terms in this series it is easily seen that the first two 
terms are the most important ones. At the beginning they have 
opposite signs, but after some time of oscillation they may have 
the same sign and maximum amplitudes together. This moment 
will give the over-tension. If the first root of equation (13) is py, 


and the second w, and the ratio 1 _ k, then the over-tension will 


Ho 
happen after n half-oscillations where n is defined by 
n knrn — nw =m en (25), 
and m is any odd number. From this formula (25) we find that 
the ratio of the first and second roots of this equation has to be 
4 in order to get the over-tension after the first half-oscillation, 
34 to get it after the second half-oscillation, 34 to get it after the 


third oscillation and so on. 
In these calculations we have not taken into consideration the 
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damping of the oscillations due to the resistance in the circuit. 
This fact, indeed, makes it impossible for the over-tension to occur 
very late during the discharge, but for the first two or three cycles 
it is probably permissible to ignore the resistance, and this very 
much simplifies the analysis. ` 

From the analysis it is also seen that in general the over-tension 
during the discharge of a condenser battery could easily be avoided 
if the sparking circuit was connected to different ends of the 
condenser battery, as is shown by a dotted line on Fig. 4. In this 
case each Leyden jar when discharging has the same self-induction 
in each circuit, and when all the Leyden jars discharge with the 
same period, no oscillations between the jars can occur, as there is 
no difference of potential between them. This also applies to a 
separate Leyden jar which, in order to avoid electrical over- 
tension, must be connected in such a way that the leads are taken 
from opposite ends. It may also be mentioned that, as can be 
seen from (20), some irregularity must be observed in the current, 
as it is expressed by an equation similar to (19) for the tension. 
On Photograph 1 it can be observed that the intensity of the spark 
varies in an irregular way from one oscillation to another, and this 
is probably due to variations in the current. 

In certain cases in practice it is possible to use oscillations in 
Leyden jars in order to obtain very short and sharp impulses of 
the electrical current. For this purpose it is only necessary to 
place a spark gap at the opposite end of the condenser battery, 
connecting this spark gap to the condenser battery without any 
self-induction, and adjusting it so as to make it slightly larger in 
size than the spark gap in the circuit with the oil switch. By 
adjusting the self-induction in the series with the main spark gap, 
it will be possible to produce over-tension in the subsidiary spark 
gap after one, two or more oscillations, and as the discharge will 
at this moment pass in the subsidiary spark gap, we shall only 
obtain one or two oscillations in the main spark gap. 


In conclusion I would like to express my thanks to Prof. A. N. 
Kryloff, with whom I have discussed the mathematical part of this 


paper. 
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The Period of Decay of Radium B and Radium C. By P. 
BracELin. (Communicated by Dr J. CHADWICK.) 


[Read 18 January 1926.] 


In determining the transformation constant of a radio-active 
substance by direct experiment, two general methods are available, 
depending on the precision possible in individual measurements. 
In the first case, a very accurate determination of the activity of 
the substance 1s made at two times, the length of time that elapses 
between the measurements being relatively unimportant as long 
as it can be estimated exactly. Alternatively, the decay of the 
activity may be followed by measurements not so precise in- 
dividually, and in this case the accuracy of the result is largely 
influenced by the length of time over which the observations are 
extended. This requires, over even a small number of half-value 
periods, that the method of measurement employed is capable of 
the accurate comparison of widely different activities. 

It is a defect in the electroscope method of comparing different 
ionisation currents that the accuracy obtainable falls off greatly 
as the ratio of the currents increases, and the error introduced is 
difficult to allow for. This objection does not apply to galvanometer 
measurements where, by the use of suitable shunts, it is possible 
to obtain an accurate comparison of very different intensities of 
current. The actual strength of the currents measurable even by a 
sensitive galvanometer demands of course the use of much greater 
quantities of radio-active material, but, where this is possible, the 
method seems to be less open to criticism than the use of the 
electroscope. 

In the experiments described below the galvanometer method 
has been applied to the case of radium C and has been found to 
give very consistent results. Similar measurements of the decay 
of radium active deposit have enabled an estimate of the period 
of radium B to be made. 

The apparatus consisted essentially of a parallel plate condenser, 
one plate being connected through a galvanometer and a megohm 
resistance to earth, and the other to a source of potential. The 
plates were enclosed in a glass vessel in communication with a 
drying tube, a manometer, and an oil pump. Thus dry air at any 
desired pressure could be obtained, and standard conditions for 
the different experiments ensured. , 

The radio-active source was fixed on one of the plates, and the 
saturation current measured by the galvanometer using a telescope 
and scale arrangement, which allowed deflections to be estimated 
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within -2 mm. with accuracy. The scale was carefully calibrated 
by means of known currents during each experiment. The resistances 
of the galvanometer and the shunts employed in conjunction with 
it were determined by a Post Office box guaranteed correct to 
l in 1000. 

The attainment of saturation of a-particle ionisation currents 
is a difficult matter at atmospheric pressure, but is rendered much 
easier by working at reduced pressures. Accordingly the experi- 
ments were carried out at pressures from 20 to 40 cm. of mercury. 
In order to be certain that the measurements were performed 
within the saturation range, the applied potential was varied over 
the first few readings, starting at a considerably lower value than 
was afterwards maintained. As these are also the largest currents, 
this ensures that all the readings are taken at saturation, the 
applied fields being well below the limit where ionisation by col- 
lision was possible. Preliminary experiments with polonium showed 
also that over a wide range of applied potentials, when saturation 
was attained, the galvanometer deflection was very free from 
fluctuations, indicating that the single reading of a particular 
activity, which it is possible to take when following a decaying 
ionisation current, was an accurate index of the actual saturation 
value of the current at that instant. 


Radium C. The radium C sources were prepared in the ordinary 
way by spinning a nickel disc in a solution of radium active deposit 
in hydrochloric acid at 80°C. The active deposit after removal 
from the emanation was left for 40 minutes before solution. By 
this time the radium A present, which would also be deposited by 
this process on the nickel disc, had decayed to about -01 per cent. 
of the original amount. The quantities of radium C used showed an 
Initial activity of the order of 20 mgms. radium, and with these it 
was possible to follow the decay for a little less than two hours, 
i.e. six half-value periods. 

It is important to check the purity of the sources used, and this 
was accomplished by measuring the decay over an hour with an 
a-ray electroscope, five hours after the radium C was collected from 
solution. It was estimated that 0-5 per cent. radium A deposited 
initially would cause an increase of 0-2 minute in the observed 
period over the first two hours, while from 5—6 hours afterwards 
the difference from the real period would amount to 1-5 minutes. 
This would easily be detectable by the electroscope measurements. 
In fact, one experiment in which the RaC was collected about 
20 minutes after removal of the deposit from the emanation enabled 
this to be verified, the period from the galvanometer measurements 
being estimated at 19-9 minutes and from the electroscope readings 
as 21-4 minutes. In the experiments from which the transformation 
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constant was obtained, the electroscope measurements showed that 
no perceptible change in the decay period had taken place, giving 
good grounds for the belief that pure radium C was being used. 
The most probable values of the transformation constant A 
were calculated by the method of least squares from the results of 
four experiments, and are given below with their probable errors: 


A x 10? min! 
3-516 + -002 
3-521 + -003 
3°507 + -003 
3°511 + -002 


giving a mean value for A = (3-514 + -007) x 10-3 min.-!_ The 
corresponding period is T = 19-72 + -04 minutes. This is about 
l per cent. greater than the generally accepted value of 19-5 
minutes as determined by F. v. Lerch*. 


Radium B. The sources of radium active deposit were obtained 
by exposing a brass disc to decaying radium emanation for about 
15 hours, without the application of an electric field. The latter, 
although of value in concentrating the deposit on the collecting 
disc, has been found to affect in a variable manner the relative 
amounts of RaA, RaB, and RaC deposited, and thus to render 
inaccurate the calculation of the resulting decay based on the 
assumption of radio-active equilibrium. Three experiments were 
performed in each of which the decay was followed over nearly 
three hours. 

Under the above conditions, transient equilibrium is attained 
after about five hours’ exposure to the emanation, and after 
removal of the latter, the amount of radium C present at any 
instant is given by the formulat 


Amount of RaC at time tł 


Initial amount of RaC 
4 ent 
= — (A, — A,) (Ags — A — À) E 75-3 oe x 
(Ap 1) ( 3 1) (Ay 1) 2 (A; — Az) (As — As) (Ag — Az)’ 
where À, À, Ag, A, are the transformation constants of radium 
emanation A, B, C respectively. 

The initial decay is complicated by the presence of radium A, 
which also gives a-particles, but after about 30 minutes the effect 
of the radium A is negligible, and the observed activity ought to 
be in agreement with the values calculated from the above equation. 

The accepted values for A, and A, were taken and the value 
3-514 x 10-2 min.~! for A, as found above. For A, various numerical 


* F. v. Lerch, Ann. der Phys. vol. 20, 2, pp. 345-54 (June, 1906). 
t Cf. Rutherford, Radioactive Substances and their Radiations, p. 498. 
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values were substituted, and it was found that while other values 
could be discarded, the values 2:587 x 10-2 min.-—! and 


2-596 x 10-2 min.-! 


for À both gave very good agreement with the experimental results. 
If anything, the experimental data seem to indicate that values 
calculated on the basis of A, = 2:596 x 10-2 min.—! fall a little too 
quickly and on A, = 2-587 x 10-2 min.-}, rather too slowly, but 
the calculated values are in too close agreement over the range of 
time of the experiments to allow of discrimination between them. 
These values correspond to half-value periods of 26:7 and 26-8 
minutes respectively for radium B, and both have support from 
previous determinations. F. v. Lerch* using pure RaB found a 
period of 26-7 minutes, and Mme Curie}, by measuring the decay 
of the active deposit from 7-10 hours after removal from the 
emanation, fixed on a period of 26-8 minutes. In conjunction with 
the above measurements, these determinations suggest that the 
correct value of the period is intermediate between these two values. 

The use of a longer period for radium C in calculating the decay 
of the active deposit requires that the latter decay more slowly 
than has formerly been thought. Confirmatory evidence on this 
point has been found by other workers in this laboratory when 
checking up deposit sources. This was attributed to the disturbing 
influence of the electric field used in collecting the sources, but it 
seems probable that part, at least, of this discrepancy has been 


Amount of RaC present. 
ee Lawson and Hess | From present work 
0 100 100 

60 50-05 50-23 

70 41-21 41-50 

80 33-73 33-92 

85 30-23 30-60 

90 27-10 27-51 
100 21-81 22-19 
110 17-43 17-79 
120 13-96 14-20 
130 11-06 11-30 
140 8-746 8-955 
150 6-868 7:075 
160 5-400 5-569 
170 4-256 4:379 
180 3-342 3:437 
190 2-628 2-690 
200 2-070 2-107 


* F. v. Lerch, loc. cit. 
t Mme Curie, Radioactivité, vol. 2, p. 322 (1910). 
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due to the shorter estimate of the period of radium C in the 
calculations. 

As these sources are frequently employed in radio-active work, 
it may be of use to give a comparison of values calculated on the 
‘above basis with those given in a table by Lawson and Hess* 
based on previous calculations. 

The difference is negligible over the first hour. As Lawson and 
Hess give values at minute intervals from zero up to 200 minutes, 
intermediate values may easily be interpolated from the above. 


Summary. Measurements of the saturation currents produced 
between two parallel plates by a source of radium C of carefully 
tested purity have been performed by an accurate galvanometer 
method. From the results a transformation constant 

A = (3-514 + -007) x 10-2 min.-? 
has been assigned to radium C corresponding to a half-value period 
of 19-72 + -04 minutes. 

Similar measurements with radium active deposit have enabled 
a value to be estimated for the period of radium B between 26-7 


and 26-8 minutes, which is the limit of accuracy of the experimental 
data. 


I wish to express my thanks to Dr J. Chadwick for suggesting 
this work, and both to him and to Sir Ernest Rutherford for their 
interest and advice during its prosecution; also to Mr G. R. Crowe 
for the preparation of the sources used. 


* Lawson and Hess, Wien. Ber. 2 a, 127, pp. 626-7 (1918). 
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On the Diurnal Variation of Ultra-Short* Wave Wireless Trans- 
mission. By Mr E. V. APPLETON, St John’s College. 


[Received 10 March, read 3 May 1926.] 


During the last few years the intensive study of the trans- 
mission of very short waves has revealed to us some remarkable 
facts relating to their use in long-distance communication. The 
experimental data have been obtained mainly by wireless amateurs 
and the Marconi Company in England, and by Major Mauborgne 
and Dr A. H. Taylor} in America. The low attenuation of such 
ultra-short waves in long-distance transmission is, of course, well 
known and need not be emphasized here. But these waves have 
been found to possess other remarkable properties which make 
them extremely interesting from a scientific point of view. For 
example, with wave-lengths of the broadcasting band (300-500 
metres) we are familiar with the general, though variable, increase 
of signal strength at night. But with much shorter waves (e.g. 
30 metres) cases often occur in which signals, though heard loudly 
during the day-time, become inaudible at night. Also, during the 
day-time it is not usual for a long-wave station to be inaudible 
at moderate distances from the transmitter and yet easily audible 
at much greater distances. Yet this phenomenon is quite common 
when very short wave-lengths are used. In this communication 
an attempt is made to explain some of the more salient features of 
such phenomena in terms of the ionized layer theory. 

In the first place it must be emphasized that the propagation 
of very short waves over long distances must be almost wholly 
due to atmospheric influences, since, for such high frequencies, the 
diffractive bending round the earth is small and the ground absorp- 
tion considerable. For example, with a wave-length of 30 metres 
the effect of the ground ray is very small indeed except near the 
transmitter and, with increasing distance up to 500 miles, the signal 
intensity becomes quite negligible. At a distance of about 500 miles f, 
however, the signals become suddenly stronger and are detectable 
up to 1500 miles, beyond which reception becomes uncertain. There 
is thus a zone of silence round the transmitter with an outer radius 
of approximately 500 miles. If, in accordance with the theory of 


* The term “ultra-short” is here applied to wave-lengths less than the critical 
band indicated by the magneto-ionic theory (i.e. about 200 metres). It seems 
desirable, for historical reasons, to retain the term “short waves” for the broad- 
casting wave-lengths 200-600 metres. 

t Taylor, Proc. Inst. Rad. Eng. vol. 13 (Dec. 1925). 

+ Day-time transmission is here considered. 
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atmospheric influence which has been shown to explain the phe- 
nomena on broadcasting wave-lengths, we interpret the sudden 
increase of signal intensity at 500 miles as being due to the effect 
of a ray deviated back to the ground by the upper atmosphere, it 
has been shown by Mr Barnett and the writer* that an estimate 
of the minimum number of electrons or ions in the ionized layer 
can be made. In this connection let us consider the case of re- 
fraction by a medium of gradually varying refractive index, the 
variation being so gradual that the medium may be considered as 
homogeneous within a few wave-lengths. Let ABCDEF be a ray 
which enters the ionized layer at B and emerges from it at E (see 
Fig. 1). 


B 


F 


Fig. 1 
Let 2 be the angle of incidence at the lower boundary of. the 
ionized layer and py the refractive index of unionized air. Then it 
is easily shown from the general principles of optics that the re» 
fractive index pu at any point C is given by the relation 
fo Sint = p sinr ere oa 
where r is the angle between the ray direction at C and the vertical. 
Now at the highest point D of the trajectory we have r= 7/2 
and, since zy may be considered unity, 
HD ~” sin a soenoe (2). 


Now according to the magneto-ionic theory, for wave-lengths 
which are small compared with the critical band, we may write 
approximately 


* Appleton and Barnett, Proc. Roy. Soc. A, vol. 109 (1925). 


wave wireless transmission 157 


where N is the number of electrons (of charge e and mass m) 
per c.c., and p is the angular frequency of the radiation. From (2) 
and (3) we deduce that 


COSt=2n/—- inane (4), 
m p 
so that if « and p are known, N may be estimated. In this way * 
it has been shown that the value of N is approximately 10° per c.c. 
We may further note that reflection at vertical incidence (t = 0) 
is possible when 
nN 
p = 2e mo (5). 

If the electron concentration is not any greater than 105 per c.c. 
at any height, this would indicate that wave-lengths less than 
100 metres would not be reflected at vertical incidence, but would 
penetrate the layer and leave the earth. If the maximum concen- 
tration were 10 times greater, the critical wave-length would be 
reduced 4/10 times. 

Let us now consider the phenomena of ultra-short wave propa- 
gation over various distances. Consider a transmitter at T (see 
Fig. 2) and a receiver R moving successively to R,, R,, R, and R4. 
Experiments show that a receiver near the transmitter, say at R,, 
receives audible signals, but, with increasing distance, this signal 
disappears so that the transmitter is not heard at R, and Rẹ. At 
R,, however, the atmospheric ray assumes prominence resulting 
in signals of appreciable intensity. 


P 


Fig. 2 


To explain why the signals at R, are stronger than at R, we 
have to consider two possibilities. In the first place it can be shown 
that the “reflection coefficient” of the ionized layer for such cases 
as we are considering is greater the greater the angle of incidence, 
so that it might be argued that the increase of signal strength in 


* If the effective carriers were molecular ions, which is, however, unlikely, this 
number would be increased to 4 x 10? in the case of hydrogen and 3 x 10° in the 
case of nitrogen. 
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proceeding from R, to R, is due to the reduced absorption, due 
to the more nearly grazing incidence. According to this explanation 
the negligible signals at R, and R, are due to absorption-limitation. 
But there is a second possibility. We note from (4) that, as the 
angle of incidence is increased, fewer electrons are required to bring 
the ray horizontal and thus back to earth. We therefore can explain 
the phenomenon if we assume that the ray TPR, is a critical one, 
in that there are just sufficient electrons in the ionized layer to 
bend it back, while for smaller angles of incidence (and shorter 
distances) the rays suffer from electron-limitation and escape from 
the atmosphere altogether. The theory put forward here is that 
the second explanation is the correct one; that is to say that, in 
the wireless spectrum we employ wave-lengths which, in certain 
cases, the atmosphere, due to its finite electronic content, is unable 
to retain. The reason for the acceptance of the second alternative 
will now be discussed. 

It has been shown that, in the case of the longer wave-lengths 
of the broadcasting band (300-500 metres), the rays returned from 
the upper atmosphere are, in general, of greater amplitude at night 
than during the day. The theory of diurnal variation which has 
been advanced to explain this is that the ionization, which produces 
the reduction in refractive index necessary to bring the ray hori- 
zontal, exists at lower levels during the day-time than during the 
night. In this case there is no electron-limitation of bending since 
the rays are bent down both by day and by night. But, due to 
the higher level at which bending occurs at night, the absorption 
resulting from collisional “friction ” is smaller than that experienced 
during the day. Thus, if the first alternative considered in the case 
of ultra-short waves is correct, and the negligible signal intensity 
at R, is due to the excessive absorption of the ray reaching that 
point in the day-time, we should expect the absorption to be less 
at night and a signal strength increase to ensue. The signal strength 
at R, should also increase and the outer radius of the silent zone 
should be decreased. But in practice no such increases of signal 
intensity do occur; in fact the signals normally obtained at the 
edge R, of the silent zone disappear, the radius of the zone being 
increased. The theory of electron-limitation here presented ade- 
quately explains this, for if there are only just enough electrons 
to deviate the ray down in the day-time, there will not be enough 
at night when recombination of the ions has taken place in the 
lower layers of the atmosphere and it is necessary to deviate rays 
through larger angles to bring the waves down to the same receiver. 
Thus the outer radius of the silent zone should increase. 

For longer distance transmission, where the bending is adequate 
and not electron-limited both by night and by day, we should 
expect an increase of signal intensity at night due to the reduced 
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absorption, so that the maximum range of audible signals should 
increase. This, again, is in agreement with the experimental facts. 

If we assume that the sun is the source of ionization during the 
day the ionized layer should be lower in summer day-time than 
in winter day-time. Thus, according to the explanation given above, 
the outer radius of the silent zone and the maximum range of 
audibility should be greater in the latter case than in the former. 
Since the ionizing agent is removed at sunset, recombination takes 
place, so that the height of the layer responsible for ray deviation 
is, in general, higher during the night than during the day. The 
silent zone will thus have its maximum radius and the maximum 
long-distance ranges will therefore be attained at night in winter, 
when the layer is at its highest level during the year. 

Since only one ray reaches a point just outside the silent zone 
it is clear that signal variations due to interference phenomena, 
such as have been shown to exist with broadcasting wave-lengths, 
cannot occur. Now it is remarkable that fading is less pronounced 
just outside the silent zone than at greater distances. The fading 
that exists at the shorter distances is thus most probably due to 
changes in the polarization of the waves. It may be noted that, 
according to the magneto-ionic theory of atmospheric influence, the 
plane of polarization of ultra-short waves is rotated by transmission 
through ionized gas in the earth’s magnetic field whether the 
propagation is east and west or north and south. 

Let us now consider the relation between the outer radius D 
of the silent zone (the “skipped distance” as it is sometimes called) 
and the wave-length. Let AB in Fig. 3 (which is not to scale) 
represent part of the circumference of the earth, the centre of 
which is at O. 


Let CD similarly represent the ionized layer, so that JG the 
height of the layer is A. The wireless ray EG is incident at an angle 
t on the layer at G. EJF is the distance D of transmission and R 
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is the radius of the earth. If the angle EOH is 0 it is easily shown 
that 


D=2R6 ua (6), 
, (h+ R— R cos 0}? 
2; — ck Se 
ang oer (h+R— R cos 0}? + R?sin20 — it) 


But, in the cases that we are considering, 6 is small, so that 
from (4) and (7) we have 


h R0? 2 
_ 4nNe? ( +5) 


cos?? m 2° = 7 Pant 
P ¢ + =) + R26? 


On substituting for D from (6) this becomes 


D? 
4nNe? (+ iu aE) : 
“mp? a mae eoecee ( Ñ: 
8R 
There is therefore no very simple exact relation between p and D, 
but, since in most practical cases the first term of the denominator 


of the right-hand side of (8) is small compared with the second, 
we may write 


D2\2 
4nN e? ¢ = aR) (9) 
ma p ; 
4 
or a = const. aaeeee (10), 
h+ Sp 


à being the wave-length. 

Thus the product of AD should increase slowly with increasing 
values of D. What experimental evidence there is supports this. 

Due to the earth’s curvature there is, however, a limit to the 
value of D, when the deviation of the ray is a minimum. This case 
is obviously that in which the ray leaves the transmitter along 
the tangent to the earth at that point. In this case it is easy to 
show that the maximum value of D (Dmax.) is given by 


D?max. = 8Rh haa (11), 
SO that on substituting for R in (10) we find 
AD 
Dmax. F D 
It is also of interest to consider the effects of electron-limitation 
in the case of maximum D and calculate the minimum wave-length 


= Const. 
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(Amin.) for which the minimum deviation referred to above can be 
brought about. On substituting the maximum value for D in (9) 
we find that 

Ne? 2h 

act min. = R EERTE (12). 
Thus certain rays of the wave-lengths greater than the value given 
by (12) are imprisoned by the atmosphere and brought to the 
ground, but all rays of wave-length less than the critical value 
escape from the atmosphere altogether. If we again take N as 
105 per c.c. and h as 60 km. we find that Amin. is about 10 metres. 
Too much importance should not be attached to the exact value 
of 10 metres in view of the uncertainty in the values of N and h, 
but it appears that wave-lengths less than a certain critical value 
in this range are of no use for long-distance communication in that 
the atmosphere does not bend them back to the ground. It is 
suggested that experiments to find the critical wave-length Amin. 
might be used to estimate N or h if one or the other is known. 

In connection with the above discussion of imprisoned and 
escaping rays and wave-lengths it should be noted that, according 
to the magneto-ionic theory, there are cases in which, due to the 
influence of the earth’s magnetic field, certain rays from long wave- 
length transmitters are split up into two elliptically polarized com- 
ponents for one of which the refractive index is greater than unity. 
This component is therefore not deviated back to the ground and 
so escapes via the atmosphere. 

In the above calculations it has been assumed, for simplicity, 
that the deviation of the ray takes place at one point in the layer. 
This, of course, cannot be the case; the bending must be gradual. 
If a case of gradual bending of the rays be considered it is easy 
to show that the maximum value of N might be slightly larger 
than 105 electrons per c.c., but that it is unlikely that it is larger 
than 10° per c.c. 

SUMMARY. 


An interpretation of ultra-short wave wireless phenomena is 
given which indicates that the maximum number of electrons per 
c.c. in the atmospheric ionized layer is of the order 10° to 108, 


In conclusion, I wish to express my indebtedness to Mr C. W. 
Goyder and Mr A. H. Cooper for experimental data on this subject. 


Note added March 17th. After the proofs of this paper had 
been returned to the printer the February issue of the Physical 
Review reached London (March 15th), containing an article by 
A. Hoyt Taylor and E. O. Hulbert dealing with the same subject. 
Similar conclusions are arrived at regarding the maximum elec- 
tronic content of the ionized layer. 
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The influence of an illuminated mercury surface on the Franck- 
Cario reactions. By HERBERT Sim Hirst, Trinity College. (Com- 
municated by Mr E. K. RIpEAL.) 


[Received and read 18 January 1926.] 


Until the introduction of the modern quartz mercury vapour 
lamp the difficulty of obtaining an intense, and at the same time 
uniform source of light, rendered all investigations of the photo- 
chemical effects of ultraviolet radiation rather uncertain. In 1909, 
however, a series of communications began to appear by Berthelot 
and Gaudechon* describing a systematic examination of the effects 
of ultraviolet light in causing the combination of gases, such as 
hydrogen and oxygen, hydrogen and carbon monoxide, carbon 
monoxide and oxygen, etc. In some cases moderately large rates 
of reaction were observed, but the experiments were qualitative 
rather than quantitative. It is noteworthy, also, that in all these 
experiments the gases were enclosed in a quartz tube over a mer- 
cury surface. Since then a large amount of work has been done 
on this and similar subjects, but in recent years experimenters 
seem to have been more concerned with the effect of small traces 
of water vapour on the reaction in question than with the simple 
photochemical reactions themselves. It is not intended to enter 
into this part of the question, uncertain as it still is, and it must 
suffice to mention the work of Baker and Carlton} and of Coehn 
and Trammf. 

In 1922 renewed interest was aroused by the publication by 
Franck and Cario§ of results announcing the production of an 
activated hydrogen by means of collisions of the second kind with 
mercury atoms excited to the 2p, state by absorption of the reson- 


ance radiation, of wave-length 2536-7 A. It was shown by the 
above authors that this active hydrogen was capable of reducing 
various metallic oxides, and it has also been established more recently 
by Dickinson|| and Mitchell that it can also react directly with 
oxygen to form water. The precise nature of the activated state 
still seems uncertain. It was first claimed by the original dis- 
coverers that hydrogen atoms were produced, then Compton and 
Turner** postulated the existence of an unstable mercury hydride, 
while Mitchellf+ favours the idea of an activated molecule of 


* Compt. Rend. vol. 150, pp. 1169 et seq. (1910). 
t J. C. S. vol. 127, p. 1990 (1925). ł Ber. vol. 54, p. 1148 (1921). 
§ Zeit. f. Physik, vol. 11, p. 161 (1922). 
|| Proc. Nat. Acad. Sct. vol. 10, p. 409 (1924). 
€ Proc. Nat. Acad. Sci. vol. 11, p. 458 (1925). 
** Phil. Mag. vol. 48, p. 360 (1924). TT Loc. cit. 
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hydrogen. The above experiments were all conducted at fairly 
low pressures, in the neighbourhood of half a millimetre of mercury, 
and the observed effects were small compared to those observed 
by Berthelot and Gaudechon. 

More recently Taylor and Marshall* have carried out experi- 
ments at pressures of about half an atmosphere and have obtained 
truly enormous rates of reaction for the combination of hydrogen 
with oxygen, ethylene and carbon monoxide in the presence of 
mercury. The velocities are calculated to be at least some two 
hundred and fifty times greater than those of Dickinson. The 
largeness of the effect is ascribed to some form of chain mechanism, 
following the primary activation of the hydrogen by the excited 
mercury atoms. The present paper deals with a further experimental 
examination of the effects of ultraviolet light, strong in the mercury 


resonance line, A = 2536-7 A. on the combination of hydrogen with 
various other gases in the presence of mercury and results of con- 
siderable interest have been obtained. Briefly it may be stated 
that the large reaction velocities of Taylor can only be obtained 
on illumination of a liquid mercury surface, and all experiments 
with mercury vapour alone have yielded but low values. This 
influence of an illuminated mercury surface on the reaction velocity 
seems to have been unsuspected hitherto, and its further exami- 
nation promises to have considerable bearing on the work of 
previous experimenters. 


Experimental Procedure. In the experiments to be described, 
the reaction chamber consisted of a transparent quartz tube of 
bore five-eighths of an inch, of which some 10 cms. in length could 
be exposed to the direct radiation from the lamp. The total volume 
of the reaction vessel and manometric system was calculated to 
be approximately 30 cubic centimetres. The quartz tube was 
connected to the rest of the apparatus, namely the gas inlet tubes 
and the manometer and pumps in some cases by sealing-wax 
joints and in the others by rubber stoppers, which were always well 
shielded from the ultraviolet rays. The whole system was so 
arranged that either a static or a dynamic flow method could be 
used at will. The gases were all passed slowly through soda lime, 
calcium chloride and phosphorus pentoxide tubes before admission 
to the reaction vessel, while the hydrogen and nitrogen were 
purified from oxygen by passage over hot copper turnings. The 
carbon monoxide was prepared from oxalic and sulphuric acids 
and the ethylene from alcohol and phosphoric acid. 

The quartz mercury lamp was of the horizontal pattern, the 
centre tube of which was about 11 cms. in length, and the reaction 
vessel was placed parallel to it and at a distance of about 2 mm. 


* J. Phys. Chem. vol. 29, p. 1140 (1925). 
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from it. The first attempts were made with the whole lamp im- 
mersed in a thermostat, as described by Taylor, but owing to the 
variations in the large current required and the very great con- 
densation of mercury occurring on the walls, this method was 
abandoned. Finally the lamp was used as shown in the accom- 
panying diagram (Fig. 1). Provided the water level was maintained 
constant a very steady light was obtained. The lamp was always 
used in conjunction with an electromagnet, in such a position that 
the discharge was pressed against the side of the quartz lamp, 
nearest to the reaction vessel. The lamp was run off 110 volts, the 
actual voltage drop across the lamp being some 21 volts, while 
the current was maintained as steady as possible at 2-6 amperes. 
Before every experiment, the lamp was strongly heated with a 
Bunsen flame as suggested by Baker. Under such conditions, a 
powerful source of ultraviolet radiation was obtained, which was 
at the same time fairly constant from experiment to experiment, 
in so far as could be judged from the power of reproducing results. 


Reaction Vessel 


Fig. 1 


Presentation of Results. The mercury lamp was run in all cases 
under the standard conditions described above. No attempt is 
made to preserve the original order in which the experiments were 
performed, and since the work has so far been mainly qualitative, 
the mean of numerous experiments is always presented. 


Hydrogen and Oxygen. Although it is denied that a true photo- 
chemical union of the above gases does take place when they are 
exhaustively dried*, since in the present case neither reaction 
vessel nor gases were subjected to such extreme drying, it seemed 
necessary to perform several blank experiments. The back diffusion 
of mercury vapour from the manometer was prevented by a 
cadmium trap. Owing to the large heating effect of the mercury 
lamp, the temperature of the gases in the reaction vessel was 
considerably above room temperature, and the temperature quoted 
is the average temperature during the course of the reaction. 
Attempts were made to water jacket the reaction vessel, but with 
a thickness of water of 3 mm., all reaction stopped owing to the 
opacity of the water, and even with a thin film of water running 
over the tube the velocity was cut down to less than one-third. 


* Baker, loc. cit. 
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It was found, however, that temperature equilibrium was soon 
established, and since the time for experiment was always long, the 
comparatively small temperature fluctuations were of no great 
importance. Table I shows the values obtained. 


Table I. 
Initial pressures Pressure 
| in mm. Boia ayaa vig Conditions 
| B, | 0, per hour 
188-5 94:5 283 30 1:7 No mercury vapour 
present 
81-0 244-5 30 1-65 Liquid mercury present 


completely shielded 


| 163-5 | 
| from light 


It is noteworthy that the figures represent a very much smaller 
rate of reaction than those observed by Coehn and Tramm (10 per 
cent. change in five hours compared to 3 per cent. above) and 
Baker. It was also found that no measurable reaction took place 
at all unless the lamp was run under the conditions described, to 
ensure a radiation rich in the ultraviolet. It was such failures 
that first led us to examine what would be the result of illumi- 
nating the liquid mercury surface itself, and at once the larger 
reaction velocities were obtained, velocities approximately pro- 
portional to the area of mercury irradiated. In the experiments 
of Marshall and Taylor liquid water was always present in the 
reaction vessel, but this was not found necessary, indeed the 
reaction went with gases and vessel dry in the ordinary sense 
of the word, though whether it will go under Baker-dry con- 
ditions js quite another question. The following table presents 
a summary of the results. (Ten millimetres change of pressure 
corresponds to a disappearance of 0-356 c.c. of gas at N.T.P., i.e. to 
a disappearance of 9-6 x 1018 molecules. Hence in the case of 
hydrogen-oxygen mixtures, twice this number of hydrogen mole- 
cules must react to cause a decrease of pressure of 10 millimetres.) 


Table IT. 
| T Length of Hg 
otal pressure Pressure decrease 
| in noe me dia in mm. per hour Temp, ®C. 
313 10:5 4l 29 
320 7-0 26 30 
| 
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The gases were in all cases present in the ratio of two of hydrogen 
to one of oxygen. For the sake of comparison the velocities of 
reaction observed for the combination of hydrogen with ethylene 
to give ethane and with carbon monoxide to give formaldehyde 
are introduced here. 


Table III. 
Pres- | Pressure gas He | decrease Temp. 
SIN in mm. | a in mm. mC, Remarks 
in mm. | | cm. | per hour 

198 117 CO 0 App. 1:0 | 31 — 

198 117 CO 5-4 38-0 31 Reaction slows up as it 
proceeds, i.e. after 1 
hour 26 mm. per hour 

197 | 134C,H, 0 4-6 28 — 

194 131 C,H, 6-3 64-0 29 Steady velocity for long 
period 


The retardation as the reaction proceeds in the case of the 
hydrogen-carbon monoxide mixtures is apparently due to a 
poisoning of the mercury surface by the liquid polymerisation 
products of the reaction. The greatest velocities were obtained 
with hydrogen-ethylene mixtures, and since this reaction proceeds 
smoothly, with no apparent detriment to the mercury surface, it 
would seem to be well suited for a more accurate study of the effect. 

A very interesting side reaction was noted in the case of the 
combination of hydrogen and oxygen, namely the formation of 
a black film of mercuric oxide on the mercury surface and of a 
yellowish deposit of oxide on the inside of the quartz tube remote 
from the light. It was found on further investigation that this 
film was only formed in the presence of both hydrogen and oxygen. 
With pure oxygen traces of tailing of the mercury due to the 
formation of ozone by the ultraviolet rays of short wave-length 


(< 2000 A.) were noticed, but there was no trace of the black film 
of mercuric oxide. The film is also only formed in the direct path 
of the light. With commercial hydrogen from a cylinder the 
blackening of the mercury takes place practically instantaneously, 
due to the presence of small quantities of oxygen as impurity. 
It must be concluded that the formation of this mercuric oxide is 
directly connected with the combination of hydrogen and oxygen 
and that a continuous removal of mercury vapour from the gas 
phase takes place. . 

The difficulty of illuminating a well-defined surface area of 
mercury in the liquid state led us to examine the efficiency of an 
amalgamated surface. With a sheet of carefully amalgamated silver 
whose area was 6-1 sq. cm. the combination of hydrogen and oxygen 
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proceeded at a rate corresponding to a pressure decrease of 60 mm. 
per hour. Although no definite explanation can yet be advanced, 
it may be of interest to mention that the blackening of the surface 
due to oxide formation occurred only on the back of the silver 
strip which was unexposed to the radiation. In the case, however, 
of a strip of amalgamated brass, of area 12-9 sq. cm., no reaction 
whatsoever could be detected, and it seems plausible to connect 
this with the presence of zinc in the surface layer and the conse- 
quent alteration in the vapour pressure of the mercury. 

The negative results of Taylor in his attempts to cause the 
combination of carbon dioxide and hydrogen were corroborated, 
for with the manometric system in use, capable of measuring a 
pressure change of less than half a millimetre, no reaction could 
be detected. A still more remarkable result was obtained with 
mixtures of carbon monoxide and oxygen, which, according to 
Berthelot * and Coehn and Trammt, combine to the extent of about 
3 per cent. per hour under the influence of ultraviolet light. In the 
present experiments, although the light used was richer in the 
middle ultraviolet than in the case of the work of either of the above 
experimenters, practically no reaction was observed. Actually, a 
decrease in pressure of only half a millimetre per hour over a period 
of some five hours was noted, when the original gas pressure was 
265 mm. of mercury, the two gases being present in the ratio of 
two of carbon monoxide to one of oxygen. An explanation of this 
apparently contradictory result still remains to be found. 

Since the union of nitrogen and hydrogen possesses especial 
interest, it was decided to re-examine this reaction with great care, 
despite the fact that under Taylor’s experimental conditions no 
combination had been detected. However the photosynthesis of 
ammonia from its elements in the presence of mercury had pre- 
viously been effected by Noyes} at the temperature of boiling 
mercury and at pressures slightly greater than atmospheric, and 
it seemed probable that such a synthesis ought to take place, 
even at ordinary temperatures. A flow method was used in which 
the gases, mixed in known proportions, were slowly streamed at 
reduced pressure over a clean mercury surface, illuminated by the 
mercury lamp running under the conditions described above. Very 
great care was taken to remove all oxygen from the gases, since the 
presence of oxygen caused a rapid tarnishing of the mercury. The 
rate of flow of the gases was usually about one and a half litres per 
hour and the average pressure maintained in the reaction vessel 
was about 30 centimetres of mercury. After passage over the 
irradiated mercury surface, the gas mixture passed through a trap 


* Compt. Rend. vol. 150, p. 1327 (1910). 
t Ber. vol. 54, p. 1148 (1921). 
t J. Am. C. S. vol. 47, p. 1003 (1925). 
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containing water and cooled to liquid air temperature. At the 
finish of a run this was sealed off and allowed to warm up, being 
well shaken all the while. The resultant solution was then subjected 
to careful tests with Nessler reagent and other test substances. 
Five experiments in all were conducted under the above conditions, 
the duration of a run varying from thirty minutes to three hours, 
while in addition two experiments were carried out at atmospheric 
pressure. In every case a very definite Nessler test for ammonia 
was obtained and there can be no doubt that ammonia is synthe- 
sised under the above conditions. This is all the more remarkable, 
since no light filter was available at the time to screen off the rays 
of wave-length shorter than 2200 A. which are known to cause the 
dissociation of ammonia, so that it is probable that by far the 
largest part of the ammonia formed was destroyed before it passed 
out of the illuminated portion of the tube. 

Similar experiments were next carried out with very dilute 
sulphuric acid in the liquid air trap since it was considered there 
might be a possibility of the formation of hydrazine and it was 
hoped to stabilise this as hydrazine sulphate. Extreme care was 
taken in the matter of blank tests, and it seems difficult to ascribe 
the positive results obtained in the tests to anything else than 
hydrazine, though sufficient was not isolated in any single case to 
give an absolutely distinctive test, such as the characteristic 
reaction with benzaldehyde. In every case, however, the solution 
obtained rapidly decolorised a dilute solution of potassium per- 
manganate, and in two experiments traces of silver were pre- 
cipitated from silver nitrate solution. That the decolorisation of 
the potassium permanganate was certainly not caused by traces 
of hydrogen peroxide was most conclusively shown by other tests 
with reagents such as starch-potassium iodide solution and titanous 
sulphate. Indeed, the view that hydrazine is formed is rendered 
all the more probable by analogy with the perfectly definite 
evidence of the formation of hydrogen peroxide in the case of 
hydrogen-oxygen gas mixtures. The experiments were conducted 
in a similar manner to those with nitrogen and hydrogen. The 
solution taken from the liquid air trap was in this case tested 
(a) with acid potassium permanganate solution, (b) with starch- 
potassium iodide solution in presence of ferrous sulphate, (c) with 
titanous sulphate, and in every test the characteristic reaction with 
hydrogen peroxide was observed, proving conclusively that it 
was the peroxide, and not traces of ozone, which was present. 

It is known that hydrogen, activated by Wood’s method in a 
high tension discharge, will react with sulphur to form hydrogen 
sulphide, which can then be detected with lead acetate solution. 
A similar experiment was tried in the present case by passing 
pure hydrogen over the irradiated mercury surface and then over 


e u. O L o a o o 
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sulphur, but no trace of hydrogen sulphide was found. This shows 
either that the active hydrogen produced by impact with excited 
mercury atoms has a much shorter life than Wood’s hydrogen, 
or that if it does persist long enough to reach the sulphur, it is 
not capable of reacting with it. In either case, it must be quite 
a different activated form of hydrogen to that produced by 
Wood’s method. 

Further experiments are now in progress, and it is hoped that 
with the apparatus now in use accurate quantitative data will 
be obtained. It seems rather remarkable that, considering the 
number of experiments previously performed on the photochemical 
union of the gases used in the present case, the phenomenon should 
never have been noted. At the present stage it is still rather 
difficult, indeed almost impossible, to draw any definite conclusions 
as to the precise mechanism of the phenomenon. It does seem, 
however, to be closely connected with the work of Franck and 
Cario and to depend on some primary activation of mercury atoms 
in close proximity to a mercury surface and the consequent 
activation of the hydrogen by the mercury. It is also clear that 
the concentration of active mercury atoms, during the period of 
illumination, is much higher close to the surface than in the gas 
phase. In this connection it seems of importance to note also 
the work of Bonhoeffer* on the chemiluminescence of active 
hydrogen. He found that with liquid mercury present, mercury 
hydride bands appear momentarily at the surface of the mercury 
in the spectrum of the active hy drogenand that this, effect is 
solely heterogeneous in nature. The line A = 2536-7 A. is also 
emitted under these conditions. 

As regards the formation of the oxide film some such mechanism 
as the following may be postulated. 


(a) Assuming the mercury hydride as an intermediate. 
Hg’ represents an active mercury atom. 
Hg’ + H, > Hg — H,, 
Hg — H; + O, > H,0, + Hg, 
H,O; + Hg > HgO + H,O, 
and perhaps under the influence of the ultraviolet radiation, 
HgO + H; > Hg + H,0. 


The hydrogen peroxide will also undergo decomposition under 
the influence of the light. 


* Z. physikal. Chem. vol. 116, p. 391 (1925). 
12—2 
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Or (6) Assuming an activated hydrogen molecule as the inter- 


mediate. 
Hy + O, Eá H,0,, 


H,O, + Hy’ + 2H,0, 

H,O, + Hg > H,O + Hgo, 
light 

HgO + H, —> Hg + H,O. 


At any rate in accordance with the experiments on the com- 
bination of nitrogen and hydrogen and of hydrogen and oxygen, 
it would seem that the syntheses of ammonia and water go by 
steps as follows: 


(A) 1, Na + H,’ > N,H, (very unstable). 
2. NH, + H,’ > N,H,. 
3. NH, + H,’ > 2NH;. 

(B) 1. H,’ + O, > H,O,. 
2. H,O, + H? > 2H,0. 


In conclusion it may be said there still remains a very large 
quantity of work to be done before the phenomenon can be 
at all satisfactorily explained, and it does seem of considerable 
importance, since by far the greater part of the experimental 
work on the photochemical union of hydrogen with other gases 
has been done in the presence of mercury, which may or may 
not have influenced the results. If it has done so, the magnitude 
of the effect of the mercury must be determined before the results 
are of use. 


Summary. It has been found that illumination of a mercury 
surface by ultraviolet light strong in the line A = 2536-7 A., exerts 
a marked influence on the photochemical union of hydrogen and 
gases such as oxygen, ethylene, and carbon monoxide. The rate 
of reaction is proportional to the first order to the area of surface 
exposed. 

The formation of a mercuric oxide film has been shown to 
occur only in the presence of a mixture of hydrogen and oxygen, 
and alternative mechanisms for its formation are suggested. 

In the case of nitrogen-hydrogen mixtures, hydrazine and 
ammonia have been identified in the reaction products, and in the 
case of hydrogen and oxygen, hydrogen peroxide and water have 
been found, and it is suggested that the reactions proceed in steps. 

The catalytic efficiency of the surface depends on its cleanness 
and is cut down by poisons, such as the reaction products in the 
case of the combination of hydrogen and carbon monoxide. 


-e w 
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Since the communication of this paper, a letter from Dr Taylor and his 
co-workers has appeared in Nature, stating that high rates of reaction can be 
obtained with a flow method by bubbling the gases through mercury just 
before passage into the reaction chamber, and that our failure to obtain rapid 
reaction in a static system was due to the removal of the free mercury atoms 
from the laminated zone: Our experiments lead us to the conclusion that 
this removal must be so rapid that the reaction is confined to a very small 
volume, immediately above the mercury surface, which acts as the source of 
a continuous supply of fresh mercury vapour. It is, of course, possible that 
mercury vapour may lose its photo-sensitising action after a certain time, 
though still present in the gas phase and that only newly-evaporated atoms 
arriving by diffusion possess this property. 

In either case the ratio of the reaction velocities close to the surface and 
in the gas phase in a closed system will be large, and if the mercury vapour is 
readily subject to poisoning by the polymerisation products of side reactions, 
the surface is far less sensitive than the vapour. 


172 Mr Constable, Behaviour of the centres of activity of saturated 


The Behaviour of the Centres of Activity of Saturated Surfaces 
during the initial stages of Unimolecular Reactions, By F. H. Cox- 
STABLE, B.A., Fellow of St John’s College. 


[Read 1 February 1926.] 


The theory of catalytic action recently advanced qualitatively 
by Pease*, Taylort, Armstrong and Hilditcht, Constable§, which 
the author has endeavoured to treat quantitatively ||, is extended 
in this paper to the explanation of the effect of pressure and inert 
diluents on catalytic action on saturated surfaces. The results are 
shown to be in agreement with experiment J, and further inferences 
may be made concerning the relative mean lives of the reactant 
and the diluent on the surface. 

There is a great deal of experimental material which throws 
light on the state of the adsorbed molecules of the centres of 
activity. Benton** following Langmuir tt distinguishes two types 
of adsorption; the primary adsorption, which increases very rapidly 
with the pressure at low pressures, but soon reaches a saturation 
value beyond which the quantity adsorbed remains independent 
of further pressure increase; and secondary adsorption in which 
the amount of gas adsorbed increases till really high pressures are 
obtained. The two types of adsorption usually occur together. 
From a study of the catalytic oxidation and adsorption of carbon 
monoxide Benton finds that the primary adsorption of carbon 
monoxide on a series of metallic oxides is in the same order as 
the catalytic activity. 

Pease*, as a result of much experimental work, shows that it 
is the strong low pressure adsorption which is responsible for 
catalytic activity. From observations cited by Taylort it would 
seem that at high temperatures and low pressures the heat of 
adsorption may reach enormous values in some cases. From these 
observations it is deduced that the active centres are always 
covered with the reactant except at low pressures and high tem- 
peratures. Langmuir{t developed a theory of adsorption which has 


* J. Amer. Chem. Soc. vol. 45, pp. 1196, 2235, 2297 (1923). 
t Proc. Roy. Soc. A, vol. 108, p. 105 (1925); also J. Phys. Chem. vol. 28, p. 911. 
t Trans. Farad. Soc. vol. 17, p. 670 (1922); Proc. Roy. Soc. vol. 108, p. 111. 
§ Proc. Roy. Soc. vol. 107, p. 274 (1925). 
i| Proc. Roy. Soc. vol. 108, p. 374 (1925); Nature, vol. 116, pp. 278-9; vol. 117, 
pp. 230-237 (1926). 
€ See following papers. 
+*+ J. Amer. Chem. Soc. vol. 45, pp. 887, 900 (1923). 
tt J. Amer. Chem. Soc. vol. 40, p. 1400 (1918); also vol. 38, p. 2267 (1916); and 
Trans. Farad. Soc, vol. 17, p. 606 (1922). 
ti J. Amer. Chem. Soc. vol. 38, p. 2267 (1916) et seq. (loc. cst.). 
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been considerably extended by Frenkel*, and it is proposed to 
develop these considerations still further in accord with the recent 
development of the theory of centres of activity. Experiment has 
shown that chemical change only occurs on active centres occupying 
a fraction of the surface, which are always covered with the reactant 
except at low pressures and high temperatures. In fact the time 
during which these centres are left free of adsorbed reactant is 
negligible compared with the time they are covered. The time during 
which an adsorbed molecule remains on the centre is practically 
independent of the rate of bombardment of the saturated surface, 
its release being caused by its energy of oscillation perpendicular 
to the surface exceeding the work of desorption; or in the case of 
chemical action by the reacting molecules receiving the critical 
increment in the required degree or degrees of freedom ft. In either 
case as soon as the adsorbed molecule or its reaction products 
have evaporated, the next molecule bombarding the centre will 
remain {. Thus over a wide pressure range the state on the active 
centres remains the same in the initial stages of the reaction, and 
consequently the rate of unimolecular chemical change at the 
surface is unaltered §. 

With multi-molecular changes, and when the partial pressure 
of the single reactant is diminished by diluents, many types of 
molecule may be adsorbed by an active centre. Thus when one 
molecule has evaporated it will be replaced by the next one bom- 
barding the surface, which may be either reactant or diluent. Thus 
the time during which an active centre is covered by the reactant 
is reduced. Hence, although reducing the pressure has no effect 
on the velocity of unimolecular decomposition on saturated 
surfaces over a considerable range, the presence of a diluent may 
decrease the reaction velocity, the amount of the decrease de- 
pending on the relative mean lives of the reactant and diluent. 

There is a considerable amount of evidence supporting this 
deduction, which was first made by Bodenstein and Fink|| who 
observed that the presence of sulphur trioxide retarded the oxida- 
tion of sulphur dioxide. Carbon dioxide retards the oxidation 
of carbon monoxide f]. Water.retards the catalytic dehydration of 
alcohol** and ether}{, and the two decompositions of formic acid 


* Zeit. fir Phys. vol. 26, p. 117 (1924). : 

+ For experimental evidence see Norrish, J. Chem. Soc. vol. 123, p. 3007; 
Hinshelwood and Pritchard, J. Chem. Soc. vol. 123, p. 2725 (1923). 

ł This is a fundamental hypothesis of the Langmuir-Frenkel theory. 

§ There is very strong evidence in support of this constancy for alcohol and 
copper; it appears however that at very high pressures the velocity should fall with 
pressure, because the escape of the molecule is retarded. 

|| Zeit. Phys. Chem. vol. 60, p. 61 (1907); Bodlander and Kopper, Zeit. Electro- 
chem. vol. 9, p. 556 (1903); Berl, Zest. anorg. Chem. vol. 44, p. 267 (1905). 

© Henry, Phil. Mag. (iii), vol. 9, p. 324 (1836). 

** Engelder, J. Phys. Chem. vol. di, p. 676 (1917). 
tt Ipatieff, Ber. deutsch. chem. Ges. vol. 37, p. 2996 (1904). 
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on alumina*. Lamb and Vailt have also made a complete series 
of measurements on the retarding action of water on the oxidation 
of carbon monoxide, and hydrogen on the surface of a mixture of 
manganese dioxide and cupric oxide known as “ Hopcalite’’. Larsen 
and Tourf report the retarding influence of water in the synthesis 
of ammonia. Thus the qualitative effect of a diluent has been 
frequently observed, and it is of interest to develop the quantitative 
treatment. 


The Effect of Diluents on the Initial Stages of 
Unimolecular Surface Reaction. 


Let p = the fractional pressure of the reactant in the mixture, 
P = the total gas pressure, 
m = the number of molecules which bombard 1 sq. cm. 
of the catalyst per second, 
s = the area of a centre of activity, 
and M = the molecular weight. 


l ł 
Then m = (mR. Pp = PD, 
defining p. 
The rate at which the reactant molecules strike a centre is 
HS. 
The rate at which the diluent molecules strike is 
Hs (1 — p). 

Thus the probability that a reactant molecule should strike a given 
centre at any instant is 

Lena! i | AEN, 

Hyp + He (l — p) 
When a molecule or its decomposition products have evaporated, 
the next molecule bombarding the centre is adsorbed. Thus if in 
some time interval ¢t, the centre is left vacant n times, 

_ Mph 

yp + He (l — p) 
molecules of the reactant, and 

Hy(1— p)n 

Hyp + Hy (1 — p) 

molecules of the diluent will condense. 
* Adkins and Nissen, J. Amer. Chem. Soc. vol. 45, p. 809 aa 


t J. Amer. Chem. Soc. vol. 47, p. 123 (1925). 
ł Chem. Met. Eng. vol. 26, p. 650 (1922). 
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If + be the mean life of a molecule on a surface, 
To be the vibration frequency perpendicular to the surface, 
and m be the heat of desorption per gram mol, 


then Frenkel has shown that 
T = TyenlRI, 

Let 7’ and 7” be the mean lives of reactant and diluent on 
active centres (defined by the heat of activation e) as in the pre- 
ceding equation. Then the centre is occupied by the reactant for 
a time 

paT pn 
HP + m (l — p)’ 
and by the diluent for a time 
paT” (1—p)n 
HP + Hy (l — p) 

Since the time the surface is bare is negligible compared with 
the time it is covered, the fraction of the total time a centre is 
occupied by the reactant is 

HTP _ l 
HT Pp +T” (1— p) 1+AàA(l/p- 1)’ 
y PaT” _ Mato O"IRT ro'e” IRT (Ma 
yt pig tg em IRT  qgewiRT \M,) ` | 
Thus though A is independent of p, it is not independent of T unless 
the heats of desorption of the two molecules are equal. 


Let the distribution of the active centres over the catalyst be 
defined by the relation * 
ôn = F (e) de 


between the limits e, and e,. Then the fractional reduction of the 
reaction velocity is the fraction of the total time the centres are 
occupied by the reactant, multiplied by the rate of reaction on 
each f (€), integrated over the whole distribution. 
Let v = the fractional reaction velocity at the fractional pressure 
of reactant p, 


fa FS (€) F (€) de 


where 


c 


then r= alap- oe (1). 
FHA F (0 Be 


Case I, If the reactant and the diluent are of the same chemical 
nature, then it would be expected that both types of molecules 


* Constable, “Mechanism of Catalytic Decomposition", loc. cit. 
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would behave similarly as the surface fields on the reaction centres 
increase, and the quantity 
fa ere IRT 

would remain constant. It is also of interest to note that if the 
great majority of chemical action takes place on centres of the 
same type* (those centres with the strongest fields of the required 
nature) then the majority of the fall in reaction velocity would 
follow the law obtained by assuming A a constant. Thus the formula 
obtained would be expected to be of a very general nature in spite 
of the fact that the ratio of the mean lives of the reactant and 
diluent has been assumed independent of the fields on the ad- 
sorbing centres. 


1 a 
e e R (€) F (€) de 
Hence v= reap 1 |, LF 0% 
f (€) F (€) àe 
or © w= (1 — À) + A/p | aaa (2). 


A formula containing one constant connects the fractional 
reaction velocity v with the fractional pressure of the reactant p. 
The constant A depends on the ratio of the molecular weights and 
the mean lives of the two molecules on the surface. If the mean 
life of the diluent is very short A is small, and very little reduction 
occurs in the reaction velocity. If A = 1, the two types of molecules 
behave similarly, except that the one can react and the other 
cannot, and the formula becomes v= p, that is the reaction 
velocity is proportional to the partial pressure of the reactant. 
This is to be expected, hence the formula is confirmed. The case 
in which A becomes large is also considered separately at the end 
of the paper, and provides explanation of the action of typical 
catalyst poisons. 

The general forms of the curves of the equation are shown in 
Fig. 1. It is to be observed that the curve possesses a definite 
slope at the origin, and that this slope continuously changes till 
it reaches another definite value. The gradient of the curve is given 
by the equation 

dv À 
dp [1 — A) p +à]? 

Thus when p > 0, dv/dp+1/A, when p>1, dv/dp >À, giving 
the gradient of the two tangents, and the value at p = 1/2 is 
A/(1 + A)?, intermediate between the two tangents. In curve I 
(A = -01) and very slight change is produced in the velocity except 


* Ie. the most active in the distribution: see Constable, Proc. Roy. Soc. A, 
vol. 107, p. 376 (1925). | 


a ar 
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at small partial pressures; curve II shows (A = :33); curve III 
(A = -66); curve IV (A = 1) and is a straight line; curve V (A = 2); 
and curve VI (A = 100) and is typical of a catalyst poison. 

The effect of water on the initial stages of the dehydrogenation 
of alcohol by copper is a case of this formula in which A = 0-36*. 


Case II. A varies with the nature of the active centre. pọ and 
Hy are constants, the variation is therefore in the ratio of the 
mean lives of the molecules on the surface. The work of desorption 
“of the two molecules increases as the field on the centres of activity 


Fractional Reaction Velocity 


e7 47 °6 °8 1°O 
Fractional Partial Pressure of Reactant 


Fig. 1. Inert Diluents. 


increases. When the work of desorption becomes very large the 
reactant molecule may be released much faster by receiving the 
critical increment in the appropriate degree of freedom, than by 
receiving the necessary energy of oscillation perpendicular to the 
surface, since the resultants are in general much less strongly 
adsorbed than the reactants. The diluent molecule, however, can 
only be released by virtue of its excessive amplitude of oscillation 
perpendicular to the surface. Thus for large fields py» becomes 
constant while uo” still increases with increasing fields, or in terms 
of the theory of activation previously advanced when the heat of 
activation falls to some critical value, À increases rapidly. 


* Constable, Nature, vol. 116, p. 739 (1925). 
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Let A = Ao ¢ (€), then equation (1) becomes 
iy f (€) F (€) be 
yp = alt hg (e) pz D (3), 
JIO Fle à 


and there is insufficient evidence to evaluate the case further. The 
equation would take the form 


I/v = (1 — AF (p)) + àF (p)/p, 


and the observations of Pease and Stewart* confirm that this case 
exists. 


Bimolecular Reaction. The reactants must be adsorbed on the 
appropriate adjacent centres. The probability that the one centre 
will have reactant adsorbed is 

1 
1+A,(1/p— 1)’ 
the probability that the second centre will have an adsorbed 


reactant molecule is 
l 


1 + à (1/p — 1) 


Thus the fraction of the total time both centres are occupied 
together is 


trir n) rrari) 


and this is the fractional reduction in reaction velocity. 
Thus the equation becomes 


l/v = (1 — À, +A,/p) (1 — à + A,/p). 


The case of À variable with e is too complicated to be considered 
at present. In some cases, however, owing to the ease with which 
the second reactant is adsorbed and activated, bimolecular reactions 
on surfaces appear unimoleculart, and the equations deduced 
previously apply. This will also be the case if there is a marked 
difference between A, and À. 


Multimolecular Reactions. The general equation takes the form 


1/v =H (1—A+A/p). 


* J. Amer. Chem. Soc. vol. 47, p. 1235 (1925). 
t E.g. C,H, and H, (Pease, loc. cit.). 
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The Composition of the Adsorbed Gas Film in 
contact with Mixed Gases and Vapours. 


Let p,, Pa, and p, be the partial pressures of the gases in the 
mixture. Then with the same notation as before, the probability 
that a molecule of the first sort shall strike a centre of adsorption is 


HiPy 
È pin Pin 

Thus the fraction of the total time the centre is occupied with the 
first molecular species is 

HaT'Pı 

D Hn T™ Dy 
Considering the whole surface as homogeneous, the fraction of 

the whole surface covered by the species of pressure p, is also 


E A E EEEE. SEEE 
pnt Dy ç + Ay Pa/Pi + Az Ps/Pi + As Pa/Pi -+ An-1 Pa/ Pa 
Thus the fraction covered depends on the nature of each gas as 
well as its partial pressure in the mixture, and also gives the re- 
duction in reaction velocity when many gases and vapours are 

present as diluents. 


The Effect of Poisons on the Initial Stages of 
Unimolecular Surface Action. 

When the mean life of the diluent on the surface is large a very 
small pressure of the diluent will reduce the reaction velocity to 
a negligibly small fraction of its initial value, and the diluent is 
called a catalyst poison. 

Let x = the fractional partial pressure of the poison. Then 
equation (2) becomes 

] 
= 1+ Aa/(1 — 2) 
1 
(1 + Az)’ 


since x is small*. Hence 
M'\3 (79’\ ene JET 
ljv = (1 + àz)=1 + (Tr) (>) ne T, 

the poisoning of the most active centres only being considered, 
À being assumed constant. Thus the efficiency of a substance as 
a catalyst poison increases with increase of the period of oscil- 

* Verified by Hinshelwood and Pritchard for poisonous action of O, on the 
decomposition of N,O, J.C.S. vol. 127, p. 330 (1925): I have confirmed this poisonous 
action of O, on the platinum catalyst and results agree with the equation deduced. 


Under conditions to be discussed later, this formula is rigorously true, and no 
longer an approximation when the pressure of poison is small. 
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lation perpendicular to the surface of the catalyst and the 
heat of desorption, but decreases with the molecular weight. If 
the heat of desorption of the diluent is considerably different from 
the heat of desorption or the heat of activation of the reactant, 
or the sum of both, as the case may be, then the efficieucy of the 
diluent as a poison will be considerably influenced by the tempera- 
ture. In general when the diluent is a strong poison, its heat of 
desorption is much greater than that of the reactant, hence the 
higher the temperature the less pronounced the poisoning effect *. 
This effect of temperature is T known in manufacturing pro- 
cesses. 

Continuous exhaustion of the catalyst should be sufficient to 
remove the poison completely. This has also received experimental 
confirmation t. 


Bimolecular Reaction. The fraction of the total time during 
which two centres are occupied simultaneously becomes 


e= (tF xa) (rFxa) 


Hence ljv = 1 + az + bz, 


where a = À, + à, and b=4,A,, A, and A, being considered as 
constants. Both constants can be calculated from a knowledge 
of a and b. Thus 


A= $ {a + (a? — 4b)4, 
and A. = } {a — (a? — 4b)8}. 
If b is small compared with a, then A, is negligible, and the equation 
reduces to the form for unimolecular reaction. The observations 
of Pease and Stewart on the effect of carbon monoxide as a poison 
in the reaction of ethylene and hydrogen on copper will be dis- 
cussed in following communications. At low temperatures the 
reaction velocity appears proportional to the pressure of hydrogen. 
The case of A, and A, variable with the nature of the centre of 
activity is supported by the observations of Pease and Stewart, 
but is so far too complicated to work out without more experi- 
mental evidence. 
It is interesting to notice that in the case of the poisoning of 
a copper catalyst by mercury, the order of the reduction of the 
reaction velocity by poisoning (1/200th) is of the order of the 
square of the reduction in the adsorption of hydrogen (1/20th), 


* Hinshelwood and Burk, J. Chem. Soc. vol. 127, pp. 1114-6. The effect of 
hydrogen on the decomposition of NH, by platinum decreases as temperature rises. 
Langmuir, Trans. Farad. 8 Soc. vol. 17, p. 621 (1922), shows that the poisonous action 
of and CO on their respective reactions to form H,O or CO, is marked at low 
temperatures but venisies: as the temperature is raised. 

Pease, loc. cit. 
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the hydrogen gas being held chiefly by primary adsorption. This 
evidence is in favour of the method of treatment given above, and 
supports the obvious fact that the two reacting molecules must be 
present together before chemical reaction will take place. . 

The types of curves obtained from both laws are shown in 
Fig. 2, for the values of A = 10, 100, 1000. The figure bears striking 
resemblance to those obtained by Lamb and Vail*. More experi- 
mental evidence in favour of the relations deduced here will be 
given in succeeding publications. | 

My thanks are due to the department of Scientific and Industrial 
Research for a grant in aid of this work. | 


Fractional Reaction Velocity 


N 


-02 -04 œ 08 -10 
Fractional Partial Pressure of Poison 
Fig. 2. Poisons. 
SUMMARY. 


_ Aconsiderable amount of evidence is given that while decrease 
n pressure of the reactant has little effect on reaction velocity of 
unimolecular reaction on saturated surfaces, inert diluents cause 
a marked decrease. An extension of the Langmuir-Frenkel theory 
to the centres of activity on the catalyst accounts satisfactorily 
for the observations, and quantitative relations are worked out 
independent of the mechanism of the chemical change. 

_ * J. Amer. Chem. Soc. vol. 47, pp. 132, 133, figs. 4 and 5 (1925). The modifica- 
tion in this law of poisoning caused by the formation of a complex between the 
ies and the poison which is more highly reactive than the adsorbed reactant 


e will be considered in a later publication. When this occurs the curves show 
a point of inflection, as is seen in the observations quoted. 
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If p is the fractional pressure of the reactant in the mixture, 

and v is the fractional reaction velocity, then 

1/v = (1 — A) + A/p, 

where the constant A depends on the ratio of the molecular weights, 
the periods of oscillation of the perpendicular to the surface, and 
the heats of desorption of the two molecular species. Thus though A 
is independent of the pressure for homogeneous centres, it is only 
independent of the temperature if the heats of desorption of the 
two molecules are equal. 

It is expected that cases would be found in which A varies with 
the field on the reaction centre, when A appears a function of the 
pressure. 

The expression is extended for multimolecular reactions. These 
considerations also enable the composition of the adsorbed film 
in contact with a given gaseoys atmosphere to be worked out. 

An explanation is provided of many of the characteristic pro- 
perties of catalyst poisons. 

If x is the pressure of the poison, then 


ljo=1+d2 
for unimolecular reaction, and 
l/v = 1 + az + br? 
for bimolecular reaction. Since strong poisons in general have a 
high heat of adsorption, these expressions give explanation of the 
fact that the higher the temperature the less efficient the poison. 


Experimental evidence is shown to be in favour of the expressions 
deduced. : 
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Metallic Complexes with the Aliphatic Poly-Amines. By Dr 
F. G. Mann and Prof. Sir Witu1aM J. Pope. 


[Read 1 February 1926.] 


The existence of complex compounds of metallic salts with 
ammonia was recognised in the early years of last century. 
Platinum in particular readily unites with ammonia, and the early 
chemists, when studying the general chemistry of ammonium 
platino- and platini-chlorides, soon discovered highly crystalline 
ammonia derivatives of platinum which contained an unusually 
high proportion of the metal. In the formulation of such com- 
pounds difficulties at once arose. Thus Peyrone in 1844 knew three 
distinct compounds of the composition PtCl,N,H,, a pale lemon- 
coloured compound known as the second chloride of Reiset, an 
orange-coloured compound discovered by Peyrone himself, and 
finally a dark green insoluble substance known as Magnus’ green 
salt, discovered by the latter in 1828. The existence of these three 
compounds, now known as trans and cis dichloro-diamino- 
platinum [Pt(NH,),Cl,], and as tetramino-platinous platinochloride 
[Pt(NH;,),]PtCl, respectively, could not be satisfactorily explained 
on current theories of salt formation. Similar compounds in which 
aliphatic and cyclic mono-amines replaced the ammonia groups 
were discovered later, but it was not until 1889 that Jorgensen* 
introduced the use of the simplest stable aliphatic diamine, viz. 
ethylene diamine. With this amine he prepared the compounds 
now known as bis-ethylenediamine-platinous dichloride 


[Pt(NH,CH,CH,NH,),]Cl,, 
and tri-ethylenediamine cobaltic trichloride 
[Co(NH,CH,CH,NH,),]C;. 


Although the development of our knowledge of the stereochemistry 
of metallic complex compounds in the hands of Werner and his co- 
workers has been based almost solely on the use of ethylenediamine 
and other aliphatic diamines, and of similar divalent acidic groups, 
such as the oxalate and carbonate radicles, yet no further advance 
in the use of higher polyamines was made until 1924. A method of 
preparing a@fy-triamino-propane, H,N CH(CH,NH,)., in quantity 
was then worked out by the present authors}, and the triamine 
was used further to prepare complex compounds with the heavy 


* J. pr. Ch. vol. 39, [2], p. 3 (1889). 
t Mann and Pope, Proc. Roy. Soc. A, vol. 107, p. 80 (1924). 
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metals. With trivalent cobalt and rhodium, compounds of the 

general type of bis-propanetriamine-cobaltic trichloride, 
[Co(NH,CH(CH,NH,),)2]Cl; 

were prepared, and later similar compounds with divalent nickel 

were isolated. These compounds differ from Jérgensen’s salts in 

that two molecules of the triamine replace three molecules of the 

diamine. 

If Werner’s octahedral configuration of metallic complexes 
of co-ordination number six be accepted, the above cobalt com- 
pound should exist in three isomeric forms: in these forms the 
two molecules of the triamine on the conventional system of 
notation occupy the following positions around the octahedron: 
(i) 2,1,3: 4, 5, 6, (ii) 2, 1,3 : 5, 4, 6, and (ili) 1, 3, 6 : 4, 5, 2. 


(ii) 6e” (iii) 

The complex of type (i) possesses a plane of symmetry and will 
not beresolvable into optically active forms: type (ii) however should 
be so resolvable, whilst the complex of type (iii), if the two mole- 
cules of the triamine are symmetrically disposed about two cube 
planes of the octahedron, should not be resolvable. It was found 
In practice, however, that the complex compounds with cobalt, 
rhodium, and nickel were all highly crystalline compounds showing 
no trace of such isomerism, a result due presumably to the fact 
that the complex of type (i) is probably far more stable than those 
of types (i) and (iii), and therefore alone occurs. 

Attempts were therefore made to realise such isomerism by the 
use of other triamines, and recourse was had to a compound of 
completely different character, viz. B’B’’-tnaminotriethylamine, 
N(C,H,NH,),. This base had been prepared by Ristenpart*, who 
showed that in this compound the close proximity of the primary 
amine groups to the tertiary nitrogen atom apparently rendered 
the latter neutral. The base therefore gave a trihydrochlonide, 
N(C,H,NH,),, 3HCl, and acted as a triamine in all the derivatives 
which Ristenpart prepared. Since moreover no coordination com- 


* Ber. vol. 29, p. 2530 (1896). 
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pound of an aliphatic tertiary amine had been recorded, it was 
expected that the base would give with cobalt a compound of the 
type bis-triaminotriethylamine-cobaltic trichloride, 


[Co(N(C,H,NHg)s)2]Cls. 


Investigation showed, however, that the base can act as a weak 
tetramine, giving with strong hydrochloric acid an unstable 
tetrahydrochloride, N(C,H,NH,),, 4HCl, H,O, and a number of 
simple derivatives in which the amine thus acts as a tetramine 
were described*. It was found, moreover, that the base coordinated 
with metals always as a tetramine, and gave with tetravalent 
platinum of coordination number six the compound dichlorotri- 
aminotriethylamine- platinic dichloride, (Cl,PtN(C,H,NH,)3]Cl,. 
This dichloride is the first complex compound containing an ali- 
phatic tetramine to have been prepared: it is moreover the first 
recorded compound in which an aliphatic tertiary nitrogen atom 
occupies a coordination position. With divalent platinum and 
divalent palladium, both of coordination number four, the tetra- 
mine gives compounds of the type of triaminotriethylamine 
platinous di-iodide, [ PtN(C,H,NH,)s]I,. Since no trace of a co- 
ordination compound in which the base acted as a triamine could 
be discovered, the question of the isomerism of such compounds 
did not arise. 

In the case of the above compounds of divalent platinum and 
palladium, in which the metal shows a coordination number of 
four, it was considered that less strain upon the tetramine molecule 
would result if two molecules of the base shared two atoms of 
platinum, giving a compound of formula [Pt,(N(C,H,NH,)s)2]Iq. 
The compounds of platinum and palladium, being almost insoluble 
in cold water, were however ill suited to molecular weight deter- 
minations, and an investigation of the nickel complex salts was 
therefore undertaken. Divalent nickel may show a coordination 
number of four or of six, giving thus tetrammino-nickelous sulphate 
(iv) and hexammino-nickelous di-iodide (v). With triaminotnethyl- 
amine, complex salts of similar type were prepared, viz. tri- 
aminotriethylamine nickelous sulphate (vi) in which the metal has 

(iv) (Ni(NH;),]SO,, (v) [Ni(NH5).]I2, 

(vi) [Ni N(C,H,NH,)3]SO,, (vii) [Ni,(N(C,H,N H3)s)s l4. 
a coordination number of four, and ¢éris-triaminotriethylamine-bis- 
nickelous tetraiodide (vii), in which the metal has a coordination 
number of six, three molecules of the tetramine sharing two 
atoms of nickel for this purpose. Triaminotriethylamine nickelous 
sulphate (vi) is thus of the same general type as the above com- 
pounds of divalent platinum and palladium, and being freely 


t Mann and Pope, Proc. Roy. Soc. A, vol. 109, p. 444 (1925). 
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soluble in water lent itself to molecular weight determinations. 
The monosulphate of formula 
[Ni N(C,H,NH,),]SO, 

has a molecular weight of 300-9, and in dilute solution if ionisation 
is complete an “apparent” molecular weight of 150-4, whereas the 
disulphate of formula [Ni,(N(C,H,NH,)3).](SO,)2 has a molecular 
weight of 601-8 and in solution an “apparent” molecular weight of 
200-6. The actual results obtained by the cryoscopic method in 
water are: 


Concentration (grams “A 
anhydrous sulphate 
per 100 grams water) 


parent” 
molecular weight 


-422 160 (157*) 
1-32 173 
1-79 180 
3-23 218 


These results provide strong evidence that the sulphate has the 
simple formula [Ni tren]SQ,, and that the “apparent” molecular 
weight approaches 150 at great dilution, increasing as the concen- 
tration increases and the degree of ionisation falls. The fact that 
the equivalent conductivity of the sulphate at various dilutions 
approaches very closely to that of nickel sulphate itself, NiSO,, 
confirms the simple formula. 

The nickel compound of coordination number six (vii) repre- 
sents a novel type of di-complex salt, in which two ethylene residues 
act as bridging groups between the two nickel octahedra. It is 
difficult to see how such a complex can be other than dissymmetric, 
yet al] attempts to resolve the tetralodide failed. This result is in 
harmony with previous experience, since no record has yet ap- 
peared of the resolution of a complex nickel compound. 

A second aliphatic tetramine, yy’y’’-triaminotripropylamine, 
N(C3;H,NH,)3, has also been prepared. In this substance, the 
tertiary nitrogen atom, by virtue of its greater distance from the 
primary amine groups, is strongly basic, and the compound, in 
both its simple and its complex compounds, acts therefore solely 
as a tetramine. With nickel, it gives coordination derivatives 
of the type of triaminotripropylamine nickelous dithiocyanate, 
[Ni N(C,H,NH,),}(SCN),, in which the metal shows a coordination 
number of four. No complex compounds, either of nickel or of 
platinum, in which the metal shows a coordination number of six, 
could however be isolated. 


* Calculated value, correct to only two significant figures. 
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Oridations on Charcoal. By Miss W. M. Wrieut. (Communi- 
cated by Mr E. K. RIpEAL.) 


[Read 1 February 1926.] 


It is well known that charcoal possesses catalytic properties. 
It accelerates the decomposition of hydrogen peroxide, the removal 
of bromine from ff-dibromo propionic acid and enables certain 
oxidations to take place in air at ordinary temperatures. 

Warburg* studied the oxidation of oxalic- and of some a-amino- 
acids in dilute solution, in the presence of charcoal. He found that 
when he used blood charcoal, which contains iron, the reaction 
was inhibited by hydrocyanic acid in very low concentrations; if, 
however, he employed sugar charcoal, the rate of oxidation was 
not appreciably affected by small quantities of HCN. Sugar char- 
coal is itself slowly oxidised when it is suspended in water in contact 
with air. Warburg suggested that the catalytic action of blood 
charcoal was due to the iron, while the oxidation of acids by sugar 
eves was a coupled reaction with the auto-oxidation of the 
atter. 

A more detailed investigation of oxidation at the surface of 
charcoals has now been made. The rate of oxidation was measured 
by a Barcroft differential manometer using 100 mgms. of charcoal 
in 3 c.c. of solution. In the first series of experiments Kahlbaum’s 
sugar charcoal was used. It was previously activated by heating 
in silica vessels. 

The rate of auto-oxidation was examined by shaking a sus- 
pension of the charcoal in conductivity water in a Barcroft ad- 
sorption vessel, in which the CO, evolved is adsorbed by a 40 per 
cent. solution of potash, so that the pressure change is proportional 
to the oxygen uptake. At 40°, the rate of oxygen uptake f is 
0-13 mm.® oxygen (N.T.P.) per milligram of charcoal per hour; at 
50° the rate is 0-23. The temperature coefficient therefore is 1-80. 

The reaction is of zero order, and independent of the pressure 
of the oxygen over the range examined. It therefore appears that 
the auto-oxidation takes place on very active parts of the charcoal 
surface, which are always saturated with oxygen; and the rate of 
reaction measured is equal to the rate of evaporation of carbon 
dioxide from them. Further, the combustion must proceed along 
a chain of carbon atoms, for, if it spread out on the surface in an 
expanding ring, the rate would continually increase, but this does 
not occur. 

An attempt was made to measure the area of the auto-oxidisable 
surface by fractional poisoning with potassium ferricyanide, and 
with amyl alcohol. 


* Warburg, Pfliiger’s Arch. vol. 55, p. 547 (1914). 
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The minimum concentration of poison required to arrest com- 
pletely the auto-oxidation of the charcoal was determined, and 
the number of molecules adsorbed per milligram of charcoal, 
obtained from the adsorption isotherm; assuming that each mole- 
cule is adsorbed on one carbon atom, this gives the number of 
auto-oxidisable atoms per milligram. The total number of atoms 
on the surface per milligram was calculated from the adsorption 
maximum of amyl alcohol. The results showed that not more than 
0-38 per cent. of the charcoal surface is auto-oxidisable. 

The oxidation of oxalic acid to carbon dioxide and water on 
the surface of sugar charcoal is not coupled with the auto-oxidation 
of the charcoal, for the latter can be completely inhibited by the 
addition of small quantities of amyl alcohol, without appreciably 
affecting the rate of oxidation of the acid. 

Warburg* states that the oxidation velocity of oxalic acid varies 
inversely as its bulk concentration. By starting with very dilute 
solutions, however, it was found that with increasing concentration, 
the velocity rises rapidly to a maximum, and falls off again. The 
position of this maximum is not appreciably altered by a rise in 
temperature of 10°, the temperature coefficient being 2-0 for all 
concentrations observed. 

The maximum velocity is identical in air and in oxygen, in 
the latter, however, it is displaced towards higher oxalic acid con- 
centrations, showing that at the higher pressure the acid is dis- 
placed from the surface by the oxygen, and a stronger solution is 
required in order that the two constituents may again be present 
in the optimum proportions. 

By fractional poisoning with amyl alcohol it was shown that 
not more than 40 per cent. of the surface is catalytically acitive. 

With Merk’s blood charcoal, the maximum oxidation velocity 
of oxalic acid is some fifteen times that obtained with sugar 
charcoal. The specific surface of the former, as determined by 
adsorption of methylene blue, is eight times that of the latter. 

The rate of oxidation is retarded by the addition of amyl 
alcohol, and the degree of poisoning is proportional to the fraction 
of surface covered up to 80 per cent. poisoning. Complete poisoning 
could not be obtained, owing to the slight solubility of amyl 
alcohol. By extrapolation, the catalytically acitive surface was 
estimated as 60 per cent. of the total surface. 

If potassium cyanide is used as a poison, and the degree of 
poisoning plotted against the fraction of surface covered, it is found 
the reaction velocity is reduced to one-half of its original value, 
when only 1-5 per cent. of the surface is covered with adsorbed 
cyanide. At this point there is a distinct break in the curve, 
further addition of cyanide producing relatively little increase in 

* Warburg, Piliiger’s Arch. vol. 55, p. 547 (1914). 
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the amount of poisoning. At high concentrations there is an 
increase in the oxygen-uptake, owing to the oxidation of the KCN 
itself. 

This shows that there are two catalytically active areas on 
blood charcoal, one small, highly active surface, which is preferen- 
tially poisoned by the cyanide ion, and another larger, less active 
surface. If the former is poisoned by the addition of 7/1000 KCN, 
and the maximum velocity on the remaining surface determined, 
the specific activity of the two areas can be calculated. 

The results show that the very active surface A oxidises 
I-1 x 10! mols oxalic acid per cm.? surface per sec., while the 
active surface B oxidises 2-8 x 10!° mols oxalic acid per cm.? 
surface per sec. The active surface of sugar charcoal oxidises 
3-6 x 101° mols per sec. The ratio of these activities C:B:A is as 
1:3:1:39-4. 

Since the poisons used are not absolutely selective, the areas 
measured represent the maximum active areas and therefore the 
activities calculated from these are only minimum values. Areas 
C and B are probably identical, and may be attributed to the 
carbon surface. Surface A, which is about forty times as active 
as the former, probably consists of an iron-carbon union. 

The temperature coefficient of the oxidation of oxalic acid on 
blood charcoal is k (50°)/k (40°) = 1-80; this represents the re- 
sultant of the action on the two surfaces. 

By finding the temperature coefficient, when the iron-con- 
taining area is poisoned with potassium cyanide, and correcting 
for the slight decrease in adsorption of the acid at the higher 
temperature, the temperature coefficient for each surface can be 
obtained. This gives for 


surface A, k (50°)/k (40°) = 1-67, 
surface B, k (50°)/k (40°) = 1-93, 
surface C, k (50°)/& (40°) = 2-00. 
From these values the heat of activation Q is found to be for 
surface A, 10,240 calories 
surface B, 12,940 ,, 
surface C, 13,660 ,, 


Warburg* claims that only nitrogenous charcoals can be acti- 
vated by iron. To test this point, some nitrogen-free charcoals were 
prepared containing small quantities of iron salts, together with 
control charcoals made without the addition of iron. A mixture 
of sugar and ferric chloride in a little water was heated in an 
atmosphere of carbon dioxide, until carbonisation was complete. 


* Warburg, Biochem. Zeits. vol. 145, p. 461 (1924). 


190 Miss Wright, Oxidations on Charcoal 


The resulting charcoal was baked out in a stream of hydrogen for 
six hours in order to remove the CO,, and reduce the iron. The iron- 
containing charcoals were more active than the control specimens, 
and resembled blood charcoal, in that their catalytic activity was 
diminished by the addition of small quantities of potassium cyanide, 
and the specific activity of the two surfaces was of the same order 
in both charcoals. 


Blood charcoal, surface A = 3-0 x 10-5 c.c. O, per sq. cm. 
Nitrogen-free charcoal, surface A’ = 4:3 x 10-5 „o y 3 
Blood charcoal, surface B =76x 10-7 _,, i 5 
Nitrogen-free charcoal, surface B’ = 9-0 x 10-7 „n m 


Paneth and Radu’s* data show that nitrogenous charcoals have 
a greater specific surface than those free from nitrogen; nitrogenous 
compounds appear to exert a peptising influence on the charcoal. 
This has now been shown by preparing a series of charcoals from 
mixtures of urea and sugar. 

The specific surface of the charcoals increased with the urea 
content of the mixture up to about 5 per cent. urea, and the yield 
of active charcoal was greater than that obtained from sugar alone, 
for the nitrogenous charcoals are less easily oxidised, and thus there 
is less loss by combustion in the heating processes. 


Specific surface Yield per 
Percentage urea | square metres 100 grams of 


Therefore, although iron can activate charcoal in the absence 
of nitrogen, yet nitrogenous charcoals are, in general, more efficient 
catalysts than pure sugar charcoals, owing to their greater specific 
surface; also, the ammonia produced during carbonisation of the 
former aids in reducing the iron; whereas the iron in sugar charcoal 
is inactive unless it is reduced in hydrogen. Further, some experi- 
ments now in progress indicate that an iron-carbon-nitrogen 
complex is a more active catalyst than the iron-carbon union. 


In conclusion, I wish to thank Mr Rideal for suggesting this 
work, and for his interest and advice throughout its course. 


* Paneth and Radu, Ber. vol. 57, p. 1221 (1924). 
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§ 1. If the kinetic potential for the relative motion of two 
masses is written with an added constant as 


op Mam yey 20m L, 
m, + Mm J 


a close connexion with the relativity quadratic appears. The latter 
is in fact 


dz? + dy? + dz? + (y~ — 1) dr? — (V? — 2m/r) dt, 
where y = l — 2m/Vr; 
a modification of the primary form 
dx? + dy? + dz? — Vd??, 


which shows an unaltered determinant. The condition in respect 
to the determinant, suggested, I believe, by Schwarzschild, is one 
which to me appears to give the most significant form to the results. 
From the dynamical standpoint we may regard it as imposing a 
counterpoise in the inertia coefficients to the modification intro- 
duced by the potential; or from a geometrical point of view we 
may regard it as minimizing the departure from the normal use 
of coordinates. An illuminating example of the loss of meaning 
that accompanies transformation in which this condition is dis- 
regarded is furnished by the isotropic form which is sometimes 
given to Einstein’s quadratic. 

It is proposed to examine whether it is practicable to apply a 
procedure suggested by the above considerations, when more than 
two bodies are concerned. The enquiry is prompted by a conviction 
that any attempt to modify dz? + dy? + dz? — V?dt? by use of a 
form based on accelerations to two or more fixed centres is in- 
admissible, on the ground that it fails to acknowledge the essential 
dynamical relativity of the bodies; or in other words the method 
is open to the objection that it does not deal with all bodies on 
equal terms, another way of stating the breach of the principle of 
relativity involved. 
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It appears to me necessary to use a space quadratic* which 
shall include all relative coordinates, and one time coordinate. For 
this purpose one of the masses m is chosen arbitrarily as a centre 
from which rectangular coordinates are measured in fixed direc- 
tions. Thus another mass m, has coordinates z,, Yp, Zp relative 
to m, and M may be used for the sum of masses m + m, + Mma + .... 
The primary form for several bodies is then taken to be 


mm, M~— (dz? + dy? + dz? — Vdt?) 
+ mm, M- (dz + dy? + dz? — Vdt?) + | (1) 
+ mm M~ {(dir, — day)? + (dy: — dy,)? | | 
+ (dz, — dz,)? — Vdt?} +... 


As a first step terms 
2dt? (mm r! + MMT! + ... + My Mery! + ...) 

are added, which put us in touch with the kinetic potential for the 
relative motion of several bodies. It is then assumed that terms 
added to inertia take the shapes p,dr,?/r, Or pidri?/r in the 
respective brackets of (1), and we seek to ascertain whether 
the values of the »’s admit of an adjustment which will make the 
inertial terms act as a counterpoise to potential terms, in the sense 
that the determinant of the modified quadratic agrees with that 
of the original. In using udr?/r we have in mind the approximate 
value of y~! — 1 above, viz. 2m/rV?; our main concern is with a 
first approximation, though the exact problem will be briefly 
considered. 


§2. The method will be applied to the case of four bodies 
m, Mı, Mz, M3; the argument is quite general, but can be conducted 
with a less cumbrous notation than that required for n bodies. 
The coordinates 7,, Y1, 2, ... 23 are counted as having places 1, 2, 
3...9 in the scheme of space variables, and a, ... dg, are the 
elements of the space-determinant of the unmodified form (1). 
The property a,,=a,, is general, and the special values of the a's 
for four bodies are: 


Ay; = Ag = Ay = M, (M — m,)/M =a say 
As = ass = gg = Mm, (M — m,)/M = b say 
Az, = Ass = Aggy = Mg (M — m,)/M = c say 


aia = Ags = Ag = — mM, M/M = h say 
Ag, = Asg = Aeg = — Ma M/M = f say | 
Ay, = ag = Ag = — Mm m,/M = g say 


* The need for recognition of change in all space variables is emphasized bv | 
M. Le Roux, as I see in a quotation from Comptes Rendus given by Sir Joseph 
Larmor, who also presses the same point, Proc. Camb. Phil. Soc., vol. XX1, pp. 415 44. 
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With other suffixes the a’s have a zero value, a8 dy, OF Gq, since 
dz dy doesnot occur. The determinant Dof thespace-quadraticis then 


aq 0 Oa, O 0 a, O 0 

0 as 0 0 as 0O O0 ay 0 

0 0 ay O 0 Gy 0 O ay 

a 0 0 a, O 0 ag 0 0 

0 az O 0O as 0O O ag 0 

0 0 dg 0 0 aw 0O O ay 

an 0 0O a, O 0O a 0 0 

0 ag 0 0 ax O O ag O 

0 0 ag 0 0 ay 0 0 ay 

which is equal to the product 

Ay Gu Az |X | Q2 App Qa | X | A33 Qas Q3 
Gq Au Oy G52 Ass Qss deg Ae ae | (3). 
an au în Age Ags Agg Aos Ae l 


. The equality depends on the places of zero values in D, not 
on the special values shown in (2). The first minors of D are given 


Dy = Qu Qa | X | G2 Qa Qa | X | Q33 Qs 39 
Ay ay da . Re an ae a 
Dy = — | au Qi | X | Gop Aa Aa | X | Q33 Aæ Az 
a A). 
Dn = Gig Ayr | X | a2 Qa Ag | X | A33 Azgg Q39 
Ags Ag eee eee eee 


For the values of Dy, Dp, Ds2 we take minors of the middle 
third-order determinant in (3) and associate them with the product 
of the other two. All first minors of D which correspond to zero 
Places in D vanish, as D,, = 0. 


§3. When account is taken of such terms as p,dr,?/r, in the 
Modified form, the coefficients are more complicated, and none 
have zero value nor do any first minors vanish. But since a minor 
such as Da is zero when p’s are absent, it follows that a term 
tD, is of the second order of small quantities. Therefore in the 
‘approximate evaluation of the determinant we may count places 
which had zero values as still zero, while taking account of modifica- 
tions in the a’s and in first minors for terms which had value in 
the onginal scheme. | 


I4—2 
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Thus to trace the effect of p, we note that the addition to the 


quadratic is mine Tiedrale 


ne mm, Mp, (ndz, + yi dy, + 44%)?/n3, 
and so with dashed letters for modified values 

an = 4, + mm, Mp, 2,?'7,3 

dx = dy + mm,M “a 

Oxy) = Az, + mm M'u 2,7/7,° 
and it is not necessary to write a,,’.... The first of the product 
determinants in (3) is replaced by 
atmm Mp,27/r> h g 

h b 


g fie 
which is A + mm, M-n,2,?7,-3 (be —f?) aa. (6), 
where A is the original form of each of the third order determinants. 
With the values in (2) 
A = mm,m,m,/M, bc — f? = mm (m + m,)/M, 

m + m 13) 
and therefore (6) is A (1 + ya ` A 
The second and third of the determinants in (2) differ only in 
having y,? and z,? in lieu of z,?, and accordingly the value of D as 
modified by p, only is 

3 mMer Mi Ha) 
A (1 Hoyo F 

There is complete symmetry in the quadratic form, and therefore, 
so long as we attend only to first order corrections, the whole 
modified determinant is 


3 m + m py Mı + Me piz ) 
a (1+ 75" i ey nre N (7). 


A little more algebra is needed to reach the final form in the case 
of m2, but in view of the manifest symmetry it seemed sufficient 
to take the simplest case. 

If now we write P for the sum of products of masses two and 
two, mm, + ... + mm, +..., the increment in the determinant of 
tenth order where time is included, due to the change in the spatial 


section, 18 E Py? < A3 (= + m by 4+ ) 
M M n o 
while the increment due to the potential terms which modify the 


coefħcient of dt? is TIRE 
2A3 (m + a 
Tı 


in reference to several bodies 195 


When these are made to balance we have 
pı V? = 2mm, M?/(m + m) P, pag V? = 2m, m M?/(m, + m2) P, ... 


Thus with a choice of values for the p’s dependent solely on the 
masses concerned, the modified determinant of the tenth order 
retains the value of the original. It will be observed that in the 
formula for ņa other masses than m, and m, enter only through 
the values of M and P; if only m and m, exist then u, becomes 
2(m + m,)/V*r, the primary case from which we set out. Also it 
may be well to state, in respect to the problem for any number of 
bodies, that the determinant of the unmodified space quadratic 
is always the cube of a constituent A, the order of which is one less 
than the number of bodies. For three bodies it has a form 


Qu Qu 
Ay Ags 
or 


Ae, Arg Azz Age 
Ase 55 Qes eg 
while for five bodies A has a first row 


Gy Au Gr G,10- 


§ 4. The question is now what treatment is to be applied to 
the modified quadratic we have reached, as for example to that 
of the seventh order required for the relative motion of three bodies. 
As I understand the matter, the primary treatment is to take 


dz,/ds, ...d (Vt)/ds 


a velocities, and apply the usual variation method to a kinetic 
potential 


equal in value to 


written with all the modifying terms. This is a purely kinetic 
system with seven velocities, and ¢ is an ignorable coordinate. 

_ I have given elsewhere* a method which combines the ignora- 
ton with a transfer to the use of the ignored coordinate as inde- 
pendent variable. The application of this method yields a new 
kinetic potential 


La TTA (a2 + tt Pt py hy? _ PVE mm mm, , mm 
2M + Gtt 27+ mat?) 4+... om t 7 + : 4 7 
OPPA (9), 


* Proc. Camb. Phil. Soc., vol. xxu, Part 2, § 17. There is a divisor h? affecting the 
eavitation constant, where A is the constant value of yd (Vt)/ds; in the above this 
i taken to be 1, or to be absorbed in the gravitation constant. 
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z being dz/dt and 
_,_ 2M (= mme | a, 
Py? Tə Tis 
Or we may say that the usual formula 


MM (p94 24 58 ON 5 a y PNG 
om (% +h + 22) +.. “a Ti F Ta T Tig 


is to be supplemented by first-order modifications 


1 ; : i 
oM (mm pti? /r; + MM fg F_2/7g + Mm M Fièra) 


m mm m 
+ pa (mm (å L? + j? ++ 2?) .. (7 mm g eG mama) (10). 
Thus the method, as here carried tironai leads to a definite 
modification of the normal kinetic potential belonging to the 
problem of n bodies; and, as noted at the end of § 3, the supple- 
mentary terms are, in the case of two bodies only, reduced to the 
corrections given by Einstein. 

A brief summary of the argument may be added. From the 
dynamical point of view it is a striking feature of Einstein’s 
quadratic form that it provides by ignoration of ¢ the potential 
terms of dynamics. It is assumed that this is also the case with 
several bodies, so that the content of a modified coefficient of dé? 
is dictated by our knowledge of the potential. By analogy with 
the case of two bodies compensatory terms varying as dr? are 
introduced, and if the type is admitted the coefficients follow from 
the principle that the determinant is unchanged in value. 


§ 5. Curiosity led me to examine, in the case of three bodies, 
the exact value of the spatial determinant. For that purpose the 
quadratic may be written as 


A (dz? + dy,? + dz?) + B (dx? + dy? + dz,*) 
+ C {(dx, — dz,)? + ...} + adr,? + bdr,? + cdr ...(11). 
With dr, = hdz, + mdy, + mdz, dry, = l; (d£, — dz) + 
we have three systems of direction-cosines connected by 
bra = Ty — 4% = bre— bn, .... 
The determinant is then 
A+C+al,?+cl,?, alymy+clym,, alyny+clzns, -C -cl,?, _ —clyms, -clyn 


ssoosocooooeotoocooseos booccecoooaoooo sgoecsacossosso  oapesvoconoocoseoasnotoo ocoooososaocoooo 


(EEEE EEKETT) 


esoooocsocosooosoooso )oooosueaoesoooo socos oosocscooa socsrenscocseceocoooocoo sosoeoococooocos  ssososoocsos 


Beeteseeveserceseosee j§€§ stenteseetreeteS begcepnosoosooe j§§$ seetnessereeesereeese j§é§.éessererteneseree jg. acpoootooooo 


Cemeeereoseseseeeeses -j§ Soe sesresseess  sososocooceooso osocsocosecoosocsecos § seasneeseserees § coansenneere 
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The part independent of a, b, c is (AB + BC + CA)? or A’. Each 
of the letters a, b, c may occur in the first but in no higher power; 
the value of the determinant is 
+ A? {a(B+C)+6(C+A)+c¢(A+ B)}+A?(ab+ be+ ca) 
+ 4AS? (abC?r,-?27.-? + bc Ar ?Tů a? + caB?r o?r?) (13). 
+ 4AS?abe (Cry-27.-? + Arg-*ry97? + Br, *7,9-?). 
The direction-cosines occur in combinations which may be ex- 
pressed in terms of the mutual distances. There is, for example, a 


term 
abA {(A + C) (B+ C) — C (21,1,)3 
which is abA (A + 4C2Sr,-27,-?), 
where S is the area of the triangle formed by the three point- 
masses. 

We may alter the notation to bring it into closer relation with 
previous work by setting a = Ad,, b= BA,, c= Cà, so that A, 
takes the place of y,/r,. Since A, B, C, A have the values mm, Mt, 
mm, M-1, m,m,M-, mm, m M- the value of the determinant (12) 
is 

A [1 + M-* {(m + m) Ay + (m + m) À + (m, + ma) Ajo} 

+ M~! (mà, À + m À À + MA À) 

+ 482M -2 (m Mm À, Agr Fo? + MM AA Tra > (14). 

+ mm Àr Ayer Ta?) + 4S M-A Az Ag (M M2777.” 

+ mm 12-7727? + mmr 77,27 ?)] 
The property of the determinant that it depends solely on the 
mutual distances is interesting, and may probably be true for any 
number of bodies. I have no speculation to suggest in reference 
to terms beyond the first order; in the inertia section they can 
hardly be within the limits of observation, in the potential section 
they might be. 
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Relativity in Connexion with Axial Rotation. By Mr R. 
HarGreEAVES, St John’s College. 


[Received 25 January, read 1 March, 1926. 
Received in revised form 4 May 1926.] 


§ 1. My primary aim here is to give some account of relativity 
in connexion with axial rotation, and in particular to deal with the 
disk problem. The justification of the use of a special quadratic 
form for this purpose suggests the propriety of some introductory 
remarks of a more general character. 

Einstein’s formula y—dr? + r2d6? + r? sin? Odd? — ydt? leads to 
values of the covariant derivatives B (in his notation) given by 


l d d 
Bui/9u = Bugu = 572 dy G +) MTRS (1). 


It is clear then that the use of a zero or a constant value on the 
left hand leads to the special forms of Laplace’s or Poisson’s 
equation which belong to the case where r is the only variable. 
Thus with y = 1 — 2m/r, an external value, we may associate an 
internal value y = 1 — 4rpa? + 4rpr?/3, continuous at r = a with 
the first and also having H continuous, when m = 4rpa?/3. 


For the other B’s we have 
By = Z (ry) — l, and By = B sin? ð _..... (2); 


and the substitution of the above internal value for y does not 
make B,./g.., constant. If we choose to drop the condition of con- 


tinuity for y, we may retain continuity for 5” by writing y = 1 — 2m/r 
and y = l + 4zpr?/3; that is, continuity in respect to acceleration 
remains, butan element of connexion with gravitational potential 
is lost. Thus a question arises whether the quadratic forms have 
reference to a spherical attracting body, with adaptation to internal 
and external positions, or simply to two different laws of central 
acceleration. 

If it were supposed for example that there exist quadratic 
forms correlated with the attraction of a series of spheroids, the 
analytical test would be more serious than for the sphere, but the 
limit of prolate spheroids, viz. the infinite cylinder, is a case where 
the analysis is as simple as for the sphere, and there is no likelihood 


———— 0 ee 
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that a critical position is involved in the mere prolongation of an 
axis of the spheroid. 

Now with a cylindrical form y—'dw? + wde? + dz? — yde?, 
where y depends only on w, we have 


B č ldf dy __ dy _ 
Bulgu = Bulgu = zz jo (0 72): Ba = 0 Jp’ Bs, = 0 (3). 


With respect to B,, and B,, the position in respect to continuity 
is the same as for the sphere with values y = 1 + 4zpa? log w and 
y= l + 2pm? + 4ra? log a — 2rpa?. But the first of these gives 
B,, = 4rpa? instead of 0, and the second gives Bẹ = 0 instead of 
dip. 

The first discrepancy cannot be met, and I take it there is no 
gravitational form for the cylinder. The second discrepancy can be 
met by taking g,, = 0, that is by treating the problem as strictly 
two-dimensional; but with the failure of the external case this 
naturally goes with it. The form may be interpreted with a different 
constant as applying to axial rotation (v. infra). It may be ob- 
served that the values of B’s are not altered by writing gẹ = 0 for 
Jy = 1. 

If we then abandon the reference of one type of solution to 
space occupied by matter and interpret all as belonging to different 
laws of acceleration in free space, the position is as follows. There 
is (i) in three dimensions a quadratic form corresponding to an 
imposed acceleration m/r?, in which y = 1 — 2m/r. Again in three 
dimensions there is (ii)-a form corresponding to an imposed ac- 
celeration ur, where y = l + pr?. In two dimensions there is 
(iu) a form corresponding to an inertial acceleration w?w, in which 
y= l — w°m?; and here B,, = — 2w?gpp. Thus the condition 
B,, = 0 attaches. to acceleration diminishing with increasing 
distance, the condition B,, = g,, to the reverse case. 


§ 2. We proceed to the consideration of this last form which, 

with V written explicitly, is 
V2da?/(V? — w?) + wde? — (V? — w?) dt?. 

By way of introduction we find a radius r defined as a geodetic 
length from the origin when d¢ and dt are taken to be zero. It is 
given by 

r= | =|" y dw V . .wo wD  . TW 


so = — sin —, or 
0o VP- wm w V 
The area in which 4 makes a complete circuit is 


A - {| halls = mY iy —V V? — w0?) = aus (1 — cos ) 


VV?—- ww w? w? 
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The circumference being C = 27m, we have a relation 
C2/A = 2n (V+ VV? — w0?) V = 4r cos? rw/2V ...(6). 
The extreme value possible for w is V/w; with this value 
r=7V/Qw, and C?/A=2@r a... (7) 
in lieu of the normal value 47. 
Comparison with measures in a non-rotating case involves an 
arbitrary element; perhaps the most significant is that in which 


areas are made equal. 
Thus if we write 


na? = IV (V —V V2 — wm?) /w? = 22 V2 (1 — cos rw/V)/w? 
we find w? = a? (1 — wa2/4V2),  aw/2V = sin rw/2V, (8). 
C = 2naV 1 — w'a/4 V3 
An assumed equality of areas makes C < 27a, while making r > a. 
The above formulae suggest a general treatment of geodetic 


lengths and directions when dt = 0. If we write R = V/w, and 
w = R sin 0, we have 


ds? = V?dw?/(V? — w0?) + wde? = R? (d0? + sin? Odd?) (9). 


Thus a complete scheme of geodesy for the rotating disk is 
furnished by reference to the spherical trigonometry of a hemisphere 
of radius V/w. For example, if lines OP,, OP, of geodetic lengths 
Tı are drawn from the centre at an angle œ, the length of the 
geodetic line from P, to P, is given by ° 

8 69527 cos 2" 4 sin OT gin 2” 

cos y cos y cos y + sin y sın y 

and its course is given by the great circle of the sphere which joins 
the two representative points. 


cosd...... (10), 


§ 3. The plane motion of a particle in the scheme of (3) is got 


by finding a geodetic path when a, ¢ and ¢ all vary. With wẹ = ky, 
y = l — w°w?/V?, and wu = 1 the orbit is given by an equation 


k? f e + yel — w°w? = constant, 
dp 

which only differs from a corresponding result for Einstein’s central 

acceleration problem in having ww? for 2m/r, so that it is not 

necessary to give details. Thus we have 


du? ww? ww? 
ints A Mey Keene sania ine eee ON 
€ 7) +u (1 ) 7.2 constant, 


2 
W 
~ Taya = constant. 


„a a 


=. a 
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We may therefore write 


a(g) = (æ? — u?) (B? + u?), where a?B? = — ...(11). 


A solution is u? = a? cos? ġ — p? sin? d, that is with 
z= w cos, y= wsing, l= @è?r? — By?...... (12). 


The course of the curve is not completed, but only followed to 
limits imposed by V? = wm? or w?/V? = a? cos? ġo — B? sin? do, that 
is up to tan? dy = (V2a? — w?)/(V?B? + w?) < a?/B?. When w/a and 
w'B are small compared with V a considerable approach to 
asymptotic directions can be made. The addition of a phase- 
constant tod gives the general solution 


a? cos? ($ + e) — p? sin? ($ + €) = u? = 1/07. 
In the treatment of a ray of light in two dimensions the problem 
is defined by l 
w?/y? + w2d?/y = V?, and we = ky n (13), 
leading to 


rdu)? o wo?) Ve? du R Ve w? 
aa) tel- T) pe (ig) + qa + ya (14). 
The solution is a linear equation in z and y, defined as w cos¢ 


and w sind; this does not represent a geodesic for rest. Also the 
whole length of the line is not traversed; for example, if 


a=wcosd=2z 
is the line, values of y extend to limits given by V? = w? (a? + y?). 


§ 4. In Eddington’s Relativty there is a short account of the 
disk problem based on a transformation, which in simpler form 
is the substitution of ġ + wt for 0, viz. 

dw? + wd? — Vd? = dw? + wdd? + 2wwdd dt — (V? — wm?) dt?. 

The transformation seems to be used only to give the coefficient 
of di?, and a new value is taken for w whereas the transformation 
leaves w unaltered. Further, I have failed to follow the argument 
in reference to “proper’”’ volume. In a quadratic where no terms 
containing products of dt and space-differentials occur, the whole 
determinant is the product of g,, and a space determinant; a certain 
separateness is thus given to volume and time elements, which are 
interlocked where product terms exist. In the above quadratic 
such a term exists, the space determinant is w?, the coefficient of 
dt? is — (V? — w*w?), and the product of the two is not the value 
of the whole determinant, which is — V2m?. These difficulties led 
me to the conviction that a satisfactory account could only be 
reached by the application of a true acceleration form. 
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The existence of the discrepancies noted in § 1 was pointed out 
in an earlier paper*. The consideration of these in conjunction with 
the need for recognizing acceleration as a primary feature in dealing 
with axial rotation led to the formulation in §1, as required to 
give proper significance to the part played by the B covariants. 


* Proc. Camb. Phil. Soc. vol. xxu, Part 2, p. 158. 
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Sur la non-existence simultanée de deux fonctions de Mathieu. 
Par Z. Marxovié. (Communicated by Mr E. L. Ince.) 


[Received 1 April, read 3 May, 1926.], 
l. Soit donnée l’équation de Mathieu 
(1-1) of + (a + 16q cos 2x) y = 0, 


a et q étant des paramètres réels. 
_ Soient s (x) et c (x) deux solutions particulières de cette équation 
définies par les conditions initiales 
s (0) = 0, c (0) = 1, 
é(0) = 1, é (0) = 0. 

s (x) est une fonction impaire, c (x) une fonction paire formant 
un système fondamental de l’équation (1:1) et satisfaisant à 
l'identité 

(1-2) c (x) å (x) — s (x) è (x) = 1. 

Les fonctions s (m + 2), 8 (m — x), c(m + x), c(m — x) étant 
aussi des solutions de l'équation (1:1), c’est à dire des combinaisons 
linéaires à coefficients constants des fonctions s(x) et c (x), on a, 
en déterminant convenablement ces coefficients, les relations 
suivantes: 

(1-3) 8 (m + z) = (x) s (7) + 8 (x) 8 (7), 

8 (m — z) = c (x) s (n) — s (x) s$ (7), 

c (m + x) = ¢ (x) c (m) + 8 (x) è (7), 

c (7 — zx) = c (x) c (m) — s (x) è (7). 
En faisant dans la dernière z = 7, on a 


(1-4) c? (m) = 1 + s (m) è (7), 
qui comparée à (1-2) pour z = m donne la relation connue 
(1-5) 8 (7) = c (7). 


2. Pour obtenir la formule dont nous aurons besoin pour la 
démonstration du théorème de M. Ince sur l'impossibilité de co- 
existence de deux fonctions de Mathieu, multiplions l'équation 


&+¢4(z)s=0 
par é, et l’équation c+¢(z)c=0 


par s, où $ (z) = a + 16q cos 2z, et intégrons la somme des produits 
ainsi obtenus. 
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En tenant compte des conditions initiales de s (x) et c (zx), on 
obtient aprés une intégration par parties la formule voulue: 


(2-1) 
$ (x) è (2) + ẹ (x) 8 (x) c (z) + 32g k s (x) c (x) sin 2zdz = 


Pour les valeurs de a et q qui correspondent à la fonction 
périodique s (x) de période m, c'est à dire satisfaisant aux con- 
ditions 

s (m) = 0, s (7m)= 1, 
on a de (2-1) 


(2-2) è (7) + 32¢ K s (x) c (2) sin 2zdz = 


Pour l'existence simultanée de la fonction périodique ce (x) de 
période v, il faut que lon ait en plus et pour les mêmes valeurs de 
aetq 

c(m)=1, è(7)= 
ce qui d’après (1:5) et en vertu de (2-2) se — pour q F 0 à la 
seule condition: 


j s (x) c (x) sin 2adz = 0 


dont nous allons démontrer l'impossibilité. 
Car si l’on pose 


[= ls (x) c (x) sin 2nzdz, 
0 


en effectuant trois intégrations par parties successives sur les 
quantités J,, en supposition de s (x) et c (x) périodiques simultané- 
ment et en ayant égard au fait que la fonction u (x) = s (x) c (x) 
satisfait à l’équation différentielle du troisième ordre 


ü + 46 (x) ù + 2¢ (x) u = 0, 
on trouve pour les quantités Z„ la relation de recurrence 
n(n?—a n—1 
lnt = Gari n— g ae J fni 
Si J, = | - (x) c (x) sin 2zdz était nul, comme J, = 0, tous les 
I, seraient aul Mais, dans notre hypothése, la fonction impaire 
u (x) est périodique de période v, les quantités 7, étant à un facteur 


constant près ses coefficients de Fourier; elle aurait donc tous ses 
coefficients de Fourier nuls, c’est qui est impossible. 


3. Le cas des fonctions périodiques s (x) et c (x) de période 27r 
se ramène au précédent. En posant c (zr) = — 1, s (77) = 0 dans la 
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première des relations (1-3) et c (7) = — 1, é (7) = 0 dans la troi- 
sème, on a 
(3-1) s (m + z) = — 8 (2), 
c (m + z) = — c (x), 
c'est à dire s (27 + x) = s (x), 


c (2m + x) = c (zx). 

Les relations (3-1) sont donc valables pour les fonctions s (zx) 
et c (x) périodiques de période 2r. 

Mais dans l hypothèse de la périodicité simultanée des fonctions 
s (z) et c (x) on a d’après (3-1) 

s (n + x) c (m + x) = s (x) c (x); 
la fonction impaire u(x) = s(z)c(x) admet donc toujours la 
période 7. 

D'autre part, par un raisonnement analogue à celui du n°. 2, 
on conclut que pour l'existence simultanée des fonctions s (x) et 
c (x) de période 27 on devrait avoir pour q +0 

2r 
| s (x) c (x) sin 2xdz = 0. 
0 


En remplaçant dans l'intervalle (7, 27) x par m + x, on trouve 
en vertu de (3-1) 


‘29 r 
| s (x) c (x) sin 2adx = 2 8 (x) c (x) sin 2rdz; 
0 0 
on devrait donc avoir 
[7 s (z) c (1) sin 2zdz = 0 
0 


et cest le cas du no, 2. 
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On the higher singularities of plane algebraic curves. By Miss 
C. A. Scott. (Communicated by Mr F. P. WHITE.) 


[Received 15 April, read 3 May, 1926.] 


Introduction. 


1. During the last sixty years the principal questions presented 
by the higher singularities of plane algebraic curves have been 
completely solved, and definite results obtained. The two most 
successful lines of resėarch have been by expansions and quadratic 
transformation. By each method it has been shown that a higher 
singularity may be looked upon as containing concealed or “latent ” 
multiple points or lines in addition to those immediately recognized; 
and from each, with the help of small quantities, has been con- 
structed a topological explanation of these latent multiple elements, 
which are accounted for as situated in the immediate vicinity of 
the point and line base of the singularity. Further, by each method 
it has been proved that as regards the numerical relations known 
as Pliicker’s equations a singularity produces the same effect as 
a definite number of nodes, cusps, bitangents, and stationary 
as eas 

n the treatment by quadratic transformation as presented by 
Noether in vol. 23 of the Math. Annalen the formal algebraic 
proofs and topological deductions are so combined that the argu- 
ment appears to rely on small quantities, whereas they are not 
really needed except for the topological application. The exposition 
would gain both in clearness and simplicity if the formal argument 
were freed from this apparent dependence on small pennies. 

The treatment by expansions, on the other hand, is definitely 
based on the ideas of small quantities, power series, convergence. 
Now while there can be no question that the concept of small 
variation underlies most topological discussions, 1t seems somewhat 
incongruous in the formal algebraic proofs of properties of the 
curve as a whole. And while there is no obligation to reject the 
aid of some special algebraic process simply because it has no 
geometrical equivalent, yet the fundamental concepts of power 
series and convergence are in so different a category from those 
of algebraic geometry that a geometer may be allowed some 
reluctance to adopt them unless absolutely necessary. The object 
of the present paper is to show that the procedure in the applica- 
tion of expansions to the proofs of Pliicker’s equations can be 
modified so as to dispense entirely with small quantities, keeping 
the whole question in the domain of finite algebra. As the proofs 
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depend on the intersections of the curve with its polars and the 
Hessian, it is necessary in the first place to consider the number 
of points of intersection of two curves that lie at a common point 
0, that is, the number of O-solutions of two equations 


F(a, y)=0, f(a, y)=0. 

In the first section it is proved by examination of the z-resultant 
of F, f that this number depends only on the coefficients of the 
lower groups of terms in F, f. In the second section this result is 
applied to show that in all questions relating to the number of 
(-intersections of two curves each may be replaced by a factored 
form. In the third section this factored form 1s used for the proof 
of Pliicker’s equations. Of necessity some well-known work has 
been reproduced in order to make it clear that the moditied proofs 
are really of the character claimed for them, entirely free from 
dependence on small quantities. This has been given as briefly as 
possible. 


I. On the O-intersections of two curves. 


2. If F=a.z"+a,2""! +... + am, 
f= bz + bz? 34 ... + bp, 


where the a’s, b’s are homogeneous in <q, y, elimination of z from 
F=0, f=0 gives an equation R=0, that is, (x, y)”"”? = 0, unless 
the lowest a, b present are a,, bs, when the equation is 


( £, yer = 0. 


The interpretation of this is that there are mp —rs intersections 
in addition to the rs immediately detected at O; lines connecting 
these with O are given by R=0*. But although these points 
determine definite lines through O, it cannot be taken for granted 
that they are all distinct from O; as is well known, the elimination 
of z does not enable us to identify all the O-intersections without 
more minute investigation. 

When small quantities are admitted we formulate the ex- 
planation that there may be intersections “in the vicinity of O” 
in addition to the rs at O. The theory of expansions shows that 
the detection of one O-intersection in addition to the rs depends 
on the terms a,, bs, the following terms being neglected in com- 
parison with those retained; a second such intersection may depend 
ON Arp bsp Or on a second condition on a,, bs, and so on. In 


* The vertices of the triangle of reference opposite to the sides z, y, z are 
distinguished as O}, O2, O3, of which the last is O when non-homogeneous co- 
ordinates z, y are used. It is convenient to choose the triangle so that 0), Oz are 
not common to F, f; also if F, f have a common tangent at O3, this should not be 
used as a line of reference. 
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general, g intersections in the vicinity of O, in addition to the rs 
at O, impose q conditions on dy, ar41, --- 3 Os, b.4;,..., involving not 
more than the first q of each of the sets a, b, namely 


K, (a, ; b,) = 0, 
K, (ar, Orsi bs, bin) =0, 


K, (a,, Arti, eee Artig—15 b,, byi beto-1) = 0. 


In these it is not necessary that all the a’s and b’s indicated be 
present, but none are present unless expressed. 


3. If small quantities are not admitted, this argument is no 
longer available, a different procedure is needed. The distinction 
can no longer be drawn between intersections at O and intersections 
in the vicinity of O, we can recognize only O-intersections of the 
curves F, f, or rather O-solutions of the equations F = 0, f=0. It 
is necessary therefore to prove, by finite algebraic processes, that 
the conditions for rs +q O-solutions do not involve a,4,, bin, if 
h>q. In other words, it is to be shown that the conditions for q 
Q-solutions beyond the rs at once recognized from the form of the 
equations involve at most the first q a’s and the first q b's. 

The process here used is to rearrange the given F, f by powers 
of x, and form the z-resultant R.. The equation R,=0, i.e. 
(y, 2)™? =0, gives mp lines from O, to the mp common points. 
If q of these points are at O;, then R contains y? as a factor; the 
necessary conditions are that the coefficients of y’, y', ... y? shall 
vanish. But also y will be a factor if an intersection of F, f is on 
y=0, even though not at O,—a repeated factor if two or more 
intersections lie on y = 0, or again if a point, a single intersection 
of y=0 with F and f, not at O;, is a point of contact of F, f; so 
the conditions thus found will involve irrelevant factors. To remove 
these we may take into account also the y-resultant R, and con- 
sider a factor 2? in this. The necessary and sufficient conditions 
for q O-intersections will present themselves in both cases; the 
obviously irrelevant conditions must be rejected, and the relevant 
conditions looked for in the common part. 


Ex. The two cubic expressions 
F= ayy t + a9, Y + a+ a3, 


S= BX + Boy +b, +b; 
may be replaced by 


F=apt tany + A992? + 41 VY + any? + ani + ag 272 y+ yg ry? + agy’, 


$= BY + Say 2? + 841 LY + BoY? + 839.03 + By, 2? y + r TY? + 8034", 
where 8=8,=| aw aq: |, Our =| Qio Guy 
Bio Bor Bio Buy 
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For these forms the x-resultant is found to be 
R,= Ab Dy —-(4D+ BBD — 80) y+... +4, 


where A=—a'9, B=2 (aa — 491890); 
A= 8 ðu ĉa |, D=| aw an ap |, 
Qio |) > 82 830 
Qio 6%) - Bay Bg | 


Ə = 8 {(a%—y — 3a10a30) a830 — (a72 — 2x19 a30) 39 320} + Q01 &10 830 (a20830 — @90 820) 

— 811 19 {(a?20 — 2a10 030) 839 — a2 490 Soo} — a11 A719 8%50 

+ 821 79 (Aap B39 — 2ago 820) + a21 a?10 820 830- 

The (x, y) symmetry in 3, A, and the lack of this symmetry in A, B, D, © 
show that together with 
R,= A8 Dy- (A D+ B&D — 80) 9? +... +y, 
we may consider also 
R,= A'8D'a — (AD + BBD’ — 80’) x? +... +2. 


The condition for one extra O-intersection is A8 D=0; it is also A’8D’ =0; 
it is therefore 8=0. There will be a second extra O-intersection if further 


4D+B8s8D-80=0 and AD’'+B8D - 8e’=0, 


that is, on account of 8=0, if AD=0 and AD’=0, so the condition is A=0. 

As to the remaining factors : if D=0 one intersection is on y=0, not at O; 
and if also @=0, F, f have contact at this point, unless the vanishing of © is 
caused by 8) =0, 33,=0, which in virtue of D=0 are equivalent to one new 
condition only, the condition for a third intersection on y=0. 


4. For the present purpose however it is not necessary actually 
to resolve any set of conditions into relevant and irrelevant factors; 
the desired result may be obtained more simply from the principle 
that if any one coefficient in a, is necessarily excluded from the 
conditions for a certain number of O-svulutions, then all the 
coefficients in a, are excluded. For the linear transformation 
z=% +ky, y=lx' +y, where k, l are arbitrary, leaving O un- 
changed, does not affect the number of O-solutions, though on 
account of the change of the lines of reference x, y it may modify 
the irrelevant factors. Now this transformation changes a}, that is 


Oy oT" + ayy ay +... H Ao, Y 
into a, t+ any oh ty’ +... ta yay", 


where any a’ is a linear function of all the coefficients (a),. So if 
any one of the coefficients (a), is present, then for arbitrary values 
of k, l all the coefficients (a’), appear in the corresponding condition 
given by the transformed equation; or, in the more convenient 
form first enunciated: if any one coefficient in a, is excluded, all 
are excluded. 


15—2 
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5. In order to form the z-resultant of F, f it is necessary to 
write each expression by powers of æ, so 


F = Op2™7 + arp" + Oo. F Anm, 
= Ža, ay” in the non-homogeneous form, 
becomes 
F=Ant Am1@ + ... +A”, 
in which the A’s are homogeneous expressions in y, 2, with 
coefficients as indicated in the accompanying scheme. 


y” 
Am- ya 


J as, “aan aan Bixee = ee A, A, A, 
Ar 


NY Gort.  r4i 


Qo, r~2 
$ | 
N Gra Ora Arti? Am—a,2 
a _ 
Ayo Ar+iio Am—2,0 Am-1,0 Am,o 
Thus 
A in = aor YZ + Oy pp yY Pe + oo. Ho, my” = yA,, 
dm= = ai, ray gent a eacweexs icoooo + ai, SA l ie > 


Ane ped App pyt zm- + eoecceoene + tment = ydp 


Ap = Api 42" + evoceeeeceoce + Ar, ny = =a yA, 
while 
Am-r ae Ay, 2" + A, yem +.. + Ar m-ryY T, 
A p = Amp, 02" + Amu, YT + 0. + ao 
d= Am—1,0% + An—1,1Y; | 
Ay =n, 03 


a 
ee 
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with similar expressions for the coefficients in f, viz: 
B, = y'B,, 
Bp- = yB,» 


Bo-s+1 = yB,, oe 
Bra = Bs, 02?™ T Bs, y2? +.. + Bipa l 


B, = Bp-yo2+ Bpm enag 
B, = Bpo: 
The z-resultant of F, f is 
R=| dm Am. Ama... Ao .« ... | p rows of A’s 


@eeececoeoseeeeeneeeeeeeeoeeseenvnvoeseeehoinseeed 


eeeevoovneeveseeevseeeeseeaseeoeeveeseevrenevuseeeveee 


Bp Bpm Bp... By . «... | m rows of B’s; 


eeensneeoeeeeaeeaseeseeveseeeneeeeeewesaeeaeteaevneeese 


hence 

= yA, yA,_, yA, 7; Cane A, cee) <p 
Ew yA, Se ; yA, ... A. Acco 
| yB, ye 'B,, yB, Bj B, m 


If we now manipulate this determinant in the usual way, that 
is, multiply the first s of the p A-rows by 7’, y, ... 4?, y, and the 
first r of the m B-rows by y”, y~, ... y, so introducing the factor 
y with exponent 


4s(s+1)+4r(r+1), 


we put in evidence in the first r+s columns the factor y with 
exponents 
r+8s,r+s—l,... 2,1, 


that is, y with total exponent $(r+s)(r+s+1). Thus we see 
that R contains as a factor y with the exponent 


b(r-+8)(r +e+1)—$8(s +1)-4r(r+1)=rs. 
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Hence R = y” R’, where 
R' =| A, A.. A, A wr YÅ m-ra fA ey T 


A, A, A, A m—r YA m- 
RR AEST kn anne Irn we 
B, Buy... B, By yBpaa  y'Bygag oossoo.. 

B, ...B, B, By-s Y e POE E E E N 
a E e e Se ene 


in which, in the first s rows, all A’s after Am- are multiplied by 
some power of y, and similarly for the B's. 
Now in R’ 


(i) Since 
Ay, = Opp eZ 8 + Arou, up Yor Hoe H Apu, mr ny 
(wu =1, 2, ...1r) 


it is seen that the second suffix of any a in A, exceeds the 
exponent of the accompanying y by u, where usr. So the second 
suffix of any a involved <r + exponent of y. 


(ii) Since 
A, = An—po* + Am -p, iy F. Fm nw", 


the second suffix of any a in A, is equal to the exponent of y, and 
therefore < r+ exponent of y. Still more in any yA, the second 
suffix <r + exponent of y. 

Hence if any contribution to the term y? in the development 
of Æ is built up as y% due to A’s and A’s, y due to B's and B's, 
where qı +q: =q, every second a-sufix <r+q, therefore <r +q, 
and every second -suffix <$ + qz, therefore <s +q. This applies 
to the total coefficient of y1 in K’, consequently 


R=C,+ Ciy + Cy t ... HOYE o, 
where in C,, C,, ... C, the a’s have the second suffix 
>r,rt+l1,...7+4q, 
and the §’s >s,st+],...8+4¢. 
6. The application of this to the question of the conditions for 
q extra O-solutions is immediate. There must be in R’ the factor 
y1, which requires C,=0, C, =0, ... C} = 0; the a’s involved have 
the second suffix <r+q. In particular, a,4, is excluded; con- 


sequently by the principle already enunciated no coefficients are 
present from the set of terms a,,,, and similarly none are present 
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from 6,,,. The same conclusion holds for all following a’s and b’s. 
Thus we have obtained the result that the anon for 
0-solutions, beyond the rs made evident by the form of F, f; 
involve at most the first g a’s and the first g b’s, though it is not 
necessary that all these be present. It may be noted that this 
result is independent of m and p. 


In considering the 0O-solutions of F=0, f=0 we may equally well use 
F+lf=0, F+Uf=0. If both F and f begin with terms of degree r, and these 
lowest terms are equivalent, we may replace f by the combination ¢ (e.g. F- /) 
that removes these terms and possibly others, and instead of 


F=artar i t..3 

J=brtbri t.. 
consider F=a, +a, it... 

P= terit., 
where s >r. 

The results as to the number of O-solutions are necessarily identical, but 
the form in which these present themselves is slightly different. An illustration 
will make this clear. With r=2, consider the conditions for 7 O-solutions ; 
these depend on not more than 7-2.2, i.e. 3 a’s and 3 b’s. The three con- 
ditions for the three extra O-solutions are 

(az; b2)=0, (az, az; be, b3)=0, (a2, a3, a4; bg, b3, by) =9, 
where any of the a’s or bs may be absent. 
If now aze bg, we replace f by p= F- f, and consider 
F=a+a;+a+...; 
$ = Catt... 
But as now there is only one extra solution (7 — 2.3) to provide for, we need 
only one a and one c; there is one condition (a2; c3)=0. Since however 
ag =E bs, and C3=a3- bs, this is (a9, Qs; be, b) =0. 

The explanation is, of course, that the stated equivalence of az, b} has 
imposed two conditions, so the three to be expected in the general case 
(az + by) reduce to 

(ag; ba)ı=0, (az; b2)2=0, (az, a3; b2, 63) =0, 
a reduction in extent allowed for by the formulation that not more than 
a certain number of a@’s and 0’s are involved, 


7. The result obtained shows that in considering the possibility 
of q additional O-solutions of F = 0, f= 0 where 


BF =a, +a, + eons, 
f=b, +b + eee, 
or in assigning the conditions for such extra O-solutions, we may 


ignore all the a’s and b’s except the first g of each, not on the 
ground that the terms thus ignored are small in comparison with 
those retained and therefore negligible, but simply because they 


do not enter into the algebraic conditions. 
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If then Fm, F’,, agree as to the lower terms a,, Q,4, ++., and 
fo: f'o 28 to bs, bsi, ..., and the agreement in each case extends 
sufficiently far, F’=0 and f’=0 have the same number of 
O-solutions as F =0 and f=0. Consequently in any investigation 
that is concerned only with the number of O-solutions, irrespective 
of any geometrical explanation of the location of the common 
points of the curves F, f whether at O or in the vicinity of O, 
F”, f' may be used instead of F, f. 


Note. It is convenient to have symbols for the intersections of 
two curves F, f, or for the solutions of two equations F= 0, f= 0. 
Those that will now be used are 


(F, f} for the set of solutions or intersections, 
{F, f ẹo for the set of O-solutions or O-intersections, 
I, {F, f } for the number of O-solutions or O-intersections. 


II. Factoring of F (x, y). 


8. It wil] now be shown that in certain investigations F (a, y) 
may be replaced by a factored form. The proof applies not only 
when the exponents of x, y in F are integral, but also when the 
exponents of x are integral or fractional, provided always the 
exponents of y are integral. For simplicity of treatment and 
generality of statement the lines of reference x=0, y=0 are 
chosen so that no power of z is a factor in the lowest terms ag. It 
follows that these terms include y*, hence & is an integer, and the 
exponents of x in a, are all integral. 

Let r= y—/ (x), where f (x)= 2A;2, the d's being integral 
or fractional (1 <A, < M< ... <a), then by actual division 


F (a, y) = TF (a, y) + X (2), 
irrespective of any particular choice of f (x). In this identity 
X (x) = F {a, f(x)} = gpa. 


Since f(z) contains no higher power of v than 47, and F no higher 
power of y than y”, the greatest exponent of x in X (x) is not 
greater than mo, so X (x) consists of a finite number of terms 
gut", where p has a finite range. The lowest exponent depends on 
f(x), which will now be chosen so that this remainder, X, shall 
have a certain characteristic. 

If there is an expression BA; (1< <M <... <o) which 
substituted for y in 


F=autat+... (<k <k’ <...) 
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gives as a result @(z), in which the lowest term is æ”, where 7 1s 
integral or fractional, let this be used as f(x). The substitution 
y = f(x), i.e. T= 0, in the identity 
F=rF'+X (x) 

gives the result X (z). Hence this remainder, X (æ), is precisely 
$ (c), in which the lowest term is x", and the product T$” agrees 
with F as to all terms of degree less than m. Consequently the 
product rF’ may be used instead of F in any investigation that 
involves no a of suffix m or higher. If then it is found possible to 
make r sufficiently great, we shall be able to substitute rf” for F 
in all questions relating to O-intersections of F with other curves. 

Comparison of the lowest terms on the two sides of the identity 


F=rk’+X, 
where tT=y—A,7—ZA,, 
F’ =, + vy + os, (h<h’ <h” < sga) 
shows (y — A£) Vr = ag, 


hence y — Az is a factor in ag, and v, is the quotient, so h = k — 1. 
_ It is seen that in F’, as in F, the lowest terms have only 
integral exponents, and contain no power of x as a factor. 


9. The conclusion as to the character of the remainder X 
depends on the existence of a finite number of terms of an 
expression f(v) satisfying certain conditions with respect to 
F (x, y). That such an expression—an expansion for y—exists, 

rovided z is not a factor in ag, is shown by the usual procedure 
for finding the terms in succession, with ascending exponents, 
arranged in the form that is theoretically simplest, depending on 
the direct application of the defining condition that the lower 
powers of z in F (x, f) shall vanish. For the present purpose it is 
not necessary to examine minutely the character of the expansion; 
if alternative values offer themselves for the exponent of the term 
sought or for its coefficient it suffices to use any one of these, as 
all that is needed is the assurance that some one expansion can be 
found. This assurance can be obtained very simply. 

If we have already found 

y=f(xe)=Ayrt+... + Age’, 
which reduces F (x, y) to X, that is to gax” + higher terms where 
m >ø, and no modification of the A’s or insertion of other terms 
of exponent <o will increase v, it is to be shown that we can find 
another term, 7, = Aa’, where 0 >c, such that y =f (£)+n shall 
reduce F to X’,in which the lowest exponent m’ >a. For this the 
finite algebraic development 


F(a y tn) =F (e, y) +P O + + APO +o, 
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suffices. Since k is integral, and a; contains a term y*, 
F*® =g, + terms in z, 
while F™, h+k, may begin with a power of x, exponent ma. So 
F (x, y+) = 2" (g+ Xo) + na (gı + X1) + $072" (92+ Xa) 


1 
g 


+... +a n* (g+ Xt. n” a (gn + Xn) + or 


Since n = Az’, the lowest exponents in the successive terms are 
m,m, +0, ..., ma + hO, ..., KO, ...5 mr +h’, .... 
It is a simple matter to show that if we take for 6 the greatest 
of such of the quanties : (m —7,) as are positive, certain of these 


exponents, for values pu, p’, p”, ..., become equal to 7, and the rest 
all greater than m. It is worth noting that if k >k, my +h’ > kô 
so >r, hence it is not necessary to carry the development of 


F (x, y +n) beyond the term x ntF, In this way 6 is determined 


linearly *; A is obtained by equating to zero the complete coefficient 
of z", hence it is any root of the equation 


Jot QA" +gwA* + ...=0 


in which g,+0. There will be alternative or possibly repeated 
values for A unless p = 1, p’ = p” = ... =0, but this is immaterial 
as only one solution is needed. Since A is thus determined, we 
cannot control the coefficients of 7’ etc.; further, since 


Tutub =r, 
it follows that 0 < m, hence m’ >6. So the expansion 
y=A,xt+... +A,x7+ Ax? 
has the characteristics specified for 
y= A, r+... HA2. 


Hence the process may be continued indefinitely, but this is not 
needed here, as it will appear that the expansion is to be carried 
only to some predetermined exponent ø; the procedure shows that 
the lowest exponent in the remainder X is then greater than ø. 


* This process, which gives at every stage the greatest admissible value for 6, 
may possibly be the same as that of John Stewart of Aberdeen (1745) mentioned by 
de Morgan: ‘‘ Newton’s Method of Coordinated Exponents,” Trans. Camb. Phil. 
Soc. 1x, 1856. 
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Er.1. If F=(y-r}-zryly-r)+ t y- r)t Pyt, 


the process selects Y=L+B+...; 
then F" =y- x- ry +25 t... 
The other expansion is yertat+.... 
Ex. 2. If 
F=(y- 2) +y 32y? + 2x*y? — Wry? + Baty parry +T, 
the process selects Y=L+z* +... 
then F=(y-2)+y —Qry?+a%y—- 23+... 


The remaining expansions are yertci+ ee 


10. More precise information as to the relation of o to 7, the 
lowest exponent in X, may be obtained from the identity 


F=rk’+X. 
If the exponents in F and in 7 so far as used, therefore also 

in F’, are integral, the product 

(y — Az — Aga? — ... — Ao 27) (Vk tUr + ... + Y,) 
agrees with F up to and including terms built up as 

(y — A£) Vp — AU — ... — Å Yk; 

hence p+l=o+k-l=r-l, 
that is p=o+k-?2, m=0 +k, 
and the product 

(y = Az = 4x2 — cre = Aat) (Uk TT + Vok) 


agrees with F up to and including the terms of degree ø +k -—1. 
So F = rF’ + X, where the lowest terms in X are of degree o + k. 


If there are fractional exponents in F or r, let s=; the 


: A 
agreement with F extends over terms of degree - + k — 1, terms 


potentially present in F with zero coefficients if necessary. It 
suffices however to state that the agreement covers terms of a 
certain integral degree, the integer next smaller than the correct 
fractional value; but as a matter of fact it is not necessary in 
either case to state the actual extent of agreement, we can make 
this as high as we please by choosing for o a sufficiently great 
finite value. 


Note. As an alternative the remainder ¥ (x) may be obtained as X (x, y), 
either by leaving the division incomplete or by substituting for some power of 
x the equivalent given by the cag e forr. It may be noted that although 
in the proof given it is taken for granted that for the division by r, F is 
arranged by descending powers of y, so that the remainder appears as X (x), 
yet when we know the desired form of result, the division by r, that is by 
(y— A,x)-— A,x\—...—A,gze, is more conveniently performed when F is 
arranged in the usual way as a,+a,+.... The division can then be broken 
off when the lowest terms in the remainder X (x, y) are of the desired degree. 
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11. Since F” is obtained from F as the quotient, with 
y— Vs EE = ZAT 


as divisor, all the y-exponents in F’ are integral, the z-exponents 
may be integral or fractional, and as already pointed out the lowest 
terms are integral and contain no power of x as a factor. Hence 
we can apply to F” the same process, obtaining the identity 


F’ =c'F" +X’, 
where 7’ is an expansion for F’. From this 
Fer(e RP’ + X')4+X 
= TTF” +(tX'+X) 
= TT F” + X” (a, y), 


where the lowest terms in X” can, if desired, be made of the same 
degree m as those in X by making those in X’ of degree m -— 1 or 
higher. 

This identity, written as 


F=a7G+Y, 


shows that 7’, obtained as a terminated expansion for F”, is also 
a terminated expansion for F. It is true conversely that 7’, a 
terminated expansion for F, if different from r (a condition not 
necessary in the direct theorem) is a terminated expansion for F”. 
Let 7, 7’ differ at x^, and let 7’=0 reduce F to X’, where the 
lowest terms are of degree m. Substitution of r =0 in the 
identity 
F=rtk’+X 


shows that the lowest terms in rF” are made to be of degree > r, 
so the lowest terms in F” are of degree > m — A, which is at our 
disposal on account of m. Hence r is a terminated expansion 


for F". 
By repetition of the factoring we have 


F=r F +X, 
F =7,.F,+ X, 
F,=7,F;+ X, etc. 
froin which ee ee e 
= T, F, + Xp, 


where T, is the product of h terminated expansions for F. It is 
immaterial whether these are different or identical. If all are 
carried to the same exponent ø (conveniently stated as integral, 
with zero coefficient if necessary), the identity shows that the 
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lowest terms in F, are of degree k—h, the highest of degree 
k—~h+o-—1; the lowest terms in X, are of degree greater than 
k+oa—1. Since F, and X, are the quotient and remainder when 
F is divided by the product T}, the order in which the factors 
Tis Ta, --. Tp are Introduced makes no difference. 

So long as À is less than k the factoring process can be con- 
tinued ; hence there are at least k expansions 7,, T2, ... Tz, different 
or (apparently) the same. It will be shown later that if carried 
far enough these are all different, though if the lowest terms in F 
contain a repeated factor, l-fold, l of the r’s agree to some extent. 
That there is no expansion different from the & thus individually 
segregated in the course of the factoring is a consequence of the 
theorem proved above, that an expansion for F, ditterent from 7,, 
is an expansion for F,; consequently if different from 7,, it is an 
expansion for F,, and so on through the k expansions 7, Tz, ... Th. 

In the identity 

F= Tr, + X; 


the final quotient Fẹ, which will now be called N, begins with an 
absolute terin uy, different from zero. It is convenient to write F 
so that this shall be unity, then 


F2NT+ X (a, y), 
where T is the product of k factors 
i y— Az — Edi — Aos, 
N is lur turto + Uos 
and the lowest terms in X are of degree >k +ø- 1, the highest 
> ko +o—1 or m, which ever may be the greater. 
12. If in one expansion 7, there are fractional exponents with 
L.C. D. = q, then as 7,=0, that is y= ¢ (z,/2), substituted in 
F=7,F,+ X, 
makes F(a, y) =X, = pot pity? + pat + ..., 
where the p’s involve only integral powers of v, it follows that 
Ta = 0, that is y = $ (a,'/7), the corresponding expansion in terms of 
a second value of 2/7, will make 
F (x, y)= X,= Po + pi 2,'/9 + Poxi! +e, 


where the p’s are the same as before. Hence the lowest terms in 
X, are of the same degree as those in X,; 7, is an expansion for 
F, the remainders X,, X, are conjugate as also the quotients 
F,, F,. The terminated expansion 7, 1s thus seen to be one of a 
set of g conjugate terminated expansions. In the product T these 
may be multiplied together, giving the rational product Q, the 
terminated algebraic representation of a superlinear branch. 
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We thus arrive at the finite rational algebraic identity 
F=eN.7,7, ... QQ ... +X (x, y) 
as an alternative to 
F=N.7,7, ... t+ X (2, y), 


in which all & expansions, rational or irrational, are explicitly 
present. 

These investigations may be summed up in the theorem : 

If the lowest terms in F (x, y), of degree k, do not contain z as 
a factor, we can find in one way only a finite product N.7,7,... Tk, 
the resolved form of F, in which any 7 is of the form 


yt A, ct VeArw; 


this resolved form differs from F only by a finite number of terms 
of degree not less than a finite quantity m at our disposal, and 
may be substituted for F in any discussion that involves no terms 
of F of degree as great as r. 

In the proof of this theorem no use has been made of infinite 
series, and there is no dependence on small quantities. 

It is convenient to call the terminated expansions “ elements,” 
and any Q, the rational product of a set of conjugate elements, 
a “component.” Thus a component is the finitely terminated 
equivalent of a complete branch. A terminated linear expansion 
is indifferently an element or a component. 


13. From the theorem now proved it follows that in deter- 
mining the number of O-solutions of F = 0, F’ =0, i.e. J, [F, F’}, 
we may replace each by the resolved form and consider only 
I, (NT, N'T}. Further, on account of the absolute term in N, N’ 
these factors make no contribution to the O-solutions, so may be 
discarded; consequently J,{F, F’} =1,{T, T’}. Elimination of y 
from T=0, T’=0, that is, formation of the y-resultant, gives 
R(T, T’)=0, an equation in x; the exponent of the lowest power 
of x in this is the number of O-solutions of T=0, T’=0, and 
therefore of F=0, F’=0. Since 


T=7,7,... T, and T’=7,'t, ... Te 
this resultant may be formed as 
II; (7; — 7; ) {2 = 1, 2, ee h; j=l, 2, ee ky, 


and if the exponent of the lowest power of x in 7; — 7; , that is, the 
exponent of the power of x at which 7;, 7; begin to differ, is denoted 
by [t, j], the exponent of the lowest power of x in R(T, T’) is 
= ([t, j]. In this any of the separate contributions [i, 7] may be 
fractional, but X [i, 7] is certainly integral, being the exponent of 
a power of x in the y-resultant of T, T’, also in the y-resultant of 
F, F’, both obtainable rationally. 
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In geometrical language I, {F, F } is the number of O-inter- 
sections of F, F’. Cayley and others use the term “number of 
intersections” also for two partial branches, even though this 
number be fractional—a Se rhaliconventicn that seems unnecessarily 
strained though causing no confusion. When small quantities 
are admitted “order of evanescence” or an equivalent (Smith, 
Halphen, etc.) is appropriate, but as this is not available here the 
term “relative index” is used, defined as the exponent of the 
power of æ at which two elements differ. To avoid unnecessary 
increase in the number of symbols J,{7, T} is used to express 
“relative index” or “number of O-solutions” or “ O-intersections ” 


as the case may be. So 
4 , , t= l, 2, eve h 
I (F, F'j= LiT, T} =EL [r 75) a > tt: 
14. The resolved form of F may be used not only in deter- 


mining the number of O-intersections with the polars or the 
Hessian, but also in forming admissible substitutes for these. 


(i) F and the polars. Let AF be any first polar ; 
F=NT +X, 
80 AF=A(NT)+AX 
by the law of formation of a polar. Hence AF differs from A (NT) 
by terms of degree > m — 1. So for a sufficiently great value of r, 


certainly less than m(m—1)—(k—1), we may use the resolved 


form of F. 
Further, in forming the polar we may ignore the factor N. For 


A (NT) =N.AT + T. AN, 
so the O-solutions of NT = 0 with A (NT) =0 are 
(i) (N, AN}, + {N, T}, (ii) {T, AT}, + {T, N}. 
But N has an absolute term, so the only O-solutions are 
{T, AT}, ; 
hence (NT, A (NT)}, = |T, AT}, 


and consequently 
I, {F, AF} =I, {T, AT}. 


(ii) F and the Hessian. Consider first {F, HF'},, where 
F=$+X, 
the lowest terms in X being of degree m in x, y; then 
H (F) = | out Xu diet Xie ıs + X13 | 
| dat Xn da + Ax but Xo | i 
| dnt Xa Psa + Xa Ps + Xs | 
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Examination of the eight determinants, of which the first is 
H (¢), shows that 
H (Ff) = H(¢) + terms of degree > m — 2 in a, y; 
hence H (F) and H (¢) differ only after terms in a, y of a certain 
degree, as high as we please. That is, 


if F=go+X 

H (F) =H ($) +Y, 
so with F=NT+X 
we find H (F) = H (NT) + Y. 
Consequently 


I, {F, H (F)} =1,{NT, H(NT)}, — 
which shows that instead of F and H we may use the resolved 


form and its Hessian. 
Further, in forming the Hessian we may ignore the factor N. 


The known formula for the Hessian of a product f, fa, namely 


H (fifr)=mfoh, + mfith, + Of fr, 
where h, = H (fi), he = H (fi), and m,, m are numerical multipliers, 
applied to the product NT, shows that the O-solutions of NT = 0 
with H (NT) = 0, that is, with 

m TH (N) + m,N°H (T) + ONT = 0, 
are (i) {N, TH (N)},, (ii) {T, N°H (T)},. 
Inasmuch as N has an absolute term, the only O-solutions are 

{T, N° (T)},, that is {T, H (T)},; 
consequently 
I, {F, H (F) =I, (NT, H (NT) = I'T, H (T). 

Thus as regards the O-intersections of F with the polars or the 
Hessian the factor N produces no effect, it 1s a neutral factor. On 
account of its algebraic rôle, which is to combine the O-elements 
or O-components so as to reproduce F to the desired extent, it 
may be called the synthetic factor. The recognition of this factor 
enables us to base certain investigations on the finite algebraic 
identity 

F=eN.7,7,... te + X (<, y), 


and replace F by the factored form 7,7, ... T,. 


15. In the proof that there are k elements r there is nothin 
that requires these to be different; if the expansions are anaes 
at a sufficiently low exponent, two or more may be identical. It 
will now be proved that if the expansions are carried far enough, 
the k elements are all different. This depends on the relation of F 


to the polars. 
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An irreducible curve Fm and A, the polar of an arbitrary point, 
have m (m — 1) intersections of which a definite number n io: not 
lie at the singular points. This number n may be found without 
the use of the polars, as it is the degree of the reciprocal equation. 
Consequently J, |F, A} cannot exceed a certain number D, 


=m(m—1)—n; 


the exponent of the lowest power of x in the resultant of F, A is 
not greater than D—or, more conveniently, R(F, A) certainly 
contains a term Mz”, where D’ <D. 

Let the 7’s in the resolved form of F be carried so far as to 
allow for D intersections with A. On the hypothesis that two of 
these elements are the same, 


T=7".7,7; eee Tk-9) 


and AT = 7?[ ]J+7[ ]= r4. 
Hence the resolved form of AT presents r as one factor, 
AT =N’T’ + X’, 
where fel ee ne PM a e 
Now I, {F, A} = J, {T, AT} = J, {T, T), 


hence in R(T, T) there is a term Mz”, where D' < D. But on 
account of the common factor rin T, T their resultant, [I (7;— 7; ), 
vanishes identically and there is no term Mz”, a contradiction 
which disproves the hypothesis that two elements r are the same. 
Hence if the expansions at O are carried sufficiently far the 
k elements are all different*. In what follows it is to be under- 
stood that this condition has been complied with, so that in the 
identity 
F=N.7,7,...T% +X 


the 7’s are all different. 


Note. Possibly the product NT should not be considered “the resolved 
form” unless the elements are all different. But in investigating the relation 
of two curves F, F” it may not be necessary to carry the expansions so far, 
while again it may be necessary to carry them even further than will ensure 
the divergence of all 7’s, so it seems more convenient to let the term “resolved 
form” apply to any admissible NT, with the understanding that the agree- 
ment with Æ’ is of the necessary extent. 


16. This is essentially the same as the reduction due to Brill, 
based on the theorem of Weierstrass that it is possible, in one way 
only, to find a reducing factor 


O(a, y)=1+90,4+4,4+..., 


* Cayley, Quart. Journ. Math. vu. 1865. 
VOL. XXIII. PART III. 16 
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such that OF shall contain no power of y above y*, where k is the 
degree of the lowest terms in F and this power only in the one 
term y*. The neutral or synthetic factor here used, which is 
Halphen’s Q, terminated, is equivalent to the terminated reciprocal 
of the reducing factor of Weierstrass. Brill shows* that the 
resulting form 


yk + ya P, (x) + yb? a P(x) + «0. + oP, (2) 


can be expressed as the product of k factors y — xP; (x), where the 
P’s and P’s are power-series. The procedure is sufficiently simple 
for different factors in ag, but it becomes complicated when a, 
contains a repeated factor, which is the important case. 

The present investigation offers a more elementary treatment 
in which, owing to the segregation of the individual factors as they 
_arise, the case of a repeated factor demands no special consideration. 
There is however a more important difference relating to the 
concepts involved; in the reduction as presented here no use is 
made of infinite series and no questions of convergence arise. 
Likewise in the applications now to be made of the finite algebraic 
identity 

F=NT+ X 
there is no reference to small quantities, though the identity itself 
affords a convenient basis for the introduction of small quantities 
for topological purposes. 


IHI. Pliicker’s Equations. 


17. From the algebraic point of view Plücker’s equations are 
relations connecting the order and class of a curve, given by the 
degrees of the point-equation and its reciprocal, with certain 
numbers obtained algebraically without reference to any geometrical 
significance, even though with a view to conciseness of statement 
we may choose to employ such geometrical terms as point, line, 
tangent, etc. These numbers are the summation over the whole 
curve of certain indices defined for the singularities. 

These indices present themselves separately and in combination 
in the consideration of the O-intersections of F' with the polars and 
the Hessian, and in the formation of the expansions. Now in the 
determination of the O-intersections, or of the expansions, it has 
been shown that we may replace F by F + Ad, where ¢ is arbitrary 
with the lowest terms of sufficiently high degree. In the pencil 
F + 2d =0 the only necessary point-singularities he at the critic 
centres, and we can choose A so as to avoid all these with the 
exception of O. That is, we can replace # by a curve that has the 


* Sitzungsber. der Münch. Akad. 1891, p. 207; Math. Annalen, 1891,xxx1x. p. 129; 
Vorl. ü. ebene algebraische Kurven u.s.w. 1925, pp. 91—113. 
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same Q-singularity and no other singular points. Hence the indices 
belong to the singularity absolutely, they depend neither on the 
order of the curve nor on the possible presence of other singularities. 
Further, we may use the resolved form, which exhibits as much as 
desired of the expansions, in forming the polars and the Hessian. 
We shall find that this practically reduces the problem to the 
discussion of the components. 

The order and class of a singularity at O on a rational com- 
ponent with y=0 as tangent are the degrees of the lowest terms 
in the point-equation and the (reciprocal) line-equation. In geo- 
metrical terms k, the order, is the number of points on an arbitrary 
line through O that are represented by O; and l, the class, is the 
number of tangents through an arbitrary point on y=0 that are 
represented by y =0. The order, k, is therefore the number of 
elements in the rational component, that is, the number of con- 
jugate expansions in the complete (superlinear) branch. The 
reciprocal statement as to the class, J, is that it is the number 
of conjugate expansions in the complete branch, when expressed in 
terms of line-coordinates*; it can however be found without 
determining the reciprocal equation, for it will be proved b 
means of polars that the component and the O-tangent have k+ / 
O-intersections. 

The indices are : 

(1) The discriminantal index D, a certain exponent in the 
resultant of F and a polar; that is, if the polaris A,, the exponent 
of the power of x that is a factor in the y-discriminant of F. This 
index depends on the singularity as a whole, it may be obtained 
without any preliminary resolution into components, though its 
value is most easily found from the completely factored form. 

(2) The index D, reciprocal to D. 

(3, 4) The cuspdal index «x and the inflexional index 1, defined 
for a rational component with a singularity of order k, class z, 
as «=k—1,+=l—1. For the whole singularity these indices are 
&(&—1) and = (1-1). 

It is found convenient to introduce also 

(5,6) the nodal index, defined indirectly for a component or 
for the whole singularity as the number v for which D = 2p + 3x, 
and the reciprocal r, for which D’= 27+ 3:. For present purposes 
these two indices, v and 7, are not needed, their significance 
appears however when topological explanations are desired for 
results obtained by detailed analysis of a singularity. 


* In Proc. Lond. Math. Soc. v1. 1873-6, H. J. St. Smith obtains the expansions 
in line-coordinates, and thus finds l, but as the argument depends on small 
quantities, it is not admissible here. The same comment applies to the proofs 
of Halphen (Mém. prés....@ VAc. des Sc. de Paris, xxvi. 1874-7) and Stolz (Math. 
Ann. vin. 1874-5). 
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It is a simple matter of proof that for the elementary 
singularities these formal algebraic definitions are consistent with 
the usual definitions. 


18. Relation of F to the polars. The first two of Pliicker’s 
equations are equivalent to definitions of v and r; it remains 
to show how D, or 2v + 3x, may be found without actually forming 
the y-discriminant. Except for the more compact statement made 
possible by the use of the resolved form, and the omission of any 
reference to power-series and convergence, the determination of 
the value of D is the same as that now current, due to Cayley. 
It is given here briefly for the sake of continuity of argument. 

By definition 

D= 1, {F, O,F} = I, {T, A, T). 
Hence if 
T=17,7,... Ty =T;, Lsn = oes, 
so that A,T =T, Az, +T, Ar +... 
=T, +T, +... +T,, since À,T= 1, 
=T +7,(..) =T,+(..)=..., 
we find D= =I, {T;, Ti} = 22; [Tis Tj}, TE (2 +7), 
or, in the rather elliptical form often adopted, D is twice the 
number of O-intersections of F by itself. 

As regards the determination of tangents from a point, the 
O-intersections of F with the polar of the point, D in number, are 
nugatory. Hence to find the number of O-tangents to a component 
Q from an arbitrary point on the O-tangent—that is, to find J, 
the class of the O-singularity on the component—if y = 0 is this 
tangent, and O, the arbitrary point, we have 

l= I. (Q, 4.Q} — D. 
As before 
I, {Q, 4.Q} = I. {T, 4,T} 
= I, {T, T,A,7, + T,A, 7, + ...} 
SAh Tio Tees OT) 
= 221, {[7;, 7;} + 21, {ri, Metis} 
= D + ST, (Ti, AzT;!, 
SO l= YL, [Ti A, 7;}. 
If now any 
T=Y+ A+ Ara + ees l < A<N < woes 
AT = AA, 27} + A Arg! +... 
= DIAA + Soe); 
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hence I, {r, Agr} = J, {r, A} =rvA—1, 
where r=, ÍT, y}, 


and the summation over the k elements 7,, Ta, ... 7, gives the 


result 
l=S/, (vi, y} — k, : 
or k+l=2I, fT, y= {Q, y}, 


that is, as stated earlier, the component and its tangent have k+l 
0-intersections. 


19. Relation of F to the Hessian. It is customary to complete 
the proof of Pliicker’s equations by means of the theorem of the 
invariance of the genus, p. This is doubtless the appropriate 
procedure when the discussion of F (s, y) =0 is looked upon as a 
mere incident in the theory of algebraic functions; but it makes 
acquaintance with the individual curve dependent on knowledge 
of systems of curves, and while it is doubtless true that in order 
to know a part we must first know the whole, it is equally true 
that adequate comprehension of the whole is materially contributed 
to by detailed examination of the parts. 

For a given curve F the determination of the elementary line- 
singularity, the inflexional tangent, is found to depend on the 
relation of F to its Hessian, an immediate consequence of the fact 
that the equatiow 


Fa Fe F's = 0 
Fa Fah Fa 
| Fy Fx Fy | 


includes the condition for an inflexion, though in a form not free 
from extraneous conditions. If this direct procedure is really in 
harmony with the spirit of the problem, it should be possible to 
apply it to the case of higher singularities. The result to be 
obtained may be divined from the relation (in which the summation 
is over the whole curve) 


32D — Èx + Xe=3m (m — 2), 


deduced from the direct expression of the theorem that the genus 
of F(x,y) is equal to the genus of the reciprocal form. This 
relation states that if of the total number of intersections of F, H 
we set apart 2s as the number of effective intersections we are left 
with 2 (3D — x) nugatory intersections. 

This suggests that for any singularity 


I, {F, H}=3D—K +4, 
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a relation easily proved for the ee singularities and for 
others of fairly simple type, e.g. with either kor l=1. The problem 
is to prove for higher singularities that N, the number of nugatory 
intersections, =3D—«. H. J. St. Smith pointed out the difficulty 
blocking the way to a direct solution of the question, the practical 
impossibility of finding the O-expansions for the Hessian. Halphen 
however at about the same date attacked the problem directly, 
using expansions for F, but for H the equation 


H = 2F, F; Fa — Fi Pe — Fè Fa = 0, 


the non-homogeneous equivalent of the determinant form of H in 
virtue of z=1, F=0. He relies on small quantities, considering 
orders of evanescence, segments of different orders, points in the 


vicinity of O. For the intersection of H with one expansion, r, he 
2 


er is of order 
Ox? 


X—2(e—1 in Halphen), and therefore infinitely small of order 
A—2, finite, or infinitely great of order 2 — à according as A>=< 2. 
Hence the number of intersections on this branch is 


31, Ír, Fy} +r —2, 


and therefore, assuming that the summation is not prohibited by 
the possible negative value of A — 2 which makes certain quantities 
large instead of small, he finds 


I, {F, H} = 3X1, ir, F} + 2 (a - 2) 
= 31, {F, A} +lk. 


This seems to be the only frontal attack that has been made on 
the general problem of determining the number of O-intersections 
of F and H. By means of the resolved form this line of argument 
can be followed without reliance on small quantities ; a modification 
then suggests itself which obviates the apparent necessity —to 
which Halphen yielded—of a rather dubious if not actually un- 
justifiable extension of a convention. 


says* that H reduces to a F(x, y);=0, in which 


20. It has been shown that the resolved form may be used 
in forming the Hessian. The formula for the Hessian of a 
product, viz. 


H (F) = H (fif) = m fèl +m fèl + OF A, 
shows (F, H} = {fis Jeh} + {fas feh, 
SO LIEF, A}=6L,{fi, Abt lo fA, ta} t D {fa hi}. 


* It is not quite clear how Halphen himself arrived at this, but the context 
suggests that it was by means of small quantities. 
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If now the k factors 7,, Ta, ... T in T are associated in any way, 
so that T= fi fo f,..., this gives 


I, {T, HT} meee [Fis Fi} + EL {fis hi) 


=3D + SI, { fi, hil, 


where D is the contribution to the discriminantal index arising 
from the factors fi, fas fs, --- (the components) in pairs, and 
I, { fi, h;} is to be determined for each component separately. 

or a linear component 


T=Y+Å xt Art... +A, 
since Ty=l, Tey=0, Ty =0, 
the Hessian, given by the non-homogeneous form 
2TrTyTry — Tr Tyy — Ty’ Trza + TF = 0, 
reduces to Ty’ Træ + TF = 0. 
Hence I, {r, h} =I, ÍT, Tee}. 
If à is the lowest exponent in r after the terms y + A,2, 
A222; A`A=l+k=l+1. 
Then Trz =N(A—1) Aya? + ..., 
which contains 2—? as a factor, and 
I, fr, ht =I, {r, 2-2} =A-—2=l1—1, 
the inflexional index of r. So the inflexional index of a linear 
component is actually the number of intersections with the 


Hessian. 
For a superlinear component we have 


Q = TT. .-- Tk, 
where T,=ytA,7+2A,2", 
A 


is one of a set of k conjugate elements. 
Since y + A,x =0 is the tangent to every r in Q, 


T, {Q, y+ Ax) =EL (T, y+ Aya} =E= AA. 
k 


But I, {Q, y+ Aix} =k +1, 
hence r= kh +1, =14e. 


The formula for J, |T, HT} applied to Q expresses J, {Q, H} as 
3D +I, fri, hi}, where h is the Hessian of r. This is equivalent 
to the formula used by Halphen. Exactly as for the linear com- 
ponent 7, we obtain the purely formal result 


I, {r, h} = Ly lT, Ta = 1, (7, 2-7} = A — 2. 
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If à > 2, this gives a positive value, integral or fractional, for 
I, ‘1, h.; hence 


1,'Q, H} =3D+3 (a — 2) 
k 


=3D+k (A-2) 
=8D+l—-k=3D+1ı-x, 
SO V=3D—-x«. 


If however A < 2, the first term in Tys has a negative exponent. 
If we accept this formal result, without regard to the geometrical 
interpretation, we find a negative value for J,{7,h}; the con- 
tribution LJ, ;7, h; to the total number of intersections presents 
itself not as an addition to 3D but asa correction to be applied. 
This suggests that the special arrangement adupted, which imposes 
on the desired number a purely arbitrary division mto 3D and 
another part, though algebraically correct is actually inappropriate; 
it ignores some vital fact. Probably as a mere matter of algebraic 
arrangement the negative value is admissible; Halphen accepts 
this convention with its consequences, and modifies the 3D by 
the subtraction then indicated. But, just as in the theory of the 
simple intersections of curves, there arises the question whether 
we can properly, even as a mere numerical step, take away a 
number of intersections; we must first be assured that there is an 
available set of the required numerical value. Such a set presents 
itself here if in the first place we determine the intersections of Q 
with <H, for which we shall find, with the same arrangement of 
the algebraic work, 


I, ‘Q, cH} =3D +1. 
21. To show this, write Q=7,7,, 7,=7,7%, etc.; then 
H(Q) = M'r3H, + M” Th + @Q, 
hence xH = M'rixH, + MT} xh, + OxrQ, 
SO I, (Q, cH =I, ‘T,, cH} + I, fr, cH} 
= I iTi, neH} + J, fr, Trh,! 
= 61 im, Ti} + {T7,, cH} + L fr, zh}. 
But T= T7T,, 
hence I, {7,, H} = 61, (T2, Ta) +L {13, Hy} + I, {Te, chy}, 
and so on. | 
Thus I, {Q, eH} = 62I, {7;, T} + TL, {Ti xh;} 
=3D+2/, {Ti xh;}. 
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In this T=y+ Ast A ot... HAT, 
80 th=2X(A— 1) 4d 4+... $0 (6-1) Aga, 
which contains 2*-? as a factor. Since A — 1 is positive, this gives 
I, {r, zh} = I, {r, 2; =A- l, 


and LI, (T; ch} =z (N—-1) =1; 
hence I, {Q, cH} = 38D +1. 
Now (Q, cH}, = {Q, Hle + iQ, zlo; 


in this {Q, x}, is a complete set, in number k, which may be 
removed. Consequently 


I, {Q, H} = 3D +l diminished by k 
= 3D + 1 + ı diminished by 1 +x 
=(3D—«) +4, 
80 N=3D-—kr. 
This shows that for the whole singularity at O 
I, {F, H} = 3D (due to combinations of the components in pairs) 
+ (3D —«) + de (due to the separate components) 
=3D—x« + ı where D, x, « are the indices at 0O. 
Hence for the whole curve 
I \|F, Hi =382D -Zx + Se = 6 + 8x + 4, 
$0 t=3m(m— 2) — 6v — 8x. 


This completes the direct proof of Pliicker’s equations by finite 
processes and the use of finite quantities only. Throughout the 
work all the coefficients of F that affect the result have been 
retained; the apparent rejection of any terms is justified not on 
the ground that the aggregate of these terms is negligible, but 
for Eemo satisfactory reason that they simply are not present. 


_ 22. The terminated expansions here called elements were 
introduced by Brill*. Any such expansion defines parametrically 
a rational curve of a certain type, 


z= tt, y= ZA., 
A 


with a singularity at O. Any curve F with a complicated singularity 
at O can be approximated to in the vicinity of O by a number of these 
components, “rational-ganze Curven”; and from these by small 


* “Ueber Singularitaten ebener algebraischer Curven u.s.w. 1879,” Math. 
Annalen, xvi. pp. 848-408; Vorles. ü. ebene algebraische Kurven u.s.w. 1925, 
pp. 263-272. 
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variation in the coefficients is obtained for F a penultimate form 
which has only elementary singularities, all separate. If in the 
vicinity of O this Pee form has « cusps, ¢ inflexions, 
v nodes, 7r pairs of contacts of bitangents, then the original 
singularity that F has at O is said to contain « cusps etc. These 
are Brill’s definitions of « etc. as involved in a composite singularity. 
These numbers are to be found for a component from the degrees 
of the parametric equations for such singularities, from which 
«=k—1,+.=X—k-—1. But as to the numbers v, 7, Brill gives 
the proof only for a single component with k prime to l, the one 
case in which an @ priort result can be obtained without detailed 
examination of the expansions, since the number of latent double 
elements, point or line, is 4(4—1)(/—1) in this case only. For 
the determination of v, 7 in the more general case for one com- 
ponent, and apparently also for these numbers as arising from the 
combination of components, he refers to the investigations of Smith 
and Halphen on the critical or characteristic exponents in the 
expansions. Inasmuch as the x, 4, v, T as defined by Brill are thus 
determined, he finds no occasion for considering directly the relation 
of F and the Hessian at a higher singularity. 

This use of the terminated expansions is entirely different from 
the use made of them above. The whole of Brill’s interesting 
investigation, starting with the definition of the contents of a 
singularity, is frankly topological; both procedure and proof are 
based on the recognition of small quantities. 
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The (2, 1) Correspondence. By R. VAIDYANATHASWAMY. (Com- 
municated by Mr H. W. TURNBULL.) 


[Received 21 April, read 3 May, 1926.] 


INTRODUCTION. 


This communication is a sequel to a former paper on “The 
General (m, n) Correspondence” read before this Society in March, 
1926*. It contained the general exposition (§ 1) and the theory of 
complete and closed sets (§ 2). For convenience these reference 
numbers will be here adopted, so that the present work, which 
opens with § 3, will be understood as a direct application of the 
previous sections. 

The main object is to establish results which have a geometrical 
application in the geometry on the circle. In two elaborate 
memoirst Pittarelli has studied the (2, 1) correspondence, where 
he develops the notions of what have here been called apolar pair, 
auto-pair, and apolar cubic. He proves the fundamental result that 
the auto-pair is the Hessian pair of the apolar cubic, but not the 
other fundamental result that the cubic of fixed points is apolar 
to the cubic-covariant of the apolar cubic [see §3 (14)]. Beyond 
this, there is little in common, either in method or result, between 
the present work and the work of Pittarelli. 

The properties of the orthocentric pencil lead to a generalized 
algebraic statement, explained in § 4 as the two-quadratic repre- 
sentation of the pencil of cubics. 

In §5 the binary geometry of the circle is developed. A 
fundamental link with what precedes is the covariant specification 
of the orthocentre of an inscribed triangle of the circle. For the 
triangle defines a certain (2, 1) correspondence on the circle, whose 
apolar pair in turn corresponds with the orthocentre. 


CONTENTS. 


§3. THE (2, 1) CORRESPONDENCE. 
(10) Quadratic Covariants of the (2, 1) Form. 
(11) Relation between the Auto-pair and the Apolar Pair for 
given fixed points. 
(12) Apolar and Auto-pairs of special forms. 
(13) Indeterminate cases of Apolar Pair. 
(14) The Apolar Cubic. Similar Forms. 
(15) Automorphic transformations. 
(16) Canonical resolution. 


* Proc. Camb. Phil. Soc., vol. xxi, pp. 109-119. 
t Atti della R. Accad. Lincei, vol. mt (1885-6). I must thank Mr F. P. White 
(St John’s College) for having drawn my attention to these memoirs. 
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§ 4. THE Two-QuaDRaTIC REPRESENTATION OF THE PENCIL OF CUBICS. 


(17) Derivation of the representation. 
(18) Representation of Apolar Pencils. 
(19) Representation of the Null Pencil. 
(20) Absolute Parameters of a Pencil. 


§5. THE BINARY GEOMETRY OF THE CIRCLE. 


(21) Special (2, 1) Correspondences on the Circle. 

(22) The Pedal Angle. 

(23) Polar correspondence related to the auto-correspondence. 
(24) Pedo-paralle]l and Orthocentric Pencils. 

(25) Orthocentric Loci. 

(26) Other systems of Inscribed Triangles. The Antipedal Angle. 


§ 3. THe (2, 1) CORRESPONDENCE. 
(10) Quadratic Covariants of the (2, 1) Form. 


The (2, 1) form and its quadratic covariants have a bearing of 
a fundamental character on the binary geometry of the circle, and 
their study is indispensable as a preliminary to that of the pedal 
correspondence. 

Let the (2, 1) form F (z, y) be written symbolically 


F (x, y) = (ax)? (by) = (a'z)? (b'y) = (ax)? (by). 
The quadratic in x which is apolar to F for all values of y is 
evidently : 
3:1 O (x) = (aa’) (bb') (ax) (a'z). 
We call O (x) the apolar quadratic of F. Since O (x) is also the 


first rank covariant, or the (1l, 1) transvectant of F, it follows* 
that: 


3:2 The apolar quadratic of F vanishes identically when and only 
when F is of rank one. 

By iterating the correspondence F, we can see that there exists 
only one pair of points 77, each of which corresponds to the other 
in F. Thus, if x = p correspond in F to y = q, and z = q to y =r, 
then the iterated correspondence of F, being the (4, 1) correspond- 
ence (p, r), has five fixed points, among which the three fixed 
points of F would be included. The two other fixed points tj are 
thus fixed points of the iterated, but not of the original corre- 
spondence. This can only mean that each of 77 corresponds to the 
other in F, or 2j is a semi-complete pair of F (§ 2 (6)). We shall call 
(47) the auto-pair of F, and a constant multiple of (ix) (Jx) the 
auto-quadratic of F. 

This iteration-process for determining ij amounts algebraically 
to the elimination of y between (ar)? (by) and (ay)? (bz), and the 
removal of the factor f (x) = (az)? (br) from the result. The work 


* Cf. §1(1). Also Proc. London Math. Soc. 2, 24 (1925), p. 83. 
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for the symbolic determination of the auto-quadratic would there- 
fore run as follows: 


(az)? (by) = 0; <. y = b (ax). 
~ (ay)? (bx) = (a”b) (ax)? (a”'b') (a'z)? (b”x) 
= (ax)? (a’x)? (a’"b’) [(a""x) (6°) + (a”b”) (bx)] 
= f (x) (a’x)? (a”'b') (a”b”) 
+ $ (a'z)? (ax) (a’z) (b”b) {(a’"b’) (ax) — (a”'x) (ab')} 
= f (x) {(ax)? (a'b) (a'b') + $ O(z)} (3-1). 

Hence the auto-quadratic S (x) may be taken to be: 

3-3 S (x) = (az)? (a'b) (a’b’) + $0 (z). 

The first term on the right of this is obtained by substituting 
— a’ (a'b') for y in (az)? (by). Since O (x) is apolar to (ax)? (by) for 
all values of y, it follows that O (z) is apolar to (ax)? (a'b) (a’b’). 
Hence from 3-3 we have: 

3-4 The apolar invariant (S (x), O (x))? is equal to a half of the 
discriminant of O (2). 

Now, if (ax)? (a'b) (a’b’) = 0 identically, this would imply either 
that there is a value of y, namely, y = — a’ (a’b’), which makes 
(ax)? (by) vanish identically, or that (a’z) (a’b’) = L (x) vanishes 
identically. If we suppose that F is not of rank one, then there 
can be no value of y which makes F vanish identically, so that the 
first alternative becomes impossible. Hence L (x) =0. But L(x) 


is clearly the second form in the ladder of F = (ax)? (by) (1-12, 1-13); 
hence its identical vanishing implies that F is a polar form. Thus: 


3:5 If O (x) +0 and (az)? (a'b) (a’b’) = 0, F must be a polar 
orm. | 


If (ax)? (bx) = f (x) = (az) (Bx) (yx), and F (x, y) is put in its 
canonical form 1:2, namely, 
F (x, y) = p (ay) (Bx) (yx) + pe (By) (yz) (ax) + ps (yy) (az) (Bz), 


it is easy to show that the apolar and auto-quadratics are (except 
for constant multiples) given by: 


3.6 f (x) = È mp (By)? (az)?, 
S (z) = È p (— pa + pa + pa) (ya) (ap) (Bx) (yz). 
If the auto-pair 77 or the apolar pair Im (namely, the pair of 


roots of the apolar quadratic) of F is given, it is easy to see that 
F could be written in the respective shapes: 


37 F (z, y) = (iz) (iy) (Az) + (jz) (jy) (Bz). 
3-8 F (z, y) = (lz)? (m'y) + (mz)? (l'y). 
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Besides the apolar quadratic and auto-quadratic, two other 
quadratic covariants of F, of secondary importance, may be 
mentioned. These are first, the quadratic O’ (y) whose roots l’m’* 
are the values of y which correspond in F to its apolar pair, and 
secondly, the residual quadratic R (x) whose roots A, B are the 
values of x other than 27 which correspond in F to its auto-pair 27. 
O’ (y), being clearly the discriminant of F in respect of z, is given by: 


3-9 O" (y) = (aa’)? (by) (b'y). 
The residual pair is composed of the harmonic conjugates of ij 
in respect of the apolar pair; hence 


R (x) = 40 (x) Da — 28 (x) Dye, 


where Dy = (S, S)?, D, = (0, S)?. 
Hence by 3:4: 
3°10 R (xz) = 40 (x) Da — S (x) Dy. 


(11) Relation between Auto-pair and Apolar Pair for given 
fixed points. 


The knowledge of either the apolar pair or the auto-pair 
amounts to two linear conditions. Hence the (2, 1) correspondence 
F is uniquely determined when its apolar pair or its auto-pair is 
known in addition to its fixed pomts. Therefore for a given triad 
of fixed points «fy, the apolar pair and auto-pair determine each 
other uniquely. 

Geometrically, let F be considered as a (2, 1) correspondence 
between the points of a fundamental conic C, the fixed points being 
aßy. The apolar and auto-pairs are then represented by two points 
O and S of the plane. It follows then, that S is a certain Cremona 
(quartic) transformation I of O. The transformations T, F- have 
some important properties which we may briefly mention here. 

To obtain the equations to I’, T~}, it is best to use a binary 
coordinate system with aPy as the triangle of reference. Any point 
A is the meet of tangents at two points of C, the binary parameters 
of which are determined by a quadratic of the form: 

X, (By)? (ax)? + Xs (ya)? (Ba)? + X; (aß)? (yz)? 

We take X,X,X, as the coordinates of X. Similarly if the in- 
tersections of C with a line Z are determined parametrically by a 
quadratic of the form 


L, (ya) (ap) (Bx) (yx) + La (ap) (By) (yx) (ax) + Ls (By) (ya) (ax) (Ba), 


we take L LL, to be the coordinates of L. The point-coordinates 
and line-coordinates thus chosen are mutually compatible. For, 


* Called by Pittarelli (loc. cit.) “punti di diramazione.” He gives a few of their 
properties. 
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the incidence condition of the point X and the line ZL is, from our 
definition, the apolarity condition of the corresponding quadratics, 
which is seen to be L, X, + L,X, + LX, = 0. The equation to the 
conic C in point-coordinates, being the condition that the quadratic 


X, (By)? (ax)? + X, (ya)? (Bax)? + X; (eB)? (yx)? 
be a perfect square, is 
2X,Xz5 + 2X5, + 2X,X_ = 0. 


If we suppose the correspondence F expressed in the shape 
Hy (ey) (Bx) (yx) + ..., then the apolar and auto-quadratics are 
given by 3-6. Hence the coordinates of the points O and S are: 


O : (He Ms» Hs Hai, Ha He); 
S : {(m? — p — Hs), (Hè — ps — pi?), (Hg? — pa — fs")} 
Therefore the equations to T are: 
Xr = X,2X,? — X? (X, — X;)?, 
X? = XX? — X? (X; — X,)?, 
X; = XX? — X} (X, — X,)?. 
From these equations it may be shown that: 


3-11 A fundamental point of the first order, and one of the second 
order, of T, coalesce at each of aBy, so that these points correspond in 
T to line-pairs; the points aBy are also fundamental points of the 
second order of I'-!, while the poles of By, ya, aß in respect of C are 
fundamental points of the first order of T'-1; the conic C is a curve of 
fixed points for T. 

These statements also become evident on decomposing I into 
simpler transformations. Thus it may be verified that I" is the 
result of performing successively the following operations: (1) the 
operation P of taking the polar line in respect of the triangle aBy, 
(2) the operation C of taking the pole in respect of C, and (3) a 
certain quadratic involutory Cremona transformation J (Steinerian 
or generalised isogonal transformation) with the fundamental 
points aBy. 

A triangle aBy inscribed in a fundamental conic C, determines 
two noteworthy transformations. The first is the perspectivity V 
which carries aBy respectively into the vertices of its polar triangle 
m regard to C. The centre and axis of the perspectivity V are pole 
and polar in regard to C, and correspond, as is well known, to the 
Hessian pair of aBy. The second transformation is the Cremona 
involution already called J. Among the œ? quadratic involutions 
which have the fundamental points ay (these points corresponding 
to the opposite sides), the transformation J is distinguished by the 
fact that it has the centre of the perspectivity V for a fixed point 
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(the three other fixed points being the vertices of the polar triangle 
of aBy). Between these two transformations, and the transforma- 
tions P, C, there obtains, as may be easily verified, the relation: 


VI = OP. 


This relation replaces our decomposition of I’ by a moresymmetrical 
decomposition*, namely 


r = ICP = IVI; T~ = IVI. 


(12) Apolar and Auto-pairs of Special Forms. 


If F is of rank one, say F = (iz) ( jx) (Ay), the apolar quadratic 
O (x) vanishes identically (3-2), and therefore the apolar pair is 
indefinite, and may be any pair apolar to 77. The auto-quadratic 
reduces now to its first term, which is seen to be a vanishing 
multiple of (ix) (jx). The auto-pair is accordingly definite and is 
the pair 47, ee (3-12). 

Consider next the case in which F has a binary linear factor (az), 
say F = (az) . (ax) (by). The apolar quadratic is then $ (ax)? (aa’) (6b’) 
(3-1). By 3-3 the auto-quadratic is seen to be (az) (ax) (ab) (a’b’). 
Thus if (az) (by) is a general form, the auto-pair may be any pair 
containing a; if, however, (a’b’) = 0, that is, if (ax) (by) is symmetric, 
the auto-quadratic vanishes, and the auto-pair may be any pair 
of the involution (az) (by) = 0. These results are confirmed by 3-11. 

satis (3-13). 

We shall frequently meet with problems in which it is required 
to know the nature of the form F, when certain relations hold 
between its apolar pair and auto-pair. 

If the discriminant of the apolar quadratic is known to vanish, 
then, either O (x) vanishes identically, so that F is of rank one (3-2), 
and we have the case 3-12, or the apolar quadratic is a perfect 
square (az)*. Since F is identically apolar to O (x), it follows that 
in the latter case F develops the binary factor (az), reducing to 3-13. 

By 3-4, the apolarity of S (x) and O (x) amounts to the vanishing 
of the discriminant of O (x). Hence from 3-12, 3-13, we have: 

3°14 The only case in which the auto-pair ij (i + j) and the apolar 
pair of F are mutually apolar, without the latter being necessarily a 
repeated pair, is when F is of the shape (ix) ( jx) (Ay). 

One other case of importance is that in which the given auto- 
pair 27 (1+ 7) is known to be also the apolar pair. For this case 
the first term in the expression 3-3 for S (x) must either vanish, 
or be a multiple of O (x). Since this first term is apolar to O (zx), 
the latter alternative would reduce to the vanishing of the dis- 
criminant of O (x), and therefore to 3-12, 3-13, in neither of which, 


* I owe this symmetrical decomposition to a suggestion of Professor H. F. Baker. 
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however, the auto-pair and the apolar pair are identical. Hence, 
the first term must vanish, so that by 3-5 F is a polar form. It 
is clear that F (zx, x) has ij then for its Hessian pair. The same results 
may be reached by using 3°7, 3°38. asera (3-15). 


(13) Cases of Indeterminateness of Apolar Pair for giver 
Auto-pair. 
A form F with a given auto-pair 77 can be expressed in only 
one way in the shape 3-7, namely: 


F (x, y) = (ix) (iy) (Ax) + (jz) (gy) (Bz). 
The fixed cubic and the apolar quadratic of F are then: 
f (x) = F (x, x) = (ix)? (Az) + (jr)? (Bz), 
O (x) = 2 (1) {(ix) (Az), (jx) (Bz)}. 

Hence it follows that O (x) can vanish identically only in three 
cases: (1) (Az) = 0 identically, (2) (Bx) = 0 identically, (3) (iz) (Az) 
and (jx) (Br) differ only by a constant factor, that is, 

(iB) = (jA) = 0. 
In the first case, f(z) is (jx)? (Bz), and the apolar pair may be 
any pair apolar to 7B (3-12). If, however, we specify a definite 
mode of approach to f (x), the apolar pair becomes determinate. 
Thus, let 
f (2) = (jx)? (Bz) = Lt {(gx)? (Ba) + op (a)}, 


where # (x) = (ex)? (Cx) + (92)? (Dz) is an arbitrary cubic specify- 
ing the mode of approach. Then, from 3-16, 
O (x) = {ò (ix) (Cx), (jx) [(Bz) + è (Dz) ]}? 
= ò {(ix) (Cx), (jx) (Bx)} in the limit. 

Removing the scalar factor ô, we see that the apolar pair has 
a definite limiting position. It is also clear that this limiting 
position depends only on the part (ix)? (Cz) of ẹ (x). Hence: 

3:17 When the fixed cubic f (x) of a form with the auto-pair ij is 
of the shape (jx)? (Bx), the apolar pair may be any pair apolar to 
JB. If, however, we specify a direction of approach to ( jr)? (Bx) by 
means of an arbitrary cubic (x), the apolar pair has a definite 
limiting position which is the same for all cubics of the shape 

Y (x) + (jx)? (Az). 

A corresponding result holds for case (2). It is easy to obtain 
the following similar result for case (3): 

3:18 When the fixed cubic of a form with the auto-pair ij is of 
the shape (ix) (jx) (Bx), the apolar pair is any pair apolar to 7; if, 
however, we specify a definite direction of approach to (ix) ( jx) (Bz) 
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by means of an arbitrary cubic yb (x), the apolar pair has a definite 
limiting position which is the same for all cubics p of the shape 
ys (x) + (ix) (gx) (Az). (Cf. 3-12.) 

The case in which the form F has tj for its auto-pair, and a 
perfect cube (az)? for its fixed cubic, is of special interest. Since 
this does not come under the cases (1), (2), (3) just discussed, 1t 
follows that the apolar pair of F is quite definite. To find it, we 
have the identity: 


(29)? (ax)? = ( ja)? (x)? {(1j) (ax) + 2 (ia) ( 72)} 
+ (ia)? ( jz)? {(4y) (ax) — 2 (ja) (ix)}. 
Hence the form F is given by 
F (x, y) = (ix) (ty) (Ax) + (jz) (gy) (Bz), 

where (Ax) = (ja)? {(17) (ax) + 2 (ia) (92)}, 

(Bax) = (ta)? {(yy) (ax) — 2 ( ja) (ix)}. 
The apolar quadratic of F is therefore: 

3:19 O (x) = 2 (1) {(1x) (Az), (jx) (Br)} 
= (17)? (ta)? ( ja)? {3 (27)? (ax)? + 4 (ia) ( ja) (ix) ( Jx£)} - 


(14) The Apolar Cubic. Similar Forms. 


Let the values of z which correspond to y in F be zx}. Con- 
sider the system T of the oo! triads yz,2,. If one point z of a triad 
of this type is known, the triad itself is determined in two ways, 
according as we consider z as an z or a y. Hence I’ is a quadratic 
system. Also, I is a continuous system. Since a continuous curve 
of the second order in space is necessarily a plane curve, it follows 
that all triads of I are apolar to a certain cubic f” (x), which we call 
the apolar cubic of F. 

Since f” (x) is by definition identically apolar to 


(xy) F = (xy) (az)? (by), 
it follows that f” (x) is the second rank covariant of the (3, 2) form 
(xy) (ax)? (by). This would effect the symbolic determination of the 
apolar cubic. 
If 27 is the auto-pair of F, and AB the residual pair (3-10), then 
each of the triads 727A, 7B is of the type yx, x, and therefore apolar 
to f” (x). Hence: 


3-20 The auto-pair of F is the Hessian pair of its apolar cubic f” (x). 


1t A 


If F is a polar form with the fixed points egy, and if a” ßB”y 
are the cubicovariant points of aBy, then y = a corresponds in F 
to x =a,a’’. Hence the apolar cubic of F is apolar to the three 
triads of the type (aaa’’), and therefore represents the triad e” B’’y’’. 
Thus: 
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3-21 The apolar cubic of a polar form F is the cubicovariant of 
its fized cubic f (x) = F (zx, x). 

Der. Two forms F, F’ will be said to be stiLar, if their apolar 
cubes differ only by a constant factor. 

It follows that all forms similar to F have the same auto-pair 
ij as F (3-20). It also follows from the definition, that A, Fi + AF: 
i3 similar to F, if F, and F, are similar to F. Hence the family of 
forms similar to F is a linear family, involving clearly three para- 
meters. Hence there exists a polar form P similar to F. Also, if 
1) is the auto-pair of F, the apolar cubic of (ix) (jx) (Ay) is in- 
determinate, and may be any cubic apolar to (ix) (jx). Therefore 
the forms (zz) ( jx) (Ay) must be reckoned among the forms similar 
to F. We have therefore finally the result: 


3-22 If P is the polar form similar to F, the most general form 
similar to F is of the shape uP (z, y) + (ix) ( jæ) (Ay), where ij is the 
auto-pair of F and u, À, A, are arbitrary. 

Since F is similar to itself, it follows that F itself must be of 
this shape. Hence f (x) = F (x, £) = uP (x, x) + (ix) ( jx) (Ax). Let 
now f’’(z) be the apolar cubic of F, and f'(x) the cubicovariant of 
f(z). 

Since P is similar to F, its apolar cubic is a multiple of f” (x); 
therefore since P is a polar form, it follows from 3-21 that P (z, x) 
is a multiple of f'(x). Also, by 3-20, ij is the Hessian pair of f” (x) 
and therefore also of f'(x), so that (zx) (jz) (Az) is apolar to f'(x) 
for any A. Hence: 

3:23 The cubic of fixed points f (x) = F (x, x) is apolar to the 
cubicovariant of the apolar cubic of F. 

From these theorems we can construct the correspondence F, 
when its apolar triad f” (x) and its apolar pair Im are given. Let 
z be any point, xz’ the harmonic conjugate of x in respect of Im, 
and Tıq, the pair harmonic to zz’ and 127, where 2) is the Hessian 
pair of f” (z), and therefore the auto-pair of F. Let y be the point 
whose first polar pair in respect of f” (x) is tiza. Then y corresponds 
to z (and z’) in F. 


(15) Automorphic Transformations of the (2, 1) Correspondence. 


In this and the next subsection, we consider correspondences 
between z, y, as operations which transform 2 into y; thus the 
correspondence F (x, y) = 0 would be indicated in the operational 
symbolism, by the equation: 

y = Fr; or x= F-y*. 

* I omit brackets after operational symbols F, F—', to avoid confusion with 
functional notation. 

17—2 
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If F, F’ be two correspondence-operations, the product FF’ in- 
dicates as usual the result of performing F’, F in succession. 

The involution J whose fixed pair is the apolar pair lm of the 
(2, 1) correspondence F, will be called the basic involution of F. 
Since lm is by definition apolar to all pairs F-1y, it follows that 
Fx = FIz. In other words: 


3°24 A (2,1) correspondence F absorbs its basic involution I; in 
symbols F = FI, 

Two correspondences F, F’ will be said to be congruent,.if they 
have the same basic involution. Now a (2,1) correspondence 
F (x, y) may be considered as a (1, 1) correspondence between y 
and the pairs of the basic involution of F. Hence it is clear, that by 
following up F by a homography, we would obtain the most 
general correspondence congruent to F. Hence: 


3°25 Any two congruent correspondences F, F’ are connected by 
a relation of the form F’ = HF, where H is a homography. 

We shall now obtain the condition that the correspondence FH, 
where H is a homography, may be congruent to F. If J is the basic 
involution of F, then: 

FH.HIH = FIH 
= FH (3-24). 

Hence H-H is the basic involution of FH. Thus, for F and FH 
to be congruent, the involutions J, H-1JH must be the same. Now 
the fixed pair of J is the apolar pair lm of F, and the fixed pair of 
H-H is the pair (H— 1, H-1m). Hence if J = HMH, H 1s either 
a homography H, with the fixed points lm, or an involution J, 
containing the pair lm. The transformations H, and I, together 
form the discontinuous automorphic linear group of the point- 
pair lm, of which the continuous group [H,] is the maximum self- 
conjugate sub-group*. Thus: 

3°26 The homographies H which make FH congruent to F, are 
Sel of the automorphic linear group [H,, L] of the apolar pair 
0 

It should be noticed that [H,] contains a member, namely the 
basic involution Z, which is permutable with every operation of 
[H;, I 1]- 

Now suppose that H has been so chosen that FH is congruent 
to F. Then by 3-25, there must be a relation of the form 


3°27 F = H'FH, 


* These are characteristic features of the automorphic linear group of a non- 
singular quadric in space of any odd number of dimensions, and are consequences 
of the existence of two algebraically distinct systems of generating regions on the 
quadric. In space of one dimension, the quadric is the point-pair, and the two 
points which constitute the pair answer to the two algebraically distinct systems of 
generating regions. 
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where H’ is a homography. It is clear from this relation, that 
H’ is a homography which transforms the pair l'm’ into itself, 
where l = Fl, m = Fm are the correspondents of the apolar pair 
in F. Thus the homographies H’ generate the automorphic linear 
group [H’] = [H;', I] of the point-pair l'm’. The groups [H’], [H] 
are thus of the same type. 

Now in the relation 3-27, H determines H’ uniquely; also if H 
is of the type H,, H’ is also of the type H,’, and if H is of the type 
I. H’ is of the type Z’. Thus 3-27 is composed of two types of 
relations, F = H,’FH,, and F = I,'FI,, which we shall refer to as 
the direct and skew automorphic transformations of F respectively. 

While H determines H’ in 3-27, H’ does not, however, determine 
H uniquely. The correspondence b between H- H is such that when 
H’ corresponds to H and H' to H, then H’ H’ corresponds to HH, 
and H’H’ to HH. Also, when H' is identity, then H is either 
identity or the basic involution Z. Thus, it follows that the corre- 
spondence between H’-! and H is a (1, 2) isomorphism. If H’ 
corresponds to H, the other value of H which corresponds to H’ is 
therefore HI = IH. We proceed to determine more precisely the 
(1, 2) correspondence (H’, H), for the direct and skew transforma- 
tions of F. 

For the skew transformations F = I’ FI, it is easy to see that 
when J,’ is a singular involution with the fixed pair (l'l), then the 
two corresponding involutions J, both coalesce with the singular 
involution whose fixed pair is (ll). It is further evident on inspec- 
tion, that when J, contains the auto-pair of F, J,’ also contains the 
auto-pair. Hence if the involutions J,’, J, are parametrically 
represented by 7, € respectively, in such wise that the singular 
involutions correspond to the values 0, œ of the parameters, and 
the involutions J,’, J, which contain the auto-pair to the values 
7 = 1, é = 1, then the correspondence between J,’, J, would clearly 
be expressed by the relation 7 = €?. 

Consider next the direct transformations F = H,’FH,. The 
operations of the Abelian group [H,] can be represented by an 
angular parameter 6, defined modulo z. Thus, if v is ae multiplier 


of H, at the fixed point l (say), we define 0 to be ig. ae log v. If 
the angular parameters 6’, 0 of H,’, H, are reckoned in respect of 
corresponding fixed points l’, l (say), then the (1, 2) correspondence 
(H,’, H,) is determined by the following theorem: 


3:28 If F = H,'FH, is any direct transformation of F, then the 
angular parameters 6”, 0 of Hy’, H, are connected by the relation 
G’ = — 26. 

_ For, consider a point l + 5z, where 6 is a small scalar, and z 
is an arbitrary fixed point. Since l is a fixed point of the basic 
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involution of F, it follows that x = l + 6z corresponds in F toa point 
which differs from l’ by a small quantity of the second order. Thus 


Fi+ 82 =14 8%, 


where p is independent of 6. Let now v, v’ be the multipliers of 
H,, H,' atl, V. Then: 
H,'FH,1 + 82 = H,'Fl + vêz 
= H/T + 8% 
= l + py'v?d2z, 
Hence, since F = H’ FH, pv'vd? = pd? or v = A 


Thus f= l y’ — 2 log v) = — 20. 


~ 2V/—1 


(16) Canonical Resolution of the (2, 1) Correspondence. 


— 1 
= ay—1' 


There are œ! polar correspondences which are congruent to F'; 
namely, those defined by the oo! triads which have as their Hessian 
pair the apolar pair lm of F. Let P, be any one of these polar 
correspondences. Then by 3-25 there is a relation of the form 


F = HP, 

where H is a homography. Since P,l = m, Pym = l, it follows that 
m' = Fm = Hl, l = Fl = Hm. Hence H can be expressed in only 
one way in the shape /H,, where H, is a homography with the 
fixed points lm, and I is the involution determined by the pairs 
lm’, Um. Thus F = IH, P,; but P = H,P, is only another of the œ 1 
polar correspondences congruent to F (since H, P l = m, H,P,m = 1). 
Hence: 

3:29 The correspondence F can be expressed uniquely in the 
shape IP, where P is a polar correspondence, and I an involution. 

We call Z and P the involutoric and polar components of F, 
respectively. These components are related in a simple manner to 
the correspondence F’ which has the same fixed points as F, and 
which has for its auto-pair the apolar pair of F. 

Der. F will be said to be the correlate of F’, if F and F’ have the 
same fixed points, and the apolar pair of F is the auto-pair of F’. 

With this definition we have the following theorem which 
specifies the two components of F: 

3°30 If F is the correlate of F', the involutoric component of F 
is the basic involution of F’, and the polar component of F is the polar 
correspondence defined by the apolar cubic of F’. 

To prove this, let Z be the basic involution of F’, and P the 
polar correspondence defined by f” (x), the apolar cubic of F’. 
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Let a, b, c be the fixed points of F’ and a’, b’, c’ the other points 
which correspond in F’ to y= a,b,c respectively. From the 
definition of the apolar cubic it follows that each of the triads 
ana’, bbb’, ccc’ is apolar to f” (x); therefore Pa = a', Pb= V, 
Pc=c'. But since z = a, a’ correspond to the same value a of 
y in F’, it follows that aa’, bb’, cc’ are pairs of the basic involution 
I. so that [Pa = Ia’ = a. Thus the fixed points a, b, c of F’ are 
also the fixed points of JP. Also, from the definition of P, the 
apolar pair of JP, which is the same as the apolar pair of P, is the 
Hessian pair of f” (x), and therefore the auto-pair of F’ (3-20). 
Hence ZP is the correlate of F’, as was to be proved. 

The correlate F of the correspondence F’ with the auto-pair 
27 may be constructed by a simple rule. Let 2,7, correspond in 
F to y, so that from the definition of correlate, z, z, is a pair apolar 
to ij. Then if J be the involution whose fixed pair is ziz}, two of 
the fixed points of JF’ are clearly ij. Let the third fixed point be 
y’. The correspondence between y’ and the pairs z,2,, apolar to ij, 
is clearly (1, 1). Also, when 2,7, is one of the three pairs aa’, bb’, 
cc’, y’ = y =a, b, or c respectively. Hence y’ = y always; in other 
words: 


3°31 If J is a variable involution containing the auto-pair ij of 
F’, the correlate of F’ is simply the correspondence between the fixed 
pair of J and the fixed point other than ij of JF’. 


§ 4. THe Two-QuapDrRaTIc REPRESENTATION OF THE PENCIL 
OF CUBICS. 


(17) Derivation of the Representation. 


It was mentioned that the assigning of either the apolar pair 
or the auto-pair of a (2, 1) correspondence F, amounts to two linear 
conditions on the coefficients of F. Hence it follows that: 


4-1 The totality of (2, 1) forms F (x, y) which have a given auto- 
pair P, (x), and a given apolar pair P, (x), belong to a pencil. There- 
fore also, the fixed cubics F (x, x) of such forms belong to a pencil, 
which is completely determined by P,, P. 


The pencil to which F (x, x) belongs may therefore be denoted 
by the symbol [P,, P,]. Now there are o pencils of cubics, and 
there are also œĉ pairs of point-pairs P,, P,. Hence any pencil 
of cubics can be represented in a finite number of ways in the form 
[P,, P.]. A representation of this kind we shall call “a two-quad- 
ratic representation” of the pencil. 


4:2 The quadratic P, (x) is a factor of the Jacobian of the pencil 
[P,, Pa]. 
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For, let P, (x) = (ir) (jx). The family of correspondences which 
have the auto-pair ij can be expressed in the shape 3-7, namely: 


(ix) (iy) (Ax) + (jx) (jy) (Bx). 

There is a unique member of this family, say F, which has P, for 
its apolar pair, and a fixed point at 7. For i to be a fixed point of 
F (x, y), B must be equal to ki, where k is numerical. If now 
F (x, y) were of full rank two, its apolar quadratic would be a 
multiple of k (ix)?, and therefore its apolar pair would not be that 
given by P, (x). Hence k must be zero, so that F reduces to 
(ix) (iy) (Ax), where for P, to be the apolar pair, 7A must be apolar 
to P,. Thus F (x, x) = (ix)? (Az), showing that i and similarly 7 
are roots of the Jacobian of the pencil denoted by [P,, P.]. We 
have also obtained here a rule for constructing the pencil [P,, Ps], 
namely: 


4-3 Let P, (x) = (ir) (jx), and let the harmonic conjugates of 
1,) with respect to P, be A, B respectively. Then the pencil [P,, Pa] 
is simply the pencil determined by the two cubics 

(wr)? (Ax), (jr)? (Br). 

Therefore, to obtain a two-quadratic representation of any 
pencil of cubics, we can take any quadratic factor of its Jacobian 
for P,, and then construct P, by means of 4-3. Thus: 

4-4 There are exactly six two-quadratic representations of a pencil 
of cubics. 

These six representations fall into three conjugate pairs; namely, 
the representations [P,, P,], [P,’, Pz ] are conjugate, if the Jacobian 
of the pencil is P, P,’. 


(18) Representation of Apolar Pencils*. 


To see how the two-quadratic representations of two apolar 
pencils are mutually connected, we have first to specify the relation 
of the pencil [P,, P,] to the quadratic apolar to P,, Pa. For this 
purpose we begin by recalling some fundamental properties of a 
pencil I of cubics. 

The pencil I’ possesses several quartic combinants, those which 
concern us here being: the apolar quartic, which is the unique 
quartic apolar to every member of I’; the Jacobian quartic, the roots 


* Two pencils of cubica I’, T” are apolar pencils, if any member of either is 
apolar to any member of the other. T is a null pencil, if any two of its members 
are apolar. 

If binary cubic forms are represented by points in three-space (as in sub- 
section 26 infra), the forms which are perfect cubes will correspond to a certain 
twisted cubic C. The null pencils will then correspond to the lines which belong to 
the tangent lincar complex T of C: apolar pencils will correspond to polar lines of 
the complex T. It is well known that two polar lines of T are met by the same four 
tangents of C; the meaning of this is easily seen to be that apolar pencils have the 
same Jacobian. 
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of which are the repeated roots of members of I, and the residual 
quartic, the roots of which are the non-repeated roots of those 
members of I’ which possess repeated roots. Since I’ determines 
and is determined uniquely by its apolar quartic, it follows that all 
the quartic combinants must be covariants of the apolar quartic, 
and must, as such, belong to its syzygetic pencil*. The sextic 
covariant of this associated syzygetic pencil, which is, as is well 
known, the product of three mutually apolar quadratics, may be 
called the sertic combinant of L. 

The three involutions determined by the three mutually apolar 
quadratic factors of the sextic combinant of I form with identity 
a group G of order four, which transforms every quartette of the 
associated syzygetic pencil into itself. Hence G must transform [ 
into itself, and therefore every member of I into another member. 
In particular, G transforms a member with a repeated root into 
another member with a repeated root. Thus if 2,237, be the 
Jacobian quartette, and A, A, A, A, the residual quartette, so that 
(i, x)? (A,x) (r = 1, 2, 3, 4) are the members of [ with a repeated 
root, it follows that: 

4:5 Any involution of G effects the SAME permutation on the two 
quartettes 1,1,131,, A,A,A3A, which are the Jacobian and residual 
quartettes, written in the order in which they are associated in T. 

Now any two quartettes 7,1,737,, 41424344, of a syzygetic 
pencil, when written down in arbitrary orders, may either be 
isomorphic or antimorphic in regard to the group G of the pencil; 
they would be isomorphic if any involution of G effects the same 
permutation on them both, antimorphic otherwise. The theorem 
4-5 amounts, therefore, to the isomorphism of the Jacobian and 
resi(lual quartettes, when in the orders in which they are associated 
in I’. This isomorphism clearly implies that the quadratic apolar 
to (i x) (ix) and (A,z) (A,x) is one of the three mutually apolar 
quadratic factors of the sextic covariant, for r, s = 1, 2, 3, 4; r +s. 

Now take any one of the six two-quadratic representations of 
I’. say, the representation [P,, P,], where P, (x) = (àx) (x). By 
4-3 the quadratic P, is then the quadratic apolar to (àx) (4,7) and 
(iT) (Ax). The quadratic apolar to P, and P, is then seen to be 
simply the quadratic apolar to (7,7) (x) and (4,7) (4,27). Hence, 
by the theorem of isomorphism of order (4-5), it is one of the quadratic 
factors of the sextic combinant of I. We therefore have the result: 


4-6 The quadratic apolar to P, and P, is one of the three mutually 
apolar quadratic factors of the sextic combinant of the pencil [P,, Ps]. 


* For properties of the syzygetic pencil of quartics, see Grace and Young, 
Algebra of Invariants, pp. 197-208. For the study of the syzygetic pencil in relation 
to pencils of cubics, Meyer’s A polarität may be consulted; Study, “On the irrational 
Covariants of certain Binary Forms,” Amer. Journ. of Math. 17 (1895) will also 
be found useful. 


248 Mr Vaidyanathaswamy, The (2, 1) correspondence 


It is well known that apolar pencils of cubics have the same 
Jacobian, and therefore the same sextic combinant. Therefore they 
could be simultaneously represented in the shapes [P,, P2], 
[P,, Ps], P, being any factor of their common Jacobian. Now, 
there is only one quadratic factor of the sextic combinant, which 
is apolar to P,. This quadratic factor is by 4:6 apolar to P, as well 
as to P}. Thus there is a linear relation between P,, P,, P;. Hence: 


4-7 Apolar pencils of cubics admit of simultaneous two-quadratic 
representations in the shapes [P,, P3], [P,, Pi + kPe]. 


(19) Representation of the Null Pencil. 


The last theorem 4-7 points to the necessity of studying the 
family of pencils whose two-quadratic representations are of the 
shape [P,, Pi + wP,]. Let us call the pencil [P,, Pi + pP] the 
pencil yu. There are three fundamental p-involutions which have 
to be considered; namely: 

(i) the involution J, between u, pe, such that the quadratics 
P, + uP, Pi + HP are apolar. The fixed elements of this in- 
volution correspond to the perfect squares of the pencil P, + pP., 
and are therefore given by 

pPdeg + Zudi + du = 0, 

where the d’s are the usual invariants of P,, P,. 

(ii) Itis seen from 4-7 that the apolar pencil of a pencil ‘py, is a 
pencil Tu. We call the involution between p,, pa the involution 


I,. The fixed elements of J, are the values of u for which Ip is 
a null pencil; these values have yet to be determined. 


(iii) We define the absolute invariant of two quadratics P}, 


dad 
P, to be the number d i thus the absolute invariant vanishes 


when either of the quadratics i is a perfect square, becomes infinite 
when they are apolar, and takes the value unity when they have 
a common factor*. Since the absolute invariant is of the second 
degree in the coefficients of either quadratic, there must be two 
values of u for which the absolute invariant of P,, Pi + pP} is a 


* Let p’ be one cross ratio of the point-pairs P,, P}, so that the other is > 


Then it is easily shown that the absolute invariant of (P,, P}) is pS, where 


p=p + = Again, if g’ be a cross ratio of (P,, P,) and the pair of perfect squares 


in their pencil, and g=q’ + La the absolute invariant may be shown to be 3 If 


we represent quadratics as points in the plane of a fundamental circle of centre S 
and radius p, the points on the circle representing the perfect squares, then the 
absolute invariant of the quadratics represented by S and A may be shown to be 
l - p?, where SK = pp. 
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given number k. We define J, to be the involution of pairs of such 
values of u. It is immediately verified that the two values of pu 
coalesce only when k = œ or 1. Now the absolute invariant of 
P,, P, + pP, is equal to 1 only when P, and P, + uP, have a 
common factor, that is, only when p = 0; and the same absolute 
invariant is infinite only when P, + uP, is the quadratic P,’ of 
the pencil, which is apolar to P,. Thus the fixed elements of J; 
correspond to the quadratics P,, P,’. 

But since the quadratics P,, P,’ are apolar, they correspond to 
a pair of the involution J,; thus the fixed elements of J, belong to 
I,. The two involutions J,, J, are therefore symmetrically related, 
and are permutable with each other. 

We next show that the fixed elements of J, belong also to Z}. 
For this we have to show that the pencils, whose two-quadratic 
representations are [P,, P,], [P,, Py] are apolar pencils. By 3-15 
the (2, 1) correspondences whose auto-pair and apolar pair are 
identical with P, are the polar correspondences whose fixed triads 
are apolar to P,. Hence the pencil [P,, P,] is the pencil of triads 
apolar to P,. By 3-14 the correspondences whose auto-pair is P,, 
and whose apolar pair is apolar to P,, are of the shape P, (z) (Ay), 
where A is arbitrary. Hence the pencil [P,, P,’] is the singular 
pencil P, (x) (Ax). Thus the pencils [P,, Pi], [P,, P,’] are apolar 
pencils, so that the fixed elements of J, belong also to Z. The 
involution J; may therefore be specified as that which contains the 
fixed pairs of J, and J,. 

To specify J, itself, we write every quadratic P, + uP, in the 
shape P, + AP,’; the perfect squares of the pencil P, + aP, are 
then of the shape P, + ¢P,’, where ¢ is given by d' + d = 0, d, d' 
Pane the respective ‘discriminants of P,, P,’. Now write 

P, + tP’ = (ez)?, 
and consider the apolar pencil of the pencil [P,, (ax)?]. The (2, 1) 
form which has (az)? for apolar pair, and P, (x) for its auto-pair 
must possess the binary factor (az), as was seen in (12). Thus the 
members of the pencil [P,, (ax)?] have the common factor (az), so 
that its apolar pencil contains the member (az)’, We see then that 
the apolar pencil of [P,, (az)?] is that pencil of the family 
(Pi, Pi + uP?) = Up, 
which contains the member (az). Now the apolar pair of the (2, 1) 
form which has the auto-pair P, (x) = (ix) (jz), and the fixed cubic 
(ax)? has been determined in 3-19 to be 
3 (17)? (ax)? + 4 (ia) ( ja) (ix) (jx) = — 6d (P, + tP,’') + 4dP, 
= — 2d (P, + 3tP,’). 
Thus the two pencils [P,, P, + ¢P,’], ya P, + 3tP,'] are apolar 
pencils; so also are the two pencils [P,, P 2 iP, aP [P,, , Pi — oll |. 
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The involution J, therefore contains the two pairs A= t, 3¢ and 
A = — t, — 3t; hence its fixed pair is given by A= +V3t. This 
determines the null pencils of our family, namely: 

4:8 If the perfect squares of the pencil P, + uP, are P, + tPy’, 
the null pencils of our family are the pencils [P,, P, +V3tP,’). 


_ Since ¿d' + d = 0, the absolute invariant of P,, P, + V3tP,’ is 
d (d + 307d’ 

equal to a P EL eE 2. Hence: 

4-9 If [P,, P.] is a null pencil, the absolute invariant of P, and 
P, is equal to — 2. 

The results of this subsection give the fundamental properties 
of the two-quadratic representation. It is easy to derive from them 
any formulae or invariant expressions that may be required. 


(20) The Absolute Parameters of a Pencil. 


If the pencil I has the two-quadratic representation [P,, P]. 
then it is clear that the absolute invariant of P,, P, is an irrational 
absolute invariant of the pencil I; we shall call it an absolute 
parameter of I. 

Suppose the Jacobian of I to be the product of the quadratics 
P,, P,;’, and let the corresponding conjugate representations of T 
be [P,, P], [P,’, Pz]. It is clear from (18), that two involutions 
of the group G associated with I transform P,, P, simultaneously 
into P,’, P,’. Thus the absolute invariants (P,, P,), (P, Px) are 
equal, so that the six two-quadratic representations of I’ give rise 
only to three distinct absolute parameters. 

It is clear that two pencils I, I” are linearly transformable 
into one another, if one absolute parameter of either is equal to 
one absolute parameter of the other. It follows from this, that the 

‘3 
5j in the usual notation for the invariants) 
of the apolar quartic of the pencil I must be a rational function of 
the absolute parameter s of I. We proceed to determine the exact 
form of this function. 

If tis given, the pencil T is determined apart from an arbitrary 
linear transformation, and therefore its absolute parameter s is 
determined in three ways. Hence the relation between ¢ and s is 
of the form 

£6) 


$ (s) 
where f (s), $ (s) are cubics. Now if ¢ = 0, the apolar quartic of F 
is self-apolar and therefore I is a null pencil. But 4:9 shows that 
the absolute parameters of a null pencil are all equal to — 2; 


absolute invariant ¢ (= 
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hence f (s) = (s + 2)8. Again, when ¢ = 1, the apolar quartic of I 
has a squared factor (ax)?, and therefore the pencil I‘ contains the 
perfect cube (az)3. In this case it is easy to see that for four of 
the six representations [P,, P,] of T, P, and P, have the common 
factor (ax). Thus when ¢ = 1, two of the values of s are equal to 1. 
Lastly, when ¢ = œ, the apolar quartic has vanishing 7 and possesses 
an apolar quadratic P, (x). The pencil I is then the singular pencil 
P, (x) (Az), and has therefore the representation [P,, P,’] (where 
P,’ ìs apolar to P,), which counts four times among its six repre- 
sentations. Hence when ¢ = œ, two of the values of s are infinite. 
These conditions determine ¢ (s) as being equal to 27s. We have 
therefore finally the relation: 

(s + 2)8 

4-10 f= Ws? 


between the absolute parameter of I’ and the absolute invariant 
of its apolar quartic*. 


§5. THe Binary GEOMETRY OF THE CIRCLE. 
(21) The Special (2, 1) Correspondences on the Circle. 


Henceforth we are concerned with the geometry in respect of a 
fundamental circle, of centre S and radius p. The points on the 
circle will be represented by binary symbols, the circular points being 
invariably represented by 2, 7. The types of (2, 1) correspondence 
on the circle which have a metrical significance are those which 
are specially related to tj. We consider two such types, namely: 


(1) Auto-correspondences, or the (2, 1) correspondences which 
have the auto-pair tj. 


(11) Diametral correspondences, or the (2, 1) correspondences 
which have the apolar pair 27. 


An auto-correspondence (or diametral correspondence) is com- 
pletely determined by its triangle of fixed points «fy, and may be 
called “the auto-correspondence (or diametral correspondence) of 
ap ae 
From the definition of correlate (16), it follows that the dia- 
metral correspondence of afy is the correlate of its auto-corre- 
spondence. The theorem 3-31 might therefore be utilized to derive 
the former from the latter. 

* 4-10 shows that the third absolute parameters of the singular pencil [P,, P,’], 
and the pencil containing a perfect cube, are 0 and 8 respectively. It will be an 


excellent verification of 4-10 to obtain these values directly. The former value can 
be obtained by the method of limits, the latter by a the pencil 


A{ (Bx)? +3 (Br)? (yx)} + u {3 (Br) (yr)? + (yx)°} 
in respect of the representation [P], P,], where 
P,=(Bx) (yx), =P, =3 (Br)? +2 (Br) (yx) +3 (yr). 
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A pair of points on the circle may be named indifferently by 
the chord joining them, or by the pole of this chord in respect of 
the circle. If two pairs on the circle be harmonic, the line which 
names either is incident with the point which names the other. 
Thus if the apolar pair of a (2, 1) correspondence F on the circle 
be named by the point O, then the pairs of the basic involution 
of F are the extremities of chords passing through O. F itself may 
accordingly be considered as a (1, 1) correspondence {F} between 
points of the circle and lines through O. In particular, if F is a 
diametral correspondence, then O coincides with the centre S of 
the circle; thus the general diametral correspondence is a (1, 1) 
correspondence between diameters and points on the circle. 

If F is the auto-correspondence of ay, and if y = p corresponds 
in F to z= q1, q, the chord Oqqa may be called for brevity the 
auto-chord of p in respect of aBy. The (1, 1) correspondence {F} is 
then the correspondence between points on the circle and their 
auto-chords. Since 2, 7 correspond to each other in the auto- 
correspondence F, the auto-chords of each of 2, 7 passes through 
the other. If now Og, Og’ be the respective auto-chords of p, p’, 
it must therefore follow from the property of a (1, 1) correspondence, 
that the cross ratios O {qq'jz} and {ppi} are equal. Hence follows 
the fundamental angle-property of the auto-correspondence: 


5:1 If the point p moves on the circle through an angle w about 
the centre, its auto-chord turns through an angle — 


If the triangle afy is equilateral, then 77 would be the Hessian 
pair of aBy, and the polar correspondence which has the fixed 
points aBy would have 2 for its apolar as well as its auto-pair 
(cf. 3-15). Thus: 

5-2 The diametral correspondence and the auto-correspondence of 
an equilateral triangle are both identical with its polar correspondence. 


We shall hereafter concern ourselves only with the auto- 
correspondence, the diametral correspondence being of little 
importance for our purpose. 

The apolar cubic f” (x) of the auto-correspondence F of ay has 
tj for its Hessian pair (3-20), and therefore represents the vertices 
aœ” P” y” of a certain equilateral triangle. If a’B’y’ is the unique 
equilateral triangle apolar to aBy, then by 3-23, a” B”y”, a’B’y’, 
are cubicovariant equilateral triangles, so that a'a”, B’B’’, y'y” are 
diameters. Hence if a’’B’’y’’ is given, the possible triangles aBy 
are apolar to a fixed equilateral triangle a’B’y’, which is the cubi- 
covariant triangle of a’’B’’y’’. Also since similar correspondences 
have the same auto-pair (14), the correspondences similar to an 
auto-correspondence must also be auto-correspondences. It is 


therefore clear that: 
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5-3 The auto-correspondences of the œ? triangles apolar to an 
equilateral triangle constitute a family of similar correspondences. 

But if F (z, y) is an auto-form (that is, a form which determines 
an auto-correspondence), the family of forms similar to F is given 
by pF (z, y) + (iz) (jx) (Ay) (3°22). Thus the auto-chords of a 
point y, in regard to two similar auto-correspondences, are repre- 
sented by two quadratics which differ by a multiple of (ix) (72), 
and are therefore parallel. Hence, using 5:3, we have the result: 


5-4 The auto-chords of a fixed point y in respect of all triangles 
apolar to an equilateral triangle, are parallel straight lines. 


(22) The Pedal Angle. 


The fundamental angle-property 5-1 may be stated in the 
following symmetrical form: 


5:5 If the auto-chord in respect of aBy, of one vertex of any 
inscribed triangle abc is parallel to its opposite side, the same is true 
of every verter; and the triangles abc with this property are all the 
triangles apolar to the equilateral triangle a’’B’'y"’ of (21). 


The first part follows from 5-1; to prove the latter part of the 
theorem, we notice that the triangles abc are determined by any 
two of their vertices, and constitute therefore a linear o?-system, 
apolar to a certain triangle. Now, if p,p, is the auto-chord of a 
point p in respect of aBy, the triangles pp,p, are of the type abc, 
and are apolar to a’’f’’y” from the definition of the apolar triad 
(14). Hence the system of triangles abc is the system apolar to 
a 

Let aBy, abc be two inscribed triangles, and let the auto-chords 
of a point p ìn respect of them be inclined at an angle 6 with one 
another. Then by 5:1, the auto-chords of any other point p’ in 
respect of the same triangles will also make the same angle 0 with 
one another. Thus the angle 6 depends only on the two triangles, 
and may be called their pedal angle. The triangles aBy, abe will also 
be said to be pedo-parallel when their pedal angle 6 = 0 (mod 7), 


and pedo-perpendicular when the pedal angle = 5 (mod 7). The 


oo?-system of all triangles pedo-parallel to aBy may be called the 
pedo-parallel system of aBy. A pedo-parallel system is clearly a 
linear system, and it follows from 5-4 that: 

5-6 A pedo-parallel system may also be defined as the system of 
triangles apolar to an equilateral triangle. 

Thus the oo? inscribed triangles of the circle fall into œ! pedo- 
parallel systems, each of which is specified by its equilateral 
member, or by any one of its members. The triangles of the type 
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«A, being apolar to every equilateral triangle, belong to every pedo- 
parallel system. 

5:7 Cubicovariant equilateral triangles are pedo-perpendicular. 

For, let abc, a’b’c’ be cubicovariant equilateral triangles, so that. 
aa’, bb’, cc’ are diameters. By 5-2, the auto-chord of a in respect 
of abc and of a’ in respect of a’b’c’, is in each case the diameter 
aa’. Hence from the fundamental angle-property 5-1, it follows 
that abc, a’b’c’ are pedo-perpendicular. 

We can conclude from this theorem that the triangle a’’B’’y’’, 
which represents the apolar triad of the auto-correspondence of 
aßy, is pedo-perpendicular to aBy. For the equilateral triangle 
a’B’y’, apolar to aBy, is also the pedo-parallel equilateral triangle of 
aBy (5:6); and, from the last subsection (21), a’’B’’y” is the cubico- 
variant equilateral triangle of a’B’y’. Hence a’’B’’y’”’ is the equi- 
lateral triangle pedo-perpendicular to a’B’y’, and therefore to ay. 
It also follows that the triangles abc in theorem 5:5 are all the 
triangles pedo-perpendicular to aBy. This theorem might also be 
extended in the following manner: 

5:8 The auto-chords, in respect of aBy, of the vertices of any other 
inscribed triangle abc, make the same angle @ with their opposite 
sides ; this 8 is the complement of the pedal angle between aBy and abc. 

The first part follows from 5-1. To prove the second part, we 
have only to take a trianglea, yı, which makes the pedal angle — 0 
with aBy. Then abc is such that the auto-chords of its vertices, in 
respect of a, f, yı, are parallel to their opposite sides; hence in virtue 
of our previous remark, abc is pedo-perpendicular to œ, iyı, and 


therefore makes the pedal angle 7 — 0 with aBy. 


A special case of 5:8 arises if abc is identical with aBy. Since 
aßy is pedo-parallel to itself, it follows that the auto-chords of 
a, B, y, in respect of aBy, are perpendicular to their opposite sides. 
But these auto-chords should pass through a, B, y respectively, 
and also through the point O which represents the apolar pair of 
the auto-correspondence of aBy. Hence we have the fundamental 
result: 

5-9 The perpendiculars of the triangle aBy are concurrent; and 
the point of concurrence, namely the orthocentre, 1s none other than 
the point O which names the apolar pair of the auto-correspondence 
of aBy*. 

* This might be verified algebraically. The canonical form 1-2 of the auto-form 
of aBy may be shown to be 

X (at) (aj) (By) (By, 19) (Bx) (yx) (ay), 


where (Py, tj) is short for (Br) (yj) +(B)) (yi). 
By 3-6 the apolar quadratic of this is 


~ (By) (ar)? 
“ (By, ij) (as) (aj) 
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If now p be any point of the circle, and pq the chord perpendicular 
to By, then in the triangle apg the auto-chord of a being perpen- 
dicular to By, is parallel to pg. Therefore by 5-5 the auto-chord of 
pis parallel to ag. But this is a well-known property of the pedal 
line p. Hence: 

5-10 The auto-chord of p and the pedal line of p, in respect of 
the same triangle, are parallel to one another. 


This parallelism justifies the name “ pedal angle.” The following 
direct expression, which is easily obtained for the pedal angle 
between two triangles, might also have been made the starting 
point of a treatment of pedo-parallelism: 


5-11 The pedal angle between two inscribed triangles aBy, abc is 
equal to $ (a + b + c — a — R — y), wherea, B, y, a, b, c also represent 
he angles which the central radii vectores, to the corresponding points, 
make with a fixed direction. 

We may now set down the geometrical implications which 
certain of our previous results possess in virtue of 5:9. Thus the 
theorems 3-17, 3-18 of (13) give the following: 


5.12 The orthocentres of all inscribed triangles are definite with 
the exception of triangles of the types tiA, 4jB, ijà; the orthocentre of 
uA is an indefinite point on 1A, but assumes a definite limiting 
position if iiA is approached along any pencil T, this limiting position 
depending only on the linear system containing I and the singular 
pencil (iiA); the orthocentre of ijà is an indefinite point at infinity, 
but has a definite limiting position for any linear approach to ijà, 
and the limiting position is the same for all approaches in the same 
pedo-parallel system. 


It is easy to show that 3-19 reduces to the following: 

5:13 If aa’ be a diameter of the circle, the orthocentre of the in- 
scribed point-triangle aaa is the reflection of a’ in a. 

We shall close this subsection with some invariant expressions 
relating to the triangle aBy and the circular points tj. Writing 


f (x) = (ax) (Bx) (yz); (2) = (iz) (92), 
it is clear that the cubic f’ (z) which gives the pedo-parallel equi- 


Now, the condition of perpendicularity of two chords By, zy is 
(B) (ty) (jx) ( jy) +( 9B) (Jy) (tz) (ty) =0. 
Hence the extremity of the chord through a, perpendicular to By, is 
(iB) (ty) (ja) j +( 9B) (jy) (ta) t, 


80 ie we have only to show that the above apolar quadratic of the auto-form is 
apolar to 

(ax) {(#B) (Sy) (ja) ( jx) + (jB) (jy) (ta) (i2)}. 
This is easily seen to be the case. 
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lateral triangle of afy is the cubic apolar to f and d. It is easy to 
show that: 


5-14 Ff’ (x) = (G)? f (2) + 3¢ (2) {$ (2), f (z)P- 
The pedo-perpendicular equilateral triangle of aBy being the cubi- 
covariant of f'(x), is given by f” (x), the Jacobian of f’ and ġ. Since 


1$ ($. S) PF = $b {(¢,f)?, dH = — 34 (4°, f)*, by Gordan’s series, 


we have the following expression for f” (x): 


5:15 f"(z) = (Fp) = (UP (Spyr -o GF). 
The linear covariant (¢, f )? represents a point p (which we shall 
call the Euler point of aßy), such that tjp is apolar to eßy. Now the 
condition of apolarity of two triads a,b,c,, a,b,c, of a conic, can 
be shown to be that the conic inscribed to a,b,c,, a,b,c. should 
touch the polar lines of each of these triangles in regard to the 
conic. Hence the apolarity of aBy and ijp implies that the inscribed 
parabola of aBy, with focus at p, touches the polar line of ijp in 
regard to the circle. But this polar line is seen to be the perpen- 
dicular-bisector of Sp. Thus the mid-point of Sp lies on the tangent 
at the vertex of the inscribed parabola, which is also the pedal line 
of p. Since this pedal line also bisects the join of p to the ortho- 
centre O, it must be parallel to SO. Thus: 

5-16 The Euler point (¢,f )? is the point whose pedal line in 
respect of aBy is parallel to the Euler line of aBy (namely, the line 
SO) ; the point ($?, f) is the diametrically opposite point of (¢, f )?*. 


(23) A Polar Correspondence Related to the Auto-correspondence. 


Let p,p, be the diameter perpendicular to the auto-chord of p 
in respect of aBy. Then by 5-2, p, p, is the auto-chord of p in respect 
of the pedo-perpendicular equilateral triangle of aBy. On applying 
5-8 to the triangle pp, pz, it appears that the pedal lines of p,, Pz 
are parallel to pp,, pp, respectively. Hence: 

5:17 Lf through each point p, we draw the chord p,p parallel to 
the pedal line of p, in respect of aBy, the correspondence (p,, p) is 
the (2, 1) polar correspondence of the pedo-perpendicular equilateral 
triangle of aBy. 

Let O’ be an arbitrary point in the plane, 7,7, the auto-chord 
of p in respect of afy, and q,q,. the chord through O’ parallel to 7,75. 
We see immediately that the correspondence (p, 9,9.) is an auto- 
correspondence. If.a’B’y’ be its fixed points (so that O’ is the ortho- 
centre of a’f’y’), then the auto-chords of p in respect of aby, a’ B’y’ 
are by construction parallel, or a’ B’y’ is pedo-parallel to aBy. Thus: 

5:18 The lines through a’, B’, y' parallel to their respective auto- 


* For these two linear covariants and a related property of the Euler line, see 
F. Morley, “Some Polar Constructions,” Math. Ann. Bd. 61. 
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chords in respect of aBy, are concurrent only if a’B’y’ is A ti 
to aBy; the point of concurrence is therefore the o hkocentre ofa B’y’ 


The triangles f’, f” of 5-14, 5-15, occur in connection with the 
study of the inscribed parabolas of aßy. It is easy to see that: 


5:19 If pipe, 192 be the diameters parallel and perpendicular to 
the axis of the inscribed parabola whose focus is p, the correspondences 
(P, Pı Po), (P, 4142) are the respective polar correspondences of f” and 
f- The triangles f’, f” therefore give the foci of inscribed parabolas, 
whose axes touch the circle, and pass through its centre respectively. 


We know from 5-12 that the orthocentre of the triangle ijp has 
a definite limiting position P for all approaches in the pedo-parallel 
system of aPy; it is clear from the above, that P is the point at 
infinity on the directrix of the inscribed parabola whose focus is p. 


(24) Pedo-Parallel and Orthocentric Pencils. 


A pedo-parallel pencil of inscribed triangles is a pencil, any two 
members of which are pedo-parallel, that is, a pencil wholly con- 
tained in a pedo-parallel system. 

Let O be any point of the plane, and let S, O stand also for the 
quadratics which represent parametrically the point-pairs on the 
circle which are named by S, O respectively (so that S = (tz) ( jz)). 
Then from the definition of the two- -quadratic representation, and 
from 5:9, it follows that the pencil [S, O] consists of triangles having 
their orthocentre at O. Thus the inscribed triangles with a given 
orthocentre O form a pencil, which we may call the orthocentric 
pencil of O. 

It is clear from 4-2 that any pencil, among the four Jacobian 
points of which 7 and j are included, is an orthocentric pencil. 
Since the singular pencil 27A belongs to every pedo-parallel system, 
a pedo-parallel pencil must contain a member ijà. Hence: 


5:20 An orthocentric pencil may also be defined as a pencil which 
contains two members of the form iiA, 37B, the common orthocentre 
being the intersection of 1A, jB (4-3); a pedo-parallel pencil may be 
defined as one which has a member of the form ijà. 

Hence: 

5-21 The necessary and sufficient condition for pedo-parallelism 
of two inscribed triangles, 1s that the conic inscribed to them be a 
parabola; the locus of orthocentres of the pedo-parallel pencil deter- 
mined by them 1s then the directrix of the parabola. 


By supposing that the quadratic P, represents the circular 
points on the circle, the theorem 4-7 reduces to: 
5:22 The apolar pencil of the orthocentric pencil of O is the ortho- 
centric pencil of another point in the diameter through O. 
18—2 
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By the same supposition the family of pencils studied in (19) 
becomes the family of orthocentric pencils of points on a diameter 
A, A, (say). The involution J, then corresponds to the involution 
of pairs of points in A, A, which are inverse in regard to the funda- 
mental circle; by footnote, p. 248, § 4, the involution J, corresponds 
to the involution of points on A, A, equidistant from the centre. 
Further, if the two points determining the null orthocentric pencils 
are at a distance up from S, then, by 4-9 and the same footnote, 


p? = 3. Thus the fixed-points of J, are at a distance V 3p from S, a 
result which is also directly evident from 4:8. We have thus: 

5:23 The locus of points determining the null orthocentric pencils 
is a concentric circle of radius V3p; inverse points in respect of this 
circle determine apolar orthocentric pencils. 

The result may be verified in a particular case. Ifa is a point 
on the circle, the orthocentric pencil of «æ is the pencil of right- 
angled triangles which have their right angle at a. The apolar 
pencil therefore contains the member (az)°, and is further an ortho- 
centric pencil (5-22). Now by 5-13 the orthocentre of aaa is the 
point 8 on Sa produced, which is distant 3Sa from S. So the 
orthocentric pencils of a, 8 are apolar orthocentric pencils. The 
points a, $ being evidently inverse in the concentric circle of radius 
V 3p, the theorem 5-23 is verified. 


(25) Orthocentric Loci. 


A general linear o?-system [M] of inscribed triangles consists 
of triangles apolar to a fixed triangle aBy. If O be the orthocentre 
of aBy, and O’ the inverse of O in respect of the concentric circle 
of radius 3p, then the orthocentric pencil of O’ being apolar to 
aßy (5:23), must be completely contained in [M]. It is clear that 
this is the only orthocentric pencil contained in [M]. Also, the 
system [M] has, in general, only one member in common with the 
pencil of equilateral triangles. A very convenient way of specifying 
[M] is by means of its equilateral member and its unique ortho- 
centric pencil. 

Let M, be the member of [M], of the form ijà, and M,, M, the 
members of the form iA, 77B. If i4, 7B intersect in O, then the 
pencil [M,, M,] is the orthocentric pencil of O (5-20), and is the 
unique orthocentric pencil contained in [M]. Let M be the general 
member of [M], and m its orthocentre. The correspondence between 
M, m is in general (1, 1), the exceptions being covered by 5:12. 
Since [M] is a general linear system, the approaches to M, contained 
in [M] are not pedo-parallel, so that the orthocentre of M, is 
indefinite, and may be anywhere at infinity (5:12). Similarly, the 
orthocentres of M,, M, are indefinite, and may be anywhere on 
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Oz, Oj respectively. Hence the relation between M and m is a 
Cremona quadratic transformation with the fundamental elements 
Mf = M,, M,, Mz; m = O, ji. Now in a Cremona quadratic trans- 
formation between two planes, a linear locus in either is trans- 
formed into a quadratic locus passing through the three funda- 
mental points in the other. Hence: 

5-24 The locus of orthocentres of any pencil of [M] is a conic 
through Oij, that is, a circle (diametrically opposite points of this 
circle may be verified to be the orthocentres of pedo-perpendicular 
members of the pencil); the circle degenerates into a point-circle, when 
the pencil is orthocentric, and into a line when it is a pedo-parallel 
pencil (5-21). The locus of the orthocentres of a conic-system of triangles 
containing three members of the type M,, M,, Mg is a straight line. 


It should be observed, however, that if [M] is a pedo-parallel 
system (or a system containing either of the singular pencils 
ud, 7)B), the correspondence between M, m is no longer a Cremona, 
but a linear correspondence. 

Suppose now that the circles C, C’ are the orthocentric loci of 
two apolar pencils [', I’. Let aBy be any member of I’, and O its 
orthocentre, so that O is a point on C. Let O’ be the point inverse 
to O in regard to the concentric circle of radius 3p. Then the 
apolar system of aBy contains I” and also the orthocentric pencil 
of O’. Hence I” contains a member whose orthocentre is O’, so 
that O’ is a point on C”. It follows that C and C” are inverse circles 
in regard to the concentric circle of radius 3p. Thus: 


5:25 The orthocentric loci of two apolar pencils are two circles 
mutually inverse in the second fundamental circle (by which we mean 
the concentric circle of radius V 3p); therefore the orthocentric locus 
of a null pencil is a circle orthogonal to the second fundamental circle. 


The latter part of this theorem may be verified for a particular 
case. The simplest null pencils are those of the type ppA, where 
p is a fixed point. Now it is easy to see that the orthocentre of the 
inscribed line-triangle ppd is the reflection in p of the extremity 
of the chord through p perpendicular to pA. Thus the orthocentric 
locus of the null pencil (ppd) is the reflection of the fundamental 
circle in p. It is an easy verification to show that the second funda- 
mental circle of radius 3p is orthogonal to the reflection of the 
fundamental circle in any of its points. 

As a particular case of 5:25, we see that the orthocentric locus 
of a null pedo-parallel pencil must be a diameter 4, A,. Now there 
are two remarkable harmonic point-pairs on a diameter A, A,, 
namely, the pair of extremities 4, A,, and the pair So. Hence 
there are four remarkable members of the pedo-parallel null pencil, 
namely, those whose orthocentres are these four points. The 
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members with their orthocentres at S,oo are the equilateral member 
and the member of the form 2A respectively; those which have 
their orthocentres at A,, A, are the two right-angled members 
which have their right angles at A,, A,, and which (since they are 
pedo-parallel) have, by 5-11, perpendicular diameters for their 
hypotenuses. Hence: 


5:26 A null pedo-parallel pencil contains two harmonic pairs of 
remarkable members; the first pair consists of the two right-angled 
triangles of the pencil, the second of the equilateral triangle, and the 
triangle of the form ijà. The former have their right angles at dia- 
metrically opposite points, and have perpendicular diameters for their 
hypoteneuses. 


(26) Other Systems of Inscribed Triangles. The Antipedal Angle. 


Let every inscribed triangle aBy be represented by the point in 
three-dimensional space whose homogeneous coordinates are pro- 
portional to the coefficients of the binary cubic (az) (Bz) (yz). The 
coalesced triangles of the type ttt will then correspond to the point 
T of a certain fundamental twisted cubic C; in particular the two 
lateral triangles will correspond to points on the chord IJ of C, 
and the singular pencil ijà to the axis JJ (that is, the intersection 
of the osculating planes at J, J to C). Pedo-parallel systems are 
represented by planes through the axis ZJ, pedo-parallel pencils 
by lines meeting the axis JJ, and orthocentric pencils by lines 
meeting the tangents at I, J. 

The system of inscribed triangles congruent to a given inscribed 
triangle aBy may be called the congruent system of aBy; it is clear 
that it is represented by a twisted cubic C’ passing through the 
point P which corresponds to afy. It is easy to show that C” 
passes through the points J, J of C, and has also the same osculating 
tetrahedron at JJ as C (so that C, C’ have the same tangents and 
the same osculating planes at J, J). One and only one twisted 
cubic of the type C’ passes through each point of space. It will 
be noticed also that C itself is a particular case of C”. 

We define equilateral systems to be the linear 0 ?-systems which 
contain all equilateral triangles. Thus the equilateral systems 
correspond to the planes through the chord JJ of C, and are there- 
fore, in a sense, correlative to the pedo-parallel systems. The triangle 
apolar to all members of an equilateral system is clearly of the 
form ijà. Hence, from the definition of the Euler point (22), it 
follows that: 


5-27 An equilateral system is the totality of triangles which have 
a given Euler point. 
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Just as the pedal angle between two triangles is the measure of 
separation between the pedo-parallel systems containing them, so 
there is a second angle, namely, the antipedal angle, which is the 
measure of separation between the equilateral systems containing 
them. We define the antipedal angle between two triangles to be 
half the angle subtended at the centre by their Euler points. 

It was shown in 5-16 that the pedal line of the Euler point is 
parallel to the Euler line of the triangle. If we call the angle be- 
tween the Euler lines of two inscribed triangles their Eulerian 
angle, then from 5:1 it easily follows that the pedal, antipedal, and 
Eulerian angles are connected by the following relation: 

5:28 (Pedal angle)—(antipedal angle) = Eulerian angle. 

_ Since the Eulerian angle between two co-orthocentric triangles 
Is zero, We see, as a particular case, that: 

5-29 The pedal angle between two co-orthocentric triangles is also 
their antipedal angle. 

The condition that the pencil determined by two triangles may 
contam an equilateral member, is that their antipedal angle be 
equal to zero (mod 7). . 
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In this paper the method of infinitesimal transformations of 
coordinates, used by WEYL to determine conditions that a function 
of the tensors gix and ġ;, and certain of their derivatives, should 
be a scalar density, is applied (with certain modifications so as to 


give tensor relations) to functions of I’ ng and T? „at It is known* 
that in order that such a function should be a scalar density it 
must be a homogeneous function, of degree 4n, of Bi, and this 


must of course be deducible from the equations found by the 
infinitesimal transformations. In view of the part which these 
equations may play, as “equations of energy,” etc, in purely 
affine field theories, it seems desirable that the connection should 
be explicitly shown, and this is done in § 3, 


§ 1. A variation principle. 


Let M, be a manifold having an assigned affine structure 
(T$, =I"), D a domain in M,, and P, Qf, ©7, T7”, tensor- 


density fields, of the rank shown by their suffixes, having con- 
tinuous components in D; and suppose that whatever the domain 
Q in D and the vector field E, 


n LEB: + (EQ) + (ES re + (ET rat] de =O oe (1) 
(dx = dx,dx,... d£n). 


(The existence of all relevant differential coefficients is assumed.) 
If the values of the covariant derivatives are written out, the 
expression on the left takes, after suitable rearrangement, the form 


i ivr rs o? ; yyrst — 
Í B +e (EY, ty Ja, ~- (EZ; E a, ad AEM, J dx= 0 
and it may be inferred, since Q as well as ¢' is arbitrary, that 
X= Y= Z™ = W = OF, 
* Cf. Weitzenbock, Invariantentheorie, p. 358. 


+ A = $ (AT? + A), ArH = 4 (ATH HA HASTE ATG Afrs 4 Atr) 
(after SCHOUTEN). 
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But the quantities X, Y, Z, W are not all tensors. To get tensor 
equations it is preferable to proceed slightly differently. 


In the first place it is plain that W7“ is T7”, so that we may 
infer 
a =0 aides (a) 
from (1). Now if a” is any tensor density of rank (2 +0) it is 
easily verified that (a"°)rs = (a")e =(a")ir. Hence (writing for 
a moment t” for £7" $), 
(rse i (e), (st) 
= (yo 7 Rart h" 
= 0’, (rs) (Rire a = (Rist ar 
and, adding the three equations, 
Cs = (tor? Ji = $ (Ri, Ea a 3 (Rie iy, 
Since t™® = 0 by (a), (1) reduces to 
[EREHE O- 4 RL, SI" 4RL 22, 
+ (E'S) Jdx=0 ...... (3). 


The term corresponding in this expression to Z;" of equation 
(2) is $7", and therefore 


SSO: n (b). 
Since ES e= (Foo) | == 0, 
and since, whatever a’, (af); = da‘/Ox;, it follows that 
Qa D T+ aR Tee (c), 
BeeO  Qeceee (d). 


Equations a, b, c, and d are the required tensor relations. 


§ 2. 
| Let A (Yig z’) be a function of the $n? (n+ 1) variables 
Yoy o where the indices take all integral values from 1 to n, 
save that p<qand r<s. We proceed to investigate the conditions 


that A (Tra Be „¿)t Should be a scalar density. 


a at 
* Rr og Bk +r _ Trs 
ik OX, rs,t OL, 
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Since | A dx 
a 
is to be invariant for all transformations of coordinates, its value 
must be unaltered, in particular, by the infinitesimal transformation 
I; = Ti + ae 
& being a small vector field. Thus 


o=[ A@)dë-| Ala) dz 


=| 2 (ae) de + | S°Ad2 cases, (at, 
o Csi a 
where §* A = A (x) — A (x). 

If 0 is a quantity of any character and 60 = 8 (Z) — 0 (x), then 


8*0 = 50- pi È? 


Let the increment of Y when the T? , receive a general small 
increment be 


SA = A7 ST! + 2 G r ya (5), 
where 27° and B?” are symmetrical in r and s. 
If A is a scalar density, W” and p are tensor densities. 
For, ôT$, being a tensor, if its components vanish at a certain 


point P in one coordinate system they vanish in all. When this 


18 SO a , has tensor character at P, but save for the symmetry 
condition its value is unrestrained. Since 6% = Br sr" i in this 
case, it follows that Bry itself symmetrical in r and s, is a tensor 


density; and so, therefore, is W. 
The quantities T? , are transformed by the rule: 


Si 2 Cg OL, Ox; = Ox; OX p Oy 
rs, BY Ot. Up OL, Ola OlpOLy Oly OX,” 
When F; = q; + E'$, | 
OTi = 8 og Ox; _ 5: = of 
On; OT) OT; S Oz; ‘ 


t Cf. Weyl, Raum, Zeit, Materie, 5te Aufl., pp. 111, 309; also Weitzenböck, 
op. cit., p. 372; Pauli, Relativititetheorie, § 23. 
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and therefore | 
ar Ce ye Oe eye ee 


Bs Ox, TY OL, re Ola O@yOL,’ 


: i r’ 
and i erie 


Oe 
re (3 + & R ° 
Substituting this in 
ôt = A 6* Bi T (BF 6* Ta: 
we find for the expression on the right of (4): 
JE Ept BR) + AE 82" (6), +D ERE, de 
p I, [F (= (A) + Risi 1) 
+ {E (US; + 2 (A7), — (Bi), + Br” Bey, 
+E Uh + 2 (8) 


- (E87), „ldz 
Hence the principle of §1 applied to equation 4 gives 
BO, ge (A), 
M20 es (B), 
AS; + 2 (A), — (Bi) + Be, Br" +4 RL Be =0 ...(C), 
(27°) — RM =0 naan (D). 


(A), (B), (C), and (D) are the necessary and sufficient conditions 
that A should have scalar density character under all “deforma- 
tions”—transformations generated by infinitesimal displacements. 


' §3. 
From (A) and the fact that 87" = 8%” it follows that 
Pte M uii (6), 
and therefore (B) may be replaced by 
We — (Br), aes (B’). 
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Now the necessary and sufficient condition that 2 UAR A a 

n (n+l; 
2 

n?(n—1)8 
3 


function of the variables Ying? ae should in fact be a 


function of the distinct and non-zero functions yy) where 


7 FAR i = i — 4/% i a i x 
wn = Zik 2a Yj Ya t Ya» 
is that functions ff”, antisymmetrical in y and 6, exist, such that 


OA port ima OA pr ays. 


oy, rs = cy : az, i 02 nat 
that is, such that 
oA —? qo Ya $ A Cy) EEE (7), 
ay, 
coe a la de (8). 
O2 pst 


These equations involve only the symmetrical part, ("° *, of ["; and 
(8) may be regarded as giving the definition of this part and (7) the 


condition imposed on A. When y= r q and 2 =T} Abad is 


rs, b? dz a jo 
; pst 
identical with B?” and H with AP? + 2 (BP), Hence condition 
I vq 


(7) is 
rs o, ret rst ma By (r 7s) 
D ae o )+B, r+ 3, r 


0 rs ~a rst r Bst 8 rgt 
a o JEL, B, -Te 8 -Te D: (by 6) 
ees (3); 
equations (B’), The import of the equations (B’) is, then, that 
all scalar densities which are functions of T}, and r. , alone are 
functions of R? „ The functions Ë“ are gael 6 A/R” y 
Equations (C) may be simplified by noticing that 
(8 Yea = — a E 
= (A), — (8E), — 2 (B r t 
=? (55, + Res por _ R° B”, 


res 


* When r>s, Yee and i stand for yi. and Yie 
+ Am9 = (4-A) (after SCHOUTEN). 
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which combined with (C) gives 


A+ RB ZR BT RE BAO... (C’). 
Now be Riu = 4h (— Bi, + Bi,,) 
=f" R?, (since f" =- E"), 
whence gi’ RI = UAP R = B R 
Hence 0 = 25 — 2R E pe p IROTO ma (C’); 


and, contracting, 


OI 
rst 
rst f = 2R at OR’ 


_ Thus the proposition that A is a homogeneous function of 
R’ of degree n/2, is equivalent to the contracted form of (C). 


nA = 2 R? 


Again, since 2 is a function of R; 


oA at OR, oR, 
ee fre reece (9). 
ox; OR are OTi | xi 
If then it is known that 2 is a tensor, the tensor equation 
(A) = ORE) een (10), 


which is true in geodesic coordinates, may be inferred to be true 
in all. We may aa that this will also follow purely algebraically 
from (A)—(D), and in fact (C”) is really a statement that (9) and 
(10) are — For 


oR? 
rst rst st 
S Pia at — fr i e, z YR; Bst -T$ Rat i; Rega) 
ol ret OR B rst DB st pr rsB ne 
= Ox; —f Ox, 7 I; (216, + f Rost E ž Ra 2f em 


and the expression in the bracket is the right-hand side of (C”). 


The four equations (D) are among those found by a general 
“minimum principle” 


Ja 0, 


and form the “equations of energy” for field theories derived from 
such a law. From the interpretation that has now been given it is 
plain that (A), (B), and (C) are mutually independent. Equations 
(D), on the other hand, can be derived from them, thus: 
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Taking the “divergence” of (C”) we have 
2 (Ret), + (Ri e2 (Re, 7), = (2), =" (RF y+ CT). 


re 


Since £% is antisymmetrical in s and t, — 


0= A (Bey + (RE) 


rei rt 


a re [— (Rj: — (E), + (R%,,),], (Bianchi’s identity), 


rti 


whence E (Re), = 262" (Re e 
Substituting in (11), 
2 (E, Re + (Re) — (RE) =0 on. (12). 


From equation (B’), 
(17),4 = (EF eine 
= (Eee + Fi, Ey 
= care +R Oe 
= (Rif), — (RE), + Rig EO), 
= (E), (2R°.+ Re), by (12) 
= 2(f") RO = A R e 


(rs) i rat 


If X is a function of Ra only, and 0%/oRyz=h*, it is easily 
verified * that 


917? = (h), — 8C (P, 
and that B= FH) E. 
Equations (C) reduce in this case to 
5; =. Rah” +R, h”. 


* Cf. Einstein, ‘‘ Zur allgemeinen Relativitatstheorie,” Sitzungsber. der Preuss. 
Akad., 1923, p. 35. 
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An approximation to the motion of two rotating electrical doublets 
ina plane. By P. A. TAYLOR, B.A., Emmanuel College. 


[Received 22 May, read 26 July, 1926. ] 


§ 1. Introduction. This problem was suggested by an article of 
Debye’s* in which he considers the effect on a free electron of an 
electrical doublet constrained to rotate uniformly about a line 
through itself perpendicular to its own axis. Assuming that the 
free electron is initially at rest, he shows that to a first approxima- 
tion it performs simple harmonic vibrations about its initial 
position. Proceeding to a second approximation, he shows that 
the free electron appears to be repelled by the rotating doublet. 
In this paper, instead of considering an electron and a rotating 
doublet, we consider two rotating doublets. In order to simplify 
the calculations we suppose that the two doublets are constrained 
to lie in a plane, but are otherwise free. The principal results of the 
calculations will be found collected in the summary at the end. 

The problem is of interest as it might give a clue to the origin 
of forces between atoms. For Debye shows that the field due to a 
hydrogen atom at any distance greater than about ten times its 
radius is to a close approximation the same as the field of the 
equivalent rotating doublett. We shall find that two rotating 
doublets behave as if they acted on each other with a force of the 
same general type as the interatomic forces found empirically by 
Lennard-Jones and the present author{. Comparison can only be 
made as regards order of magnitude for three reasons. We have 
constrained our doublets to lie in a plane. Secondly, we shall 
consider the moment of inertia and the electrical moment of a 
doublet as constant, whereas in an encounter between two hydrogen 
atoms the radius vector from the proton to the electron of the same 
atom might suffer perturbations, so that the moment of inertia 
and the electrical moment may be variable. Thirdly, no gas so 
simple as a gas of hydrogen atoms exists. 


§ 2. The plane of the paper is the plane in which the doublets 
are constrained to lie. 


G is the centre of gravity of the two doublets O, and O,. 


* P. Debye, “Molekularkrafte und ihre elektrische Deutung, § 6,” Phys. Zeit., 
vol. xxn, p. 306 (1921). 

t P. Debye, loc. cit. 

~ J. E. Jones, Proc. Roy. Soc. A, vol. cvi, pp. 441, 463, 709 (1924); vol. cvi 
p. 157 (1925); J. E. Lennard-Jones and P. A. Taylor, Proc. Roy. Soc. A, vol. crx, 
p. 476 (1925). 
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m, and m, are the masses of the two doublets O, and O, re- 
spectively. 

fy and p are the electrical moments of the two doublets O, and O, 
respectively. 

I, and J, are the moments of inertia of the two doublets O, and O, 
respectively. 

Gx and Gy are rectangular axes through G parallel to directions 
fixed in space. 


The rest of the notation is as in the figure. 


y 


We write also ce=Ņ%-—ġ, 
r = fi + Ta. 


Then, if T is the kinetic energy of the motion relative to G, and if 
V is the potential energy, we find 


2T = M (+ ree) + LELY coe (2-0), 
2V = “Hable (oo e — 3 cos (fb — 0) cos (% — 0X} 


= a {3 cos ($ + y% — 26) + cos ($ — #)} ...(2-1), 


and we have at once Lagrange’s equations of motion. 

Suppose now that the doublets are at such a great distance 
apart that the coupling (i.e. the influence of one doublet on the 
motion of the other) is small. If there were no coupling each doublet 
would move with uniform velocity in a straight line and would 
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rotate with constant angular velocity. Thus, neglecting the coupling, 
we have as an approximate solution 


rceos90=ut+a 


ran@=w+B | | (2:3) 
$ = dit + po 
b= ht + p 


The arbitrary constants a, B, o, Yo, u, v, fi, Yı may be so chosen 
that the equations (2-3) determine the exact values of r, 0, ¢, ¥, 
f, ý, $, ý at any given instant of time (say t = 0). Now let u, v, $1, 
%, be chosen in this manner, i.e. the vector [u, v] is the relative — 
linear velocity of the two doublets, and ¢, and y, the angular 
velocities of the doublets at time ¢ = 0. Then a, B, do, Yo may be 
taken as new variables, defined in terms of r, 0, d, p, t by equations 
(23). We have seen that an approximate solution of the equations 
of motion is given by a = const., B = const., dy = const., Po = const. 
Therefore in the exact solution a, 8, dy, Wo will be small, and so also 
will be ä, B, dy, Yo- (Also from the way in which u, v, do, Yo were 
chosen, at time t= 0 we have a= 0, = 0, do = 0, fy = 0 ac- 
curately.) 
We may express the equations of motion after some algebraic 

reduction in the following form: 

ä = Á cos ($, + pı) t + Bsin (J, + ¥,)¢ 

g + C cos (fı — %1) t + D sin (¢, — yı) t 

B = A’ cos ($, + fa) + B’ sin (fp, + #y)t+... (2-4). 

$ = A” cos (fı + p)t+... 


y = A” cos (dı + fy)tt+ ... 


The A’s, B’s, etc. are expressions of which the following are 
typical: 


15 ? 
Pe +91 H2 cos (fo + Wo = 30) = ae cos (Po T po = 0) 


4Mr' 
15 i Sipe - 
B= hes sin (Jy + Yo — 30) + ve sin (Py + fo — 0) = 
CG" = — AR sin ($o — o) 


D' = — Mh = 
21,7 cos (ho Po) 


The right-hand sides of equations (2-4) are functions of t, both 
directly and via the A’s, B’s, C’s, D’s, which are given as functions 
ofr, 8, bo, Yo by equations (2-5) and other equations of similar form. 
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The two variables r and 6 are given by equations (2:3) as functions 
of t, both directly and via a and $. To a first approximation we 
may neglect the variation of the four quantities a, 8, do, Yo, as we 
have shown that they are approximately constant. If the angular 
velocities of the doublets are large compared with the ratio of 
their linear relative velocity to their distance apart, we can con- 
sider r and @ as approximately constant. Thus for a first approxi- 
mation we can consider the A’s, B’s etc. as constant, i.e. their 
variations are slow compared with the variations of 


ACETIL 


We can now integrate equations (2:4) and obtain equations like 
A 
a — Us = (b+ vel — cos ($, + 4) t] 
B ; 
T Cui [(pi + %1) t — sin ($, + %1) t] 


C 
+ ghel — cos (f, — pı) t] 
D , 
+g gpl- ht- singh] (26), 


where a, By, Poo» Wo are the values of æ, B, do, Yo respectively when 
= 0. 


For a second approximation we must no longer consider the 
A’s, B's, etc. as constants. Let 7, 7,, Oo, Ô, be the values at time 
t = 0of r, f, 0, Ô respectively. Then since we have already assumed 
that the linear relative velocity of the doublets is small, we may 
write, for a few periods of revolution of the doublets at least 


r = To + yb, 
0 = Q + ôt. 


Expanding the A’s etc. to the first order in 7,, 6,, and also in 
(a — æ), (B — Bo), etc., we have (letting the suffix 0 denote the 
values at time ¢ = 0) 


a= ar (4) nts CA) n+ C4) a+ GA) a 


+ (E), (Po — Poo) + (=), (o — Po) (2°70) 


= E, + Fat + G, cos ($, + Yı) t + Hasin ($, + p) ¢ 
+ K, cos ($, — Yı) t + La sin ($, — xy) t 
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The £,’s, F,’s, etc. are constants whose values may be found by 
substituting in equation (2-70) from (2-6) and similar equations 
and comparing the result with equation (2-71). Similarly 


B=E',+ F',tt+.... 
Substituting in equations (2-4) from equations (2:71) we have 
ä= {Es + Fat + G.cos(¢,+4,)t+ Hasin ($, + Y1) t+ Kacos (fı — x) t 
+ Lasin ($, — 41) t} cos ($, + Yı) t 


+ {Hy t Pyt+ ... + Ly sin ($, — x) $ sin ($, + yy) t 
+{B,+Ft+.. - + L. sin ($, — Yı) t} cos (fı — pa) t 
+ {Ea + Fat +... + Lasin ($, — p) 8 sin (J, — pa) t 

“ee (2-8). 


§ 3. We will first suppose that neither ($, + ,) nor (¢, — yı) is 
small, i.e. (J, + pı) and ($, — yı) are to be considered as large and 
of the same order of magnitude as ¢, and p. We will find the 
average relative acceleration of the doublets over a time t = — r 
tot = + 7, where the time 27 is sufficiently large to contain a large 
number of periods of 

cos cos 


sin (fy + p) t and sin (fy = p) t, 


and yet sufficiently small for r and @ to be effectively constant*. 
Letting a bar denote the average value with respect to ¢ over the 
time — 7 to + r we have 

t cos wt = 0, 
where w denotes either ($, + 4) or (J, — y). 


; l 1, 
(sin wt = — — coSwt + ~—; SIN wr. 
u) TUJ 


The first term in this expression fluctuates, going through a cycle 
of values, equally positive and negative, in the time of one period 


of a wt. We are trying to compare the actual motion with one 


in which the effects of individual rotations are smoothed out; and 
this term (— cos wr/w) contributes nothing permanent to the 


* This is possible as regards ($: +4) l, but not as regards (¢, - %,) t, when the 
doublets represent normal Bohr hydrogen atoms, rotating in the same sense, and 
whose relative velocity is the kinetic theory velocity appropriate to a temperature 
of 0°C. For then the distance travelled in 30 periods of revolution of the doubleta 
is about 7, of the radius of a hydrogen atom, and hence a considerably smaller 
fraction of the distance apart of the two doublets. To make a suitable choice of r 
possible as regards both (¢,+¥4,)¢ and (4, -—y,)¢ we should have to make our 
doublets correspond to hydrogen atoms with different quantum numbers. 


19—2 
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averaged acceleration. Besides, owing to the factor 1/w, the ex- 
treme values of (— cosw7/w) would be small compared with 

cos? wt (i.e. $). A fortiori, the term (sin wt/Tw?), which also fluctuates 
through positive and negative values, tends to zero as 7 increases, 
and contains a factor 1/w?, contributes nothing permanent to the 
averaged acceleration. So we write 


t sin wt = 0. 
Similarly 
2 
PaO, cos wt sin wt = 0, ee, wat = h, 
sın gın 


m (Pr +44) to (br — fa) = 0. 
Applying these results to equation (2-8) we have 
a=4(6,+8,+K,+ L) we (3-0). 


We can evaluate the constants occurring in this equation by some- 
what lengthy algebra, and we find 


= 9m?m? 13 1 
a 2M?r° ((, + 44)? as ($i — 44)? ae 
LEE OT: 1 
SMI? +h) eat eae 
Also a = pcos ĝ — r sin 0, 


where p and 7 are the radial and transverse averaged relative 
accelerations respectively in the directions of r and 0 increasing. 
Therefore 


_ _ Iu p? 13 1 ) 
R= Mp = ours 2Mr? Co (A, — A 
3u u (L + I) 9 l (3-1), 
Gi 8L lr? pnn F p)? = ($i — ae 
T = Mr=0 


where & and T are the apparent forces o to the 
accelerations p and 7. Thus we see that the doublets repel each other 
with a force (Ar-? + yur-*), where A and p are positive constants 
which may be found by comparison with equation (3-1). 

We now have to consider what is the influence of one doublet 
on the angular velocity of the other. Similarly to equation (3-0) 


we find = 2 
b= po = $ (Ga + Hg” + EK” + Ly") oo (3-2). 
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When we evaluate explicitly the constants occurring on the right- 
hand side of this equation we find 

Ga” 4 H” = of 

K” +2," =90 
and so b=O0 area (3-22). 

Thus to our order of approximation the angular velocities of 

the two doublets remain constant throughout the interaction; and 
the coefficients A and u remain constant, their values depending 
on the constant values (J, and 4%) of the angular velocities of the 
doublets. That is to say, during the whole of an encounter (pro- 
vided the doublets do not approach each other too closely), the 
doublets appear to repel each other with a force (Ar-? + ur-*), where 
A and u are constants, given by 


i Sete aL 9 9 1 R 
81,1 (fy + hye (fı — ph)? ... (3:3). 
se 91,725? l 13 A 1 l 
2M (fith) ($i — 4)? 


§4. So far we have assumed that neither (4, + 4) nor (¢, — 4) 
is small. We now consider the state of affairs when (¢, — y) is 
small. Let, — %, = £, where £ is small. We also write $, + yı = 
Then, since 


= at = $t? — 3 £¢ approx.* 
and ou = $étť approx.*, 


the equations (2:6) take the form 
a—%= “ (1 — cos nt) + s (nt — sin nt) + $Ct? + DEt — Cert 


Corresponding to equations (2:71) we shall have 
A = E, + Fat + G,cosynt+ Hasin nt + 4M,?? 
+34N,€8 — AM Et nnn. (4-1). 
The new coefficients M,, Na, Ea, Fa, etc., may be found by sub- 
stituting in (2°70) from (4-0) and comparing the result with (4-1). 
Thus corresponding to equation (2:8) we have 
ä = {E,+ Fat + Ga cos nt + Hasin nt + 4M? + NEE 


— AM Et} cos nt 
+ {E + Fat +... — 4M, &t*} sin nt 
+ {E, + F,¢+ ... — 3M, €t (1 — $€7t*) 
+ {Eat Fat +... — 3M ft} ét 
acted (4-2) 


* For justification of these approximations see footnote on p. 281. 
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We now require to take some new averages. As in § 3 we choose 
the time ae be sufficiently large to contain a large number of 


periods of © wot and yet sufficiently small for r and @ to be effec- 


tively e and we then average over the time t = — 7 to 
t = + 7*. Now we are comparing the actual motion with a com- 
parison motion in which the effects of individual rotations are 
smoothed out. In this comparison motion the average acceleration 
during the time ¢ = — r to t = + 7 is the sum of two terms: 

(i) the actual acceleration (in the comparison motion) at time 
t = 0. 

(ii) a term which tends to zero as r tends to zero. 
We are trying to find the actual acceleration at time ¢ = 0 in 
the comparison smoothed out motion. Consequently terms in our 
average which tend to zero as 7 tends to zero are to be identified with 
(ii) and hence omitted. Terms which fluctuate equally positive and 
negative disappear as before in the smoothing out process, e.g. 
2 sin nT 

qr 

We may either say that each term in this expression fluctuates 
equally positive and negative and is therefore to be omitted; or 


we may say that ¢? cos nt > 0 as r > 0 (as is clear without integra- 
tion) and hence ¢? cos nt is to be omitted. Hence we write 

t? cos nt = 0. 
Similarly we put t? sin nt = 0, 


2 = 2 =— ai ade 
t* cos nt 5 af cos ntdt SIN NT + 2 COS NT 


cos 
i sin = 0, 
t"=0, n=1,2,3,4. 
Applying these results to equation (4:2) we have 
@=4(6,+H,)+E, oe. (4:3). 
Evaluating the AN side of this equation explicitly we find 
Ta learns p? | 2Tpy7 uo? (Ly + 12) _ 3u pe COS ‘h sð 
2M ar 8M 1, Imr 2Mrt 


27 
= Tea COS (eo + 2x9) {cos (eo + 8) + cos (eo — A)} 


9 
ra siia 5 SIn (€o + 2xo) {sin (eo + 0) — sin (eo — 4)} 


9 L-—-L). ; . 
“rea CL? sin (eo + 2yp) {sin (eo + 0) + sin (eo — 8)} 


* We have already seen that this choice of 7 is possible when the doublets 
represent normal hydrogen atoms. 
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where €o = do = Wo; and Xo = Wo = 0 ...(4°41), (4:42). 


Now the terms in ee («5 + 2x) change sign in every quarter 


revolution of either doublet, the periods of revolution of the two 
doublets being the same. That is, these terms change sign whenever 
the centre (t = 0 in previous work) of the time over which the 
average is taken is made earlier or later by a quarter of the period 
of revolution of either doublet. Thus on the average the terms 


in pa (<9 + 2x9) contribute nothing permanent to a*. Therefore 


we write 
i = tea 27m?m? (I + I) _ 3p p OS “| M 
2M n?r° 8MI Imr 2Mr' l 
Also, as before, a= p cos ĝ — r sin 0, 


and therefore 


RA Mpc e aT ey Bii fa (L+) Niah | 


2r4 81, Imr? 2M7?r9 + (4:5). 
T = Mr=0 j 
Now similarly to equation (4:3) we have 
$ = ¢=4(G." + HHE” n (4:6). 


By the first of equations (3-21) and an explicit evaluation of E,” 
this becomes 


$ amran Mi Ps Sin E 27 p? hg? SID €o cos (€o + 2X0) 
c — M 


21r’ 4MI,7?r® 
D 3u? (I, — Iz) cos eo sin (€o + 2xo) 
41,1n?rs 
= ~ BÉ ine a (4-7) 


2l, r 


by the same argument as before. Hence we cannot now say that 
the angular velocities of the doublets remain constant and equal 
to their initial values; and if ($, — 4) is small initially, we do not 
know that it will remain small. 


§5. In order to discuss this case more fully we make the 
additional assumption that the two doublets have the same 


* If the average value of © on (fo +2y,) is not ee zero, it will be very small 


compared with unity, and the coefficient of a WO + 2y,) in equation (4:4) is only 
about ł} or } of the corresponding coefficient of rin the terms independent of 
cos 

“a (€o +2Xo)- 
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moment of inertia, J, = I, = I (say)*. Using Lagrange’s equations 
of motion in ¢ and ys, deduced from equations (2-0) and (2-1), we 
obtain the accurate (unaveraged) equation 


E+ Ta sin e = 0, 
where c=ġ—}. 
Or E+nRrsnes 0 ons (5-0), 
where =V mel? n (5-01). 


Thus there is a pendulum motion in e, in which the length of the 
simple equivalent pendulum is a function of the distance apart of 
the doublets. Thus the motion in e is analogous to the motion of a 
pendulum of variable length. 
| We now want to compare the motion in e with the motion of a 
pendulum of slowly varying length. We assume that the length 
of the equivalent simple pendulum only changes by a very small 
fraction of itself during one period in e, and that there is no 
resonance between the vibrations in e and the rotations of the 
doublets. We proceed to investigate whether these assumptions 
are fulfilled when the doublets represent hydrogen atoms in their 
principal quantum orbits. If (— e) and m are the charge and mass 
respectively of an electron, and a the radius of the principal 
quantum orbit in the hydrogen atom, we have p = p’ = ea, I = maè. 
Therefore 
MoS ety asst (5-1). 

We find that if 7, is the period of vibration in e for small amplitudes, 
and 7’ the period of revolution of a doublet, 


tı = 3:95.10-4. ri secs., 7’ = 1-52.10-2* secs. (5-20), (5-21), 
therefore afr 26.0 n (5:22), 


where r = z.10-8, so that x is the measure of r in Angstrom units. 

Now our work is based on the assumption that 7 is large com- 
pared with a, i.e. x is large compared with ${. Hence 7, is large 
compared with 7’. Thus the period in e contains many periods of 
revolution of the doublets, and there is no resonance between the 
vibrations in e and the rotations of the doublets. 

Let us suppose now that the relative velocity of the doublets is 
such that during the time 7, 57/r is very small, where òr denotes 


* This condition is always fulfilled when the doublets represent hydrogen 
atoms, for two hydrogen atoms would only have the same initial angular velocities 
if they had the same quantum numbers, and then they would have the same 
moments of inertia. 

t Numerical results are calculated from formulae and data given by Sommerfeld, 
Atomic Structure and Spectral Lines (transl. Brose), and Jeans, Dynamical Theory of 
Gases (3rd ed.). , 

ł a=0-532 A. Even if r were only 10a, r, would be 307’. 
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the change in r during one period in e. Then by equation (5-1) 
dn/n = — 35r/r, and is very small, i.e. the length of the simple 
equivalent pendulum changes by a very small fraction of itself 
during one of its own oscillations. 

The conditions are now satisfied for the motion in e to be 
analogous to the motion of a pendulum of slowly varying length 
and for Ehrenfest’s invariant to apply. The energy integral of 
equation (5-0) is 


$e? = n? (cos e — cosy) eae (5-3), 
where y is the amplitude in e*; and Ehrenfest’s invariant is 
$ de =conmst. sae. (5-4). 


Equations (5:1), (5:3), (5-4) can easily be shown to lead to the 
equation 


r=dryh ae (5-5), 
where A is an arbitrary constant and 
2 cos? ddd 
— gin2 Da eee — 25 5 
y = 810 iy | ict pad ENE (5:51) 
=E-—Keostty aun (5:52), 


K and E being the complete elliptic integrals of the first and second 
kind respectively to the modulus sin y. By considering the in- 
tegral in equation (5:51) we can show that r/A or y! steadily increases 
from 0 to 1 as y increases from 0 to m. From tables of elliptic 
functions we easily calculate the following values: 


Hence the curve giving 7/A as a function of y is as shown in Fig. 2. 

When we are given the value of y corresponding to any given 
value of r, we can determine A from the curve and then read off 
the value of y for any value of r smaller than A. y and r increase 
and decrease together. If y is real for any given value of r, y is 
real for any smaller value of r. 

Now before two rotating doublets with the same moment of 
inertia enter each other’s fields their angular velocities will be the 
same if they have the same quantum number. That is, when r is 

* The case of one doublet gaining complete revolutions on the other, corre- 


sponding to the equivalent pendulum swinging right round, would be represented 
in the analysis by y imaginary or | cos y| >1. 
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infinite, ¿= 0. Now y is the value of | « |* when ¢=0. Therefore, 
when 7 is infinite, y is the angle between the doublets and is there- 
fore real. Therefore r/À is finite. Therefore A is infinite. Therefore 
when 7 is finite, r/A = 0, y = 0, and e = 0. This conclusion is only 
true if the preceding work is valid for all values of r greater than 
some definite finite value. We now investigate the limits of validity 
of our work. 

When the doublets correspond to hydrogen atoms im their 
principal quantum orbits, we must have r > 7,, where 7, is mode- 
rately large compared with a, the radius of a hydrogen atom. 


1-0 
0-8 


0-6 


0-2 


fe) 


60° 120° 180 
Fig. 2 


Suppose for definiteness we take r, = 10a = 5 A. This satisfies 
Debye’s condition mentioned in § 1 for considering the field of 
a hydrogen atom as due to a rotating doublet. The force on an 
electron due to an electron or proton at a distance of 10a is only 
4y of the force on it due to its own proton. Hence the “coupling” 
ig small. The distance travelled in one revolution of either doublet, 
when the doublets have the kinetic theory velocity appropriate 
to hydrogen atoms at 0° C. is 3-8.10-!'cm., or less than -yr of 
their distance apart. Thus the condition mentioned just before 
equation (2:6) is satisfied. Also a choice of 7 is possible for 
averaging purposes; and the condition that 7,/7’ is large is satisfied. 

Also the condition that 57/r is to be small leads to the condition 


* I.e. the absolute value of «e, when e is taken to satisfy -m <e <7. 
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r< R,, where R, is small compared with 10,000 Å., R, = 500 A. 
(say). Then our treatment of the motion is valid when 7, < r< R,. 

Now we can see from Fig. 2 that whatever value y had when 
r= R, when r < R, y< about 24°, i.e. 1 >cosy>0-9. Now 
cos e varies between cos y and 1, hence very little error will result 
from putting cose = l for that part of the motion for which 
r< wh- o o 

Thus, if n <r< 4%, or 5A.<r< 50A., the two rotating 
doublets move as if there were a force of repulsion (R) between 
them given by 

R = — r*+ rT HH Ar? n, (5-6), 

where 


Ng = Sere, Ag = 21pm? pa?/4In?, Ay = 117p? /2M7? 
PIROTA (5-61), (5:62), (5-63), 
obtained by putting J, = J, = I and cos e = 1 in equation (4:5). 
From equation (4-7) and the similar one for x we see that when 


I, = l, 6 += 0. Also the relative angular velocity is so small 
that one doublet gains an angle y (< 7) on the other only in the 
course of a large number of revolutions of either (since 7,/7’ is 
large)*. Hence the angular velocities of the two doublets remain 
approximately constant and equal to their initial values, which 
are, of course, equal. Hence the A’s in equation (5-6) are constants, 
their numerical values being A, = 9:68.10-%, A, = 1-62.10, 
A, = 4:34.10-7%. We notice that when r= 1 A. (= 10-8 cm.) the 
repulsive term varying as r—*® is very small compared with the 
repulsive term varying as r~’ (the ratio being about ,1,); the term 
in r~’ diminishes more rapidly with increasing distance than the 
term in r-7. Thus at the distances for which our work is valid, we 
may write without sensible error 


R = — 9-68.10-987-4 + 1-62.10-8 7-7... (5-7). 


Tbis is a law of force of the same form as that obtained empirically 
by Lennard-Jones for helium, argon, and neon. 

The attractive force in R just balances the repulsive force 
(i.e. R = 0) if r= 0-55 A. This distance is much less than the 
minimum distance for which our work is valid. All we can deduce 
is that at distances for which our work is valid the attractive force 
preponderates. This excessive attractive force is not in accordance 
with the empirical results of Lennard-Jones. There are two pos- 
sibilities, it may be due to the specialization of the mathematical 


* This statement justifies the expansions of ve ĉt in § 4 in the case when the 


rotating doublets represent normal Bohr hydrogen atoms, for we only require 
these expansions to be true for moderately few periods of revolution of each atom 
including the time t=0; hence £ is small compared with y, itself less than v. 
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model; or, as a gas of hydrogen atoms is unstable and forms into 
a gas of ordinary hydrogen, it may be that the attractive force is 
greater in the case of hydrogen than in the case of the three 
monatomic gases helium, argon, and neon. 

A useful way of comparing repulsive fields is by means of 
“diameters” as defined by Lennard-Jones*. If ois the “diameter” 
corresponding to a repulsive force A,7-", we have 


o = {A,/2-06.10-'§ (n — 1)}.("-0, 


Applying this conception to the repulsive term in equation (5-7), 
we find ø = 3-31 A. This is of the same order of magnitude as the 
values obtained empirically by Lennard-Jones for . helium 
(o = 3: 124 A.), neon (o = 4-300 A.), and argon (o = 7-053 A.). The 
value of n (n = 7) is rather smaller than those obtained empirically 
by Lennard-Jones for helium (n = 14), neon (n = 11), and argon 
(n = 9). It is to be noticed that the hydrogen atom is very much 
more unsymmetrical than the atoms of the three inert gases 
mentioned; on this account we should expect the index n to have 
a smaller value than in the case of these three inert gases. The 
agreement between the calculated and observed repulsive forces 
is quite good in view of the model chosen. 


§ 6. Summary. We may summarize our conclusions as follows. 
If the rotating doublets have quite different angular velocities 
initially, then they repel each other with a force (R) given by 


R=dr74+pr® aa (6-0), 
_ 3p? He +f T af 9 l , 
a e a l 
and H=- 4 HER Ga — vs) ER ETE (6-02), 


d, and yw, being the (constant) angular velocities of the two doublets. 
If the doublets have the same angular velocities initially, and 
the same moments of inertia, then over a certain range of r we have 


R=—dAyrttArt+Ayr ao... (6-1), 
where 


Ag = Stabe, Ap = 27 py? 9"/16Lw*, Ag = 117 1,7p9?/8 Mw? 
ary (6-11), (6-12), (6-13), 


and w is the common value of the angular velocities of the doublets. 
When the doublets correspond to hydrogen atoms in their principal 


* J. E. Jones, Proc. Roy. Soc. A, vol. CVI, pp. 452 et seg. (1924). 
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quantum orbits, the range of distance becomes 5 A. to 50 A. and 
the formula for R reduces to 


R = — 9-68.10-%r-4# + 1-62.10-87-7 ...... (6-2). 
This is a law of force of the type found empirically by Lennard- 
Jones for helium, neon, and argon. The attractive term in this 
formula is larger than the attractive terms found by Lennard- 
Jones. The repulsive term, however, which leads to a “diameter” 


of 3-31 Å., is in very satisfactory agreement with the repulsive 
terms found by Lennard-Jones. 
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A Theory of the Action of X-rays on living Cells. By J. A. 
CROWTHER, Sc.D., St John’s College. 


[Received 13 March, read 15 March, 1926.] 


The absorption by matter of energy from a beam of X-rays 
follows laws which are now well known. The first stage is the 
ejection from the absorbing atom of a high speed electron. This 
electron, in turn, produces pairs of ions from some of the molecules 
through which it passes until its energy is all spent. The process 
is essentially a discontinuous one jn space, and the proportion of 
atoms affected at a given time is always exceedingly minute, even 
with an intense beam of radiation. With a beam of average in- 
tensity an individual atom would suffer ionisation, on an average, 
about once in a million years. 

This discontinuous nature of the absorption of X-rays requires 
to be taken into account in considering the effect of X-rays on 
living matter. I have already pointed out* that some of the 
important structures in a living cell are so minute that the prob- 
ability of their being affected by the radiation in a given short 
interval of time, say one minute, is quite small. In the particular 
instance discussed in the paper referred to, this probability 
amounted to about 0:058 per minute, on the assumption that 
ionisation in the particle was sufficient to bring about a biological 
change. If, on the other hand, we assumed that the actual ex- 
pulsion of a high-speed electron from the particle was necessary 
to bring about a biological action, the probability would be even 
smaller. There does not appear to be sufficient evidence to allow 
of discrimination between these two possibilities. Such discrimina- 
tion is not necessary for the purpose of the present paper. 

Let A be the probability that a particle of a given kind will 
be “hit” when unit quantity of X radiation passes through the 
particles, and let N be the number of such particles present 
initially. The total number of particles yọ which are still unaffected 
by the radiation after a total dose q is given by 

Yo = Ne, 
If a single hit is sufficient to put the particle out of action this 
equation will give the number surviving a dose q of X radiation. 
It was suggested in a former paperf that an exponential curve of 
this kind represented fairly adequately the results of experiments 
of Strangeways and Oakleyt{ on the action of X-rays on tissue cells. 


* J. A. Crowther, Proc. Roy. Soc. B, vol. xcvi, p. 207 (1924). t Loc. cit. 
ł Proc. Roy. Soc. B, vol. xcv, p. 373 (1923). 
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The changes studied by Strangeways and Oakley in these 
experiments were produced by comparatively small doses of 
X-rays. Many biological changes require much heavier doses of 
radiation and the size of particle required for their explanation on 
the above assumption would be much smaller than we have any 
evidence for assuming to exist. Moreover, the relation between 
survival and dosage is certainly not always exponential. More 
usually, no apparent effect is produced unless the dose exceeds 
some critical value: the number of survivors then decreases 
rapidly with increasing dosage, though a few stray specimens 
survive much larger doses. 

A fairly obvious suggestion is that, in such cases, a succession 
of hits is necessary to produce the effect which is being studied. 
Many of the cell structures are known to be electrically charged. 
It may, perhaps, be necessary to neutralise either the whole, or a 
definite fraction of this charge to produce a change in the structure, 
just as the neutralisation of the charge on a colloid brings about 
precipitation. The object of the present paper is to follow out the 
results of this suggestion. 

Since the particles we are considering are large compared with 
an atom we can assume that the probability of a second, or third 
hit is the same as that for the first. 

Let A be the probability that a particle of the given kind will 
be hit once by a quantity of X-rays measured by gq, and let y, be 
the number which have already been hit n times. The number of 
these which will be hit again by a small additional dose dq will be 
Ay,,.dq. These will pass into the state (n + 1). With the same dose 
dq, however, a number Ay,_,.dq of the particles which have already 
been hit n — 1 times will be hit again and so pass into the state n. 


Thus we have dy, Z AYn1 -dq _ Ayn - dq, 
dy, _ 
dq To AYn-1 ve ÀAYn 
(D + À) Yn = AYn-15 
writing D for d/dq. Also yọ = Ne~**. Whence we have 
A"q” 


Yn = N ra eM., 


If n successive hits are required to put the particle out of 
action, the number surviving a dose q is thus the sum of all the 
particles in the states for which the number of hits is less than n, i.e. 


Y= Yo t Yt ee + Yni 


nog 
=New (14g +50 +. ae =) 
i 
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The quantity within the bracket consists of the first n terms in 

the expansion of e? and can be put in the form 
z r, (n) 
j (1 ~ Pn) i 

where x = Aq, T (n) is the complete gamma function, and T, (n) 
the incomplete gamma function. The ratio I’, (n)/T (n) has recently 
been tabulated by Professor Karl Pearson for an extensive range 
of values. The computation of the survival curve for given values 
of n and A thus presents no difficulties. It is plotted in the 
accompanying figure, for the values n = 49, A = 0-082. 


= % Survivors 


0 200 400 600 9 


A curve of this general shape represents the results of several 
researches into the action of X-rays on living cells. Unfortunately 
the numerical results are not sufficiently precise to enable the 
agreement to be tested numerically. It was thought that suitable 
material for a test might be found among the protozoa. I have 
accordingly been making observations on the effect of X-rays on 
a pure culture of Colpidium Colpoda, very kindly supplied to me 
by Dr Ward Cutler, of Rothamsted. The results of two complete 
series of such experiments are indicated by the circles and crosses 
in the figure, the ordinates representing the percentage of indi- 
viduals surviving a dose of radiation measured by the corresponding 
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abscissae. The experiments are tedious, and somewhat difficult. 
The quantity of radiation is measured by ionisation methods, and 
individual readings of the quantity have a probable error of some 
2 or 3%. Within these limits the two series of experiments agree 
with each other, and with the theoretical curve with reasonable 
accuracy. Further experiments are being made with the object of 
fixing the position of the experimental points with greater pre- 
cision. Assuming, for the moment, that the theoretical curve 
drawn is the best fit for the experimental results, they would 
indicate that Colpidium requires a succession of 49 hits on some 
particular structure before it is killed by the X radiation. Protozoa 
are, in fact, highly resistant to the rays, and, as far as I am aware, 
this is the first time that a lethal effect produced by X-rays 
has been observed in protozoa of this type. 


The experiments have been made possible by a grant from the 
Government Grant Committee of the Royal Society, to whom I 
tender my best thanks. I am also deeply indebted to Mr Budden 
who has very kindly prepared the cultures used in the experiments. 
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On the Attenuation of Wireless Signals in Short Distance Overland 
Transmission. By J. A. RATCLIFFE, B.A. and M. A. F. BARNETT. 
(Communicated by Mr E. V. APPLETON.) 


[Read 3 May 1926.] 


1. Introduction. 


Recent work on the explanation of fading and allied pheno- 
mena* has directed attention to the fact that the disturbance 
constituting a wireless signal travels, in general, from the trans- 
mitter to the receiver by two different paths. One of these dis- 
turbances passes over the curved surface of the earth and has been 
called the “ground ray” or the “direct ray.” The other passes up 
into the higher layers of the atmosphere, is there deviated by the 
ionised “ Heaviside layer,” and is finally returned to the ground at 
the receiving station. This ray has been called the “indirect” or 
“atmospheric” ray. It is also shown (loc. cit.) that close to a 
transmitter, any energy which travels by way of the atmospheric 
ray is negligible in comparison with the energy travelling by the 
ground ray. 

As the distance from the transmitter is increased, the ground 
ray is reduced in strength more rapidly than the atmospheric ray, 
and finally, at great distances, the atmospheric ray alone is of 
importance. The distance at which the atmospheric ray first begins 
to be comparable in strength with the ground ray varies with the 
wave length. It has been shown (loc. cit.) how, from “fading” 
measurements, it is possible to determine the relative effects of 
the two rays at any given point. 

In this paper we shall consider in greater detail what happens 
to the ground ray as it passes from transmitter to receiver. 


2. Attenuation of the Ground Ray. 


If a sending antenna of effective height h, is placed in free space, 
or on the surface of a perfect conductor, then the value of oscillating 
E.M.F. produced in a receiving antenna of effective height h, at 
a given point in the equatorial plane of the transmitter, and at a 
distance d from it, is given by 


h,h,i 
BI Ng 


* Appleton, Proc. Phys. Soc. vol. xxxvi, Part 2 (Feb. 1925); Appleton and 
Barnett, Nature (March 7, 1925); Electrician, p. 398 (April 3, 1925); Proc. Camb. 
Phil. Soc. vol. xxu, Part 5, p. 674; Proc. Roy. Soc. A, vol. crx, p. 621. 
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where k is a constant, ¢ is the current in the sending antenna and 
Ais the wave length. In this expression it is assumed that h, and h, 
are both small compared with the wave length. 

For such a system the received E.M.F. falls off inversely as 
the distance, and the product of E.M.F. and distance is a 
constant. 

In the actual case of transmission over the earth’s surface, both 
the transmitter and receiver are on the surface of a sphere. The 
waves constituting the ground ray can only travel from the one 
to the other by diffractive bending round the surface of this sphere. 
At the receiver the strength of the signal will therefore be less, in 
general, than it would be if the earth were plane. To pass from the 
expression for transmission over a plane conductor to. that for 
transmission round a spherical conductor, whose radius is equal to 
that of the earth, it is necessary to multiply by a factor ¢ (A, d, R) 
which is a function of the wave length, the distance (d) between 
the transmitter and receiver, and the radius (R) of the earth, This 
factor has been calculated from theoretical considerations by 
several mathematicians*. 

Although the results obtained by them differ from one another, 
yet it is clear that the correction due to this factor is negligible, 
provided the transmission takes place over distances so short that 
the tangent plane through the transmitter is not distant more than 
one wave length from the surface of the sphere at the receiver. 
If, therefore, measurements are made sufficiently near the trans- 
mitter, this factor may be neglected. If the measurements are 
made at greater distances, the factor differs appreciably from unity, 
but provided the distances are not too great, the correction is still 
small and can be made from the theory sufficiently accurately. 

So far we have considered only the case of a perfectly conducting 
sphere. For an imperfect conductor, the wave surface near the 
boundary is distorted, so that the diffractive bending factor ¢ (A,d, R) 
must involve the electrical constants of the sphere, p the specific 
resistance, and k, the dielectric constant. This factor will then 
become F (A, d, p, k, R). 

For an imperfect conductor there is a further source of attenua- 
tion due to dissipation of energy by the currents flowing in the 
conductor. The attenuation of the waves due to this cause will 
depend on the specific resistance of the ground, on its dielectric 
constant, on the wave length of the wave, and on the distance over 
which it has passed. It may be represented by a factor f (p, k, A, d). 
Thus, finally, the electric field due to an antenna situated on the 


* Love, Phil. Trans. A, vol. ccxv, p. 105 (1905), a complete bibliography 
up to 1915 will be found in this paper: G. N. Watson, Proc. Roy. Soc. A, vol. xcv, 
p. 83 (1918) and p. 646 (1919); Van der Pol, Phil. Mag. vol. xxxvii, p. 365 
(1919). 
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surface of the earth is given, at a distance d, by an expression of 
the form 


E= rae ae d, p, k, R) f (p, k, A, d). 


The product of E and d is no longer constant, as in the case of a 
plane conducting earth, but is given as a function of the distance, 
by the expression F (A, d, p, k, R) f (p, k, À, d). We may refer to 
this as the “attenuation factor” of the waves. The part represented 
by F (A, d, p, k, R) may be called the “diffractive attenuation ” and 
the part f (p, k, A, d) the “flat ground attenuation.” 


3. Measurement of the “ Flat Ground Attenuation.” 


The electric intensity of a wireless signal at a given point is, 
in general, a complicated function of the distance from the trans- 
mitter. It depends on the strength of the atmospheric ray and on 
the strength of the ground ray, the latter being given as we have 


seen by k taa rt Ff. By measurements on such a signal we can only 


obtain data which depend (a) on the strength of the atmospheric 
ray, (b) on the “diffractive attenuation,” and (c) on the “flat ground 
attenuation.” The measurements cannot be interpreted so as to 
give the individual contribution of these three effects. If two of 
the effects can be eliminated, then experiments will lead directly 
to a knowledge of the third. Now it has been shown that if measure- 
ments are confined to points near the transmitter, then (a) the 
effect of the atmospheric ray, and (b) the effect of “diffractive 
attenuation,” are both negligible. Such measurements will there- 
fore give directly the effect of “flat ground attenuation,” i.e. they 
will give the factor f (p, k, A, d). The measurements described in 
this paper were made on waves which had travelled over distances 
which were “short” in the above sense. From them it is possible 
to determine directly the “flat ground attenuation.” 


4, Previous Measurements of Attenuation. 


It is noteworthy that there have been very few determinations 
of the attenuation of wireless signals. This is probably due to the 
fact that it is only comparatively recently that methods for 
quantitative measurement of weak signals have been available. 

Those measurements which have been made may be divided 
into two classes: 

(a) short distance measurements, 
and (b) long distance measurements. 


The second type of measurement has been made much more 
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frequently, as is quite natural, for, of course, these are the measure- 
ments which are of commercial interest. As has been shown above, 
it is unfortunately not possible to deduce the individual contribu- 
tion of the various attenuating factors from these measurements. 
So far as the authors are aware, only two series of measurements 
over short distances have been made. Taylor and Duddell*, in 1905, 
measured the attenuation of signals for distances of a mile or two 
over land and of 60 miles over sea-water. Bown and GilletteT, in 
1924, measured the attenuation over land for distances up to 
70 miles. The latter measurements are complicated by the fact 
that they were made over a mountainous area. The measurements 
of Taylor and Duddell for attenuation over land do not extend 
far enough for the ground attenuation to be estimated accurately. 
It is obvious that more data of this nature are urgently needed, in 
order to study the ground attenuation of wireless waves, 


5. Deductions from the Measurements. 


(a) Experimental test of Sommerfeld’s attenuation formula, and 
determination of the electrical constants of the ground. Theoretical 
expressions for the attenuation due to the finite conductivity of 
bay ground f (p, k, A, d) have been made by Zenneckt{ and Sommer- 
eld§. 

Zenneck treats the case of plane waves and his treatment is 
ies valid for points near the transmitter, such as will be considered 
ere. 

Sommerfeld’s treatment applies to the case of waves spreading 
from a point source, and gives their “flat ground attenuation” in 
terms of the specific resistance and dielectric constant of the ground. 
It is thus possible to compare the observed form of the function 
Í (p, k, A, d) with that obtained theoretically by Sommerfeld. We 
can make the theoretical curve fit the experimental curve by a 
suitable choice of the constants p and k. If this is done for two 
different wave lengths, and the values obtained for the constants 
are the same for both, then this lends strong support to the theory. 
If the values obtained for p and k also agree with the values found 
by other methods, then the support is strengthened, and the 
measurements constitute a verification of Sommerfeld’s theory. 

It so happens that, if the wave length is suitably chosen, either 
the resistivity, or the dielectric constant, becomes unimportant and 
can be neglected in the formula. Then from an observed attenuation 


* Journ. Inst. of Electr. Eng. vol. xxxv, p. 321 (1905); Electrician, vol. Lv, 
p. 409 (1905). 

t Proc. Inst. Rad. Eng. (Jan. 16, 1924). 

t Ann. der Phys. vol. xxi, p. 846 (1907). 

§ Ann. der Phys. vol. xxvitt, p. 665 (1909); Jahrbuch der drahtlosen Telegraphie 
und Telephonie, vol. tv, p. 157 (1910). 
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curve the remaining constant can be found. By working with 
waves of medium length (about 1000 metres) the resistivity of the 
ground can be found, while by working with very short waves the 
dielectric constant is arrived at. Van der Pol* has pointed out 
that this can be seen simply in the following manner. The currents 
which flow in the ground and are responsible for the attenua- 
tion of the wave, are of two kinds, conduction currents and dis- 


_ placement currents. The conduction current is proportional to — , 


where Æ is the electric force in the wave and p is the resistivity of 
the ground. The displacement current is proportional to =a k 
being the dielectric constant of the ground. 

By assuming approximate values for p and k the relative 
importance of these two currents can be found. Such values may 
be taken as 


p = 1078 E.s.U.T, 
k = 10 £.8.v.f. 


Then the conduction current is proportional to £/10-§, and if E is 
sinusoidal with angular frequency p = 2mn, the displacement 
current is 4¢£'n. Thus if n is of the order 2, x 108 the attenuation 
is due to both currents equally, while if n is much less than this 
“critical” frequency the attenuation is mainly due to the con- 
duction current. The “critical” frequency corresponds to a wave 
length of about 15 metres and for wave lengths greater than this 
the conduction current is the determining factor, while for shorter 
waves the displacement current is the more important. It may 
here be noted that Van der Pol uses a different value for p and so 
arrives at a different critical frequency. We see, therefore, that it 
is to be expected that measurements on signals of ordinary wave 
lengths (above 300 metres) will give information about the re- 
sistivity of the ground. It is impossible to make measurements on 
wave lengths very much shorter than 15 metres, so as to arrive at 
the dielectric constant of the ground directly, and so it is necessary 
to make measurements on wave lengths near 15 metres where both 
dielectric constant and resistivity are important. Then by sub- 
stituting the value for the resistivity found by long wave measure- 
ments, the dielectric constant can be deduced. 

(b) Variation of attenuation with wave length. Sommerfeld’s 
formula for the electrical intensity produced by a transmitter is 
very complicated and must be computed for each wave length 


* De Ingenieur, No. 38 (1925). 

t Smith-Rose and Barfield, Experimental Wireless, p. 737 (Sept. 1925); Proc. 
Roy. Soc. A, vol. cvu, p. 587. 

t Zenneck, Ann. der Phys. vol. xxm, p. 859 (1907). 
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separately. It does not yield a simple relation between wave length 
and attenuation. The simplest formula which relates attenuation 
to wave length is one deduced semi-empirically by Austin* for 
long distance transmission over sea. Modifications of this formula 
have been given by Fullert and by the Marconi Co.{ which are 
said to represent the facts more accurately. All these formulae, 
however, are semi-empirical in nature, and apply to long distance 
over-sea transmission. It is not to be expected that they will hold 
for short distance over-land transmission, but they have often 
been assumed as first approximations, and it is interesting to see 
how nearly they express the facts, especially as regards change of 
attenuation with wave length. 

(c) Reflection coefficient of the Heaviside layer. Professor 
Appleton and one of the authors have pointed out§ that if the 
attenuation of the ground ray is known, then from fading experi- 
ments it is possible to calculate the percentage of the atmospheric 
ray which is returned from the upper layer. This percentage they 
call the reflection coefficient of the Heaviside layer. By calcula- 
tions which are given in detail in their paper they deduced 
the reflection coefficient by using the most reliable results then 
available for the attenuation of the ground ray. By applying the 
results of the present paper it is now possible to obtain a more 
accurate value for this reflection coefficient. 


6. Experimental Details. 


Measurements have been made to determine the “flat ground 
attenuation ” of waves of lengths 1600 m. and 360 m. and measure- 
ments are in progress on waves of length 7 m. 

The experimental arrangements for the various wave lengths 
are entirely different and will be described separately. 

(a) 1600 metres. The signal strength of the Daventry station of 
the B.B.C. (5 XX) was measured at increasing distances up to 
70 miles from the transmitter. The places chosen were on the line 
running directly eastward from Daventry. The ground consists of 
clays and oolitic limestones and ironstones up to a distance of 
about 35 miles, and of chalk for the greater distances. Positions 
for observations were always chosen to be on open ground, and 
away from telephone wires (wherever possible more than one wave 
length away). 

The signals were received on a loop aerial, were amplified with 
a constant high frequency amplifier, and were then measured as a 


* Bull. of the Bureau of Standards, vol. vu, No. 3. 
t Electrician, p. 154 (May 7, 1915). 

t Journ. Inst. Electr. Eng. vol. LXII, p. 977 (1925). 
§ Proc. Roy. Soc. A, vol. c1x, p. 367. 
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high frequency E.M.F. by means of a Moullin voltmeter (M, 
Fig. 1). 

"The loop consisted of a very large single turn loop measuring 
20m. x 5m. supported on poles. It was always directed by 
compass bearings towards the Daventry station. The amplifying 
set was placed a foot or two from the ground, at the centre of the 
loop. Tests with the loop perpendicular to the direction of pro- 
pagation of the waves showed that the direct “antenna effect” of 
the loop was negligible. The loop was tuned to 1600 m. by means 
of an inductance in series with it and a condenser across the 
combination. 

The potential difference established across the condenser was 
applied between the grid and filament of a valve (Fig. 1). This 
valve was supplied with negative grid bias of such an amount that 


aji 


Q a ee 
— 
= 


Fig. 1. Amplifier for 1600 metres. 


the strongest signals received did not cause the grid to become 
positive with respect to the filament. The damping introduced 
across the loop was therefore independent of the signal amplitude. 
The value of the high tension E.M.F. applied to the anode was 
adjusted so that the valve was working on a straight part of its 
characteristic. This ensures that the amplification is linear and the 
output is proportional to the input. The filament current was 
always adjusted to the same value by means of a rheostat and 
ammeter. The value chosen was that giving maximum amplifica- 
tion, so that a first order small variation in filament current should 
make only a second order variation in amplification. 

The output of the valve was passed through a tuned trans- 
former to the Moullin voltmeter. Owing to interelectrode capacities, 
the valve would have produced oscillations when the two tuned 
circuits were syntonised. To prevent this, resistances R, and 
R, were put in both circuits, sufficient to render the valve quite 


wireless signals in short distance overland transmission 295 


stable. This had the additional advantage of flattening the tuning 
of the circuits. 

The scale on the Moullin voltmeter only covered the range from 
0-5 to 1-5 volts. Owing to this small available ratio it was necessary 
to compare the signal strengths at the different places in pairs, the 
amplification being changed between one pair and the next. This 
change of amplification was produced by varying the resistances 
R, and R, in the oscillatory circuits. 

It is of course essential, in this method of measurement, that 
the overall amplification of the apparatus should be the same at 
the two places to be compared. The above precautions were taken 
to ensure this. The extent to which the amplification did actually 
vary may be seen from the following figures. Measurements were 
made at a certain place at 11l a.m.; the mean readings on the 
voltmeter were 1-01] and 0-73 corresponding to two different values 
of the resistances R, and R,. The apparatus was then taken about 
40 miles and readings were taken at two other places. At 4 p.m. 
observations were again made at the first place and the values 
obtained were 1-06 and 0-76. This is typical and shows that during 
one day’s observations the apparatus remains constant to within 
about 5 per cent. To compare observations on different davs we 
may quote the following. Values were obtained for the ratio of 
signal strength at two places on four different occasions. Between 
some of the observations changes were made in the apparatus. The 
four values for the ratio were 1-56, 1-44, 1-64, 1-61. The deviation 
from the mean is here about 7 per cent. These results include 
possible variations in the actual strength of the signal transmitted 
from Daventry, and possible variations in the state of the ground. 
They are taken as showing that the apparatus was reasonably 
constant and that the precautions taken were effective. 

For measurements within about 7 miles of Daventry it was 
possible to use a smaller loop wound with several turns and to 
dispense with the amplifier, the oscillating voltage being read 
directly on the Moullin voltmeter. Both this direct method and 
the amplification method were used for the distances less than 
7 miles and the sort of agreement obtained can be seen from the 
points plotted in Fig. 4. 

The possible variation in the strength of the signal transmitted 
is known from the readings of aerial current which are regularly 
taken at the transmitting station. We are informed by the B.B.C. 
that the current is constant to within one per cent. 

The Daventry station transmits telephony on the modulated 
carrier wave system. The modulation was found to cause rapid 
variations of about 3 per cent. in the received voltage. The mean 
value of the voltage over about 30 seconds was taken as the value 
corresponding to absence of modulation. 
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(b) 360 metres. The telephony signals from the London station 
of the B.B.C. (2 LO) were measured at places near the line running 
North from London, up to a distance of about 70 miles. The soil 
consists of London clays for the first 20 miles and of chalk beyond 
this. The precautions with regard to telephone wires, which were 
mentioned above, were also observed in this case. 

The signals were received on a small loop aerial and were 
amplified and detected so as to give a deflection on a galvanometer 
scale. The loop was then turned at right angles to the direction of 
propagation of the waves so that the London signal was cut out, 
and a signal from a calibrated oscillator was fed into the amplifier 
and its strength was varied until it produced the same galvano- 
meter deflection as the London signal. The relative strength of the 
signal was then known from the reading of the calibrated oscillator. 

The loop was about 1 metre square and was tuned to the wave 
length of 2 LO. A resistance of 100,000 ohms was shunted across 
the tuning condenser to decrease the sharpness of tuning. A 
heterodyning oscillation was induced into the aerial circuit from 
a separate oscillator and this, together with the carrier wave of 
the incoming signal, was passed through a triode employing grid 
condenser detection. The resulting heterodyne whistle was amplified 
by a two stage audio-frequency amplifier and was finally rectified 
by a crystal. The rectified current was passed through a galvano- 
meter and gave a measure of the strength of the incoming signal. 
The heterodyning oscillator and its batteries were enclosed in tin 
boxes, and this shielded them sufficiently to prevent any appreciable 
direct pick-up of the oscillation by the loop. This is essential if the 
strength of the heterodyne, and so the amplification, is to remain 
constant for all positions of the loop. It was also necessary to 
shield the amplifier itself by putting it, and its batteries, in a box 
lined with galvanised iron. It was then found that the amplifica- 
tion was independent of the position of the loop, within the desired 
order of accuracy. 

It was necessary to have a very weak signal of variable strength, 
and whose relative intensity could be measured, as the com- 
parison signal, to be fed into the apparatus and compared with 
that received from 2 LO. This was produced by an oscillator using 
toroidal inductances as described by Dye* which was enclosed 
with its batteries in a tin box. The oscillatory circuit was coupled 
to the aerial circuit by means of an intermediary circuit. The coup- 
ling at the oscillatory circuit end was by means of a single turn 
of wire, and at the aerial circuit end was by a transformer, the 
primary and secondary coils of which each consisted of one turn. 
The current in the intermediate circuit, and hence the E.M.F. in- 
duced in the aerial circuit, was varied by means of a variable 

* Proc. Inst. Electr. Eng. vol. LXII, p. 597 (1925). 
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resistance R (Fig. 2) in the intermediate circuit. The variation 
of resistance was not fine enough to give accurate settings and so 
four or five fixed values of resistance were chosen such that the 
induced signal strength for each value could be made to overlap 
that for neighbouring values by varying the filament current in 
the oscillating triode. By this combination of variable filament 
current with four or five fixed values of resistance in the intermediate 
circuit, it was possible to vary the induced E.M.F. over the required 
range. It is essential that the coupling between the local-signal 
oscillator and the amplifier should always be the same, and should 
be independent of the position of the loop. This is the case provided 
there is no direct pick-up by the loop. It was found possible to 


Fig. 2. Local signal generator. 


prevent this direct pick-up by using the toroidal coils mentioned 
above, and by enclosing the oscillator and batteries in a metal 
box. The direct pick-up was then negligible in comparison even 
with the weakest induced signals used, and the induced E.M.F. was 
independent of the position of the loop. 

The current in the oscillating circuit was measured by means 
of a vacuum thermojunction (V) (Fig. 2) placed directly in the 
circuit. Leads were brought from the junction to a galvanometer 
(B) outside the shielding box. The direct current calibration of the 
Junction was used, since tests with a Moullin voltmeter indicate 
ak this is still valid at frequencies corresponding to 360 m. wave 
ength. 

The E£.M.¥F. induced in the aerial circuit is proportional to the 
current in the oscillatory circuit for a fixed resistance R and so its 
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relative strength is known from the thermojunction readings. The 
effect of using the different values of resistance R is found by 
comparing them together in pairs. This is done by finding what 
current, as recorded by the thermojunction, is needed with one 
of them, to give the same aerial E.M.F. as a certain current in con- 
junction with the next resistance. In this way a multiplying factor 
is found which reduces currents used in conjunction with any one 
resistance, to currents used with the first resistance. 

The process of taking a reading is as follows. The direction of 
the London station is found by means of the position of the loop 
for minimum intensity. The loop is then turned to the position of 


LOOP 


LOCAL 
SIGNAL I = 


Ò 
TO HETERODYNE Gi S 


Fig. 3. Amplifier for 360 metres. 


maximum intensity and the galvanometer shunt (Fig. 3, S) and 
the filament current in the amplifier are adjusted until a convenient 
reading is obtained on the galvanometer A. The aerial circuit is 
then accurately tuned and the frequency of the separate heterodyne 
is varied until a maximum reading is obtained on the galvanometer 
A. This maximum is very flat owing to the good characteristics 
of the transformers used. If the tuning of the aerial circuit is 
accurate the same reading is obtained with the heterodyne whistle 
on either side of the silent point. The loop is then turned round 
through 180° and the readings repeated. Any discrepancy in the 
two readings is probably a result of “antenna” effect and the 
mean is taken as the true reading. The heterodyne is left unaltered 
and the loop is turned through 90° to its position of minimum 
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intensity. The local signal is switched on and the variable resistance 
R set to an appropriate value. The frequency of the local signal is 
then varied till it gives a maximum deflection on the galvanometer 
A. This occurs when it is of exactly the same frequency as the 
London signals, which is easily perceived by means of the slow 
beats which are produced between the heterodyne whistle of the 
local signal and that due to the slight effect of London which always 
remains even at the minimum position. The strength of the local 
signal is then varied by varying the filament resistance until the 
reading obtained on the galvanometer 4 is the same as was ob- 
served for the London signals. The reading of the galvanometer B 
and the value of the resistance R then serve to determine the 
relative strength of the signal. The loop is then turned through 
180° and the readings repeated. The mean is taken as the true 
value. Finally, a check reading is again taken on the London signals 
to verify that the amplifier has remained constant. 

As has been mentioned above, the signal strength minimum 
obtainable on the loop was not perfect. This is probably due to 
‘antenna effect.” The value of the signal strength determined is 
the difference between the strengths at the position of maximum 
and minimum intensity. Provided, however, that the antenna 
effect remains constant the percentage of the signal which is cut 
out by the 90° rotation 1s always the same, and so the observed 
signal strength is still proportional to the London signal, which is 
all that is required. The antenna effect is of first order smallness 
and so a variation in it of first order will only produce a second 
order effect. 

It was found, when using this method, that the modulation 
had no appreciable effect on the galvanometer readings. 

We are informed by the B.B.C. that the transmission from 
2 LO is constant to an accuracy of one per cent. 


7. Results. 


The results of the measurements on a wave length of 1600 m. 
are shown in the curve of Fig. 4. Here the product of signal strength 
and distance from the transmitter is plotted against the distance. 
The signal strengths used are, of course, only the relative strengths 
as obtained by the method described above. The continuous curve 
is drawn through the observed points and gives the experimental 
form of the function f (A, d, p, k). Mr D. Burnett of Clare College 
has very kindly calculated for us the corresponding values of the 
function f which are given by Sommerfeld’s theory. 

The crosses show points calculated for the value 


= 1-8 x 10% E.M.U. 
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At these wave lengths the dielectric constant is negligible in the 
formula and it is therefore not necessary to assume any definite 
value for it. It is seen that, for distances greater than 15 miles, 
the crosses fit on the curve well, and so 1-8 x 10% E.m.U. may be 
taken as the value of p deduced from these results. The dotted 
curves have been drawn from calculations using the values 
p = 1-0 x 10" £.m.U. and p = 2-5 x 10! E.m.U. respectively, and 
they show the kind of accuracy with which p can be determined 
from the curve. It is seen that for distances less than about 13 
miles the product of signal strength and distance decreases as we 
approach the transmitter. This is entirely contrary to Sommerfeld’s 
theory, which predicts the dotted curves shown. The authors are 
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Fig. 4. Attenuation of 1600 m. waves. 
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unaware of any explanation of this effect, and are making further 
experiments on the attenuation at these very short distances. It 
is hoped to publish the results shortly. 

Fig. 5 shows, in a similar way, the results obtained for the 
360 m. wave. The observed points show a marked maximum near 
the 35 mile point. The contour of the ground is also shown in the 
figure and it seems obvious that the maximum is explained by the 
high ground near this point. In finding the ground attenuation we 
will neglect this maximum and use only the remaining points. The 
points used are indicated by circles, and the chain line of Fig. 5 
has been drawn through them. 

For this wave length the effect of diffractive bending becomes 
appreciable. The curve has accordingly been corrected for diffrac- 
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tive bending by employing the results given by Macdonald*. The 
corrected result is shown in the full-line curve of Fig. 5, which 
therefore represents the attenuation to be expected for transmission 
over a flat earth. The crosses in Fig. 5 are points calculated by 
Mr Burnett for p = 0-6 x 10% r.m.u. It is seen that they fit the 
curve fairly well. The dotted curves are drawn for p = 0°8 x 10» 
E.M.U. and p = 0-4 x 1015 E.M.U. respectively. They serve to show 
the accuracy within which it is possible to estimate p. From this 
curve we are therefore led to the conclusion that p = 0-6 x 1023 
E.M.U. We also see that the accuracy with which p can be fixed 
is considerably greater than in the case of the 1600 m. signals. 
The experiments give the two values 1-8 x 1018 and 0-6 x 1013 
E.M.U. for p. These values agree fairly well when we remember the 


o © Osserven Points 
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---DOTTED CURVES FoRp=0-4x10 emu. 
AND p =0:8 x10" emu. 


Distance in Miles 
Fig. 5. Attenuation of 360 m. waves. 


large change in wave length which has been made. They also lie 
within the limiting values p = -19 x 1035 £.M.U. and p = 6-7 x 1038 
E.M.U. found by Smith-Rose and Barfield} for various places in 
the south of England using an entirely different method. The average 
value given by Smith-Rose and Barfield is p = 0-5 x 10! E.M.U. 
which agrees with the value found for the 360 m. waves. The 
agreement of the values found for the two wave lengths with each 
| other, and with the valpes found by other methods, serves to verify 
| the theoretical expression of Sommerfeld. 

| The difference in the two values obtained for p may be due to 
the difference in the ground over which the measurements were 
made, or may be due to the change in the frequency of the waves. 


= * Macdonald, Proc. Roy. Soc. A, vol. ovm (1925). 
t Exp. Wireless, p. 745 (Sept. 1925). 
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Variation of attenuation with wave length. If we express the 
observed results approximately in the Austin-Cohen form 


_Khhet aie 
E = OM emedia 


we obtain for the coefficient a the values a = -003 for 1600 m. and 
a = :006 for 360 m., d and A being measured in kilometres. It 
should be specially emphasised that these values for a are deduced 
from the parts of the curve corresponding to distances greater than 
15 miles. If the curves depart appreciably from the exponential 
form for distances less than this, then the empirical formula will 
not give the true relation between the field strength at a very 
near point and at a distant point. For distances between 15 miles 
and 70 miles it is seen that a formula of this Austin-Cohen form 
does not give the correct change of attenuation with wave length. 
We may also apply the results to the Fuller formula 


kh,h, 
Ad 


This gives a = 0:0028 for the 360 m. signals and a = -0046 for the 
1600 m. signals. The value of æ given by Fuller is -0045, which 
agrees with the present value for a wave length of 1600 m. The 
variation of æ with wave length is-here in a direction opposite to 
that obtained using Austin’s formula, and so it would seem that 
if the change of attenuation with wave length is to be expressed 
in the form e~*“/4", then n must lie between 4 and 1-4. Such a 
formula, however, must be, at the best, only a rough approxima- 
tion over a limited range. 

Reflection coefficient of the Heaviside layer. If the value of æ 
found above for the transmission from London to Cambridge 1s 
used in the formula* for calculating the reflection coefficient of the 
Heaviside layer, we arrive at a value of 30 per cent. for the re- 
flection coefficient. Here again it is assumed that the attenuation 
law follows the exponential course right up to the transmitter. 


e ~ad [Aree 


E = 


8. Accuracy of the Measurements. 


It is not claimed that these measurements are of any high 
accuracy. They are merely intended to give an idea of the order 
of magnitude involved. For high accuracy, in this kind of work, 
it is necessary to take large numbers of readings in order to eliminate 
local effects, and time and facilities were not available for this. 
The kind of accuracy to be expected has been indicated in para- 
graph 6. 

* Appleton and Barnett, Proc. Roy. Soc. A, vol. c1x. 
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9. Summary. 

l. It is pointed out that the signal strength of a wireless wave 

at a distant point depends on: 

(a) the electrical constants of the ground, 

(b) the curvature of the earth, 

(c) the existence of an “atmospheric” ray coming downwards 
from the Heaviside layer. 

2. We can eliminate the effect of (b) and (c), and so obtain 
direct evidence about the electrical constants of the ground, by 
making measurements near the transmitter. 

3. Measurements on wave lengths of 300 m. and upwards give 
information about the resistivity of the ground, and on shorter 
wave lengths (15 m.) give the dielectric constant of the ground. 

4. Attenuation measurements have been made over short 
distances for wave lengths of 1600 m. and 360 m. 

5. The results are compared with those calculated from 
Sommerfeld’s theory and show close correlation for distances 
beyond 10 wave lengths, but show deviations from the theory for 
shorter distances. 

They give as values for the resistivity of the ground 

p=18x 10" E.M.U. 
for the Daventry signals, and 

p = 0-6 x 10" E.M.u. 
for the London signals. 

In conclusion we wish to express our gratitude to Professor 
E. V. Appleton of King’s College, London, for suggesting the 
problem and for his continual help and advice during the work. 
We wish also to thank Professor Sir Ernest Rutherford for affording 
facilities for carrying out the work, and we are especially indebted 
to Mr D. Burnett of Clare College for help on the mathematical 
side of the problem. 


Note added 17 June 1926. Since this paper was written 


further measurements have been made within 20 miles of the © 


London (2 LO) transmitter which have shown that calculations 
based on a single value of “p” will not give as close an agreement 
with the experimental results as can be obtained by assuming that 
p changes with the nature of the ground. For example the results 
up to 20 miles agree with the value p = 2 x 10 E.M.U., whereas 
the results for greater distances, as shown above, indicate the value 
p=0°6x 108 E.m.u. It is of interest to note that such a change 
in p would be anticipated from the known geological nature of the 
ground, which consists of London Clays up to about 20 miles from 
the transmitter and of chalk at greater distances. 
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Some Relations between the Optical Spectra of Different Atoms of 
the same Electronic Structure. II. Aluminium-like and Copper-like 
Atoms. By Mr D. R. Hartree, Fellow of St John’s College. 


[Received 22 May, read 26 July, 1926.] 


§ 1. Introduction. 


If it is assumed that the orbits of the series electron of an atom 
can be treated to a first approximation as orbits, specified by two 
quantum numbers n,, in a central field of force, it 1s possible to 
derive theoretically approximate relations between corresponding 
terms of different atoms of the same electronic structure without 
knowing the details of the nature of the field of force of the atom. 
Some such relations, chiefly for ithium-like and sodium-like atoms, 
have been given by the writer in a previous paper*, where it is 
also shown that the actual terms of spectra of atoms of these types 
agree fairly well (in fact, rather better than might have been ex- 
pected) with the theoretical approximate formulaef. 

For these two types of atoms the relations are particularly 
simple, and also at the time of writing the previous paper they were 
the only types for which enough spectra were known to give a test 
of any theoretical formulae. 

It is possible, however, to derive formulae which appear to be 
more general, and from the recent experimental work of Fowler, 
Millikan and Bowen, Carroll and others{t there are now some data 
available on which to test these formulae. The establishment of 
these formulae and the comparison of them with experiment is the 
main subject of this paper. 


§ 2. Summary of Relevant Results of Previous Paper. 


The main results of the writer’s previous paper will first be 
summarised for convenience of reference§. One or two of these 
results will be extended slightly for the purposes of the present 
paper. 


* D. R. Hartree, Proc. Roy. Soc. vol. cvi, p. 552 (1924). 

+ For sodium-like atoms better data are now available for P V and S VI from 
Millikan’s recent work (Phys. Rev. vol. xxv, p. 295 (1925)), and they confirm the 
agreement. 

+ A. Fowler, Phil. Trans. Roy. Soc. vol. ccxxv, p. 1 (1925) (Spectra Si IT and 
III); R. A. Millikan and I. S. Bowen, Phys. Rev. vol. xxv, pp. 591, 600 (1925) (Spectra 
P Ili and IV, SIV and V); J. A. Carroll, Phil. Trans. Roy. Soc. vol. coxxv, p. 357 
(1926) (Spectra Ge III, Ge IV, In 11, Hg 11, TI III, Pb IV); G. v. Salis, Ann. der 
Phys. vol. LXXVI, p. 145 (1924) (Spectra Zn II and Cd II); M. O. Saltmarsh, Proc. 
Roy. Soc. vol. cv, p. 332 (1925) (Spectra P III and IV). 

§ Formulae quoted from the previous paper will be numbered with a Roman I 
prefixed to their number in that paper. 
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Electric charges are expressed as multiples of e, lengths as 
multiples of a, the radius of the 1, orbit of hydrogen, and electric 
potentials as multiples of the potential at distance a from a charge 
e. The atomic number is written N, the core charge C, and Z is 
written for the effective nuclear charge at any point, defined as 
the charge which, placed at the nucleus, would give the same 
electric intensity at that point as the electric intensity in the actual 
atomic field. 

Structure of Atomic Field. It is convenient to write the potential 
v at any point radius p as the sum of the potential C/p due to a 
point charge equal to the core charge C, and an added potential 
A (p) due to the finite size of the core. Let p, be the average time 
mean radius of the core orbits in the group of principal quantum 
number n, and s„ the number of electrons in it; the added potential 
can be expressed, approximately at any rate, as the sum of con- 
tributions from the different groups of core orbits, in the form 


A (p) = Epa $n (pln) oe (I, 2-7) 


it is not necessary to know the exact behaviour of the functions œ, 
but their behaviour for small and for large values of the argument 
will be required. For z large, ¢, (x) tends to zero fairly rapidly 
[probably ¢, (x) is always O (x-?), and is usually O (x-4), for x 


large]; for z small 
Pn (2) ~ Sn ns (I, 2-6) 


d, (x) is always less than its asymptotic value, and for the purposes 
of this paper an approximation to the difference of ¢ from its 
asymptotic value will be required; it will be assumed that 
Pn (£) = (8,/2) — Sn + O(2), race (2-1) 

For a group of s, circular orbits radius p„ which have been averaged 
out into a spherically symmetrical shell of charge, this is correct 
without the O (x) term; and as only an approximate value of the 
constant term is required, this probably gives a good enough 
estimate. 

The maximum value of the principal quantum number n for 
core orbits will be written M. 

Dimensions of Core Orbits. The average time mean radius p,, of 
a group of core orbits varies with the atomic number N, probably 
approximately in such a way that its reciprocal is linear in N. We 
will write 

Pn(N—ypn)= 7K, nh (2:2) 

[cf. formulae (I, 2-8, 6-41, 6-51)]; if the core orbits were all circular 
and the field were central, each K„ would be 1. 

It may be noted here that the dimensions of the core orbits 
depend only on the intensity of the field in which the electron 


2I—2 
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moves, and so are not greatly affected by the addition of core orbits 
in groups of higher principal quantum number, which remain for 
the most part outside them. But the energies of the orbits depend 
on the potential there and so may be affected considerably by the 
presence of core orbits outside them. 

Thus so long as the number of electrons in the groups of principal 
quantum number n and less remain the same, the mean radius p, 
of the group of principal quantum number n can be taken, as a 
first approximation, to be independent of the degree of ionisation; 
and also the dimensions of the core orbits of given quantum number 
are much more nearly smooth functions of the atomic number than 
is the energy, and the curves of 1p, against N should not show 
breaks corresponding to stages in the building up of groups of 
higher principal quantum number such as the curves of 4/(v/R) 
show*. 

Quantum Defect and Term Excess. For the n, term of an atom 
core charge C, the quantum defect q is defined by 


y/R=C2(n—q), n (I, 6-1) 


and for penetrating orbits the relations between corresponding 
terms of different atoms can often be best expressed in terms of q. 

The variation of quantum defect within a sequence (k = const.) 

ig most conveniently specified by Q defined by 

Q=dg/d(v\/R) s (2-3) 
(cf. (I, 6-32)]. If the sequence of terms fits the Rydberg-Ritz 
formula, Q is constant within the sequence. 

For non-penetrating orbits, which le so far outside the core 
that second order terms in the difference from the corresponding 
orbits of a hydrogen-like atom of the same core charge is negligible, 
it is more convenient to introduce the term excess æ defined by 


vR = Cn? +a (n,k); wees. (I, 3-1) 
to the first order the relation between q and @ is 
= 3a J202. es (2-4) 


Orbits nearly Hydrogen-like. If the added potential at a distance 
from the core can be expressed by a simple monomial formula 


A (p) = Bo, wanes (I, 3-4) 
then for nearly hydrogen-like terms: 


(1) for different terms of the same atom with the same value 
of k 
a (n, k).n™+/P,,_, (n/k) = const.  ...... (2-5) 
(cf. I (3-5)], P, being the Legendre polynomial of order r, 


* N. Bohr and D. Coster, Zeit. f. Phys. vol. xu, p. 361 (1923). 
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(2) for different circular orbits of the same atom 


a(k,k).k?™=const., =... (I, 3-8) 
(3) for corresponding terms of different atoms 
a/BC™ = const. =... (I, 3-9) 


The index m in the added potential can be determined by 
comparison of (2-5) with experiment, and for sodium-like atoms 
and for C’s the value m = 4 1s obtained, which is the value to be 
expected if the external added field is due to the polarisation of 
the core by the series electron*. 

Relation (I, 3-9) holds generally for any kind of atom; when 
atoms of the same electronic structure are considered, the variation 
of the coefficient 8 with atomic number is given by 


Bapu", «= wierd (I, 3-92) 
pu being the average time mean radius of the core orbits in the 
outermost group. From (I, 3-9) and (2-2) this gives, for corre- 
sponding terms of such atoms, 


ac C™py™ aa, (I, 3-93) 
æ O(N —yy)™, nase (I, 3-95) 
or (Oma) m-D oc N— ym, — e (I, 3-96) 


so that (C™/a)'/(™-) should be linear in the atomic number (or 
core charge). 

This formula, with m = 4, agrees fairly closely with the relation 
between the observed d terms of different sodium-like atoms, and 
also, more closely, for the p terms of lithium-like atoms. 

Penetrating Orbits. The quantum defect for the orbit of wave 
number v in a central field of potential v is given by 


2ng = > [20 — v/R — kJet dp — $ [20/p — v/R — R*/p*} dp, 
SP (I, 6-3) 


Introducing (I, 2-7) for the added potential, and (2-2) for the 
average time mean radius of a group of core orbits, it is possible 
to obtain an asymptotic expression for the way in which q varies 
with atomic number N (or core charge C) for large values of the 
core charge. 


* The agreement is best if integer values of k are adopted. In the writer's 
vious paper this agreement was advanced as evidence for integral values of k, 
ut it seems probable now that the appropriate values of k to take are the half- 
integral values 4, 3, 4... for s, p, d... terms. The consequent divergence of 
the experimental values from the theoretical relation (2-5) may be due to the 
presence of further terms in the formula for the added potential, or to a variation 
of the coefficient $ in (I, 3-4) from one orbit to another. This coefficient $ is pro- 
portional to the polarisability of the core, and it was shown in (I, § 4) that the 
observations indicate a considerable variation of B with the k of the orbit of the 
series electron, whether integer or half-integer values of k are adopted. 
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For corresponding s terms of the spectra of lithium-like atoms, 
for which the core consists of the two K orbits (n = 1, s, = 2) only, 
it was shown (I, § 1-6) that q tends asymptotically to be proportional 
to p,, the radius of these orbits, so that 1/¢ tends asymptotically 
to be linear in the atomic number (see I, 6:44, 6-45, 6-46); and 
similar results also hold for the s and p terms of sodium-like atoms. 
Comparison with experiment shows that the asymptotic relations 
can be extended to small values of the core charge without great 
error (see I, § 7). 

It was also shown that for the s orbits of sodium-like atoms, 
which penetrate first into the region of the L core orbits (n = 2) 
and also into the region of the K orbits (n= 1), the quantum 
defect can be expressed as the sum of contributions from these 
two groups of core orbits, and further that the contnbution to the 
quantum defect from the K orbits is approximately equal to the 
quantum defect for the corresponding orbit of the lithium-like 
atom of the same element (see I, 6-63). The work on penetrating 
orbits which will be considered in this paper consists mainly in a 
generalisation of this result, and development of the consequences 
of the more general result. 

Relations between the quantity Q = dq/d (v/R), which measures 
the variation of quantum defect within a sequence, and core charge 
for corresponding sequences of different atoms of the same electronic 
structure can also be obtained. For s orbits of lithium-like atoms 
Q tends asymptotically to be proportional to p,° (I, 6-71) so that 


Q/q® tends to a constant value (I, 6-73), and (1/Q)? tends to be 
linear in the core charge (I, 6-72). 

Reference may be made here to a paper by Fues*, which is also 
concerned with the relations between spectra of different atoms of 
the same electronic structure, with special reference to penetrating 
orbits of lithium-, sodium-, copper-, and silver-like atoms. Fues 
writes the wave number of the n, term in the form 


V/R=(N—o)*/n*, onan (2-6) 


and for corresponding terms of different atoms of the same 
electronic structure finds a formula for o of the form 


o = 0) + NF Sane (2-7) 


o being the limiting value of o as N +o, and a and b being 
constants for any one set of such terms. 

This formula is first stated as an empirical one, and later in 
Fues’ paper a theoretical justification of it for larger values of N 
is given. The present writer has shown independently} that if ø is 


* E. Fues, Ann. der Phys. vol. LXXvI, p. 299 (1924). 
t D. R. Hartree, Proc. Camb. Phil. Soc. vol. xxu, p. 464 (1924). 
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defined by (2-6), then for corresponding terms of different atoms 
of the same atomic structure, o tends asymptotically to a constant 
value if the quantum defect q tends asymptotically to 


Zw, /(N a Yn ) 


as should theoretically be the case for penetrating orbits [see § 5 
of this paper for this general formula], and suggested a formula 
equivalent to (2-7). 

It may perhaps be mentioned that except for one or two 
numerical results specified in §3, the work here considered is 
independent of the question whether integer or half-integer values 
for the quantum number k should be adopted. 


§ 3. Non-penetrating Orbits. 


For non-penetrating orbits no theoretical results for the re- 
lations between corresponding terms of different spectra have been 
obtained beyond those given in the previous paper (I, § 3), the 
most important of which are quoted here, but it may be pointed 
out that the relation 

acOn™(N—yy)™ 2 aes. (I, 3-94) 
becomes in terms of quantum defect 

qa Om 2(C + ey)", 
on using (2-4) and putting 

Kn=N—-—C—yn, cece (3-1) 

so that «3, 1s the number of core electrons less the screening 
number yy, for the dimensions (not energy) of the outermost group 
of core orbits («yz is probably less than sj,, the number of electrons 
in this group). As C increases, it is clear that for large C, q de- 
creases as 1/C, but for small C the numerator may for a time 
Increase more rapidly than the denominator, so that at first q 
increases with C, but later decreases. The point where the sign of 
the variation of g with C changes depends somewhat on the index 
m in the formula for the added potential, but chiefly on xm, 
occurring sooner the smaller xy. Actually for the d terms of 
sodium-like atoms gq increases from Na I to S VI, but for p terms 
of lithium-like atoms, for which xj, cannot be greater than 2, it 
only increases from Li I to Be II, and then decreases. 

Fues (loc. cit.) states that for non-penetrating orbits q increases 
with C, without qualification. | 

For lithium-like and sodium-like atoms, the orbits either 
penetrate or remain so far outside the core that first order formulae 
are applicable; for atoms of many other types this is not always 
the case, often the innermost set of non-penetrating orbits (i.e. 
those with the smallest value of k) approach rather near the core, 
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and first order calculations cannot be applied to them, and usually 
terms corresponding to orbits lying further out are not at present 
known accurately enough to be of any use as data on which to test 
the first order formulae. 

For Al I and Si II it is probable that term values are known 
fairly accurately*; some f terms are known for both these spectra 
and the first order formula for variation of term excess within the 
sequence (I, 3-5) can be tested on these terms. As shown in Table I, 
the observed values agree very fairly well with the calculated 
values of the term excess ratio for an inverse fourth power added 
potential, so it seems that for aluminium-like atoms also the ex- 
ternal field is probably due to polarisation of the core of the series 
electron. 


Table I. Term Excess Ratio for Aluminium-like Atoms. 


a(n, k) a (n, 33) 

a (4, k) a (4, 34) S 
4, 1-000 1-000 
5, 0:596 0-574 
6, 0-386 0-353 

Polarisability deduced from f terms. 
jas { Alt 62 SiH 31 
“e qA 0:78 Sit++ 0-54 


«e = Polarisability. 

= Doublet strength per unit applied field. 
a = Radius of 1, orbit of H atom. 
e/a? is a pure number. 


From the values of the term excess, the value of the polaris- 
ability of the core can be calculated [cf. I (4-1)]t; the large mag- 
nitude of the polarisability of the ions Al+ and Si++ is interesting, 
and also its rapid decrease from Al+ to Sit+. From a comparison 
of the polarisabilities calculated from the spectra Al I and Al ITI, 
it is clear that for Al I almost all the polarisation arises from the 
two large 3, orbits which lie (for the most part) well outside the 
neon-like structure which forms the core of the atom giving the 


* A. Fowler, Report on Series in Line Spectra (AlI), Phil. Trans. (loc. cit.) 
Si IT). 
t As for sodium-like atoms, the agreement with the values calculated for an 
inverse fourth power added potential is best if integer values of & are assumed. 
Cf. footnote, p. 307. 

ł The value k=4 has been used in determining the values of the polarisability 
tabulated; if the value k =34 were used, all the values tabulated would be reduced 
by a factor of 2-18. 
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Al III spectrum. It would be expected that these orbits, being 
large and rather loosely bound, would be easily polarised, but even 
so the extent to which they actually seem to be polarised seems 
rather large. The rapid decrease of polarisability from AlI to 
Si IT would also be expected, as the screening of the nuclear charge 
by the inner 10 electrons of the neon-like structure being probably 
almost complete in the outer part of the 3, orbits, these orbits 
would be expected to shrink rapidly as the atomic number was 
increased and much more rapidly than the inner group of 10, so 
that the ratio of the polarisabilities of Sit+ and Al+ would be 
expected to be smaller than that of Sit+++ and Al+++, as in fact 
itis. Unfortunately no f terms of other aluminium-like atoms are 
yet known. 

The d terms of aluminium-like atoms are so far from the terms 
of hydrogen-like atoms that first order formulae cannot be applied 
to them and at present there seems to be no simple way of treating 
theoretically non-penetrating orbits giving such terms. The varia- 
tion of quantum defect and of doublet separation in the d sequence 
of Al I is somewhat abnormal, and so is the variation of quantum 
defect of the first d term with atomic number, for aluminium-like 
atoms. 


§ 4. Penetrating Orbits—General Expression for Quantum Defect. 


For penetrating orbits the chief new results are generalisations 
of the result that for s orbits of sodium-like atoms the quantum 
defect can be expressed as the sum of contributions from the 
different groups of core orbits into which the series electron 
penetrates, and that the contribution from the K group is approxi- 
mately equal to the quantum defect of the corresponding orbit of 
the lithium-like atom of the same element. 

If s, is the number of core electrons in the group of principal 
quantum number n in an atom of atomic number N, ionised to 
such an extent that the core charge is C, and M is the maximum 
value of n for which there are core orbits, then 


M 
CAND Be n (4-1) 
n=) 
The added potential can be represented approximately by 
M 
A (p) = D pn "bn (p/Pn)> wees (I, 2-7) 
Where for small p/p,, it follows from (2-1) that 
Pa? (P/Pn) = Sn (L/P — W/pn) eee (4-2) 


approximately, and for large p/p,, Pn (p/p,) tends to zero fairly 
rapidly. 
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Let us write C= N— È a o (4-3) 
u=1 


so that C,, is the core charge of the atom of the given element, 
atomic number N, in such a state of ionisation that the core con- 
sists solely of the groups of core orbits of principal quantum 
number n or less, each of these groups being the same as it is in 
the atom in the state of ionisation for which the core charge is C. 
In particular 
C= Cy = Cyr. — Syu. sieku (4-4) 
Also let us write 


27E, (N, z) = $ [2C,,/p + 2Pn bn (p/pn) — £ — k?/p°] dp 


= $ [2Ca/p — x — k?/p?}# dp, ...... (4-5) 


C,, being given by (4:3). C,, and p, are functions of the atomic 
number N alone so long as the numbers of electrons in the groups 
of principal quantum number n and less do not alter; the £’s are 
functions of k as well as of N and z, but orbits of different sequences 
will be considered separately, and the argument k will be sup- 
pressed. The function €, (N, x) is the quantum defect for the orbit 
of azimuthal quantum number k and wave number Rr, of an 
Imaginary atom with core charge C,, already defined, but whose 
core orbits comprise only those of principal quantum number n, 
and are the same in number and dimensions of those of the actual 
atom. 

Introducing (I, 2-7) into formula (I, 6-3) for quantum defect, 
we have 


M 
2ng = $ [2C\p + 2 È pan (Plen) — v/R — k/p"}t dp 


— $ [2C |p — v/R — kip} dp, 


and using (4:4) this can be written in the form 
27g = $ [2 (C ar-1 — Saz)/p + 2 E pag (p/Pn) 
+ 2p but (0/pa1) — »/R — k?/p?] dp 
— $ [2 (Cara — 8a1)/p + 2pm hut (Plen) — v/R — k?/p?]? dp 
+  (2Carlp + 2px (lpm) — viR — [pI dp 


at $ [2C u/p — v/R — k?p dp. an (4-6) 


of different atoms of the same electronic structure, etc. 313 


The second pair of integrals can be put equal to 27€y (N,v/R) 
immediately. Also py is usually several times larger than pm 
(especially for the lighter atoms), and ¢, (p/p,) tends to zero fairly 
rapidly as p increases, for p/p, > 1, so the term in p, (n< M) in 
the first integral is only appreciable for such values of p that the 
term in py, has almost reached its asymptotic value say (1/p — 1/pm) 
given by (4-1). As the term in pẹ, (n < M) is the only one in which 
the two integrals differ, we may substitute in them this asymptotic 
value for the term in py. Then (4:6) becomes 


27 [q — Ea (N, v/R)] 
M -1 
7 p(2Car-a/p + 2 X Pn iPn (PPn) — (V/B + smp m) — k*/p?}* dp 


7 $ [2C m-1/p — W/R + sat/pm) — k?p] dp. aaan (4-7) 
By subtracting 


PL2Csr-a/0 + 2pm-17$ m- (P/Pm-) — V/B + su/pm) — K?/p?}? dp 


from the first integral and adding it to the second, and writing 
C u- = Cu- — SM1, We Can put the right-hand side of (4:7) into 
the form of (4:6), and by repeating the argument as often as 
necessary we finally find 


M M 
q= EE, (N,o/R+ È sulpu)e sees (4:8) 


Thus q is expressed as the sum of contributions from the different 
groups of core orbits, and the contribution of each group depends 
on the presence of groups outside it only through the term Xs,/p,, 
in the second argument of (4-8), the effect of which will in most 
cases be small. 

This expression is not exact, as both the formulae (I, 2-7) and 
(4:2) used in deducing it are only approximate; but the errors are 
probably not large. 

This formula for the quantum defect as the sum of contribu- 
tions from different groups of core orbits contains no specific 
teference to the fact that the field of the atom is assumed to be 
central, and it is possible that the formula is more general, just as 
the formula (I, 6-34) for Q = dq/d (v/R) in terms of the radial 
periods of the actual and hydrogen-like orbits, deduced there on 
the assumption of a central field, contains no specific reference to 
that assumption and actually is more general. 


§5. Asymptotic Values of the Functions é. 


It is possible to find an asymptotic value for each &, (N, x£) as 
N > œ, just as an asymptotic value was found in I, § 6 (formula 
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6-44) for q, for the s orbits of lithium-like atoms, which is in fact 
&,(N, 0) fork =1. 

An asymptotic value for é, (N, r) can be found either if z is 
regarded as constant as N varies, or if z varies in a stated way with 
A ; in applications, z is the value of v R for an atom core charge C,, 
and if for different atoms of the same core structure corresponding 
terms are taken, as is usually the case, z C,? remains finite and 
non-zero as VN and C, tends to infinity, so that it is for such a 
variation of z with N that an asymptotic value of &, (N, T) ìs 
required. Let us write 

T = Cn ’ 
and first consider y constant. 

Substituting this, and putting p'p,=r [cf. I, 6-43], (4-5) 
becomes 


rÉ, (N, C,7y) = $2, Pn|¥ + 2Pn Pn (r) — Cn? Pn Y a k2'r2}8 dr 


= $20, Pair — Cn2onty — kèrè dr. ...... (5-1) 


Now so long as the numbers of core electrons in groups of 
principal quantum numbers n and less remain the same, N — Ca 
is constant; so from (2:2) and (3-1) 


(Cn + Kn) Pa = nEn, an, (5-2) 


where K,, and x, are nearly independent of C,, and x, is indeed 
probably less than s,, the number of core electrons with principal 
quantum number n. So as N and C, > œ, 


Canpa > Kn. nae (5-3) 
Hence if y is constant, the term 2p,¢, (r) in (5-1) tends to zero 


as C, > œ, while the other terms tend to finite limits, and it is 
the only term in which the two integrals differ; so for large C, 


£i (N, C,,7y) ~Un (y) Pns eee (5-4) 
27g, (y) = Pdr (r) [2n2K,,/r — n*K,2y — kèr]? dr, ...(5-41) 


gn (y) is independent of N or C,, so that &, tends asymptotically 
to become proportional to p,. In this formula it must be remem- 
bered that n is the principal quantum number of a group of core 
orbits, and k is the azimuthal quantum number of an orbit of the 
series electron. 

The same result holds if, instead of 2/C,? being constant and 
equal to y independent of C,, 


x| > y as Cp >o. ens (5-42) 
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Substituting for p, from 


Pan (N —yn) = 7B, nae (2-2) 
and writing Wn (Y) = Kangna (YY), «nae (5-5) 
(5-4) becomes En (N, Coney) ~ wn (AN — yn). eevee (5-6) 


But in deriving the asymptotic relation (5-4), quantities of the 
order y,/N have already been neglected compared to unity, so the 
denominator of this last result (5-6) might equally well be written 
N or Ca, and the y, is not really significant. For the extrapolation 
of the asymptotic relations to observed spectra, however, this is 
not good enough, since for these spectra the difference between 
N and C, is never negligible; but without detailed analysis it can 
be seen that a formula of the type (5-6) may be expected to hold 
approximately, with some quantity y„ other than y, substituted 
OF Yn. 

Consider £, expressed as two terms of a power series in p,, 
and a remainder, by substituting for Cp, from (5-2) in (5-1) and 
expanding the two integrals in powers of p,; the first term in £, 
is obviously gn (Y) Pn; let us drop the arguments of £, and gn for 
shortness, and write 


En = InP + (Bn|n*K p?) pa? + O (py) -ooo (5-7) 
(the coefficient of the quadratic term has been put in this form for 
convenience); 6, depends on y, and is not zero when y is zero*. 

Multiplying (5-7) by (N — yn) and using (2-2), (5:5) gives 
éi (N J Yn) = Wp + b,/(N a Yn) + O [(V = Yn) 7] 
= Wna + bnEn/Wn +0 (£n?), 
or En (N, Cn®y) = Wn (YEN — yn’ (Y)] + O En”), (5-8) 
Yn (Y) = Yn (Y) + bn (Y)/wn (Y). 

Thus to the first order 1/€ should be linear in N (or C,), but the 
constant y„’ in (5-8) is different from the y, of (2:2), by an amount 
which depends on y, and is not zero when y is zero. 


Neglecting the variation of the ¢’s and W’s with y, (4:8) can 
be written 


M 
q~ 2 wN =y) O n (5-9) 


approximately, by using (5-8). 

The contribution p,~'¢,, (p/Pn) to the added potential from the 
groups of core orbits with principal quantum number n depends 
on s,, the number of electrons in the group; for given p and p,, 
it is, in fact, approximately proportional to s,. So if two types of 
atom which have different numbers S, of electrons in this group 


* If x/C,? is not constant but tends to y as N->o, bn contains a term depending 
on (z/C,? — y]/p,; i.e. on how 2/C,? tends to y as No. 
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are compared, g, is approximately proportional to s, by (5-41); 
also it is probable that K,„ is nearly but not quite the same for the 
two types, 80 w, should also be approximately proportional to s,, - 


§6. Penetrating Orbits—Relations between Values of Quanturn 
Defect in Different Spectra of a Single Atom, and in Spectra of 
Different Atoms. 

We can express (4:8) in a more convenient manner for comparison 
with values of g deduced from actual spectra. 

Consider the spectrum of an atom of atomic number N and 
core charge C, for which the outermost core orbits have principal 
quantum number M. The quantum defect q for the term of the 
spectrum of this atom wave number v, in the sequence of azimuthal 
quantum number &, is by (4:8) 


M M 
q= LE (N,v R+ È sylpy), en (6-1) 
n=l u=n+1 


Consider also the spectrum of the atom of the same element ionised 
to such an extent that the groups of core orbits with principal 
quantum number M — 1 and less are the same as in the atom core 
charge C, but there are no core orbits of principal quantum number 
M; the core charge of this atom is Cm = C + sm, and the 
quantum defect g’ for the term of wave number v’, in the sequence 
of same azimuthal quantum number k, is 


M-1 M-1 
g= 26, (N,v/R+ E sylpy). (6-2) 
n=1 u=-n+1 


Since each p, is only affected very slightly by the presence of orbits 
of greater principal quantum number, the functions é, (N, x) in 
(6-1) and (6-2) can be treated as identical. 
If we define the value of v’ to be used in (6-2) by 
v'|R =v/R + smpm, en (6-3) 


then (6-1) can be written 
M-1 M-1 
caress En (N, v/R + 2 SulPu + sm/pm) + m (N, v/R) 


=q + m (N,»/R), 
or q- g =m (N, yB) on (6-4) 
If now for different elements we compare corresponding terms, 
principal quantum number n, of the spectrum of the less ionised 
of the two atoms (quantum defect q), then 


v/R = C?/(n — g)’, 
and [since C = Cm, (4:4)] 
(v/R)/C x? a 1/n? as Cat >o. 
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Condition (5-42) is therefore satisfied, so (5-4), (5:7), (5:8) are 
applicable to £y (N, v/R) for such terms, and (6-4) leads to 


q-U~ gues ~MuMMN — ya). e (6-5) 
These results are not yet very convenient for comparison with 
observed spectra, as the calculation of v’ involves the estimation 
of pyr, which cannot be determined at all accurately, and also the 
evaluation of gq’ requires interpolation between values of the 
quantum defect for the observed terms of the spectrum of more 
highly ionised atom. These difficulties can be avoided as follows, 
If v” is the wave number of the term of the second atom with 
quantum defect q’, then 


v”/R = (C + 8y4)7/(n — g}, v|R = C?/(n — q}°, 


and v” is almost certain to be greater than v. The value of v’ 
defined by (6-3), which is the wave number corresponding to the 
orbit whose quantum defect q’ is required in the formulae (6-4)- 
(6:5), is also greater than v. It is not easy to see in general whether 
v” is a good approximation to v’, but for different atoms of the 
same electronic structure the error made in substituting q” for g 
must vary regularly and probably slowly with C, so it probably 
will not affect the form of the relation (6-5), though it may affect 
the values of the constants. 
Thus for (6-5) we may substitute 


q- 9" ~gupu~wulN — ym’), — e (6-6) 


the constants guy, Wy, and yy’ being probably slightly different 
from those in (6-5). 

In words, consider two atoms, which we will call the X-like 
and Y-like atoms, of a single element in different states of ionisation 
such that the cores of the two atoms differ only in this, that the 
group of highest principal quantum number in the core of the 
Y-like atom is lacking in the X-like atom. Take the difference of 
the quantum defects for corresponding orbits of the Y-like and 
X-like atom of the same element (both being penetrating orbits); 
then if for different elements of the same electronic structure 
corresponding terms are taken, this difference of the quantum 
defect tends asymptotically to become proportional to the mean 
radius of the orbits of maximum principal quantum number in the 
core of the Y-like atom, and the reciprocal of the difference of the 
quantum defects tends to become linear in the atomic number (or 
core charge). 

This result may be made clearer by an example. 

The core of an aluminium-like atom consists of the core of the 
sodium-like atom of the same element, with core orbits with n = 1 
and 2, and two 3, orbits; in this case p, is the time mean radius 


8 
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of these two orbits and X and Y of the above general statement 
are Na and Al. 

If g and g” are values of the quantum defect for corresponding 
terms of spectra of the aluminium-like and sodium-like atoms of 
the same element, then for corresponding terms of aluminium-like 
atoms of different elements 


q — g” = é (N, v/R) 
~ 93P3 
~w AN — ys’), oon (6-7) 


gz and w, being independent of N. It is necessary that the orbits 
of both atoms should penetrate, in order for these results to hold. 

The quantities é, g3, W3, y3 in these formulae for aluminium- 
like atoms refer to the group of two 3, orbits in the core, and are 
different from the corresponding quantities for the 8 M orbits of 
a potassium-like atom, or the 18 M orbits of a copper-like atom. 


§ 7. Variation of Quantum Defect within a Sequence. 


Results similar to those of § 4 and § 6 for the quantum defect 
q can be obtained in a similar way for the quantity Q = dq/d (v/R), 
which measures the variation of quantum defect within a sequence. 

A general result, corresponding to (4:8) for q, can be obtained 
by differentiating this formula directly with respect to v/R, and 
analysis similar to that of §§ 5, 6 can be carried out. The final 
results, corresponding to (6-5), (6-6), can be expressed as follows. 
If Q and Q” are the values of dq/d (v/R) for atoms of the same 
element in the two different states of ionisation defined in § 6, 
then for different atoms of the same electronic structure 


Q — Q” ~Gy pi? TETTI (7-1) 
~Wyu(N -yus n (7-2) 
Gy, Wy, and ym” being constants for a given group of core orbits; 
yar is different from yy’ occurring in the similar formula for 
q-q". 
From (7-2), (Q — Q”)? tends asymptotically to become linear in 
N, and from (6:5) and (7-1) (Q — Q” )/(q — q’’)3 tends asymptotically 
to become constant. These are the generalisations of the results 
already found for sodium-like atoms (I, 6-72, 6-73). 


§ 8. Comparison with Experiment—Aluminium-like Atoms. 

Of the spectra of aluminium-like atoms, Al I and Si II are 
known well enough for series limits to be determined fairly ac- 
curately, so that for these spectra reliable values of the terms and 
quantum defects can be obtained; for PIII and SIV some data 
are available and values of the quantum defect can be obtained 
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which are less certain than those for Al I and Si II, but not too 
uncertain to make a comparison with the theoretical formula 
worthless*, 

The theoretical results are as follows. For an aluminium-like 
atom, the number of electrons są in the outermost group of core 
orbits (n = 3) is 2; let p, be the time mean radius of these orbits. 
Let g be the quantum defect for the n, term of an aluminium-like 
atom; and for the sodium-like atom of the same element let q” be 
the quantum defect for the corresponding term. Then from the 
results of § 6 

q — 9” ~9sPs 
~wWs[(N — ys) sees (6-7) 


for C large, where g, and w, are constants; so that as C increases, 
(q — qg’’)/ps should tend to a constant value and 1/(¢ — q”) should 
tend to become linear in Cf. Also if Q is the value of dgq/d (v/R) 
for a sequence of an aluminium-like atom and Q” is the value of 
dq/d (v/R) for the corresponding sequence of the sodium-like atom 


of the same element, then as C increases 1/(Q — Q”)? should tend 
to become linear in C, and (Q — Q”’)/(q — q”)? should tend to a 
constant value. 

The 4, , 5,, 3, and 4, are the only terms corresponding to penetrat- 
ing orbits for which values of q can at present be obtained reliable 
enough to give a test of these results. The values of q and derived 
quantities for testing these formulae are given in Table II. The 
uncertainty in term values for P III and SIV should be kept in 
mind in comparing these results with the theoretical formulae. 

It is not possible to obtain any reliable estimate of p,, the time 
mean radius of the two 3, core orbits; the quantity p,, tabulated 
is the maximum radius of the normal (3,) orbit of the sodium-like 
atom of the same element, calculated from the corresponding term 
(formula I, 7-1; cf. I, Table VII), and to a first approximation it 
is probable that the ratio p,,/p; can be taken as constant. 

In the case of lithium-like and sodium-like atoms it was found 
that the theoretical asymptotic relations for large values of the 
core charge still held fairly closely even for atoms of small core 


* The values of the quantum defect tabulated for P III and SIV have been 
found from the term values given by Millikan and Bowen (loc. cst.). For P III 
Miss Saltmarsh (loc. cit.) calculates term values from the observed lines by assuming 
that the quantum defects for the first two s terms are the same, and obtains 
2s = 127004; the present writer has attempted to obtain a more accurate value by 
estimating the difference of quantum defect between the first two 8 terms from the 
value of the corresponding difference in AlI and Sill, and obtained 2s =125560 
with an estimated limit of error of 150. Millikan and Bowen’s value is 2s = 125498. 
. t If v is the wave number of the term in question, it is theoretically more 
accurate to replace g” in these formulae by q’, the quantum defect for the orbit 
of the sodium-like atom, with the same k, which would give a term of wave number 
y =v +2R/p, (cf. formulae 6-3-6-6). 
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charge: and the same is tte case for the aluminium-like atoms. 
For each m, ordit 1 7 — g) increases by approximately the same 
amount from ore stectrum to the next. and (g — g) Pa appears 
to be rapidly tending to a constant value*; also for the s terms 
1 (Q — Q” ;Ì increases bv about the same amount from one atom 
to the next. and (Q — Q”) (7 — q”) remains approximately con- 
stant. 


Table II. Cem parison of Quantum Defects for Penetrating 
Ortnits of Aiumintum-like Atoms. 


Spectrum All Si II PII SIV 
4, q 1-5125 1-4275 1-1945 1-0379 
q” Lr ©7873 ©6972 0-6271 
q-g” OMS EUN 0-4973 0-4108 
1 7-9") 1-105 1-582 2-011 2-434 
Dita 457 449 423 
Pm 2-692 2-279 1-987 1-767 
| (9-9) Pm 0-3361 0-2309 0-2502 0-2324 
1-5, l 00313 0-0281 0-0255 0-0235 
! A(v R) | O1125 02959 0-5304 0-8163 
Q=37 3 (x R)  ' 02785 0-0050 0-0481 0-0288 
’ 0-0153 0-5 0-0063 0-0043 
-Q” 0-2632 0-0855 0-0418 0-0245 
1:Q-Q”)t 1-56 2-27 2-88 3-44 
Ditfs. 71 61 56 
(V-O")(q-q'y 0-355 0-326 0-340 0-353 
3. q 1-4906 1-1732 0-9830 0-8521 
q” 0-6279 0-5493 0-4887 0-4406 
q-q” 0-8627 0-6239 0-4943 0-4115 
liq -g) 1-159 1-603 2-023 2-430 
Ditřs. 444 420 407 
1, q 1-3233 1-0541 0-8856 0-7655 
q” 0-6059 0-5281 0-4688 0-4218 
q-q” 0-7174 0-5260 0-4168 0:3437 
l(q-q’) 1-394 1-901 2-399 2-909 
Diffs. 507 498 510 
(q -4°)/Pm 0-2664 0-2306 0-2097 0-1945 
(91-1) 1-261 1-217 1-193 1-195 
(q -q") 4, 


* These results hold equally well on the whole but not appreciably better when 
the theoretically more accurate q’ is substituted for the practically more convenient 
q”; as it happens the effect of the difference between q’ and q” is not large and, for 
n given term, it varies little from atom to atom. 
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It seems probable that if the maximum radius p, of the 3, 
orbits were known, (q — q’’)/p, would be found to be more nearly 
constant than the tabulated quantity (¢q—q'’)/pPm. Pm 18 the 
maximum radius of the one 3, orbit of the sodium-like atom of the 
element in question, and it seems probable that the addition of a 
second 3, orbit would increase the maximum and mean radius of 
the first 3, orbit, and moreover would increase them in a greater 
ratio for atoms of small core charge C than for atoms of large C, 
so that p3/p,, would be expected to decrease with increasing C. 
Since (q — q’’)/pm also decreases with increasing C, (g — q’’)/pg will 
be more nearly constant than (q — q’’)/pm*. 

For the 3, orbits the field at aphelion probably differs consider- 
ably from that of a point charge C, as the aphelion distance of the 
3, orbits is probably not much greater than that of the 3, orbits 
already present in the core, and the analysis from which the 
theoretical relations were deduced cannot be applied to such orbits; 
however the formulae actually hold as closely for these orbits as 
for the others. 

It is interesting to note the relative values of the contributions 
of the outer two 3, core orbits and those of the rest of the core to 
q and Q. In the case of the quantum defect q, q — q” is the con- 
tribution from the two 3, orbits and q” the contribution from the 
rest of the core. In all cases as the core charge rises, the con- 
tribution from the outer two orbits decreases compared to that 
from the rest of the core, as would be expected since the dimensions 
of the outer core orbits alter proportionally more than those of 
the inner orbits with increasing core charge, and the contribution 
to q is proportional to the dimensions of the group of orbits. For 
these atoms, the contributions to q are about equal for the atoms 
of core charge 1 or 2. 

The contribution of the outer two orbits to Q is a much greater 
proportion of the whole than is their contribution to q, as would 
be expected since the contribution to Q varies as the cube of the 
dimensions of the orbits while the contribution to g varies as the 
first power of the dimensions. 

For any one orbit of the series electron, q — q”, the contribu- 
tion to the quantum defect from the two 3, core orbits, tends 
asymptotically to be proportional to the mean radius p} of these 
orbits, so the ratio of values of q — q” for two orbits of the series 
electron of different k tends asymptotically to a constant value; 
moreover, the deviations from the exact proportionality between 
q — q” and p, are probably of the same sign and same order of 
magnitude for different orbits of the series electron, so for atoms 
of small core charge the constancy of the ratio of q — q” for two 


* It is unlikely that the variation of p,/p,, is large enough to counteract entirely 
the decrease of (q —q’’)/pm. 
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orbits of different k would be expected to hold more closely than 
the other relations established theoretically as asymptotically true 
for large C. The ratio of values of q — q” for the 4, and 4, orbits 
is given in the last line of the table, and its proportional variation 
is in fact much less than that of (q — q’’)/p, for either orbit. 


§ 9. Other Atoms of Aluminium Sub-group Types. 


The neutral atoms of B, Al, Ga, In and T], and atoms of other 
elements ionised to such an extent that they have the same number 
of electrons as one of these neutral atoms, all have cores consisting 
of 2 electrons in n, orbits in addition to complete groups of electrons 
with smaller values of n. Let q be the quantum defect of a term 
(corresponding to a penetrating orbit) of one of these atoms, and 
q” the quantum defect for the corresponding term of the atom of 
the same element ionised two stages further, i.e. without the two 
outermost n, orbits; then q — q” is the contribution of the two 
outermost orbits to q. Further, the mean radius p, of these orbits 
can be taken as approximately proportional to p,,, the maximum 
radius of the one n, orbit which is the normal orbit of the series 
electron of the atom ionised two stages further, and this can be 
calculated from the corresponding term of the spectrum of this 
atom. 

Though the mean radius p,, of the two outer n, orbits might 
be different for two atoms, their contribution to the added charge 
at radius p would be expected to be much the same function of 
p/pm for all atoms of aluminium sub-group types; i.e. for this pair 


Table III. Comparison of Contributions to Quantum Defect from 
outermost two n, Orbits of Atoms of Different Aluminium Sub- 


group Types. 


Atom Al Ga In Tl C Si 
Spectrum Ill Ill Ill III IV IV 
. _ ("k 3; 4, 5ı 6, 2 3 
Normal orbit < n -q 2-075 1-997 2-092 1-995 1:937 2-204 
Pm 2-69 2-49 276 2-48 174 2-30 
Spectrum I I I I II II 
Nk 4, Dy 6, 7, 3; 4, 
q 1-813 2-844 3-782 4-805 0-659 1-427 
q” 0-908 1-962 (2-848) (3-960) 0-157 0-787 
(q -g”) 0-905 0-882 0-934 0-845 0-502 0-640 
(q -q’’)/Pm 0-336 0-352 0-338 0-341 0-289 0-281 


Values in brackets are estimated; for In III and Tl III only the first s term 
is known. 
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of orbits ¢, in formulae (I, 2°7), (4:5), (5:4), (5°41) is probably 
nearly the same function of its argument for all values of n. Hence 
it would be expected that for large values of the core charge 
(g—q'’)/p,, and so (q — q’’)/pm, would be nearly the same, not only 
for aluminium-like atoms, but for all atoms of aluminium sub- 
group types. 

Further, the deviations for small C from the asymptotic rela- 
tions for large C are likely to be much the same for different atoms 
of the same C, so that though the result of these deviations is that 
for aluminium-like atoms (q — q’’)/p,, is not constant for small 
values of C, it may be expected that there will be little difference 
between the values of this ratio for BI, Al I, Ga I, In I, TII, or 
between the values for C II, Si II, Ge II, Sn II, Pb II, and so on. 
Table III shows that this is indeed the case. 


§ 10. Copper-like Atoms. 


For copper-like atoms there is enough reliable data now 
available to provide a test of the theoretical results; values of the 
quantum defect and derived quantities required are tabulated in 


Table IV*. 


Table IV. Comparison of Values of Quantum Defect for 
Penetrating Orbits of Copper-like Atoms. 


SO 
Spectrum Cu I Zn II Ga III Ge IV 
4,69 2-6729 2-2594 2-0036 1:8178 
I/q 0:3741 0-4426 0-4991 0-5501 
Diffs. 685 565 510 
q” 0-2743 0-2629 0-2524 0-2428 
q-q” 2-3986 1-9965 1:7512 1-5750 
1/(q -q”) 0-4169 0-5009 0-5710 0-6310 
iffs. 840 70] 639 
4, q 2-1342 1-8565 1-6636 1-5162 
lq 0-4686 0-5386 0-6011 0:6595 
Diffs. 701 625 584 
g” 0-1835 0-1758 0-1688 0:1623 
q-q’ 1-9507 1-6807 1-4948 1:3539 
I/(q -g”) 0:5126 0-5950 0-6690 0:7386 
iffs. 824 740 696 
d4 q [1-0211] 0:9752 0-9126 0:8579 
1q 1-0254 1-0958 1-1656 
Diffs 704 698 


* The values of q have been calculated from the term values given by A. Fowler 
for Cu I (Report on Series of Line Spectra) by G. v. Salis for Zn II (loc. cit.) and 


by J. A. Carroll for Ga III and Ge IV (loc. cit.). 
t If the first d term corresponds to a penetrating orbit. 
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The core of a copper-like atom consists of electrons in orbits 
with n = 1, 2 and 3. The electrons with n= 1 and 2 (K and Z 
shells) together form a structure which is the core of the sodium- 
like atom of the same element; the quantum defect q for any term 
corresponding to a penetrating orbit is the sum of contributions 
from all three groups of core orbits, the contribution from the inner 
two groups together is very nearly equal to q”, the quantum defect 
of the corresponding term of the sodium-like atom of the same 
element (see § 6). Theoretically 1/(¢ — q”) for such terms should 
tend to become linear in the core charge C as C increases. 

The spectra of 6 sodium-like atoms are now known fairly 
accurately and the values of q fit the theoretical relations well, so 
the values of q” required in considering copper-like atoms can be 
extrapolated. with some confidence, although the range of extra- 
polation is rather large*. 

The contribution of the K and ZL shells to q for both s and p 
terms of these atoms is very small, about a tenth of the whole (the 
proportion increases with increasing core charge, as would be 
expected theoretically; cf. discussion of this point in connection 
with Al-like atoms), and it varies in the same sort of way as the 
contribution of the M shell, so for a given term the variation of 
1/q with C is very similar to that of 1/(q — q”). Both quantities 
are tending to become linear in C and the departure from linearity 
with C (measured by the ratio of the second difference to the first 
difference) is almost the same for each. 

The series d terms of the four spectra are interesting. For 
each spectrum, the first d term may correspond either to a 3, 
orbit lying well outside the core, in which case the term would 
be expected to have a small positive g (though negative values of 
q are perhaps not impossible), or it may correspond to a 4, orbit 
which penetrates the core, in which case it would be expected that 
it would have a q differing from that for the 4, orbit by about the 
same amount as the difference between the values of q for pene- 
trating p and d orbits of other spectra (about 0-85 for C = 2, more 
for C = 1 and less for C = 3, but no other certain data are yet 
available). The term values for Zn II, Ga III and Ge IV strongly 
suggest penetrating orbits, and also 1/q is nearly linear in C for 
them as would be expected for penetrating orbits. The Cu I term 
might also correspond to a 4, orbit, with a value of q shown in 
square brackets in the table, but this seems unlikely, as it is clear 
from a glance at the figures that this value of q does not form a 
smooth sequence with the others; it seems very much more likely 
that for Cu I the first d term corresponds to a 3, orbit lying entirely 

* The third decimal place in the values of q” given in the table is probably 


reliable; the method of extrapolation used is such that the figures are smooth to 
the four places given, though the fourth figure is probably not correct. 
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outside the core, with q = 0-0216. From a consideration of doublet 
separations Carroll* also concludes that the d terms of Cu I corre- 
spond to orbits of a different type from those corresponding to the 
terms of other atoms of the same electronic structure. 


§ 11. Other Atom Types. 


Some data for silver-like and gold-like atoms are available, 
though term values are probably subject to greater uncertainty 
than those for copper-like atoms; values of 1/g for the terms 
available have been calculated by Carrollt, and they suggest that, 
as for other atoms, 1/q tends to become linear in C as C increases. 

For silver-like atoms the contribution of the outer group of 
core orbits (N shell, n = 4) to the quantum defect of the outer 
group would be found by subtracting from it the quantum defect 
for the corresponding term of the copper-like atom of the same 
element; not enough spectra of copper-like atoms are known to 
enable the required extrapolation to be carried out at all accurately, 
but a rough extrapolation suggests that the total contribution 
from the K, L, M groups is about a fifth of the whole quantum 
defect for the 5, and 5, terms of Ag I. 

For both silver-like and gold-like atoms there appears to be a 
difference in type between the orbits corresponding to the d terms 
of the arc spectrum and the spark spectra, similar to the difference 
already mentioned for the copper-like atoms. 

The theoretical relations also hold for the spectra of magnesium- 
like atoms; here, however, the question is somewhat complicated 
by the existence of terms of different multiplicities; the application 
of the relations to these spectra, and to non-series terms such as 
p’ terms of spectra of magnesium-like and aluminium-like atoms, 
will be treated in a further paper. 


§ 12. Summary. 


The relevant results from the writer’s previous paper on the 
relation between spectra of atoms of different atomic structure are 
summarised. 

For non-penetrating orbits no new theoretical results are 
obtained, and there are few known spectra (other than those of 
lithium-like or sodium-like atoms already treated in the first paper) 
on which to test the relations previously obtained. Values of the 
polarisability for the Alt and Si++ ions are calculated from terms 
of Al I and Sill respectively corresponding to non-penetrating 
orbits, and are shown to be very much greater than the values of 
the polarisability of the neon-like ions Al+++ and Sit+++, 

The main new results are those for penetrating orbits. Assuming 
a central field of force, it is shown that the quantum defect q for 


* Loe. cit. § 3. t Loc. cit. Tables VI and VII. 
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such an orbit can be expressed as the sum of contributions from the 
electrons in groups of core orbits of different principal quantum 
number n, and further that if for a given atom in different states 
of ionisation corresponding orbits of the series electron are com- 
pared, the contribution to q from a set of core orbits of given n is 
very nearly independent of the degree of ionisation so long as the 
number of electrons in core orbits in the group remains the same. 
It follows that, if q is the quantum defect for a term of the spectrum 
of an atom core charge C, the core of which contains sẹ orbits 
of principal quantum number M and none of higher quantum 
number, and g” is the quantum defect for the corresponding term 
in the spectrum of the atom of the same element with core charge 
C + sm, which differs from the atom of core charge C only in 
lacking the core orbits of principal quantum number M, then 
q — q” is approximately the contribution from the core orbits of 
principal quantum number M to the quantum defect for the term 
of the atom core charge C. 

Further, it is shown that if corresponding terms of different 
atoms of the same electronic structure are compared, then for large 
values of C the contribution to q from any group of core orbits 
should tend asymptotically to be proportional to the average time 
mean radius of these orbits, and its reciprocal should tend 
asymptotically to be linear in C. 

Somewhat similar relations are obtained for the quantity 
Q = dq/d (v/R) which measures the variation of quantum defect 
within a sequence. 

These theoretical results, and in particular the result that 
1/(q — q”) should tend asymptotically to be proportional to C, are 
compared with the values of q deduced from the terms of such 
observed spectra of aluminium-lke and copper-like atoms as are 
available, and it is found that though the theoretical relations are 
only established as asymptotically true for large C, there is a 
considerable measure of agreement with spectra for small values 
of C, which are the only ones which can be observed. 
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On the Quantum Theory of Vibration-Rotation Bands. By 
J. R. OPPENHEIMER. (Communicated by Mr R. H. Fow er.) 


[Received 24 May, read 26 July, 1926.] 


1. The frequencies of the lines in the vibration-rotation 
spectrum of a diatomic molecule may be obtained unambiguously 
by the application of the classical quantum dynamics to a simple 
molecular model. The dominant term in the intensities of these 
lines has been obtained by Fowler * from the summation rules; this, 
and the next term, were computed by Kemblet from an application 
of the correspondence principle to a three-dimensional model. But 
the details of these calculations are not free from ambiguity. For, 
in the first case, the weight of the states, and, in the second, the 
method of averaging over transitions, is arbitrary. For the outer 
lines of the band this ambiguity is negligible; for the inner ones, 
and particularly for the missing central line, it is not. 

Now the new mechanics f gives a precise solution of this problem, 
and might accordingly be expected to decide definitely the in- 
tensity of the null line, and the value of the higher terms in the 
intensities of the outer lines. The purpose of this note is to obtain 
the solution, and to compare it with previous results, and with 
the results of experiment. 

The problem has been treated by Brillouin§. Brillouin’s chief 
conclusions are (1) that, contrary to the contention of Heisenberg ||, 
the new mechanics does not necessarily give the same energies as 
the classical theory with the introduction of half-integral quantum 
numbers; and (2) that, if Heisenberg’s result were correct, the new 
mechanics would account for the disappearance of the central line. 
He uses Cartesian coordinates (qq), and their corresponding 
momenta (pı p). He imposes the constraint 


qi? + q2? =a’, 
and the single quantum condition 


(1) ~— (upa) + [ep] = 1 
for the rotational motion, where [ab] is the Poisson Bracket of 


* Fowler, Phil. Mag. vol. XLIX, p. 1272 (1925). 

+t Kemble, Phys. Rev. vol. xxv, p. 1 (1925). 

{ Dirac, Proc. Roy. Soc. A, vol. cx, p. 561 (1926); Born, Heisenberg, Jordan, 
Zeit. f. Physik, vol. xxxv, p. 557 (1926). 

$ Brillouin, C.R. vol. cLxxxu, p. 374 (1926). 

| Heisenberg, Zeit. f. Physik, vol. xxx, p. 879 (1925); Born und Jordan, Zeit. 
Í. Physik, vol. xXxIv, p. 858 (1925). 
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a and b. On the other hand, the Heisenberg-Dirac* quantum 
conditions reduce, in this case, to a single condition 


qı + ig |=: qı + 292 
(ntg (è+ g) 

which cannot be reduced to the form (1). Moreover, in the Hamil- 
tonian used by Brillouin the coupling of the kinetic energies of 
rotation and vibration is neglected. Finally, the problem is treated 
in two dimensions, so that we should not expect t correct values 
for the intensities. Brillouin does not give his solution in detail. 
He does give the intensities for the case of vanishing coupling, and 
for this case gets the same intensities for all lines of a band. But 
it may readily be shown that the differential equation is regular, 
uniformly in the coupling parameter A as this tends to zero. It 
follows that the argument cannot explain the absence of the central 
line for the small finite values of A which occur. In fact we shall 
show that, in the two-dimensional case, the central line would be 
present. 


[inp — QPı), 


2. The dynamical problem. We may take for model two point- 
atoms attracting each other radially. If the masses of the atoms 
be m, and m,, then the classical Hamiltonian, after the elimination 
of the centre of gravity, becomes 


l 
(2) H = Sy (pr? + py? + p?) + U, (xz? 4+ y? + 2%), 
where 


(3) -=> +; Be mS 
2 


(M, + Ma) Pz = Mi Pr, — M Par 


Since we shall not ultimately want z; Y; 2, , T2Y222, and since the elimi- 
nation of the centre of gravity (3) holds in the quantum theory, we 
may take (2) as Hamiltonian. There is as yet no adequate reason 
for not choosing some classically equivalent form. The only other 
result which we shall take over directly from the classical theory 
is the expression for the energy radiated per second. We shall use 
this in terms of Cartesian coordinates and accelerations ł; and we 
shall not be inconsistent if we take the Hamiltonian in terms of 
them. 

In the classical solution it is convenient to use polar angle 
variables. These cannot be represented by matrices, and we shall 


* Dirac, Proc. Roy. Soc. A, vol. cx, p. 561 (1926). 
Kemble, Phys. Rev. vol. xxv, p. 1 (1925). 
{ Heisenberg, Zeit. f. Physik, vol. xxxi, p. 879 (1925); Born und Jordan, 
Zeit. f. Physik, vol. Xxxiv, p. 858 (1925). 
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accordingly adopt the more general methods developed by Dirac*. 
We want a canonical transformation to uniformizing variables such 
that zyz shall be periodic in the angle variables. Classically we 
should obtain this by three successive transformations: introduc- 
tion of polar coordinates, in which the Hamilton-Jacobi equation 
separates; elimination of the nodes; and uniformization of the 
vibration-rotation. Diract has shown that there is a canonical 
transformation equivalent to the first two: 


(4) P=etyt+e; p= = pet 2 py += zP: — the 
eS = rit (ka? — p?) 4 (z + 2 [kz]) kt; 
om th,? F Dr mMm,? SS th,? T 2, (YP: a ZP)’, 
eè = (K? — pè)? (m, + im,); p= TP; — YPz, 
das mpole ketel e Zh. 


[In general we write a, = a + th,; a, = a — thy, if a is an action 
variable.] We shall use only the following information about this 
transformation: 


1. It is canonical. 
_2. The values of zyz obtained by the inversion of (4) are: 
(5) z= $r (m, + ae), 
x 
iy 
where w,=1l— Prhe 2=1— TA j? 


T ae PO a : Dias 
) oon hi [wet +4 + Te, Et? hm — 2€ I9+i¢d + 711 € i9 1$], 


k(k+hy? >T 
(k + p) (k + Pi + ha) 


a= k (E F hy) 
(k — k — pə) (k — P2 + Nx) hy). (k — pı) (k — pı — hy) 
2 L Se AE a AO PYN PO a, 
(6) m= EFA O EE h 
ouaa (k + po) (k + Po — Ae) 
= k (k — hy) 
3. The transformed P is 
(7) H= z (Pe pan vt) +U (n). 


The third e requires certain hypotheses about U; 
in analogy with the classical solution { we shall suppose that the 


* Dirac, Proc. Roy. Soc. A, vol. cx, p. 561 (1926); Born, Heisenberg, Jordan, 
Zest. f. Physik, vol. xxxv, p. 557 (1926). 

t Dirac, Proc. Roy. Soc. A, vol. cxi, p. 281 (1926). 

t Born, Atommechanik, § 20. 
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molecule can rotate uniformly; that this rotation is stable; and 
that the amplitude of the oscillations about it which do in fact 
occur is small compared with the mean distance of separation of 
the atoms. Then we must have 

p. = [p-H]= 0; r=[rH]=0; kk, = pr [U" (r), p,] 
when we substitute the proper quantum numbers for k, and the 


corresponding c-number for r. We shall take over this c-formula, 
which may be justified physically, and write 
kika 
(8) pa? ( (k) = [Up,] -a (k) = U'’ (a) (Def.), 
where k and a are g-numbers. Further, we set r =a (k) +p, and ! 
thus obtain from (1) and de the expansion 


kika 


= 2 3 
(Ta) H=5— Jua? (k) 5, (Pet + wtp?) + Ap? — 
which converges by A In (7 a) 
ji oh k 3k k i kik 
= pU” (a) + a(k) = o? + RNS A= }U'" (a)— 4 dua" 


We may note further that 


but that | 
2k 


(9) [pS] = — [a3] = wea? (k) 


The retention of first order terms in A does not affect the fre- 
quencies, but changes the intensities. It follows, however, from 
the form of the transformation for r and 9, that the relative 
intensities of lines in the same band will be changed only by a 
factor of the order of k*J*/a5w’, which is small compared with the 
terms we shall retain, and too small for experimental detection. 
The new mechanics is, of course, applicable to the more general 
case; but the transformation, even in the simplest case, where 
ue (a) ~ 0, is very cumbersome. We shall accordingly neglect À 
and observe that our results will not give us the intensities in the 
overtone bands. 

The transformation 


(10) r (Jicin — eJ?) +a; p, = {Fw} (Jte™ + etei), 


| k=k, 3=7+4; 
t k io 3k 
a= — (E) gg Pte- aA 
x {Jt (J — h)t eiv — eiuj] (J = h)i}, 
P= P, d=¢ 


o ol 
~ i (2w) 
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defines the new canonical variables (J, w), (k, 7), (p,ġ). If we 
assume that these satisfy the quantum conditions, we get at once 


[kp] = [kp,] = [pp,] = [Sp] = [3] = [$k] = [$y] = 0; 
[pp] = [KS] = — 1. 


Moreover 
(1) ppl= -lpr = a. g 2 — ede) = 1, 
(12) i (pp, + p,p) = (J — hji Jte — ete Ji (J — hji 

and 
(13) P? + wp? = hw (2J + Qe Jet”) = 2w. 

From the first of these (11) it follows that r and p, are canonical. 


From the second (12) we get, neglecting powers of ie above the 


second, 
[Br] = — oa + data PrP + PPr Pl- aa + © oa [rr] = O, 
Skup, _ Əkp 
and [Sp,] = + Date? ` jalo? [P-P + PPr, Pr] = 0. 


Assuming therefore that the new variables satisfy the quantum 
conditions, we have shown that the old variables satisfy all the 
quantum conditions. This establishes the transformation. The as- 
symmetry of r and p,, and thus of W, in J, is not peculiar to this 
problem. It has its analogue in the harmonic oscillator, for which 


|q(n,n+ 1) |?on4 1. 
3. Frequencies, Quantum Numbers. By (7 a) and (13) 


kı ka wd, 
(14) W = W (Jk) = Zna (H t p 
n differs from the classical value in having J, for J, and kk 
or k?, 

Before we can find the frequencies, we must decide how to 
assign the quantum numbers, n, m, s, corresponding to the action 
variables J, k, p. The hypothesis of a normal state for the vibratory 
motion means that n must be integral. The argument by which 
m and s are determined is strictly analogous to that given by 
Dirac* and Born, Heisenberg, and Jordan f for the Zeeman effect 
of an atom with one series electron. We should expect s to be so 
chosen that 

Pı P2 l Pi Po 
| Kk=h)| R 
since, otherwise by (5) z might not be real forreals and m. This means 


* Dirac, Proc. Roy. Soc. A, vol. oxi, p. 281 (1926). 
Z t Dirac, Proc. Roy. Soc. A, vol. cx, p. 561 (1926); Born, Heisenberg, Jordan, 
el. f. Physik, vol. XXXV, p. 557 (1926). 
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that s may vary from — m + $ to + m — $; it is readily seen from 
the values we get for the intensities (18), that all transitions from 
s values within this range to those outside are forbidden. Finally, 
we may choose m to give a normal state for which a transition 
with decreasing m is impossible. In this case the only physical 
justification for such an assumption is the observed absence of the 
central line*. We shall show that the central line does not vanish 
if the only condition on m is Brillouin’s condition of symmetry for 
positive and negative rotations. 

With this assignment of quantum numbers (clearly s is ir- 
relevant) we get for the absorption frequencies 


(14 a) h 


h2 ( 3 
Pie Me ks WU Set) a 3 (0) (m = 4) ) 


(+ 2m +1- o a .. 
mas (0) wy 

+v (n+ $) — n (n+ 4), 
= 2 Doe (14 em DILD), 


y= 


2mp 2mp 2a* (0) w 
Dy ( 3uM ma) 
"3 2p 2a‘ (0) w?/ 


The difference between these and the classical frequencies is too 
small for experimental detection, more particularly since a (0) and 
w can only be found from the band itself. The energy differences 
would, however, give an appreciable term in the specific heats. 


4. Intensities. We may now compute the a priori intensities of 
the band lines directly. For this we need z, y, z in terms of the final 
variables. In each case we have several alternative forms. Thus 


(15) 
z= 5 (me > + e0) = } (ew, + e0) T= 5 (m? + me) .. 


But since all the transformations are canonical, these forms ought 
to give the same intensities; and it may be readily verified that 


_ A 
they do. Now to the second order in To we get, using the ex- 


pansion for the exponential 


> 2 } on-l r n-l—r 
(16) e+e = Èp = (ia + ir)" ~ Èn -o pE g ahot 
on! 0 0 0 
LEPOG, Gn g naD ih nyt 
o” i or onl o” Ikn! 
= È at o = ( wak,’ ir — r, i 


cen (1 = E5) ra = ia) e, 


* On Schrödinger’s Theory there is no normal state for a rigid rotator in two 
dimensions, and the transitions for m, (4 > - $), (-—$ — 4) occur. 
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Then from (5), (10) and (16), 
0) z= 4 a(k) + gy tet — em | x 
[m (1 + tag) e” + m (1 — ty) e], 
x) = 1 l iw —_ ge—iw . ir+id 
a E (k) + aay s € m) [O (1 + iag) e*t 


+ Wy (1 + ia) ef — m (L — ia) e7" + F wy, (1 — i0) I, 


a 


. k 
Now expand w+ to second order in PEA, take a, and a, in front of 


the exponentials in w, and collect the coefficients of e‘! and e~™. 
This gives for the Zeeman components 


(18) 
[a(l 1,0)|=5 (see) all — 2ym (1 + by (m — mH] 


ljn,t 
| f2(-, + 1,0) = 5 (see) mall + 2ym 1 By (m +n), 
1. yi 
(TE he) ml + 27m {1 By (m+n +D), 


$ 
je (+1, +1,0) |= 3 ("Se he) m [1 — 27m {1+ By (m — n — HD 


|I Įz(+1l,—1,0)|= 


1 snhy 
| |jz(—1,-1- 1)|= 32a 


h,\* 


| Too [1 — Zyme {1 + $y (m — n)}), 
ce 1-14 1=4(52) wn [1 — 2ym, {1 + By (m — n))}], 


! ? 
z(c L+- |= 4 (et) Mall + 2ym {0 — By (m + md 


nh,\* 
( ) mu (1 + 2ym (1 — By (m + 1), 


a 
3 
+ 
— 


\t 
[z(+1,-L-l|= he) Di [1 + Zym {1 — By (m+ + 1H, 


AOTAN 
s 
+ 
— 


}2(+1,-1,+) |= ha) Da [1+ Zym, (1 — by (Ma + n + WY 


4\ 2w 
l/n+1, Ņ\ 
(eet = 4 (pee ta) mal- 27m {+ fy (m =n = DH 
| lynt+1, \ 
(eG Lt DI = (HH h) oal- 2ym (1+ gym =n- D 


| y (ijk) | = | æ (9k) |; | z (ijk) | = | æ [(7, m, s) > (n + i m + j, 8 + k)] |; 
h h v, 


where Qi, a? (0) = Arr? 1,2. Vo Th 
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Actually the system is degenerate. Summing the “intensities” 
Zo(0,m->1,m-+ 1) = const [1 — ym (1.— tym — B18, 


Ba Se 244206) ot + FEC) ) ys? 


-m+¢ 


= Y È ou! + 20,7 + w) 


= jm. (4+5) = 4 (m + $) = 4m. 
Similarly 
I, (0, m + 1 > 1, m) = 4.const. [1 + 4ym, (1 + Sym, — 2y)].m,. 


The intensity of the central line vanishes. But it would not have 
vanished if we had made m integral, nor if we had treated the 
problem in two dimensions. 

For the intensities of the ñth lines* (in energy, and not in 


quanta) 
I, (ii) æ n(1 — 4yn (1 — gyn — $y)) e 
L Ww (0, +D 


I_ (ii) oo ñ (1+ 4yñ (1+ fyn -— ĝy))e FP 
or, at least for not too large m, 


1 
-W (0,ñ- 
ET” OR-D pOl atp, 


v(0,n+4—>1,% — 4), 


- W (0.4) nh? 
Aane kT — Bay 
I, (n)o ñe (1 — 3yn) (1 T a) 
-2 WF (0,7) nh? 
Aane I =) (1 — 
I_ (ia fie (1 + 3yii) (1 ce) 


This in part resolves the paradox noted by Fowler. For the two 
branches are nearly equal in intensity in spite of the assymmetry 
of the temperature factor. The main part of the assymmetric 
factor which compensates this had been previously obtained by 
Kemble from the Coriolis forces. 

This means that the summation rules do not apply exactly, 
because the frequency differences of the lines of the band are not 


1 
negligible. Neglecting the factors (1 + 4yn...) and e “ee? , they 
hold exactly. For the weights of the states are proportional to m. 


I should like to thank Mr R. H. Fowler, F.R.S., and Mr P. A. M. 
Dirac for their criticism and advice. 


* Kemble, loc. cit. and Fowler, Phil. Mag. vol. L, p. 1079 (1925). 

t For the fundamental hydrogen chloride band studied by Kemble and Fowler 
the values of 4y and h?/2ua,"kr differ by only about 10 per cent.; the positive 
branch remains slightly the stronger. 
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5. Summary. The dynamical problem of the “diatomic mole- 
cule” is solved on the new mechanics. The terms of the rotational 
energy are A (m? — }), where m = + $, $, §...; the weights of the 
corresponding states are 2m; the frequencies differ a little from 
the classical ones. Finally the intensities are slightly different from 
those computed by Kemble; the main term agrees with that of 
Fowler, but the positive branch is only slightly stronger than the 
negative. The central line vanishes. The intensities are valid only 
for the fundamental band. 


6. Addendum. This problem has been treated by Schrédinger* 
by his method of characteristics. Schrédinger does not find the 
intensities; but he obtains energy terms which give frequencies in 
agreement with (14) and (14a). More recently the problem has been 
treated by Mensingt by the method of matrices in a paper which 
came to hand just as the writing of this paper was completed. 
Mensing neglects y but retains A. The main terms in the intensities 
of the fundamental band are, of course, the Zeeman factors of (18). 
By an application of Born and Jordan’s solution for the anharmonic 
oscillator{ Mensing also obtains expressions for the intensities in 
the overtones. It is, however, readily seen from (17) that the terms 
arising from y are of the same order as those arising from A, and 
that, with the actual values of these constants for the hydrogen 
halides, the former terms predominate for the outer lines of the 
overtone bands. It is probably therefore not justified to neglect 
them and retain A. 


* Schrödinger, Ann. d. Phys. vol. LXXIX, p. 484 (1926). See particularly Eq. (51). 
t Mensing, Zeit. f. Physik, vol. XXXVI, p. 814 (1926). 
tł Born und Jordan, Zeit. f. Physik, vol. xxXIv, p. 858 (1925). 
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In the application of Elliptic Functions to the Theory of 
Numbers the two formulae of Jacobi 


© +æ 
I (1 —gmmo* >) (1 gm (1 — gem) = & (=), 


æ +2 
I(l + gues) (1 + gamer ar?) (1 = gr) = > gamitom 
1 —@ 


are of great importance. 
I denote either side of the first identity by 
(a, b) 
and either side of the second by 
[a, b]. 

For my present purpose I take the exponents of g which occur 
on the left-hand sides to be integers. The summations are in 
regard to m, and a, b must be simultaneously either both integers 
or both the halves of uneven integers. If a, b possess a common 
factor f so that a = a'f, b = b'f, (a, b) and [a, b] can be derived from 
(a’, b'), [a’, b] respectively by writing q” for q. It is then convenient 


to write 
(a, b) =(a, b')z; [a, b] =[a, b');, 
the subscript f implying that q/ is to be written for q. 
With this understanding we may regard a, b as being relatively 
prime integers. Since moreover eo 
(a, b) =— gq? (a, 2a — b) = — g**? (a, 2a + b) = (a, — b), 
[a,b] = g**[a, 2a—b]= q***[a, 2a+6]=[a, — b], 
r may always transform (a, b) so that 6<a and [a, b] so that 
< a. l i 

In the first identity (a, a)=0, 

In the second [a, a]=[4, $l = 2 [2, 1 ha. ; 
Therefore in (a, b), for a given value of a,b may be any integer 
<aand prime to a. It may therefore assume ¢ (u) values where 
¢ is the @ function of Euler and ¢ (a) has been termed the totient 
| of a by Sylvester and b one of the ¢ (a) totitives of a. If we have 
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before us (z R a 
regard b as one of the totitives of a. The same remarks apply to 


where a, b are uneven integers, we may similarly 


[a, b] and E z in the two cases except that here b may be equal 


to a and then we have 


fa, a]=[1, Ye. [5:3] = fal, 


so that in this case the difference from the forms (a, b), (5 ) is 


2’ 2 
that those are the exceptional cases [1, 1], (4, 4]. 

In recent years G. H. Hardy, S. Ramanujan and H. B. C. 
Darling have been concerned with those enumerating generatin 
functions which involve elliptic products. They have obtain 
valuable theorems in regard to that part of the function which is 
entirely expressed by powers of q whose exponents =e mod p for 
special values of u and e. As a contribution to this study I in- 
vestigate some properties of elliptic products which depend o 
the partitioning of the product into parts each of which 1s specified 
by a certain congruence which is satisfied by the q exponents. In 
this partition the modulus w remains constant and the residue 
varies from part to part. The residue cannot be assigned at plea- 
sure, because it must be of the form ae + be, where e is an integer. 


§ 1. The elliptic product (a, b). 
We put um + e for m in the series given above and obtain 
(—-) gre tee > (—¥" qh am! +m (aae+) m, 
For the present I consider p to be an uneven prime. We can then 
write the portion of (a, b), which has m of the form wm + e, 
(—) qetd (ua, 2ae + b),. 
If a, b be both integers, every exponent of q in this function 
= ae? + be mod p. 
Moreover if a, b be the halves of uneven integers 
a=a+4, b=6+}, 

the power of q is in general 

(a+t)f+(B+h)e+p? (ath) m+ p(2Qaet+e+8+4)m, 
which is of the form ae + be mod p, 
and ae? + be is an integer provided that 


(nt) 20 mod p; 


the theory of linear congruences 339 


and this is so because pu is uneven. Hence the transformed series 


1s also 
(—)* "i (ua, 2ae + 27 


where a, b are the halves of uneven integers. 
We now sum this expression, giving e the values 0, 1, 2,... p—1, 
and apply the formula 


(a, b) = - q% (a, 2a — b), 


so as to make the second element in the bracket less than the 
first element, obtaining the standard formula 


(a, b)= —q* (pa, 2a — b)u + q (pa, 4a — b)u — 


#-1I\'a-#2 
P(A A Jean (ua, pa —a — b)u, 
+ (pa, b)u — 92+? (pa, 2a +b), + p 5 4a +b), — 


+ (peng T ) a+ = (ua, pa a+b),, 


a partition into p parts. 

This formula is valid when a, b are integers or the halves of 
integers and is so far a complete solution of the question. 
The ‘welt is usually effective with less than p parts. 
If 4 be even, a, b integers, we follow the foregoing method and 
find that the part separated is 


(—) got [ua, 2ae + bha, 
and it is to be observed that here the product (a, b) gives rise to 


products of type [a, b]. 
Every exponent of q is clearly = ae? + be mod p and we obtain 


the crude partition 

-1 

(a, b) = > (—) q+ [wa, 2ae + bju, 

0 

which by reason of the relation 
[a, b] =q% [a, 2a — b] 
is reducible at once to the standard formula. 
The elliptic product [a, b]. 


The separated part is 
qv" + Tua, 2ae + b],. 


' Ifa be even or uneven and a, b integers or if u be uneven and 


| 


a, b the halves of uneven integers, the standard formula is 


23—2 
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[a, b] = +g? [ua, 2a — b], + 9*™ [ua, 4a — b], +.. 


paN Ja are pa —a— bh, 
+ [wa, b]. +977? [na, eae 4a+b],.+... 


n-i m-l 
p I papa taii 
(a, b) = —q* (ua, 2a — b], + g7? [na, 4a — b], — 


Su 
(>q '[pa, pa — a — ki , 
+ [pa, 6], — ge? (oa, 2a +b +g» [ua, 4a +b], —.. 
(“ays ee 
(—)# 4-0 g Z "Twa, pa — a + bJa. 
When p is even, and a, b the halves of integers, the formula is not 
so simple or interesting but is readily obtainable. | 
A leading property of these partitions, which will be dealt with 
later, is that, when a is prime to m, in one and in only one of the 


p terms involved in the partition is the second element, which is 


of form 
2ha + b, . 


divisible by p. Tn this special term the subscript can be made 
equal top 


g 2. I mporn panier cases. 


The elliptic products which are of most importance from the 
present point of view are — | 


(1, 0) = II (1 - gn) (1- 7") = Bore gn 


2k K CL 
z mae T o1 (0), 


00 . | + 2 
[1,0]= Tee) (i eS 2 g 


-E-to 


q* (1, 1]= gL +g) (l-q'™)= de > quae, 


2h K 
—— = Vapo (0), 


; ($, j= 110 a) E o = = C- ‘™q 3m2+im 


. (Euler S series), i 
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Gp Ï- PAg A- g= E (mgin, 


G a) = I (1 - g=) (1 — gi) (1 — g°™) = = (- ym gi tim, 


These ink two arise in the Theory of Para tions by reason of 
properties that have been established in respect of the functions 


Gih G Dh 

EH GHO. 
by L. Rogers* and S. Ramanujant. They also arise in the elliptic 
function solutions of the general quintic equation. as presente by 
H. B. C. Darimgł. 

There is also the case of the Cube of Euler’ s series, the formula 
for which can be deduced from the fundamental formulae of Jacobi 
as a limiting case. 

The moduli of principal importance are prime numbers; in 
particular the early primes 2, 3, 5, 7, 11, 

Postponing the case of the modulus 2, and enerally of compo- 
site moduli, I proceed to the consideration of the simplest uneven 
prime moduli. 


The modulus 3. 
The standard formula is- 
(a, b) = (3a, b), — got? (3a, 2a + b); 
a r (3a, 2a — b), 
[a, b] = [8a, b]: + q+? [3a, 2a + b], 
+ q°— [3a, 2a — 5}. 
Thence © (1, 0) =(1, 0)» — 2q (3, 2). 
The special term establishes that 
(1, 0) + 24 (3, 2), 
is a transformation of the q series (1, 0), which is a , Of 
order 3°. E 
[1, 0]= [1, 0]s + 2g [3, 2],, 
[1, 1]=2[3, 1} + e[l, 1]; 
indicating transformation of order 3? of 


[1, 0] which is „/Ž£, 


* On Two Theorems, Proc. L.M. S., New Series, vol. xvi, p. 315 et seq. 

+ Some properties of p(n), the number of partitions of n, Camb. Phil. Soc. 
Proc., vol. x1x, p. 207 et seq. 

= On The Trinomial] Quintic, Proc. L.M.S., New Series, vol, xx11I, p. 383 et seq. 

§ Sylvester, Collected Papers, vol. tv, p. 60. 
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and (1, 1] which is q> JS 


(3, D= th- E Ps - TE Ds 
which, writing with Cayley 1 — g = (s), is 


(1) (2) (3) ...= (12) (39) (66) ... (15) (42) (69) ... (27) (54) (81)... 
— q (6) (33) (60) ... (21) (48) (75) ... (27) (54) (81) ... 
— q? (3) (30) (57) ... (24) (51) (78)... (27) (54) (81)... 


verifying a known result. 

Since the leading element here is the half of an uneven 
number, viz. 8, which is not prime to the modulus 3, which we 
have before us, no special term arises. 

The next two partitions are of particular interest and furnish 
the clue to an interesting theory 


E D= P-ga Gs i-a (a GF, Ds, 
($ 4) = GS, $h- (9 GE, AD} — 9° C$, Bs 
We find that the special term in ($, 3) is (§, $)», 


” ” ” ” (3, $) is — ¢(ž, $). 


This fact is remarkable, but not surprising, because the work to 
which allusion has been made has shewn that the two functions 
are very intimately connected not only in the Theory of the 
Transformation of Elliptic Functions but also in the application 
‘of Elliptic Functions to the solution of the general algebraic 
ee equation. The property reminds one of that possessed by 
the so-called ‘amicable numbers.’ In this parallel the functions 
(1, 0), [1, 0], [1, 1] considered above will be in correspondence 
with ‘ perfect numbers.’ 

We observe in the partitions of ($, 3) and ($, 4) that in the 
former case the special term is one part, the remaining two terms 
both belonging to the second part—whilst in the latter the special 
term is also one part and the remaining two terms constitute the 
second part. 

Next we are led to consider the three products 


GD GD GB 
a nd we find 
(E D= Ps {PAL ADs— a, Ds 
(E $= De- GAL Ys e l CO Ps, 
G D= C, ph- a At, h- 9° G, $s 
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exhibiting an amicable triad, for 
(4, $) involves a definite complete part —q ($, $)», 
(i, 3) ” ” » ” ($, $)», 


($. $) ” ” » a ag ($. $)». 


We have clearly before us a cyclic property. 
So far we may say that it appears ın the case of 


(1, 0) as (0), 
[1, 0] as (0), 
[1, 1] as (1), 
qa een 
$) 
(4, $)? as (531), 
($ 3) 
the modulus being 3. 


The modulus 5. 
The standard partitions are 
(a, b) = (5a, b), — q°+? (5a, 2a + b) + q'°+> (5a, 4a + b)s 
— gq? (5a, 2a — b), + q*2- (5a, 4a — b), 
[a, b]=[5a, b], +q°+ [5a, 2a + b], + gt [5a, 4a + 5], 
+ q°— [5a, 2a — b], + q [5a, 4a — b],. 
We derive 
(1,0)= (1, O)» — 2g (5, 2), + 2g‘ (5, 4), three parts, 
(1,0]= [1, O]s + 2q [5,°2], + 2q' [5, 4], three parts, 
[1, 1] = 2[5, 1], + 2¢ [5, 3], + g [1, 1]s, 
GH= CE $+ lo CE H) 
—q (3, $)», 
— PGE, P +e lg CE, 1). 
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In the partition, last written, the parts are given in separate 
rows so as to bring out the better that the special term stands 
out. It will be noticed that 3, the uneven integer of (%, 4), being 


prime to the modulus, the cyclic property presents itself. 


G D =CE, De—- PAR ih- (AB, F) +r AR, Ws +e OF, Ph, 
G D=, t-r CP, Be — FAR, hte CR, APs + 9” CAF, h. 
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There is no cyclic property in evidence, as we expected, because 
the leading element 5 is not prime tothe modulus. Each partition 
exhibits the full number of parts, viz. 5. 

Next we have the triad l 


(£ $= p) 
-q (F, P- PAE Ps 
+9? (AP, Fh +g EC, Fh, 
($, į) = (AP, $= F (AP, 4) 
+g” ($, $)o 
— P (AP, At) + g7 CE, Ys, 
GH= ih +O CP, Ph 
-P (AS, F) + 9 (38, F) 
= q ($. $), 


with the cyclic specification 
(513) (cf. mod = 3). 


The modulus 7. 
The standard partitions are 
(a, b) =(7a, b} 
—q°+? (Ta, 2a +b) + gt? (Ta, 4a + b} — q+ (Ta, 6a +b} 
— q (Ta, 2a — b} + q- (Ta, 4a — b} — q-* (Ta, 6a — b}, 
(a, b] =[7a, b} 
+ q**? (Ta, 2a +b]; + g+ (Ta, 4a +b] ++ [7a, 6a +b} 
+q* [Ta, 2a — b], + q- [Ta, 4a — b], + g°¢-* [Ta, 6a — b];, 
(1, 0)= (1, 0)» — 2q (7, 2), + 2g (7, 4), — 2¢ (7, 6), 
(1, OJ= [1, OJ,» + 2g [7, 2} + 24t [7, 4], + 2¢°[7, 6],, 
(1, 1] =2 (7, 1} + 2¢°[7, 3} + 29° [7, 5} +0” [1, 1J», 
(3, 4)= (a,b) + {g (At, 4), 
— 9 $h- IP (A BY: 
-P (È $) 
+ 9° C, H) -F fa CA h 
having the cyclic specification (1). 
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= (8,9) +{g CE Wh) 
—q ($, $) 
-E GE Ph- TG ER Dh 
+9 (8, E- E Ir AE, Ph, 


GD= Cf ay -ir A, Ph 
-P CE, $) +e {g CF, Ph 
-P CE, Yy- r e (AR, h 
+g“ ($, $), 


a group of 2 having the cyclic specification (31). 

The grouping of elliptic products is concerned with a product 
(a, b) or [a, b] and a modulus p such that u and a are relatively 
prime and b one of the ¢ (a) totitives of a. 

_ For the present I take y to be a prime number so that the con- 
dition for a is that it is not a multiple of p. 

Before proceeding to its study as a branch of the Theory of 
Congruences in Higher Arithmetic it may be stated that the 
groups that will be considered or other groups have properties 
connected with the external powers of q which present themselves 
in the partitions. i 

The explanation of the Tables will be found in § 3. 

The application to the partitions of elliptic products according 
to a given modulus may be instanced by reference to modulus 3 
and leading element 14 of Table I. l 

_ The six totitives of the integer 14, viz. 13, 11, 9, 5, 3, 1, are 
given in two cycles of order three, viz. 


(13, 5,11) (1, 9, 3), 


this means that the elliptic product (14, 13), when partitioned 
according to mod 3, has a part to a factor près (14, 5)», that (14, 5) 
has a part (14, 11)», and that (14, 11) has a part (14, 18). Also 
that (14, 1), (14, 9), (14, 3) have parts (14, 9),», (14, 3)», (14, 1)s: 
respectively. 

When the whole of the totitives present themselves in a single 
eycle, I term the leading element a an elliptic primitive of the 
modulus u. 

The Table II is derived from Table I, obviously, by restriction 
to uneven integers in both elements of the elliptic product. When 
the whole of the uneven totitives of the uneven leading element 
numerator a present themselves in a single cycle we may, pro- 
visionally, term the leading element an uneven primitive of the 
modulus. E 
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TABLE I. 


a, b integers; b a totitive of a. 


Mod 3. 
First element a Cycles of ¢ (a) numbers 

2 (1) 

4 (3, 1) 

5 (4, 2) (1, 3) 

7 (6, 2, 4) (1, 5, 3) 

8 (7, 3, 1, 5) 

10 (9, 3, 1, 7) | 
11 (10, 4, 2, 6, 8) (1, 7, 9, 5, 3) 
13 (11, 5, 7) (1, 9, 3) (12, 4, 10) (2, 8, 6) 
14 (13, 5, 11) (1, 9, 3) 

16 (15, 5, 9, 3, 1, 11, 7, 13) 
17 (16, 6, 2, 12, 4, 10, 8, 14) (1, 11, 15, 5, 13, 7, 9, 3) 
19 (18, 6, 2, 12, 4, 14, 8, 10, 16) (1, 13, 17, 7, 15, 5, 11, 9, 3) 


Primitives to the modulus 3 
2, 4, 8, 10, 16, .... 


Mod 5. 
First element a Cycles of ¢ (a) numbers 

2 (1) 

3 (2) (1) 

4 (3, 1) 

6 (5, 1) 

7 (6, 4, 2) (1, 3, 5) 

8 (7, 5, 1, 3) 

9 (8, 2, 4) (1, 7, 5) 

11 (10, 2, 4, 8, 6) (1, 9, 7, 3, 5) 
12 (11, 7) (1, 5) 
13 (12, 8) (9, 7) (11, 3) (2, 10) (4, 6) (1, 5) 
14 (13, 3, 5, 1, 11, 9) 
16 (15, 3, 7, 5, 1, 13, 9, 11) 

17 (16, 10, 2, 14, 4, 6, 8, 12) (1, 7, 15, 3, 13, 11, 9, 5) 
18 (17, 11, 5, 1, 7, 13) 
19 (18, 4, 16, 12, 10, 2, 8, 6, 14) (1, 15, 3, 7, 9, 17, 11, 13, 5) 


Elliptic primitives to the modulus 5 
2, 4, 6, 8, 14, 16, 18, .... 
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TABLE I (cont.) 
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Mod 7. 
First element a Cycles of ¢ (a) numbers 
2 (1) 
3 (2) (1) 
4 (3) (1) 
5 (4, 2) (1, 3) 
6 (5, 1) 
8 (7, 1) (5, 3) 
9 (8, 4, 2) (1, 5, 7) 
10 (9, 7, 1, 3) 
11 (10, 8, 2, 6, 4) (1, 3, 9, 5, 7) 
12 (11, 5) (1, 7) 
13 (12, 2, 4, 8, 10, 6) (1, 11, 9, 5, 3, 7) 
15 (14, 2, 4, 8) (1, 13, 11, 7) 
16 (15, 7, 1, 9) (13, 11, 3, 5) 
17 (16, 12, 8, 6, 4, 14, 2, 10) (1, 5, 9, 11, 13, 3, 15, 7) 
18 (17, 13, 7, 1, 5, 11) 
19 (18, 8, 12) (16, 14, 2) (10, 4, 6) (1, 11, 7) (3, 5, 17) (9, 15, 13) 
Elliptic primitives to the modulus 7 
2, 6, 10, 18, .... 
Mod 11. 
First element a Cycles of ¢ (a) numbers 
2 (1) 
3 (2) (1) 
4 (3, 1 
5 (4) (3) (2) (1) 
6 (5) (1) 
7 (6, 2, 4) (1, 5, 3) 
8 (7, 5, 1, 3) 
9 (8, 4, 2) (1, 5, 7) 
10 (9, 1) (7, 3) 
12 (11, 1) (7, 5) 
13 (12, 6, 10, 8, 4, 2) (1, 7, 3, 5, 9, 11) 
14 (13, 9, 11, 1, 5, 3) 
15 (14, 4) (13, 7) (2, 8) (1, 11) 
16 (15, 13, 7, 11, 1, 3, 9, 5) 
17 (16, 14, 8, 10, 4, 12, 2, 6) (1, 3, 9, 7, 13, 5, 15, 11) 
18 (17, 5, 7) (1, 13, 11) 
19 (18, 12, 8) (16, 2, 14) (10, 6, 4) (1, 7, 11) (3, 17, 5) (9, 13, 15) 


Elliptic primitives to the modulus 11 
2, 4, 8, 14, 16, .... 
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TABLE I (cont.) 


Mod 13. 
First element a Cycles of ¢ (a) numbers 
2 (1) 
3 (2) (1) 
4 (3, 1) 
5 l (4, 2) (1, 3) 
6 (5) (1) 
7 (6) (5) (4) (3) (2) (1) 
8 (7, 3, 1, 5) 
9 (8, 2, 4) (1, 7, 5) 
10 (9, 7, 1, 3) 
11 (10, 6, 8, 4, 2) (1, 5, 3, 7, 9) 
12 . (11, 1) (7, 5) 
14 (13, 1) (11, 3) (9, 5) 
15 (14, 8, 4, 2) (1, 7, 11, 13) 
16 (15, 11, 9, 13, 1, 5, 7, 3) 
17 (16, 4) (14, 12) (10, 6) (8, 2) (9, 15) (7, 11) (3, 5) (1, 13) 
18 = (17, 7, 5) 1, 11, 13) 
19 (18, 16, 10, 8, 14, 4, 12, 2, 6) (1, 3, 9, 11, 5, 15, 7, 17, 13) 


Elliptic primitives to the modulus 13 
2, 4, 8, 10, 16, .... 


Mod 17. 
First element a Cycles of ¢ (a) numbers 
2 (1) 
3 (2) (1) 
4 (3) (1) 
5 (4, 2) (1, 3) 
6 (5, 1) 
7 (6, 2, 4) (1, 5, 3) 
8 (7) (5) (3) (1) 
9 (8) (7) (5) (4) (2) (1) 
10 (9, 3, 1, 7) 
11 , (9, 7, 3, 5, 1) (2, 4, 8, 6, 10) 
12 (11, 5) (7, 1) 
13 (12, 10, 4) (8, 2, 6) (5, 11, 7) (1, 3, 9) 
14 (13, 9, 11, 1, 5, 3) 
15 (14, 8, 4, 2) (1, 7, 11, 13) 
16 (15, 1) (13, 3) (11, 5) (9, 7) 
18 (17, 1) (13, 5) (11, 7) 
19 (18, 10, 14, 12, 6, 16, 8, 4, 2) (1, 9, 5, 7, 13, 3, 11, 15, 17) 


Elliptic primitives to the modulus 17 
2,6, 10, 14, .... 


eS eS + SE ee ec o_o, . a 
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Mod 19. 
First element a _, Cycles of $ (a) numbers 
2 (1) 
3 (2) a) 
4 (3, 1) 
5 (4) (3) (2) (1) 
6 5, 1 
7 (6, 4, 2) (1, 3, 5) 
8 , 3,1, 
9 (8) (7) (5) (4) (2) (1) 
10 (9) (7) (3) (1) 
11 (10, 4, 6, 2, 8) (1, 7, 5, 9, 3) 
12 11, 7) (1, 5 
13 | (12, 2, 4, 8, 10, 6) (1, 11, 9, 5, 3, 7) 
14 (13, 11, 5) (1, 3, 9 
15 sa (1, 11) (14, 4) (8, 2) (7, 13) 
16 (15, 11, 9, 13, 1, 5, 7,3 
17 (16; 8, 4, 2) (12, 6, 14, 10) (5, 11, 3, 7) (1, 9, 13, 15) 
18 (17, 1) (13, 5) (11, 7) 
Primitives to the modulus 19 
2, 4, 6, 8, 16, .... 
= TaB Il 
a, b both uneven integers; b a totitive of a. 
= Mod 3. 
First element > a Cycles of ¢’ (a) numbers 
$ (3, $) 
5 (8, 8, 4) 
Az (3, $, , 4, 5) 
if _ Ox, $, $) ($, 8, 8) 
Az ($, W Fo $, 4a, f, $ 2) 
aR C R A, $B, a, 8, 3) 
Uneven elliptic primitives 
5, 7, 11, 17, 19, .... 
Mod 5. 
First element _ Cycles of ¢’ (a) numbers 
3 a G) 
$ ($, 2, $) 
3 ($, $, §) 
EA l ($, 8, %, 8, §) 
: | Ak, 3) ($, $) ($, 4) 
Jk a (Af, Beds y » 8, ! PhP 
kj (BME, 3, 3,8, AF, At, AA, $ 


Uneven elliptic primiti 
3, 7, 9, 11, 17, 19, .... 


< 


es 
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TABLE II (cont.) 


Mod 7. 
First element 5 Cycles of ¢’ (a) totitives 
3 ($) 
$ (3, $) 
3 ($, $, $) 
1A ($, $, $, $, 3) 
23 ( bd b $, ĝ, -9 ) 
y At, $, 
Ei (3, $, 8, 3, 8, 8, A, $) 
38 ($, 3 $) CB, Bat) (8, dF, AP) 


Uneven elliptic primitives 
3, 5, 9, 11, 13, 15, 17, .... 


Mod 11. 
First element 5 Cycles of ¢’ (a) totitives 
§ ($) 
$ (3) ($) 
$ ($, #, 4) 
3 ($, $, $) 
+f OA, 4,4, 3, 8, 8) 
ki Q8, $) Gz, 
Ag (4, $, $ g, 48, 8, 28, 32) 
Ap ($, £, AA) (8, AE, $) (8, 38, 45) 


Uneven elliptic primitives 
3,7, 9, 13, 17, .... 


Mod 13. 


First element ~ Cycles of ¢’ (a) totitives 


2 
($) 
(3, $) 
(3) (9) (4) 
(3, §, 9) 
(3,4, 8,8, 8) 
GA, $, f, A) 
(B, 45) (£, AA) (3, $) ($, 3) 
(3,9, 8, 4, 8, s EA, Ay) 
Uneven elliptic primitives 
3, 5, 9, 15, 19, n... 


soko of tog toh oho soma eofn tos 
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TABLE II (cont.) 
Mod 17. 


Cycles of ¢’ (a) totitives 


Cy, yt 
($, $, $, $, Ap 


Uneven elliptic primitives 
3, 5, 7, 11, 19, .... 


Mod 19. 
Cycles of ¢’ (a) totitives 


First element 5 
3 
$ 
f 
3 
a 
2A 
1A 
i? 
First element > 
3 
$ 
$ 
8 
42 
Af 
Af 
iy. 


($, 


$; b 


h) ($, P) 
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$ 
» $, gt, Ae, 47) 


(3,72, 3, 4) (a, 2s “Bs Af) 
Uneven elliptic primitives 
3, 7, 11, 13, ...- 


§ 3. 


When we regard the annexed Tables certain properties appear 
to be in evidence which now come up for examination. 

» being an uneven prime, a any integer prime to u and b any 
one of the ¢ (a) totitives of a, the integers b appear in the elliptic 
product discussion in two series each of which 


progression, viz. 


is in arithmetical 


b, 2a +b, 4a +b, ...(u—-l)at+b 4(~+1)terms (A), 
2a — b, 4a —b, ...(u—l)a—b (p -— 1) terms (B). 
Write 2ka + b = a, mod p, 
2ka — b = By mod p, 


80 as to obtain the two series 


Qo, A, a, e.o 


ĝi,» ĝa, eee By (u—1) 


Ai (u—1) 


(A’), 
(B’). 
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Since the common difference in each of the series (A), (B) is 2a@ 
and 2a is prime to u, we know that the residues which appear in 
(A’) are all different—so also the residues which appear in (B°). 
If 2a = è mod p, the residues in (A’) and in (B’) may be taken to 
have the common difference 6. 
The series are thus 
A, A +Ò, a + 26, ... a +$ (u — 1) ô, 
Bi, B, +ô, .» Bit (u — 3) ô, 
when reduced by the relations 
a, + kô = a mod p, 
By + (k — 1) ò =A; mod p. 
If the series do not terminate with the terms (u — l)a tb but are 
continued indefinitely, we write 
b, 2a+b, 4a+56,... (A,), 
2a — b, 4a — b, see (Bz); 
Q, Ai, Ag, oss (A'o), 
Bis Bs, ee: (Ba). 
By a known theorem the first p terms in each of the series 
(A'o), (B'o) are the u integers 0, 1, 2,... p—1l in some order. 
Thus for some values of t and 7 


| A; = B;. 
This being so it is clear that the two series 
Qi, iti, ++ Aitu- 


Bjs Bitis ++. Bitum 
are identical. 


Theorem I, Either the series (A’) involves the residue zero 
and (B’) does not or (B’) involves zero and (A’) does not. 
For suppose k and / to be integers such that 


2ka +b=0mod u, 2la—b=0 mod p, 
giving 2 (k+l)a= 0 mod p 
and k+l=0 mod p. 
If k+l= pu, we can only have k= 4(u+1), l=} (u — 1), an im- 
possibility because we cannot have simultaneously 
(u—1l)a+b=0 mod p, 
(„— l)a —b = 0 mod p. 
Hence zeros cannot occur in each of the series (4, (B). But the 
first 4 terms in each of the series. (4'»), (B'o) involves a zero, so 
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that we may have k+1<2y. Hence for some values of k, l, 
&+lt=y. Hence one and one only of the series (A’), (B’) involves 


zero, 

In a similar manner it may be shewn that if the residue + e 
occurs in the series (A’) the residue — e cannot occur in (B’). 

It follows that if b, be any one of the ¢ (a) totitives of a, we 
can uniquely select a term from the combined series (A), (B) which 
is congruent to zero for the modulus y. 

Dividing this term by u we reach the number b; which is also a 
totitive of a; thence from b, we reach a totitive b, and so on until 
finally we reach a totitive 6,;, which is equal to b,, and observe 
the cycle of totitives 


(bi, bg, ... 6,) of order s. 
It thus appears that the whole of the totitives of a can be arranged 


in a set of cycles of various orders as exhibited in the table for 
given simple values of p and a. 


Theorem II. If in any cycle of totitives b’ exceeds b, then in 
the same or some other cycle the totitive a—b’ succeeds the toti- 
tive a—b. 

Let 8 be a symbol such that @=1; 0 may be therefore either 
+1 or—1. Since 

21a + 6b = wb 


for some value of t, assume 
27a + 0 (a — b) = p (a — b’) 
for some value of 7; by addition 
2(t1+j)a+ 6a = pa 
or 27= p— 0-2% 
and J=4t (p — 0 — 2i) 


uniquely. Hence the succession a — b, a —b' follows from the suc- 
cession b, b' and the theorem is proved. 

In particular the succession b, b’ implies the succession b’, b, 
and there is a cycle of order 2, when 


a=b+0’, 
21a + 0b = u (a — bD), 
(u — 21) a = (u + 0) b, 
giving a=pu+0, b=p— 21, 


so that b is uneven anda=p+ 1. 
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Theorem III. A cycle of order 2 
(b,a—b) 
occurs when a = p + 1, b an uneven number. 


Let 6,;=1 so that we may put 6,=+1 or —1 at pleasure. 
In the case of a cycle of order s we have s equations 


21,4 + 6,5, = pbs, 
2na t+ Ob, = pb, 


2%,-14 + O,-16,-, = pbs, 
2ia + Obs = pb, 
and we find: 
Theorem IV. The integers in the cycle 
(bi, ba, ... Dg) 
are all of the same parity. As a result of this we have: 


Theorem V. If the order of the cycle be the maximum ¢ (a), 
a must be an even number. 


Theorem VI. An elliptic primitive to the uneven prime 
modulus u must be an even number. 


Theorem VII. The cycles in which the totitives of a appear 
for a given modulus are all of the same order. 


From the s equations above written we can eliminate the s —1 
quantities bz, bs, ... 6, and obtain the relation 
2 (tg po) + Og type? + 0, O51 Ugo pe? +... + O,0,_, ... 2%) @ 
= (ut — 0,0, ... 0.) b,, 


and by circular procession we can write down s -— 1 other relations 
of which the next is 


2 (iu + Otsu ™ + O Ost, we? +... + 0,0, ... Osta) @ 
= (ut — 0,0, ... 8) bz, 
and the ultimate one is 
2 (ty per) + Oya Vea pe? + Og Og _aty_gpe? +... + 8,05... Orts) a 
= (pu? — 0,0, ... 85) bg. 
Any integer 1, may assume values 
0, 1, 2, ... $ (u — 1), 


and 6, may be +1 or —1, but we may not put 7,=0, 0,=-1 
simultaneously. ; 
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Adding the s equations 
2 (pu! Fi, + wl ALO ia + o. + 20,0)». Oath) a 
= (p° — 6, 6, coe 0.) Èb. 


The product 0,0,...0,=+1, and the bracketed factors on 
each side of the tth of the s equations must possess a common 


factor so as to reduce their ratio to “ . Moreover, in the last 
t 


; : : 2 
equation written, the ratio of the factors must reduce to = : 


I hope to resume consideration of this subject on a future 
occasion. 
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On Mellin’s inversion formula. By Mr J. C. BURKILL, Trinity 
College. -- 
[Received 29 May, read 26 July 1926.] 


1. The extension of Mellin’s inversion formula expressed by 
the equations 


f= | ydg), 


g@=55[" sor 


has been considered by Fowler* who shows that some form of 
Stieltjes integral is essential to Poincaré’s proof of the necessity of 
the quantum hypothesis. Fowler confines his discussion to a 
restricted type of function @(y) which is sufficient for the physical 
problem. It will be proved here that the formulae hold with a 
general Stieltjes integral in the first equation. 

I have remarked elsewhere + that inversion formulae in Stieltjes 
integrals arise from integrals of the “discontinuous factor” type. 
The discontinuous integral in the present instance is 


bts ds 
on s (k > 0), 


which is equal to 1, § or 0 according as k >, = or < 1, the integral 
being interpreted as the principal value 


lim Z (k, T), 
T—=æ 
atiT 
where I(k, T) = i ke = 
a-iT . 


2. We need two lemmas on the behaviour of J (k, T). 
Lemma 1. If a>0, T>0, then 


Ool & 
|Z (k, t= lis tiogh (k> 1), 
| 1 ke 
|I (k, T)| <T ioga (k< 1), 
|I (k, T)- 4| <p (k=1). 


* Proc. Royal Soc. (A), vol. 99 (1921), pp. 462-471. An account of Mellin’s 
formula in the ordinary form (without Stieltjes integrals) is given by Hardy, 
Messenger of Math. vol. 47 (1918), pp. 178-184 and vol. 50 (1921), pp. 165-171. 

t ‘‘ The expression in Stieltjes integrals of the inversion formulae of Fourier 
and Hankel,” Proc. London Math. Soc. (unpublished). 


Mr Burkill, On Mellin’s inversion formula 357 
Cor. I(k, T) tends to its limit uniformly in the intervals 
0<S<kel—sand1+sb<k<k. 
For proofs, see Landau, Primzahlen, 342. 
Lemma 2. As To, 
. I(k, T)=0 (1) 
uniformly in k for 0 < ki < ksk. 


Writing m = log k—so that m lies between fixed bounds—we 
have 


r os 
I (k, T=% cos mt +isin mt 4 
2r 


-T a+it 
-Ef acos mt +tsin mt y 
Oar -T @ +e 


mT z 
=0(1)+0|{ usin gu 
0 


mê a? + u? H 
Since u?/(m?a? + u?) is an increasing function of u, the second 
mean value theorem shows that the integral in the second term is 


T? | mT sinu J 
a4 Tej, u 

where a is between 0 and mT, which is O (1), and the lemma is 
proved. 


3. We can now prove the main theorem, 

Theorem A. If | 
(1) $(y) has bounded variation in 0 <y <k for every k > 0, 
(2) (y)=4 {$ (y+ 0) + $(y— 0), | 
(3) (+0) =0, 


(4) | y~ | de (y)| converges where a> 0 
0 


and | i yE |do (y)| converges where B <a, 
and if 

(31) f= f ydo) (8< o <a), 
then will 

(3'2) (x) = al fOr5 (B<a<a,a>0), 


%0 ra+iT 
where the integrals (8:1), (3:2) are respectively lim | , lim | 
; € a-iT 
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From (4), | j y~*d¢(y) is uniformly convergent in any rectangle 
0 
a<a<oa<8 <B, —-Tst<T 
and f(s) is regular in a< ø < £ 
Substituting the value of f (s) from (3:1) in the right-hand 
side of (3:2), we have 
: att T a oe 
Ea oil. as ds |“ y* do (y). 


Since the inner integral is uniformly convergent for the values 
of s in question, we may invert the order of integration and obtain 


lim lim | ( T) dg (y). 
Split up this integral into 


i k æ 
ff + S A 
By Lemma 1, the h tlas in the first and last integrals is 
O (y~*) and in the second and fourth it converges uniformly to its 


limit as T—>æ ; and in the third integral the integrand is bounded 


by Lemma 2. 
The proof is completed by choice of n, k, ô in exactly the same 
way as that of the main theorem in my Fourier-Stieltjes paper 


referred to. 


4. If in Theorem A we replace y by œ we obtain the ex- 
ponential form of Fourier’s inversion formula. 


Theorem B. Jf 
(1) p(y) has bounded variation in O gy <k for every k>0, 


(2) $ (y)=ż} [$ (y + 0) + $ (y — 0)}, 


(3) (0) =0, 
(4) | eP | dd (y) | converges, 
and if 
(#1) f= |7 endo) (8<0), 
then will 
(42) posan SOF (B<a,a>0), 


a+ 
where the integral (4'2) is lim f 


a~t 


| 


4 
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If in particular @(y) is a step-function, this reduces to the 
Cahen-Hadamard-Perron formula for the sum of the first n co- 
efficients of a Dirichlet series. 


5. We may extend Theorem B to give an inversion formula 
involving Bessel functions of the third kind instead of exponentials 
by starting with an appropriate discontinuous factor. Such a 
factor 1s 


1 feta 71), (2) 
6D gah g Ee (isy)y* Hyn (ian) om ds, 


where 2 > 0, y > 0, a > 0, which has the value 1, 4 or O according | 
as y<, = or >x. This integral has been applied by Oppenheim* 
to the discussion of lattice-point problems. 

We need lemmas corresponding to (1) and (2) of § 4. These 
are easily established by writing the integral (5:1) as 


1 a+iT a-iT ati 
=) ae a e 
2m |J a—iT aio a+iT 
substituting in the last two integrals the asymptotic value of the 


integrand t et Z- ey fı +0 (7) 
8 \y t 


and then applying the results of lemmas (1) and (2) above with 
e= in place of k. 

In ab a from exponentials to Bessel functions an extra 
condition—(4) below—has to be introduced to secure the con- 
vergence of the Stieltjes integral at the origin. The precise state- 
ment is as follows. 

Theorem C. If 

(1) $(y) has bounded variation in 0 <y <k for every k >0, 
(2) (y) =} {$ (y + 0) + $ (y — 0), 
(3) $ (+0)=0, 


(4) | r(y)l dp (9)! converges, 


where A (y) ts y-™, logy or 1 
according as p> =or <0 
and | * er by | dp (y)| converges, 


* A. Oppenheim, ‘‘Some identities in the theory of numbers,” Proc. London 
Math. Soe. (Records), vol. 24 (1925), p. xxiii. Iam indebted to Mr Oppenheim for 
sending me in MS. the part of his work dealing with discontinuous factors. 

t Watson, Bessel Functions, p. 198. 
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and if 


(5:2) J o= (G JH H, (isy) y-* do (y) (8< o), 
then will 
atia (2) 
(63) swz G J He (ian) a+! f (8) ds, 


where B < a, a >0 and the integral is the principal value. 
From a different discontinuous factor we obtain the pair of 
formulae 


(54) sO = [7 (F) He G) db), 
atte ; H® 
(55) ¢ (x) =— mail. (5) H _1 (182) atl f(s) ds, 


provided that we now define A (y) in condition (4) to be 
1, log y or y7?” 
according as p>, =or <0. 
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Note on the extension to higher space of a theorem of Wallace. 
By Mr J. P. GaBpartr, Peterhouse. 


[Received 18 June, read 26 July 1926.] 


The theorem is attributed to Wallace* that, in a euclidean 
plane, the circumcircles of the triangles determined by four lines, 
of general position, meet at a point. It is further knownf that, in 
euclidean space of n dimensions, the circumhyperspheres of the 
simplices determined by n + 2 flats, of general position, meet at a 
point, if and only if n be even. 

The following closely related theorem is also known}: In 
euclidean space of n dimensions (whether n be odd or even), if the 
n+1 points Ay, Ay, ..., Ann determine the base-simplex, and if 
A,; denote any point on the edge AxA; (t, 7=0, 1, ..., n); then 
the n +1 hypersphcres, [S;], determined respectively by the n+1 
groups of points Aj, Án, ..., Ain meet at a point. Haskell has 
remarked* that, if and only if the n+ 1 radical flats of the circum- 
hypersphere of the base-simplex, and the n+ 1 hyperspheres [S;], 
respectively, meet at a point, then that point is common, not only 
to the hyperspheres [S;], but also to the circumhypersphere; and 
that the analytical expression of the appropriate condition for this, 
when the $n(n+1) points A; lie on a flat, is the vanishing of a 
certain skew-symmetric determinant, A, of order n+1. If n be 
even, such a determinant vanishes 1n all cases; and the extension 
of Wallace’s theorem to space of even dimensions follows. 

If n be odd, the determinant A does not generally vanish, but 
is the square of a function, P, the Pfaffian of the elements of A; 
and P is a factor of all the (non-vanishing) first minors of A§, Thus 
the vanishing, as a special case, of A involves the vanishing of all 
its first minors. It does not seem to have been noticed that this 
amounts to the theorem that, if n be odd, and if the n+1 radical 
flats, referred to above, have a point common to all, then they have 
a line common to all; and therefore that: Zn euclidean space of n 
dimensions, where n is odd; if n+2 given flats satisfy a single 

* ‘Scoticus,’ Leybourn’s Math. Repos., N.S., 1 (1806), 170; see Mackay, Proc. 
Edin. Math, Soc. 9 (181), 87. 

t Grace, Trans. Camb. Phil. Soc., 16 (1898), 153-190 (163) ; Kühne, Crelle, 119 
(1898), 186-195 (corrected by H. F. Baker, Proc. Camb. Phil. Soc., 22 (1924), 
28-33); Haskell, Arch. d. Math. u. Phys. (3), 5 (1903), 278-281. 

t For two dimensions, Miquel, Liouville, 3 (1838), 485-487; for three dimen- 
sions, 8S. Roberts, Proc. Lond. Muth. Sor., 12 (1881), 102, 117-120, ibid. 25 (1894), 
306-314; for four dimensions, Grace, loc. cit., (168) ; for n dimensions, Haskell, 


oc. cit., W. F. Meyer, Arch. d. Math, u. Phys. (3 ), 5 (1903), 282-287. 
§ See e.g. Scott and Mathews, Theory of Determinants, ed. 2, Cambridge (1904), 


362 Mr Gabbatt, Note on the extension to higher space, etc, 
condition, then the curcumhyperspheres of then+2 simplices deter- 


obvious that, in the case in question: The centres of the n+ 2 
pa porres lie on a flat, viz. the common tangent flat to the hyper- 
spheres at the point at in finity on their common line. 

In general, two real hyperspheres cannot have a single line in 
common. It follows that, if n+2 flats satisfy the condition in 
question, ria cannot all be real; but the theorems may, of course, 
be projectively extended to the case of n+2 real quadrics which 
have a common section by a real flat. 

In three dimensions, two spheres which have a common line 
touch at one finite oint, generally unreal. It is easy to shew that, 
conversely: If, of be curcumspheres of the tetrahedra determined 


by five planes, any pair touch (at a point other than a vertex of one 
of the tetrahedra) - then ever 


contact all lie on a line, whic 
spheres. 


h ts a common generator of the five 


y pair touch, and the ten points of 
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A mathematical theory of natural and artificial selection. Part 
ui. By Mr J. B. S. HALDANE, Trinity College. 


[Received 9 July, read 26 July 1926.] ” 


In this part the cases of a single but incompletely dominant 
factor, and of several interacting factors are considered. Mating is 
supposed to be at random, populations to be very large, and 
generations not to overlap. The notation is, so far as possible, that 
of Part 1 (1). 


Selection of an incompletely dominant autosomal character. 


Let the nth generation be formed from female gametes in the 
ratio un A :la, male gametes in the ratio v, A : la. The nth genera- 
tion is therefore in the proportions u,v, AA : (un + v,) Aa: laa. 
Let the ratios after selection has occurred be: 

j Í Unn AA :(1— Km) (untv) Aa :(1-— km)aa, 

Es 2 Unwn AA :(1— Ky) (un +0) Aa : (1 — ky) aa, 
where Ky, Ky, km, ky are small. 

uL, = Eunan + CL = Ky) (ttn + On) 
si (1 — Ky) (Un + Un) + 2 — 2hy’ 


Un — Un 


Hence, since is clearly small, 


Un — Un Un (Kyun — Ky + hy) 


Aun = a aac cn , approximately, 
_ Un — Un Un (K mun — Km + km) : 
and Av,= a lẹ `’ approximately. 


Au, and Av, can be shewn to differ by a small quantity of the 
second order. 
_ u, (hu, — K +k) 
7 l+u, 
where K =4(K;+ Km); k= ġ (ky + km). 


Equilibrium can only occur when Au, = 0, i.e. u, tends either 


Au, 


to zero, infinity, or to 1 — RK Hence for equilibrium to be possible 
$< 1. If K be positive, i.e. heterozygotes are at a disadvantage 


compared with pure dominants, then Au, 2 0 according as 


unz l- E Hence the equilibrium is unstable if it exists. If K 
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be negative the equilibrium is stable if it exists. We have thus 
three cases to consider. In each 


dun _ un (K Un — K +k) approximatel 
Ae pp y» 


and the proportion of recessives y, = (1l + un)? 


a o equilibrium, — > 1. 
(a) No equilibri > 1 


k-2k Ku,- K +k j 
(k — K)n = log, tn + K log. (eas). 2 


making the usual convention that u, = 1. 

Hence the values of u, lie between two geometrical series, and 
selection is therefore vastly more efficacious on recessives than 
when dominance is complete, as in equations 2'4 and 4°3 of Part 1. 


(b) Stable equilibrium, k > K, 0 > K. 


Un 2K -k Ku,-K+k 
aoe (K —k) n = log. (=) + k loge (KEKI) ae a | 2). 


We must take u, 2 1 So according as u, Z 1 -“ř: 

Here again successive values of u, lie between two geometrical 
series, so that the population proceeds fairly rapidly towards 
equilibrium. As Fisher (2) has pointed out, such cases probably 
occur in nature in connexion with factors governing size, where 
the heterozygote is at an advantage as compared with either type 
of homozygote. 


(c) Unstable equilibrium, K > 0, K >k. 


The population proceeds towards homozygosis in one direction 
or the other. This case can hardly occur in nature, as any mutants, 
either in an AA or an aa population, would be weeded out while 
still few in number. 


Selection of an incompletely dominant sex-linked character. 


The female sex 1s throughout supposed to be homogametic; if 
the male is homogametic the argument is the same, mutatis 
mutandis, Let the nth generation be formed from ova in the ratio 
UnA : la, female-producing spermatozoa in the ratio vA : la. 
Let the ratios of the nth generation after selection be: 


$ Unt, AA : (1 — K) (tn + v,) da : (1 —h)aa, 
Jf UnA:(1-—k)a, 
where K, k and k’ are small. 
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7 _ 2Untn + (1 — K) (ttn + vn) 
"H (1 — K) (ttn + 0) + 2 — 2k’ 


Un 
Un+1 = 1l _ k' ° 


Un , , 
ee Aun = Ain = 3797 (2K +B) Un — 2K + 2k + i’), 


approximately, ...... (2'0) 
and U, = Va, approximately. 


ee 2K — 2k- k 
Hence u, tends to zero, infinity, or acy ae a 
k+k’ 1 , : ; 
OK ak <3: It is stable if 2K +k’ be negative, 
unstable if this quantity be positive. In each case 
dun ttn (2K Uy + k’u, — 2K + 2k +k’) 
dn 3 (1+ un) 


and the proportion of recessive females is (1 + u,)~*, of recessive 
males (1 + un). Three cases occur. 


» Equilibrium 


is possible if 


, approximately, 


a k+k 1 

(a) No equilibrium, K+ > 5: 
_ 2k+kh-2K | 2k-4K 2Kun+k'un—2K+2k+k 
i 3 Be Mat igy k oge ( 2k + 2h ) 


putting u=1. Selection therefore proceeds much as according to 
equation 7'2 of Part 1. 


(b) Stable equilibrium, 0>2K + k’, 2k +k >2K, 

_ 2K -2k-k’ -log (un 2k—-4K Q2Khuj,tk’u,—-2K 4+ 2k4+k 
ora” A or) 2K +k (aRar grey: kus —2K+2k+ i) 

ewe 2) 
where u, 2 u„ according as un Z u,. 

The results of Robertson (3) suggest that milk-yield in cattle 
depends on one or more sex-linked factors which act most effectively 
when heterozygous, besides autosomal tactors. If so human effort 
in this case has given K a negative value, while k and k’ are 
nearly zero. Hence an equilibrium should be reached. 

(c) Unstable equilibrium, 2K + k’ > 0, 2K > 2k + K. 

The popu enon proceeds in one direction or the other to homo- 
zygosis. This case can hardly occur in nature. 


Multiple factors. - 
Many cases exist in nature where several factors are needed to 
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ensure the appearance of a character. Thus in wheat Nilsson- 
Ehle (4) found that any one of three dominant factors will produce 
redness, that is to say a white plant must be a triple recessive. 
On the other hand Saunders (5) found that in Matthiola three 
dominant factors are needed for slight hoariness, four for complete 
hoariness, so that a hoary plant is a multiple dominant. In other 
cases the effects of factors are merely additive, and selection will 
act on each independently of the others. It will be shown later 
that linkage between factors, unless very strong, is unimportant. 
We shall therefore at first consider unlinked factors, and shall 
confine ourselyes to the case of complete dominance. 


Selection of a multiple autosomal recessive character. 


Let A,, Ay,...A;,...4m be m autosomal dominant factors, each 
of which produces the same effect, so that the multiple recessive 
alone competes with the other genotypes. Let 1 — k of this type 
survive for every one of the others. Tet Yn be the proportion of 
multiple recessives in the nth generation, formed from gametes in 
the proportion ,v,A,: la,, and similarly for the other factor pairs. 
Then the nth generation consists of zygotes in the ratios: 


rly? Ar A, : 2,u,4,a, : la,a,, ete. 
Yn = IT (1 + yu). 
r=1 


Of the a,a, zygotes only y,(1+,,)* are multiple recessives. 
Hence 
rly (1 + rùn) 
l+ Un — Ayn (lL + rún)? 


Artin = hYn pun (1 + run), approximately, if k be small. 


rung = 


Putting «= kn we have approximately : 


d jn 
dx = Yn itty (1 + Un) 


d Un 
dy = Yn rUn (1 + rún) 


To eliminate the u’s from these m equations put s, = — ==. 
1 Erun 

ds, 

dz = YnSr- ra log Sr = [inda + log Apr. 
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.. 8 =a,8, where a, is an integration constant independent 
of n and given by the initial state of the population. 


Yn = [l (1 — a,s)? 
r=] 


kn = z = ds 


SYn 
The latter equation is integrable, and the elimination of s 
gives the required relation between y, and kn. 


dyn _ am 

ae 2Yn Z rtn» 
whereas if only one factor is concerned, 

dYn, ; 

da = 2Y n Un. 


Now comparing these rates for equal values of y, in the two 
m m 
cases, we note that since Yn? = 1 + un = H (1+,u,) e Un > Dun. 
=1 


r= r=1 
Hence selection is slower than in the case of a character deter- 
mined by one factor only. When however dominants are very 
rare, or when one a, greatly exceeds the rest, i.e. one recessive 
factor is far commoner than the others, selection proceeds at about 
the same rate in the two cases. It is slowest when all the a,’s are 
equal. 


Selection of a multiple sex-linked recessive character. 


If A,, Ay,... Ar,... Am are sex-linked (the female being homo- 
gametic) the nth generation formed from eggs in the ratios 
ru,A : la, etc., and female-producing spermatozoa in the ratios 
nA : la, etc., while z, is the proportion of multiple recessive 
males, y, of such females, and k is the coefficient of selection. 


2 rUn rUn + rUn + Un 


u =c a ao ol TA a alk 
rUn+ Untrint2— 2hYn (1 + rún) 
EE EEE i, ee 
Aa I | — kzn(l + run) 

m 

= M (1 + un)? (1 + 0n). 
r=1 
m 
Z,= II (1 + rUn)”. 
r=] 


' Approximately „Un = Vn, Yn = 2n3. 
e BA Un = hun (l + pty) (22,7 + Zn). 
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rUn 


=a,8,W | 
Ioa a,s, we have a, constant, and 


As above, putting kn =x 


m ie 
Zn = I] (1 roses Q,S) 
r=1 


de o (4:0). 

kn =x=3 I e 

!S2n (22n +1) 
This again is soluble in finite terms by the elimination of s. 

Ta — 4248 (2z +1) 2 stn 
r= 
while in the single factor case 
on = — }2,?(2z, + 1) un, where u,= 2,7} - 1. 


Comparing these rates for equal values of z,, we find 
as above u,>2,U,. Hence selection proceeds more slowly with 
many factors than with one. When, however, dominants are very 
rare or one a, much larger than the rest, selection proceeds as 


with one factor. 
Selection of a multiple autosomal dominant character. 


When each of m autosomal dominant factors is needed to 
produce a character, we find, using the same notation as above 
except that y, is the proportion of dominants, 


Ya = i [1 —(1 + ttn) J, 
r=1 


d rUn Yn (1 + rity) 


dx 2+ Un 


(1 + ,Un)e = Q$. 
Hence the problem can be reduced to the elimination of s 
between: 


, with m — 1 similar equations. 


1 trun — ol¥nde 


y= ÑC ($0) ) - 


sy 
where ¢ is defined by the equation t = ¢ (t) et ©. 
Numerical integration would be possible for known values of a,, 


‘din 9 .% 1 
de 2Yn 2 rUn (2 + ply)?’ 
while in the single factor case 
dyn n 2Y 


de Un(2 + un) 
Now when one a, is very much smaller than the rest these two 
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rates are nearly equal for equal values of y,. When all the a,’s 
are equal, 


dyn _ i -} -? = -3 -1 
os = myx| (1 yn ) +1] (1-9 ) -1] : 


The ratio of this rate to the rate with a single factor (putting 

t™ = y,) 1s 
mt™ (1+ V1—#) (1-1)? 
(l+v1-—t)(1-¢")} 

When ¢ is small this tends to the small mé™—); when ¢ 1s nearly 
unity, to m~? which is also small. The ratio when all the a,’s are 
equal is, by Purkiss’ theorem, the minimum value. Hence it would 
seem that in general natural selection acts more slowly on a 
multiple dominant than a single dominant. The case of a multiple 
sex-linked dominant and various more complicated cases present 
still greater difficulties to analysis, though of course individual 
cases could always be solved numerically. 

Linkage. 

Consider two autosomal factors A, B, linked with such intensity 
that the cross-over value is 100Z in the female, 100V in the male 
sex. Let the nth generation be formed from :— 

eggs PrAB : qnAb: rnaB : s,ab, 
spermatozoa p, AB: q,,'Ab:7r,/aB: s,/ab, 
where pnt Qnt+Tnt8n = Pn n ttn +8n = 1. 
The nth generation therefore consists of :— 
Pap ABAB : (pagn + Pn Qn) ABAD: (patn’ + pn’ Tn) ABaB 
: qnn ADAD : (PnSn + Pn Sn) AB.ab : (Guta +n rn) Ab. aB 
: TnTn AB .aB : (dn8n +n 8n) Abad : (Tan8n + 1p'8n) aBab 
: 8,8, abab. 
If no selection occurs they produce gametes in the proportions : 
2Pn+ı = Pat Pn +1 (GnTn +n Tn—PnSn — Pn Sn) 
2¢n41 = dnt Qn -l (qn Tn + qn Tn —PnSn g Pn Sn) 
2rni = Tn + Tr — l (anra + qn Tn — Pnn — Pn Sn) 
28n41 = Sn + Sn +1 CA Ta + Qn Tn — Pn Sn — Dn Sn), 
whilst the values of pn,,’, etc., are given by the same expressions 
with 7’ substituted for l. Hence after one generation 
Pn + Qn ana Pn + Qn 
Tn + Sp Ty + Sp’ 
have the same constant value u, while 
Pnt Ta _ Pn +7; = 
dn HSn Qn +Sn 
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We may therefore write: 


b + Zn; = = : 
Pa“ t(l +o) i PSF) 
v ; 1 
POTYA E AST o ™ 
EE o E E p u Y 
Pa = tu dt A SAFA 
v l 


"m SAFO "> Sarot 
Qn¥n + Qn Tn — PaSn — Pn Sn = — 2 (Ln + Lp). 
£n = (1 — 21) (En t+ 2n); 2rn4,) = (1 — 21’) (En + ay’). 
Hence if z, + 2, =c, 
In =(§— (1—1) c ! 
n aet a=i- Pamio, Suntini (6:0). 
Hence the proportions of the various types of gamete approach 
asymptotically those which would be reached in one generation 
without linkage, the ratio of successive differences from the final 
values being 1—/—U’. Hence if either l or l is larger than k the 
effects of linkage are unimportant. A similar proof holds for a 
pair of sex-linked factors. 


Selection in a tetraploid organism. 


In a tetraploid race which is stable, i.e. yields only diploid 
gametes, five types of zygote and three of gamete exist. Gregory (6) 
and Blakeslee, Belling and Farnham (7) have shown that zygotes 
produce gametes as follows: 


Zygotes Gametes 
AAAA AA 

AA Aa 1A4A:1Aa 
AAaa 144A : 44a: laa 
Aaaa lAa: laa 
aaaa aa 


Gregory thought that AAaa gave 1AA : 24a : laa, but his 
results, as well as theory, suggest the above ratio. As in Part 11 
we first consider tetraploidy without selection, and then the process 
of selection in a population which would be in equilibrium but for 
that selection. Let the mth generation be formed from gametes in 
the ratios PmAA : 2¢g,A@:7r,aa, where Prnt+2¢n+1%m=1, and 
Um = P” S They form zygotes in the ratios : 

Qm Tm 
PAAA : 4DmgmAA Aa : (4qm? + 2Pmrm) 4 Aaa 
: Amim Aaaa : 7,’aa aa, 


— 


— 
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Pmt = Pm + 4 (qm? — Pm Tn) 
Qm+ = Ym — $ (Qm? — Pm m) 
Tmt = Tm + $ (dm? — PmTm). 
, Hence mi; = Um =u, and when equilibrium is reached 
qa =Po To i 
u? u 1 


Hence Po = Fu’ lo 74 uy? "o = TFU 


and the population in equilibrium is in the ratios : 


u* 4u? 6u? 
(1+uy AAAA : (1 + uy AA Aa : ie 2 
. au Aa Oe 1 
: al + uy aa ;: (i +u) aaaa. 


Putting Om = qm? — PmTm, We find Ons: = 40m, .°. Om = 374. 
`e Pm = Pm- T Omni 


m-l 
=P + > 6, 
r=0 
= py + $ (1 — 3") 6, 
gim 
= Pa — 9 6, eee eee eee eee ee ee ee (7-0). 


Hence the ratios of the different classes converge very rapidly 
to their final values. Under selection of a population which has 
reached such an equilibrium, if A is completely dominant, 


CIE + uy)’ 
dun kun 
dn TAEA n 

"if u= 1l, kn = log. Un + Bun + gUn? + fun? — 48... (T1), 
Hence when dominants are few un changes at the same rate as 


in a diploid organism; when they are many, much more slowly. 
To compare the change in the number yn of recessives we find 


kn=log.(1— yn?) — F loge ynt yn $ +4yn i+ hyn 3- 63...(T2), 


approximately, if k be small. 


dy n 2 = 
; dn Akya (Yn “—1), 
while in a diploid population 
dyn | i s3 
dn TT Ayn (Yn * — 1) 


Hence here too the rate is always slower in the tetraploids, 
though not much so when recessives are few. 


25—2 
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If dominance is incomplete, as is usual in tetraploid organisms, 
and after selection the zygotes are in the ratios: 


u,jAAAA :4(1—k,)uAA Aa: 6(1—4,) uy2?AAaa 
:4(1—4,) un Aaaa : (1 — k) aaaa, 

krunt +3 (ky — Ay) Un? +3 (ks — ka) Un? + (hy — ks) Un 

g (1 + un) 


approximately, if the coefficients are small. The possible equilibria, 
if any, are given by the roots of 


kiu +3 (k,—k,) ui? +3 (ks hy) uy +k — hs = 0. 


The various possible cases, and their stability, could easily be 
investigated. If the advantage of the Various genotypes increases 
or decreases with the number of dominant factors they contain, so 
that k, >k,>k, >k,>0, or 0 >k, >k, >k, >k, no equilibrium is 
possible, 


fy 
EEG TR) ue +8 (ky — S ta + a TA 


If k,=0 this contains a term proportional to un or uw, If 
k, +0 all the terms are logarithmic and selection is always rapid. 
But AAAa is more likely to resemble AA AA than Aa to 
resemble AA. Hence polyploidy diminishes the probability of a 
rapid selection in populations where recessives are few. Since 
stable polyploidy is only known in hermaphrodite plants there is 
no need to discuss cases of sex-linkage or ditferent intensities of 
selection in the two sexes. The theory can readily be extended to 
the higher forms of polyploidy. 


e Au, 


SUMMARY. 


Expressions are found for the changes caused by slow selection 
in populations whose characters are determined by incompletely 
dominant, multiple, or polyploid factors, and for the equilibria 
attained in certain of these cases. 
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The Summation of a Fourier Integral of Finite Type. By 
Mr S. PoLLARD, Trinity College. 


[Received 14 August, read 25 October 1926.] 


1, A Fourier integral will be described as of fintte type if the 
range of integration of the integrals by means of which the co- 
efficients in the Fourier integral are defined is a finite interval 
instead of the usual (— œ, 0). Thus 


F (a, cos sz + b sin SL) AS ....... cece eee (1'1) 
0 
is of finite type if there is a finite interval (p, q), such that 
a= f" fO cosstdt, b,= L [ro sin stdt, ...(1°2), 
T) p TJ 


where f(z) is the generating function of the series. 

Any Fourier integral is of finite type if the generating function 
vanishes for all sufficiently large values of x. Thus, if f(s)=0 
outside (p, q), the usual formulae 


1. = 1 f° 
a,= F fO cosstdt, b, = -F FO sin stdt, 


are equivalent to the above. 

It is easily seen that any Fourier integral can be expressed as 
the sum of two, one of which is of finite type and the other of 
which is of null type, ie. is such that its generating function 
vanishes in some neighbourhood of the point at which the Fourier 
integral is considered. When the generating function is not ab- 
solutely integrable in (— œ, œ) this division of the Fourier 
integral has much to recommend it as the difficulties presented 
by integrals of the one type are unlike those of the other type, 
and it only causes confusion to attempt to discuss them together. 
_ Inthe present paper it will be supposed that f(x) is integrable 
in the general Denjoy sense in (p, q) where p and q are finite, and 
that the coefficients a,, bs are defined by (1:2). To make matters 
quite definite it will also be supposed that f(z) =0 outside (p, q). 
_ The problem considered is that of the summation at a point æ 
Inp<ax<q of the integral (1:1), i.e. the behaviour of the integrals 


w k 
Ik (w) =f (1 — =) (a, cos sz + b, sin sx) ds 


a w — 20, 
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It will be supposed throuzhout that k>1. Under this con- 
dition it will be shown that the Fourier integral behaves in exactly 
the same way as the corresponding series. 


2. A simple calculation shows that 


. Ie. 
a, œs ar + b, sin a = =] JiÐceæs(t—zr)dt, 
-P 


"w .& “@ 
Bt Ge) (=È) ds J FO coss (t—2) dt. 
F.yo @ -P 
Before further progress can be made the order of integration 
in this integral must be inverted. Chovse, as is plainly possible, 
a constant y such that, when 9(t)=/(¢)—7, 


| g(t) dt =0, 
-P 


t 
and write G (t) = [o(w)du. 
-P 
Then 


[igo coss(t—2)dt=| 6 (teose(t—2)|" +s ["G@sins(t—ad 
P p p 


q ; 
=s |" G ®© sins (t — x) dt, 


-P 
since G (q) = G (p) = 0, and 


L= |"(1-2) as ert es dt 
-P 


TIO 


+ - [sQ -5) as [ow sin s (t — x) dt. 


Now G (t), as an indefinite integral, is a continuous function. 
Thus in both the integrals on the right the integrand is continuous, 
and the order of integration may be inverted, so that 


nosz yat |” (1-2) coss (t— s) ds 


1 [9 g sE 
+2] ema. s(1-Ż) sin s (t — x) ds. 
Since 


[sQ.-2) sins (t — x) ds = — al, (b-2) cos s (t — x) ds, 
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integration by parts shows that 
w k 
f aade | s(1 -<) sin s (t — x) ds 
p 0 w 


n |- G (t) F (1-2) cos (¢—a)as]" 


8 


+f oO dt f (a ~ sy cos s(t — x) ds 


8 


q w k 
=| gede | (1-2) cos 8 (t — x) ds. 
p 0 @ 
Thus : 
1 f? . s\F 
I,(w) == f fade | (1-2) cos s (t — æ) ds 
Tip 0 @ 
] q-2 w 8 k 
= JGD at f" (1 -*) AA 
3. The function 
s w k 
J (1 ~ =) cos tsds 
0 w R 
can be expressed in terms of functions which have been investi- 


gated by various writers in some detail. It may be rewritten in 
the form 


wYyk+ı (wt) 
1 
where Yk (t) = [ (1 — u¥ cos tudu 
0 


So. CAO nena (31), 


the function C;,,(¢) being the case p =k + 1 of 
| peter 
II (p+2r)’ 
This last-mentioned function has the convenient property 


d 
Ti Con (OS Cp (n (3:2); 


also for 0 <p <2 it is bounded, while for p > 2, 


Op) = È (-¥ 


tr- 


GO ppg ee 
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From this last, it follows that 


A 
ven (t), Say (OSKST) ae (3'4), 


yen (t) ~ : (hE) eessen (3:5). 


If r is any positive integer not greater than k +1, (3:2) to- 
gether with Leibniz’ theorem yields 


mom" O- A -rer ee 


t+ 


+...+ (Y (R41)... +7) Cr+ (0) 


fetrt ‘ 


Thus, by (3'3) and what precedes, as t -> æ<, 


yn” (t) =O (=a) (r<k-1) ...(3), 


=0 (z=) (r>k—1) ...(3°7). 


In the special case r= k, as t= x, 
1 C(t) 1 
IT (k) Yin (t) = per) +0 (za) 


sint 1 
=i +0 (aa): 


4 


For small values of ¢ it is convenient to proceed from the 
formula 


Ye) (t) = f, (1 — u) u" cos” tudu... (3:8) 
which yields 
Yen” (t) | < fa —u)tu'du=B(k+1,r +1). 
It is convenient to write this in the form 


a OSA siaaa (3:9), 


where, with the usual notation, A is constant relative to each 
function considered but may vary from function to function. 


4. For convenience the suffix k+ 1 will now be omitted, and 
y(t) simply written instead of y,4,(t). This makes the formulae 
easier to read and causes no confusion as k remains unchanged 
throughout each set of calculations. 
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If 7 is any positive number less than both g—a# and «—p, then 
[re +t). wy (wt) dt 
y 
z [Fe +t). oy (ot) |" (ia F (2 +t). wy (wt) dt, 
” ” 


where F(z) is an indefinite integral of f(x). 

As the integrals employed are Denjoy integrals, the use of the 
formula for integration by parts requires justification. Here it is 
valid because y (wt) is bounded, and therefore y (wt) is of bounded 
variation. 


In the range of integration 
A 
wy (wt) | < oF etl 
so that the term between the limits > O with 7 since k >l. 


For the remaining term it may be observed that, if (A, u) is 
any interval in the range (n, q — x), then 


r wy’ (wt) dt = Ç (ot) |" > 0. 


It follows, by Lebesgue’s convergence theorem, since F'(x+ t) is 
continuous, that 


7 F (a +t). wy (wt) dt +0 
en 


as w > 2. 
Thus [re +t). wy (wt) dt > 0.............8. (4'1). 
” 
Similarly [7 f(x +t). oy (ot) dt => 0... (4:2) 
p-z 


and, as w =- œ , the limits of I, (w) are identical with those of 


1 f2 
-- | f(x +t). wy (wt) dt. 
T I-n 
It is convenient to write this last expression in the form 
2 f ¥ Wy (et) dt, 
0 
where p (th=f(e+t)+f(e—t). 


5. It is easily verified that, as w = æ, 


2 fy (wt) dt 4, 
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so that the necessary and sufficient condition for summability (C, k) 
to s at z is 


w k o (t) y (wt) dt + 0, 


where d(th=f(r+t) + f(z- t) — 2s. 


In view of (41) and (42) the limits of this last-mentioned 
integral are independent of 7, so that 


limm w i" o (t) y (wt) dt = lim limm æ i o (t) y (wt) dt, 
e> - 0 >00 ww 0 


on the principle that a constant is its own limit. Thus the 
necessary and sufficient condition takes the form 


lim lim [w | " b(t) y (wt) dt =O aneen. (5'1), 
>00 -> - 0 


which is identical with the corresponding condition for Fourier 
series. 


6. Write 
t 
®, (t) = Í, jaya 


t 
b, (t) = | (udu, 


ecoeoaeeeeeevesesBeosveevueeveeeed 


Repeated integration by parts gives 
wo |" 4 (t)y(ot) at 
0 
ki 
: [eeo y (wt) — oD, (t) y (wt) +.. + (1Y 0D, (8) 9" (ot) 
+(-1)Pe" ih ®, (t) y (wt) dt 
0 
= wb, (n) y (wn) — œ ®, (n) y (wn) +...+ (— 1)" o P, (n) y (on) 
+(-17 tort | "D, (t) y” (wt) dt. 
0 
If r¢k, then (3°6) and (8'7) show that 


w? tH yP (wn) = O (=) (p=1, 2,..., 7 ~1). 


Also, by (3°5), wy (wn) = O (<). 
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Thus | 
v [Oy (at)dt= 0 (5) + narh ") ®, (©) Y" (wt) dt, 
and (5'1) is equivalent to 


lim lim| wt | ®,(t)-y (wt) dt| =0......... (6'1), 
10 wma 


which is accordingly another im of the necessary and sufficient 
condition for summability (C, k) to 8 at x. 


wrt “, (t) y” (wt) dt| = 


7. A sufficient condition is 
Per (ye E E (7:1), 
as t-» 0, where d,* (t) = : Tes Pra (u) “)| du 


and r is any positive integer less a k+l. 
For r — 1 g and so 
lim Tim | wf f "Dy, (t) y" (cot) dt | =0 
7-0 w- 0 
is a valid form of (6:1). 
Now 


ra (t) Y7 (cot) dt 


1/w 
S| w” | D, (t) y"? (wt) dt | + 
0 


wo a "ya (t) y (cot) dt 


1/œ 
< Aor | [D,a (t)| dt +0” la Id, (t)| -4 
0 
by (3°9) and (3°6), where e = min (1, k+1-—7), 
<5 [ene] |P, (t) | dt + A’ an |@,_,(t)| dt 


wan 


ran w Iw (7 tite" 
In this last expression the first term is none other than 
44 (0) 


which tends to zero by (7:1), while the second becomes on inte- 
gration by parts 


LEO, eae A OPS 


<A dr* (0) (l+e)A’M() f” dt 
~ (on) + A’ dr* (- )+ wo! Iw pte 


S 
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where M (n) is the upper bound of ¢,*(¢) in (9, 7), and tends to 
zero by (T1). 
The first two terms plainly tend to zero as w-» a. The last 
term may be written 
(1 +e) A’ M(n) ( 1 ) 
iol ial ol sai) ee A 
€ Lo (wn) 
and is annihilated by the operator lim lim. 
q>) ur 


Thus (7:1) is sufficient for summability (C, k) whenever r< k+l. 
In particular, when k is integral, 


r E E (7-2) 


is sufficient. 


8. A special case of (7-2) is 


when (7:2) follows without difficulty. 
Now (8'1) is also the condition that s is the limit (C, k—1) 
of f(u) as u—> zx, so that a suthcient condition for summability (C, k), 
where k is integral, to s is 
FS (uy>s (C,k—1). 


The analysis in Ķ 6, 7 may thus be interpreted as a direct 
o for Fourier integrals of the type considered, and also for 
enjoy-Fourier series, of Hardy’s sutħcient condition for sum- 
mability (C). Thus it is sufħcient for summability (C), i.e. 
summability by some Cesàro mean, that f(u) have a finite limit 
(C) as u => z. 


9. Suppose still that k is integral and that 


Pi te (9'1), 
where h, (t) = aR 


This new condition is much less restricted than (7:2), and it is 
highly probable that by itself it is not sufficient for summability 
(C, k). 

The necessary and sufficient condition for summability (C, k) 
can be taken in the form 


lim [im | ath | ” d: (t)-y® (cot) dt| = 0. 
0 


4-0 ww 
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Now 
1/to 
wt! F Di (t) y® (cot) at| sda f, | 2 Pel at 


1/w 
= Aw |” | de (£) | dt, 


which is known to tend to zero if ®,(t)——0. Thus, when (9'1) 
holds the necessary and sufficient condition for summability (C, k) 
is ; 
lim lim latt | ” &, (t)y (wt) at| = 0 Por (9:2). 
n0 w- 1/%w 


By § 3, y™ (wt) can be written in the form 
sin £ 1 
A tkr +0 (a) : 
1 
T k+ 
Now f’ DOi OF, 


which is not greater in Po value than 


u(n) f” ioe” nin) 
@ 1/w = 
where u (7) is the upper bound of ġ; (t) in P 1). o 
This last expression is annihilated by the operator lim lim and 


n->0 w- 


> 


it follows that (9°2) is equivalent to 


x. aes sin ot g 
lim Fim |r | © uea |= 
which may be rewritten as 
lan fin is FM a od t|=0. 
n->0 e-PRO 


This, however, since ġx aad is none other than the necessary 
and sufficient condition that the Fourier series of p, (t) be con- 
vergent to 0 at ¢=0. Thus, when ¢,(¢)->0 the problem of 
summability (C, k) is reduced to that of convergence in the 
ordinary way. 


10. A sufficient condition for summability (C, k) to s is 


dy (t)=0(1), de (t)=O(1) oi... seers. (10:1). 
For, by a test due to W. H. Young, the Fourier series of 
$r (t) is convergent if 


[14 fg. =o 
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Now, if k>1, 


LEAO Perl gO, 


dt tx- 
and so 


[iat (tb olf EEU (k— If PaO ae 


=tge* ()+(k-1) f h Ode 
=t.0(1)+(k—1).0(t) = 0(2), 


and Young’s test is satisfied. 


When k=1 
th, (t) = È, (¢), 


| ' |d (tg, (t)} | = total variation of ®, (t) in (0, t) 
0 


=f \e@id 
= tg." () = 0(0) 


as before. 
The condition (10:1) is thus sufficient in all cases. 
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On the descriptive form of Taylor's theorem. By Mr S. PoLLARD, 
Trinity College. 


[Received 14 August, read 25 October 1926.] 


1. The particular form of Taylor’s theorem considered states 
that: 


If f(x) is n times differentiable at a then 
(11) flat hy=f(a) +f’ (a) +... +S" (a) +0 (o 


where p=jhj. 

This may be termed the descriptive form of Taylor’s theorem in 
that it gives the behaviour of the remainder but not its analytical 
expression. Its value, on account of the extremely compact bye. 
thesis, can hardly be over-estimated. 

The theorem was originally given by W. H. Young and re- 
discovered by Fowler, who devotes to it one of the appendices of 
his tract on Plane Curves. Both these writers obtain the Theorem 
from the theory of indeterminate forms. 

A very casual inspection of the theorem will show that, if 
possible, ıt should be proved apart from the theory of indeter- 
minate forms because it is the one result which, when established, 
simplifies this theory more than any other. The analysis about 
to be given shows that it can be deduced without much trouble 
from the ordinary form of Taylor's theorem due to Lagrange. 


2. Write 
h” 
F(h)=f(a+h)—f (a) -hf (a) -... — 5 f(a). 
Then (1°1) is the same as 
F(h) 
oe Koma 
as h —> 0. 


_ Now the successive derivatives of F(h) up to the (n—1)th 
inclusive are respectively 


P(h) =f! (ath) =f’ (a) == Gy) 


hn 


PY (h) =f" (at h)—f" (a) = = Gop ()s 


F= (h) =f" (a +h) — f" (a) — hf" (a), 
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and these, since f”(a) exists, exist in some neighbourhood of 
h=0. Lagrange’s form of Taylor’s theorem can be applied to 
F (h) and yields 


F(h)= FO) + AP" O)+ 0+ gy F(R) (0<8|< 1) 
Ar i 
= (n—1)! Ti (a + Oh) — a (a) = Oh f” (a)}, 
for all sufficiently small values of | A |. 
Thus 

Fh) 9 (fh (a+ Oh)—- f(a) eg 

oe = Says 6h =a) 0, 
because eae —> f” (a). 


3. It is possible, by a modification of the above argument, to 
obtain a more precise statement of the theorem. For let 


w (p) | 
be the modulus of differentiability of f”— (æ) at a, i.e. the upper 


bound of - 
f" i (a) _ faça) 


for 0 < |t|< p. 
By the fractional form of Taylor's theorem, with Lagrange’s 
remainder, 
F(h) Fe (6h) f(a + 6h)—f"(a) n 
An Oh Oh —F" (a), 
n! . 
which is not greater in absolute value than œw (p). 
Thus (1'1) can be put in the precise form 


Flat hy=f(a)+ hf’ (a)+ 1.7 [f"(a) + bo (p)} 
where | @|<1. 


4. The theorem for a single variable has been extended by 
W. H. Young to the case of n variables. Here again a precise 
statement is possible. In the case of two variables it runs as 
follows: 

If f(a, y) is n times differentiable at (a, b) and O(c) is the 
upper bound of the moduli of differentiability at (a, b) of the 


unction 


far gagy (OD) (u+v=n—1) 
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then 

(411) f(ath, b+k)=f(a, b)+ df(a, b) 
+... + = d” f(a, b) + OO (p), 

where iE ered, 

‘ind ar f(a, b= (teks) Soy Cer ay 


The modulus of differentiability w., (€) of fa,» (x, y) at (a, b) 
is the upper bound for 0< |u|+]v|< c of 


Seat Suv (+ 4, ei Riad b) 
-u Tew (a, b) — UA aoe (a, b)|, 


and a(o) is the greatest of the n BN wu,» (£) where 
p+v=n-—l. 


Write Da. l, a 
; P P 
so that [b+] m|=1, 
and also  (t) =f(a + lt, b+ mt), 
so that S(ath, b+k)=¢(p). 


It is known that ¢ (t) is n times differentiable at t = 0 with 
$O)=(I+ms) fey)  (@=ay=2) 
z 3 bi b). 
Since Juv (2, y) = nae — f(e, y)  (wtv=n-l), 


it follows that 
p" Joo (0) _ gn(0) = s (n— 1): Pm” 


n+v=n-1 pe} y! t 


x fala Ub + mt)— fa,» (a,b) lt = fr» b) — mt Zf Dh 


so that, for 0< t< p 
n—1 ee n—1 (0 n 
POR PD paoe z CD! iu mja) 
ptv=n-1 M: 
={| |+| m |P Q (p) = 2 (p). 


Thus, by the result of § 3, 
$ (P) =$ (0) + po’ (0) +... + & 1$" (0) + ON (p)}, 
which is plainly another way of writing (4'1). 
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The correspondence between lines in threefold space and points 
of a quadric fourfold in fivefold space, established by a geometrical 
construction. By Mr T. L. Wren, St John’s College. 


[Received 17 August, read 25 October 1926.] 


1. This correspondence has been established by Mr H. W. 
Turnbull, Proc. Camb. Phil. Soc. vol. Xxu1. (1925), pp. 694—9, 
using a construction which leaves uncorrelated the lines of a 
special linear complex and the points of the quadric lying in one 
tangent fourfold; these have to be correlated by means of an 
independent construction. 

The geometrical construction described below gives a direct 
representation of the lines of a threefold space by the points of a 
quadric fourfold in fivefold space, with the same exception; but it 
will be shown that this representation involves a definite one-one 
correspondence between the remaining lines and points for which 
the construction is not directly applicable. 

For this construction we assume the existence of a quadric 
fourfold which has a definite tangent fourfold at each of its points, 
and contains three real planes with a common point, no two of 
which meet in a line. This assumption is suggested by the fact 
that the equation Papu + Papu + PrPss= 0, connecting the six 
Pliicker coordinates of a line in threefold space, represents a 
quadric fourfold containing the three real planes py = py = pu = 0, 
Pos = Pos = Pu = 0, and Pa = Psi — Psi = Pi + Pu = 0, any two of which 
meet only in the point Pa = Pa = Pie = Pa = Pu =O. Starting from 
this assumption, the existence of the two systems of generating 
planes on the quadric fourfold will be established with the aid of 
the construction in question. 


2. Consider, in fivefold space, a quadric fourfold F}? containing 
three real planes, p, o, 7, of which any two meet only in the 
point O. Then p, o, T must lie in T,, the tangent fourfold at O. 

Let S, be a flat fourfold not passing through O; and Q, the 
threefold common to S, and 7,. Then Q, cuts F}? in a quadric 
xè which has three real skew generators (lying in p, o, T respec- 
tively). The section of F} by T, is therefore a cone generated by 
the two systems of real planes which project the two reguli on 
x: from O; two planes of the same system meet only at O, while 
two planes of different systems meet in a line through O. 


3. Let a, b,c be three generators of the same regulus on «$; 
and r, 7 two planes in S, which pass through c but do not lie 
in Q,. The planes r, m’ determine a flat threefold A, belonging 
to S,. 


ee ee ee i ane ee ee oe —_— 


oee, 
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Any line J of A, which is skew to c will meet r, m’ in distinct 
points P, P’ not in 0,; the planes aP, bP’ then meet in a single 
point M, in S, but not in 0,;; and the line OM meets F} again in 
a single point L, not in 7,. 

Conversely, any point L of FZ, not in T,, is projected from O 
into a point M of S., not in ,; the planes aM, bM meet 7, 7’ 
respectively in distinct points P, P’ which define a unique line | 
(= PP’) not meeting c. 

In this way a one-one correspondence is established between all 
the real lines of A, which do not meet c and all the real points of 
F 2 which do not lie in T,. It remains to be proved that this corre- 
spondence involves a one-one correspondence between the lines of 
As which meet c and the points of Fẹ} in T, © 


4. Consider now in A, a plane a which meets c in a single 
int E; and a point V ofa not in m or r. 

As l describes the flat pencil through V in a, the planes 
aP, bP’ describe projective axial pencils in two flat threefolds 
of S,; these threefolds have in common a plane 6 which must 
contain the locus of M. 

The plane ô meets Q, only in the line e common to the planes 
aE, bE; and cuts the pencils a(P), b(P’) in two projective flat 
pencils in which e is self-corresponding. Hence the locus of M is 
a straight line z, which meets N}, in a single point Z, lying on e. 

If V is in y, but on c, the locus of M is a line x in the plane 
aV; and = still meets Q, in a single point (ae): similarly for V 
in r’. 

Thus in any case when | describes a flat pencil ¢ of which 
only one ray meets c, the locus of M is a line z meeting Q, in a 
single point Z on a generator e of x}. The plane joining O to x 
cuts F? in a conic to which belongs the line OZ; the rest of this 
conic is therefore a line f on Fë, meeting T, in a single point 
on OZ. The line fis the locus of L. 

The construction of paragraph 3 establishes a one-one corre- 
spondence between the rays of ¢ and the points of f, except for 
the ray meeting c and the point in 7,; these must therefore also 
correspond as members of the pencil @ and range on f, but it 
remains to be proved that all lines f which represent pencils ¢ 
containing a given line J, which meets c, must meet 7, in the 
same point. 


5. In A, take two fixed lines l, l, not meeting c, but having a 
common point V and lying in a plane a; then l,l, are represented 
on Fè by points L, L, not in T,. 

Any flat pencil ¢, to which /, belongs is represented on F} by 
a line f, through L,; and any flat pencil ¢, containing l, by a line 
fa through £,. | a, 


26—2 
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First consider only pencils ¢,, ¢ lying in a Since any ¢, has 
a ray not meeting c in common with all but one ¢,, the corre- 
sponding line f/, must meet all but one f}; and tice versa. It 
follows that all these lines fi, fz must lie in a single plane £. 
Thus all the lines of the plane a, except those meeting c, are 
represented on F by all the points of a plane £, except those 
in T,; and there will be one such plane £ for every plane a of A; 
which does not contain c. 

Similarly, by considering only pencils ¢,, ġe having V for 
vertex, it may be proved that all the lines of A, through V, except 
those meeting c, are represented on F by all the points of a 
plane w, except those in 7; and there will be one such plane w 
for every point V of ‘A, not on c. 


6. Thus on F? there is a system of real planes B representing 
all planes of A, not containing c; and a second system of planes w 
representing all points of A, not on c. 

Two planes £ will in general have just one common point 
outside T, (since the planes they represent have a common line 
not in general meeting c), and therefore in general two planes 8 
cannot meet in a line. Similarly for two planes w. 

A plane 8 and a plane w will in general have no common 
point outside 7; but if they represent a plane a and a point V in 
a they will have a common line f, which represents the flat pencil 
through V in a. 

Through any point L of Fè not in T, there must pass a single 
infinity of planes 8 representing the planes through the line l 
represented by L, and a single infinity of planes w representing 
the points of l. No,two of these planes @ can meet in any point 
besides L, and similarly for two planes w; but each plane 8 will 
have a line through £ common with any plane œ. All these 
planes 8 and w must lie in the tangent fourfold at L; and they 
must form two systems analogous to the two systems of planes 
through O, since any flat fourfold not passing through L will 
cut them in generators of the two systems on a ruled quadric 
twofold. 

The argument of paragraph 4 may be reversed to show that 
any line on Fë, not wholly in T,, represents a flat pencil (with 
the usual exception); it then follows that any plane on Fè, not 
wholly in T,, represents either a plane not through c or a point 
not onc. Hence the planes 8 and w through L are the only planes 
on Fè through L. 


7. It is now evident that, in the construction of ‘eaiy Sia 3, 
the point O may be replaced by any point L of Fẹ? not in 7,. If L 
be a point of Fè in 7’, and we take ZL also outside the tangent 
fourfold at Z,, then L, is not in the tangent fourfold at L. Hence 
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through any point whatever of F} there will pass two systems of 
real planes on F?, such that two planes of the same system have 
no other common point, while two of different systems have a line 
in common. 


Thus on Fè there must be two distinct systems of real planes ; 
two planes of the same system have always just one common point ; 
two planes of different systems have in general no common point, 
but may in special cases have a common line. One of these systems 
consists of all the planes 8 which represent planes not containing c, 
together with the planes of the same system in 7,; the other 
consists of all the planes w representing points not on c, together 
with those of the same system in 7;,. 


All the planes of Fin T, must pass through O, since «,? is a 
proper ruled quadric. 


8. Consider now the correspondence between the points of a 
plane w and the lines of A, through the point V, not on c, repre- 
sented by w. Since all but one of the fiat pencils through V 
are represented by lines f in œw, this correspondence must be a 
collineation. 


In this collineation the pencil of planes (a) through a line J, 
meeting c must correspond to a flat pencil of lines (f) in w; the 
vertex L, of (f) must be a point of 7, since it cannot represent a 
line not meeting c. 


All but one of the planes (a) through l, are represented by 
planes 8 on F}; each of these planes 8 must contain the line f 
corresponding in the collineation to the associated plane a, and 
therefore passes through Ly. 


Since two planes 8 can have but one common point, and J, is 
in the plane w which represents V, it follows that L, must lie in 
all the planes w which represent points of l. 


Thus the representation of lines of A, not meeting c by points of 
Fè not in T, leads to a definite point L, of T, associated with a 
line l, meeting c; namely the single point L, common to all the 
planes 8, w representing planes through h, and points on h, 
respectively. 


Any point L, of F} in 7,, other than O, is the single point 
common to a set of planes 8 and a set of planes w (paragraph 7); 
these represent respectively a set of planes a of which no two 
have a common line not meeting c, and a set of points V such 
that the join of any two meets c. From what has been said above 
it is evident that the line common to any two of these planes a 
must be common to all, and must coincide with the line joining 
any two of the points V. 
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The representation of lines not meeting c by points of Fẹ? not ir 
T, therefore involves a one-one correspondence between the lines 
meeting c and the points in T, other than O; leaving the single line 
c to correspond to the single point O. 


9. The correspondence between lines meeting c and points in T, 
ts of exactly the same character as the general correspondence. 

Any plane 8 meets T, in a line f not passing through O; the 
points of f, represent the lines meeting c of the plane a repre- 
sented by £. 

Any plane w meets T, in a line whose points represent the 
lines meeting c which pass through the point V represented by øw. 

The planes 8 representing all planes a through a given point 
V, of c will cut T, in lines f, any two of which must meet in the 
point of T, corresponding to the common line of the two associated 
planes a; these lines fo therefore lie in one plane. Thus the lines 
through V, are represented by the points of a plane in 7’; this 
plane must belong to the w-system since it is met by certain 
planes 8 in lines. 

Similarly the lines of a plane through c are represented by the 
points of a plane in T, belonging to the A-system. | 

Thus the planes on F} which lie in T, and pass through O 
present no exception to the general representation; those of the 
B-system represent planes through c, while those of the w-system 
represent points of c. | 

The character of the representation is therefore completely inde- 
pendent of the special elements O, Sy, a, b, c, m, m’, chosen subject 
to the restrictions specified in paragraphs 2, 3; and these elements 
provide no singularities in the correspondence between the lines 
of A, and the points of F?, although the construction fails to deter- 
mine directly the point in T, corresponding to a line meeting c. 
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On some resistance properties of a certain network containing 
inductances and capacities and their analogies in a vibrating 
mechanical system. By Mr E. B. Mourn, Downing College. 
(Communicated by Dr G. F. C. SEARLE.) 


[Received 1 May, read 26 July 1926.] 
(1) Introduction. 


In the network shown diagrammatically in Fig. 1, A,As, 
A,;A;, ... are resistances of values a,, as, ... Joined in series with 
one another, and A,4,, A,B,, ... are resistances of values 1/a,, 
l/a,, ...: the points B,B;, ... are all on a cable of negligible 
resistance. The members A,4A;, A;A;, ... will be called the series 
members of the network, and the members 4A, B;, A;B;,... will be 
called the shunt members of the network : the points A,B,, will be 
called the input terminals of the network. If a potential difference 
is maintained between the input terminals, currents will flow in 
the members of the network. 


Fig. 1. 


The more general network of which the system of Fig. 1 is 
a degenerate form is important in telegraphy and telephony; its 
properties depend on the character of the various members. In the 
degenerate case each member is a simple resistance, and then 
ai, d2, ... may represent portions of an overhead line, while 1/ag, 
L/a,, ... represent leaks at the points of support. The special case 
when a, =, ... and l/a,=1/a, ... has been examined previously. 
(See Dr G. F. C. Searle, F.R.S., Proc. Camb. Phil. Soc. 1915, Vol. 
XVI, p. 111, ‘Calculations of the electrical resistance of a certain 
network of conductors.’) 

The resistance Z,, measured between the input terminals of the 


network of Fig. 1 may be represented by the cuntinued fraction 
Z- +l 1 1 1 1 1 
A Ag+ datat artanit an 


We shall call Z, the input resistance of the network. 
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In an example of more general interest the branches of the 
network contain inductances and capacities, and an alternating 
potential difference v= V sin pt is maintained between the input 
terminals. 

If a current i= I sin(pt+a) then enters the network along 
A.d, and leaves it along B,B;, we term the ratio V/I the im- 
pedance of the network ; this quantity replaces the input resist- 
ance of the degenerate system. Important examples of the more 
general network are the “filter circuits” used in telephony. In 
these circuits the receiving apparatus is the final shunt member 
of the network and each series member combined with the suc- 
ceeding shunt member is called a stage; thus a filter has as many 
stages as it has shunt members. The voltage between the input 
terminals is often not simple harmonic and it may be undesirable 
that currents of certain frequencies should flow through the 
receiver: a filter system is then used to reduce these undesired 
components of current to a negligible amount and the degree of 
elimination depends on the number of stages in the filter. 


Bo 3 5 7 
Fig. 2. 


The circuit of Fig. 2 1s called the “low pass”’ filter and is used 
to exclude from the receiver (for example A; B,) currents whose 
frequencies are greater than some predetermined value. If we 
transpose the inductances and the capacities, as in Fig. 3, we 
obtain a “high pass” filter which excludes from the receiver 
currents whose frequencies are less than a certain value. If the 
individual members of the network contain both inductance and 
capacity we may arrange to obtain a “band pass” filter or a “ band 
stop” filter which permits or excludes respectively only currents 
whose frequencies lie within certain specified limits. 

In connexion with these circuits, certain impedance problems 
arise which deserve attention in general. Thus if Z, is the input 
impedance of the network when the alternator is connected 
between the input terminals we may wish to know what the 
impedance will be at the same frequency if the input terminals 
are short circuited and the alternator is inserted in series with 
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some other shunt or series member. Again, since both inductance 
and capacity are present, resonance will be possible and we ma 
enquire under what conditions resonance will occur. Further, if 
resonance occurs at a given frequency when the alternator is 
between A, and B,, will resonance necessarily occur at the same 
frequency if A,B, are joined and the alternator is inserted in some 
other member of the network? Also if resonance does occur again 
when the alternator is transferred to some other particular member, 
would it necessarily have occurred if the alternator had been 
transferred to any one arbitrarily selected member ? 

In either of the networks of Figs. 2 and 3, two forms of 
resonance are possible. In one case the system behaves as an 
“acceptor” circuit and the current it receives is a maximum and 
the impedance a minimum. In the other case the system behaves 
as a “rejector” circuit and the current is a minimum and the im- 
pedance a maximum. In the case in which the system is a rejector 
circuit to a given alternator placed in one member of the network, 
it is important to know if it will also be a rejector circuit when the 


Fig. 3. 


same alternator is placed in any one other member, or if it will 
then become an acceptor circuit or if it will fail to exhibit re- 
sonance. 

Similar problems arise in mechanical vibrations of certain 
systems of interconnected masses, for the equations of the currents 
in the network of Fig. 2 are the same as the equations of motion 
for a system of fly-wheels fixed on a light elastic shaft turning 
freely in bearings, or of a suspended system of heavy particles 
connected together by a series of light vertical springs. 

The torsional problem is of practical interest in the investiga- 
tion of torsional oscillations of the crank shaft masses of a multi- 
cylinder engine, and here one of our problems is as follows :—If 
any one of the cranks is actuated by pressure behind a light piston 
and resonance of torsional oscillations is produced, will resonance 
be produced if the same piston actuates any other crank and what 
will be the result of actuating every crank simultaneously by a 
similar piston ? 
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(2) Expression for the impedance of the network. 


We may still use the continued fraction (1) to express the im- 
aa of the general network, typified diagrammatically by 
ig. 1 and exemplified in Figs. 2 and 3, if we specify the meanings 
to be attributed to the quantities a,, as, .... The network is 
actuated by a periodic voltage v= Ve/?* applied between A, and 
B,, and in the final steady state, which we are here considering, 
the currents in the various branches will also be proportional to 


«pt, We may therefore replace A by jp and a by — p°: if this is 


done, we find that A,A, in Fig. 3 is represented by the complex 
quantity (r, +jpL,) We may express the same fact more directly 
as follows :—Every current can be analysed into a Fourier series 
of simple harmonic terms and therefore every component may be 
represented instantaneously by the projection of a uniformly 
rotating line of constant length. Now the voltage across A,A; 
consists of a component rt in phase with the current and a com- 
ponent pL,zi in phase quadrature with the current. So we may 
represent the voltage A,A, by another uniformly rotating line 
which is related to the current line by the vector equation 
V=I(r,+jpL,). Hence, in accordance with the well-known 
methods of making alternating current calculations, we may 
replace the a’s by complex quantities such that a = {r,+jpLy} 
and 1/a, = {r,—3/(pC;)}, where j = V—1. 

e may now proceed to use the properties of continued 
fractions ; the reader will note that all the quotients are in general 
complex quantities. 

Let p,/q, be the rth convergent of fraction (1). Then 


_ Yr Pra + Pr-2 _ Pra + Pro! Y; 
a A Qr-at ra Ir + Gr—2/ Y; 
1 1 


where Y,=a,+ 7 we. 
Apt) + Arte + An 


Now let A, and B, be joined and let the network be opened at 
A, and let an alternator be inserted between A, and A,’ as in- 
dicated in Fig. 4. We may note that the quantity Y, defined above 
is the impedance of the part of the network to the right of the 
points A, and B,. Let X, be the impedance of the network to the 
left of A,B,. Then according to the arrangement of Fig. 4 we 
have 


Ol 111 
j ” ar + ar t arst a 
When the alternator is placed between the points A, and 4,’ 
the circuit consists of an impedance Y, to the right of A, which 
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is in series with the impedance X, to the left of A,. Accordingly 
the impedance Z,, between the points A, and A,’ is given by the 
expression 
ye: Oe, ca E ee ere (3). 

We wish to relate Z, and Z,. It follows readily from the theory 
of continued fractions that 


Pr 1 1 l 1 

—— = 7 — + Tatty oo ae By y eee — = Ze cc eee 4 ) 

Pr-s not Art ps s+ a, X, (4) 

qr- ft 1 i 5 

qr "TR Ar—) + Gro + r $ eee nA TEEEREEEEZEEEEKEERKE) ( ), 
avd Ee Lt PE e AE (6). 


Pr— qr—2 Pr-2Yr—2 
In our notation r is an odd integer. Hence by (4) and (6) we have 


Fig. 4. 


On substituting in (2), we have by (3) that 


(= + 7) 

Z _ Pr-2 A, Y, Pr-2 TA slt): 

K 1 1 l ay ae ae X,Y, 
welt F) p 


Equation (7) connects Z, with Z,, X,, V+, Dro, Qr—a- 


(3) Resonance conditions. 


We will now find the conditions for resonance in a network 
whose members are subject to the following restrictions. 

(a) Every member is resistanceless, so that at resonance the 
impedance is zero or infinite according as the circuit is an acceptor 
or a rejector. 

(8) No one of the impedances a, Qs, As, ++ is infinite and no 

» one of the ithpedances 1/a,, 1/a,,1/a,,... is zero. This means that 
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no series member may contain inductance and capacity in parallel 
and no shunt member may contain inductance and capacity in 
series. 

Since p, and q, etc. consist of various products of the a's no p 
or q can be infinite on account of restriction (8). 


(i) Acceptor circuit from input terminals. 


We will first suppose that neither X, nor Y, is infinite. Then, 
from (7) Z, will be zero if p,_.=0, or if Z,=0, or if both p,_, and 
Z, are zero, provided that the denominator of (7) is not zero. 

If Z,=0, the system is an acceptor circuit, with A,B, joined, to 
an alternator placed between A, and A, and by (7) it is then also 
an acceptor circuit to an alternator placed between A, and B,. 
Thus we have proved that the network can be an acceptor circuit 
when it is energised by an alternator either situated in series with 
the rth series member or connected between A, and B,. 

Now we see from (6) that p,_,9+-2 — Pr—29r—-1 = 1, since r is odd. 
Hence, if p,- is zero, then p,_, is not zero, since no p or q is 
infinite. 

But, by (4), we have p,_,/p,-. = 1/X, and hence, if p,.= 0, 
then X,= 0 also. 

But we have seen from (7) that Z, is zero if p,..=0 and we 
see from (2) that this entails that Y,=0, since neither p,_; nor qy-s 
can be zero when p,.=0; accordingly X,=0 and Y,=0 and 
Z,=(X,+ Y,)=0. Hence the necessary and sufficient condition 
for the case where X, and Y, are finite is that Z, should be zero. 
Thus we have proved that if the network is an acceptor circuit 
to an alternator placed in series with a certain series member 
then it must be an acceptor circuit to an alternator placed be- 
tween the input terminals, 

If one and one only of X, and Y, is infinite then Z,= X,+ Y, 
will certainly be infinite; is it then possible that Z, should be 
zero ? 

We see from (2) that if Y, is infinite, then Z, is zero only if 
Pr- 18 zero. But we see from (4) that if p,— is zero then X, is 
infinite. Hence we find that Z, is zero if X,+ Y,=0 or if both X, 
and Y, are infinite*. In the first case the system is an acceptor 
from both positions of the driving alternator and in the second 
ee it is an acceptor from one place and a rejector from the 
other. 


* Though both X, and Y, become infinite at a certain frequency, it may be 
shown that their sum cannot be zero. Both X, and Y, consist of two parallel 
branches, one whose impedance is positive and increasing and the other whose im- 
pedance is negative and decreasing for a steady increase of frequency: hence the 
rate of change of each branch impedance is positive. From this it follows that 
X,/Y, cannot have the value — 1. 
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We have now proved that if the network is an acceptor circuit 
from the input terminals, then the same alternator will produce 
resonance if it is inserted in any series member whatsoever pro- 
vided the input terminals have been short-circuited. There will 
always be resonance but not necessarily acceptor resonance. There 
will be rejector resonance if, and only if, the alternator is placed 
in a member which previously carried no current: that is to say 
only if it is situated in a member which carried no current, and so 
may be called a current node, when the alternator was feeding the 
input terminals. Conversely we see that if an alternator at the 
input terminals causes a certain member to be a current node, 
then this member will remain a current node if the alternator is 
moved to it. 


(ii) Rejector circuit from input terminals. 


We will now examine the condition that the network should be 
a rejector circuit from the input terminals, in which condition Z, 
must be infinite. Remembering that no p or q is infinite we see 
by equation (2) that Z, is infinite only if 


F, = = Qr—2l Qr—-1 Serer eer eee ee ee er ee (8). 


Now both Z, and Z, can be infinite only if either X, or Y, is 
infinite: if both are infinite we have seen above that Z, is zero. 
Now if q,_, is zero, neither p,— nor q,—e can be zero. Therefore 
both Z, and Z, will be infinite if Y, 1s infinite and g,_, is zero 
simultaneously : also they will both be infinite if X, is infinite and 
Y, satisfies condition (8). We may note that if X, is infinite g,_, 
cannot be zero and so Y,=0 cannot satisfy (8), but that if Y, is 
infinite the condition that g,_, = 0 does not preclude the possibility 
that X, should be zero. 

So we find that if the network is a rejector circuit from the 
input terminals it will not be a rejector circuit when energised 
from some series member unless certain special conditions are 


satisfied. 


(4) Network excited from a shunt member. 


We will now consider briefly the conditions obtaining when the 
alternator is placed in a shunt member as shown in Fig. 5. Let 
X, be the impedance of the part of the network to the left of 
A,B, (excluding the shunt member A,B,). Then the impedance 
Z, presented to the alternator, consists of the impedance X, in 
parallel with the impedance Y,, and these two together are in 
series with the impedance 1/a,_,. Hence 


X,Y, ı 
=~) 4 4—— 
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Now Kyl = Op gt oe, 
and then X, = yg 
Hence xX, == re SaR (9). 
whence, using (9) we have 
Z; = ST aa ee (10). 


We see from (10) that Z; =0 if X,+ Y,=0, or if X, + Y, are 
both infinite. But we saw previously that Z,=0 in both these 
circumstances. If therefore the circuit is an acceptor circuit from 


the input terminals it will always be an acceptor circuit to an 
alternator placed in any shunt member, provided only the im- 
pedance of that particular member is not infinite. 

The conditions that the circuit of Fig. 5 should be a rejector 
circuit are readily followed from (9)a. In order that the im- 
pedances Z, and Z, should be infinite simultaneously, very special 
selection of the members of the network may be necessary. 

If we remove restriction (8) we can examine the resonance 
conditions only when we have specified which of the a’s have 
become infinite. 


(5) Illustration. 


To illustrate the various resonance conditions just developed 
let us consider the circuit depicted in Fig. 6, which represents a 
five-stage filter in which all the inductances are equal to Z and all 
the capacities are equal to C and all the resistances are zero. If we 
write 1/LC = p,?, and make suitable substitutions in (1) we can 
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show that the system is an acceptor circuit to an alternator placed 
between A, and B, when p?/p,? is a root of the equation 


yë — 10y + 3645 — 56y? + 35y — 6 = 0, 
and the roots of this are 
y =0°27, 1, 2, 3, 3°73. 
Acceptor condition for p/p? = 1. 


That p=~p, is a possible condition is readily seen, for at this 
frequency the portion to the right of A,B, has infinite impedance 
and its presence is not felt by Č. But L,C, is an acceptor circuit 
and therefore is a complete short circuit across C, which will there- 
fore carry no current. Hence 4, is in effect joined to B, and hence 
the portion to the right of A; has infinite impedance and in effect 
we are left with only L, and C; in series. The current will be large 
everywhere except in L3, Ls and C, where it is zero. 


Li Az L2 AsL 


1004 000 U¢ nd 0 


Bo D3 D5 
Fig. 6. 


Let us now join A,B, and place an alternator in series with L,. 
The portion to the right of A; has zero impedance and thus Y = 0. 
The portion to the left of C, reduces to a zero impedance shunting 
C, and hence X = 0 and the condition X + Y = 0 is satisfied. 

If we now remove the alternator from ZL, and place it in series 
with L,, we see readily that-Y is infinite. But we have just seen 
that C, is short-circuited by the system to its left and so in effect 
A, is joined to B.. Consequently X consists of L, in parallel with 
C, and this circuit has infinite impedance. Consequently the con- 
dition that both X and Y are infinite is satisfied and we have an 
acceptor circuit. 


Acceptor condition for p/p,” = 2. 


Now consider the condition when p?=2/ZC, corresponding to 
the root p?/p,?= 2: then each inductance has an impedance piy? 
and each condenser has an impedance 1/( pC'/2). If we denote the 
inductive impedance by 2R, then the condensive impedance will 
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equal — R. Then C, and L, in parallel evidently have impedance 
— 2R and this in series with £,, whose impedance is 2R, will make 
a short circuit across C,. Following the same argument, we see 
that C, is short-circuited and that the initial part of the system 
(Li, C,, L,) has zero impedance and thus the current will be large 
everywhere except in C, and C, where it 1s zero. 

Now let us insert an alternator at A; in series with Z,. We 
have just seen that C, is short-circuited by the acceptor circuit 
beyond it and so Y reduces in effect to Z, alone, and this im- 

edance we have called 2R. We now consider the circuit to the 
left of A,B;, and see that C, is short-circuited by the acceptor 
circuit beyond it. Therefore in effect X consists of L, in parallel 
with C, and evidently the impedance of this is — 2R. Therefore we 
find X =—2R, and Y=2R, and so the condition X + Y=0 is 
satisfied though neither X nor Y is zero: the system is an acceptor 
circuit whether the alternator is at A, or A,. 


Rejector conditions with pjp? = 1. 


To consider the rejector circuit conditions we will suppose that 
in Fig. 6, An Bn are joined by a thick conductor. We then have a 
system which is a rejector circuit to an alternator placed between 
A, and B., when p=p,. For the circuit beyond A,B, evidently 
has infinite impedance and does not atfect C,: again, C, is short- 
circuited by L, in series with C, and evidently the remaining 
circuit has infinite impedance. Now let us insert the alternator at 
A, (and remember that A nB, are permanently joined). Inspection 
shows that Y is infinite and that X is zero. But we saw that if Y 
is infinite then g,_, must be zero if Z, is to be infinite. Now con- 
sider the circuit from A,B, to A,B, and suppose the remainder 
removed. Then C, is short-circuited by Z,, C, and so the impedance 
between A, and B, is infinite: this means (since r=7) that g. is 
zero and so the necessary condition is satisfied. We may note that 
the system up to A,B; is a rejector circuit from one end and an 
acceptor circuit from the other. If the alternator is inserted at A,, 
inspection will show that Y=0 and that X=1/(p,C): but if 
Y=0 the condition that Z, should be infinite is that g,.=0. 
Consequently (since now r= 5) q, should be zero, and inspection 
shows that this is so. 


(6) Analogy with torsional oscillations. 


It has been stated previously that the equations of motion for 
a system of fly-wheels fixed to an elastic shaft are the same as the 
equations for the currents in the network of Fig. 2. If the com- 
parison is made, it will be found that the twist in any portion of 
the shaft corresponds to the current in the corresponding condenser 
and that the displacement of any fly-wheel corresponds to the 
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current in the corresponding inductance. The five-stage filter 
illustrated in Fig. 6 1s analogous to six equal fly-wheels fixed at 
even distances along a light uniform shaft which is mounted freely 
in bearings. This is illustrated in Fig. 7. 

When considering Fig. 6 we saw that when p= py, the current 
in C, was zero and likewise the currents in L, and L,, and that the 
current in ŽL, equals the current in L, in both magnitude and 
phase. Now the current in L, lags a quarter period behind the 
P.D. between A,, and B,,, and hence behind the P.D. between A, 
and B,: but the current through C, leads this P.D. by a quarter 
period and so the currents in L, and Ls are in antiphase with one 
another. Similarly the currents in L, and JZ, are in antiphase. 

Now let us translate these results to the system of Fig. 7 which 
we shall suppose to have been set in motion by applying an alter- 


nating couple, of frequency p, = 1 i - i for a short time only to. 
‘ 


the wheel of moment of inertia J,, fixed to a shaft of strength ^.. 
If the couple is then removed, each wheel of this frictionless 


lı Io Ts Ig Is Ig 


Fig. 7. 
system will continue to oscillate at the frequency p,. The system 
is exactly analogous to Fig. 6 and we can find the mode of vibra- 
tion from the information we now have about the currents in 
Fig. 6. 

S Thus, since the current in C, is zero the angle of twist of the 
middle section of shaft must also be zero and therefore J, and J, 
must oscillate always as one body. Again the current in L, and L, 
is zero and therefore J, and I, should be at rest. Further the cur- 
rents in L, and £, were in phase with one another and in antiphase 
to the current in L, and £,, hence J, and J, should oscillate in 
p with one another but in antiphase with J, and J,. Arrow- 

eads are marked in Fig. 7 to suggest this condition of motion. 
Evidently this motion is possible, for it gives zero angular 
momentum to the system and could have been initiated, for 
example, by twisting 4 and J, through a clockwise angle 0 
and J, with J, through an anticlockwise angle @ and then releasing 
the system. We should then have the familiar two node vibration 


with nodes at J, and J,. 
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Now consider the case when p? = 2p? in Fig. 6. The current 
through C, is twice as large as that through L, and consequently 
the currents through L, and L, must be in antiphase with one 
another. The current in C,is zero so that the current in L, and L, 
is the same in magnitude and phase and equal to half the current 
through C,. Proceeding to the beginning of the circuit we find 
the currents are arranged symmetrically about the middle member. 
Now translating this to Fig. 7 we find J, and J, oscillating as one 
body, likewise J, and J,. The displacement of J,, J; and J, are 
always identical and in antiphase with J,, J, and J;. Again the 
motion is a possible one for a free system as the total angular 
momentum is zero: it is a three node vibration with nodes at the 
middle of the first, third and fifth section of the shaft. 

Lastly consider the case when p?=3p,? in Fig. 6. The current 
in L, is twice the current in Land is in antiphase with it whilst 
the current in C, is zero. If we proceed in a similar manner to 
consider all the members of the network, we find the currents dis- 
tributed symmetrically on either side of the middle condenser. 
Translating this to Fig. 7, we find I, and J, moving as one body 
and with amplitude 6 and that Z, and J, move in phase with them 
also with amplitude 6. But J, and Z, move with amplitude 26, 
and in antiphase with the other fly-wheels. This is again a possible 
condition for a free motion and gives the four node vibration with 
nodes one-third the way along the first and fifth section of the 
shaft (cach distance measured from the terminal mass) and again 
at two-thirds along the second and fourth section (distances 
measured from the second and from the fifth mass). The single 
node and the five node vibrations are followed less readily because 
of the non-integral values of p’. 


Miss Swirles, The polarisabilities of atomic cores 403 


The Polarisabilities of Atomic Cores. By BERTHA SWIRLES, 
Yarrow Research Student, Girton College. (Communicated by 
Mr. R. H. FOWLER.) 


[Received 1 July, read 26 July 1926.] 


1. Introduction. If it is assumed that the series electron of an 
atom polarises the core, then it has been shown by Born and 
Heisenberg * that the polarisability a of the core in a given state 
may be akulari from the corresponding term value by means of 
the approximate formulae, 


4n? k 
a= q? a ja ALENE EAE (1), 
= R. (Be y eeoeevvnece eee eeaeneeee (1 ), 


where 
q is the quantum defect, 


Ap is the difference between the term and the corresponding 
hydrogen term, 


R is the Rydberg constant in cm."}, 

a, 1s the radius of first hydrogen orbit, 
n is the principal quantum number, 

k is the azimuthal 4 r 


For terms with small quantum defect either of the formulae (1) 
and (1’) may be used, but for terms with large quantum defect (1) 
gives a higher degree of accuracy. 

Schrodinger in a recent papert has suggested that there is a 
dispersion formula connecting the polarisability and the frequency 
of the polarising electron. Here “frequency ” does not mean the 
frequency of rotation of the electron in its orbit, but its frequencies 
of transition to other orbits. In general it 1s necessary to consider 
only one—the strongest—of these transition frequencies. 

The formula used by Schrödinger therefore resembles that ob- 
tained by Kramers and Heisenberg in their theory of dispersiont. 
They obtain for the electrical moment M of an atom in its normal 
state on which there is incident radiation of frequency v, the 
expression 
E.e 5 Ta 
O ATM a Vèi? 
where Æ cos 27rvt is the electric force at time t,e and m have their 
usual meanings, the v48 are the absorption frequencies of the atom, 
and the fas are the strengths of the corresponding transitions. We 

* M. Born u. W. Heisenberg, Zeitschr. f. Phys. 23, p. 388, 1924. 


t E. Schrödinger, Ann. d. Phys. (4) 77, p. 43, 1925. 
t Kramers u. Heisenberg, Zeitschr. f. Phys. 31, p. 681. 


M 


Cos myt eosessseseseso (2), 


27—2 
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have also f= ar,, where T, = 3c?m/(87re??), and a is the Einstein 
probability coefficient. If in this formula we put M/(Ecos2mrvt)=a, 
the »,'s equal to the absorption frequencies of the core and v equal 
to the principal transition frequency of the series electron, we have 


eos ts 
“2 x oe ai AEE (3), 
where the frequencies are now measured in cm.™. 

The expressions (1) and (3) for a are obtained from entirely 
different considerations, To obtain the equations (1), (1’) it is 
assumed that the series electron occupies an orbit with quantum 
numbers n and k, such that the radius vector r joining it to the 
centre of the core is sufficiently large for the field to be treated as 
homogeneous in the region of the core and equal to e/r°. The ex- 
pression (3) is obtained by the methods of the Correspondence 
principle and not directly from a mechanical model. The two ex- 
pressions are in a sense supplementary, and it will be assumed that 
they may be equated. A fuller e may be possible with 
the aid of the new Quantum Mechanics. The theory has been 
applied to some elements with one series electron, for which the 
necessary data were available, in particular the elements of the 
Aluminium group and ionised Silicon, and Sodium and the corre- 


sponding “Stripped atoms.” 


2. The polarisability of the Aluminium core. 


For convenience, a quantity a’ = 10°Ra/a,? has been calculated 
instead of a itself. “Half quantum numbers” have been used for k. 
The following tables show the values of a’ calculated from the d, f 
and g terms of the AlI spectrum. 


TABLE 1. AlI d-terms’*. 


y,cm,—! 3p, — nd, 


15842°0 32324°7 
9345°1 38821°6 
6041°1 42125°6 
4109°9 440568 
29329 452338 
21836 45983-1 
1682-1 464846 
1334°7 468320 


* The term values used were calculated by Mr Hartree from lines given by 
A. Fowler and the third line of the f-series given by Meissner; 5g from a probable 
4f—5q line given by Paschen-Gétze. 

¢ The occurrence of two terms with principal quantum number 3 needs some 
explanation. The unperturbed third orbit, i.e. with term value 12192°8 cm.—! (see 
Table 4), has a principal transition frequency 35973°9 cm.—?, which lies very near a 
resonance frequency of the core. The presence of the core perturbs this orbit and 
may make it either more or less closely bound; in one case the corresponding 
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TABLE 2, AlI f-terms. 


3d) = nf 


101:7 88819 
599 11392:7 
37°7 127561 


TABLE 3. AlI g-term. 


The occurrence of negative g's in Table 1 requires some ex- 
planation. Table 4 shows a comparison of the Al d-terms with the 
corresponding hydrogen terms. 


TABLE 4. 


n 8 4 5 6 7 8 9 


Raye 121928 6858°4 438974 30482 22395 17146 1354:'8 
d-term 158420 9345°1 6041°1 41099 2932-9 21836 1682:1 
q "3681 3733 °7380 8326 8832 "9110 "9231 


From this comparison it appears that the term-differences and 
quantum defects are large, and that the terms are less hydrogen- 
like than might be expected. It seems probable that for comparison 
the 4th d-term and the succeeding ones should be moved one place 
to the left. In Table 1 this has in fact been done. 

Referring to equation (3) we have 

, R 0- e’ 1 fi a 


a =— 1 5, ——.— or ars 
a; _47?m © Vve- 


r fa 
= 5 10 P 
= J 196. 10 bo y? (KEREKES EFESERE E] e (4). 


The vas may be expected to lie near the frequencies of the 
resonance lines of the core, but not exactly to coincide with them 
owing to the presence of the series electron. 


transition frequency may be above, in the other below the resonance frequency of 
the core. If we assume that the smaller transition frequency corresponds to the 
more closely bound orbit, we can see that both orbits are possible; for an electron 
in the orbit with smaller transition frequency polarises the core positively so that 
the orbit is in fact more closely bound, while an electron in the orbit with greater 
transition frequency polarises the core negatively, so that the core repels it and the 
orbit is less closely bound. See p. 58 of Schrödinger’s paper quoted above, 
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The resonance lines of the Al II spectrum are 


3S —3P y= 59845°1 observed 

3S — 3p, v = 327766 = 

38S —4P v = 104300 4P term estimated 

38 —5P v = 122000 5P ,, is 

3S — 4p: y= 100761 from observed 4p term 


Of these the first two lie in or near the range of frequencies in 
the fourth column of Tables 1, 2 and 3. There is little information 
obtainable with regard to the f’s. Reiche and Thomas® in a recent 
paper give a summation rule for them, which is obtained by a use 
of the Correspondence principle. For a system containing one 
series electron the polarisation, in the classical theory, is expanded 
in a Fourier series, and by means of the relation between the 
coefficients in this series and the Einstein probability coefficients, 
the rule 


is obtained for a non-degenerate system. Here s is the degree of 
periodicity of the system and the summation is taken over all the 
lines of the series. For a degenerate system weight factors have 
to be introduced, but as in this case they also occur in equation (3) 
it may be assumed that they are included in the f,'s and the result 
remains unchanged. Four quantum numbers are required to 
describe the motion of a single outer electron in the atom, and in 
view of the suggestion by Goudsmit and Uhlenbeck that the 
electron spins about an axis, it appears that s should be taken 
equal to 4. 

_ For a system with two or more outer electrons the uniformising 
variables for the motion in the classical theory cannot be found, 
and hence the expansion of the polarisation in a Fourier series is 
unknown. If, however, it is assumed that such an expansion is 
possible, then the analysis for one outer electron may be applied, 
and again 


Sfa= T 


where now s = 4p, where p is the number of outer electrons. 
For Alt, p =2, and therefore 


fa = 23. 

Paschen + gives the intensities of the lines 3S—3P and 3S—3p, 
in the ratio 20:8. It therefore seems reasonable to take fy =1 
approx. for 3S — 3P and fa = "4 approx. for 3S — 3p. 

If the resonance lines were unchanged by the presence of the 
series electron this would give a formula 


* Reiche u. Thomas, Zeitschr. f. Phys. 34, p. 510. 
+ Paschen, Ann. d. Phys. 71, p. 537. 
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l 4 
— r. 10 
a = 5'196. 10 T + arep 
e? — + ae APPTOX.......eeccecece (5). 


If this curve is plotted it is seen to be similar in shape to that 
obtained from the last two columns of Tables 1, 2 and 3, but the 
agreement is not good. 


37420 cm-—! 


~ 


-60 


-80 


Fig. 1. Polarisability of AlI core. 


If however 


70710 cm.— be substituted for 59845°1 cm.~? 
and 37420 cm. ,, v „ 327766 cm.7, 
and in consequence the formula altered to 
; 500 200 , 
—— TB cetteeteteaeeeeses (6), 


3 
50 — ioe 14— T0 


much better agreement is obtained. See Fig. 1. 
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The polarisabilities were also calculated for the d-terms on the 
assumption that the g’s remain positive throughout, and it was 
found that agreement could not be obtained by any reasonable 
modification of equation (5). 

The change assumed in the resonance lines appears at first 
sight to be unreasonably large. A comparison, however, with the 
quadratic Stark effect of the alkalis, taking the field in the region 
of the core due to the electron to be e/r*, where r is of the order 
of 10— cms., shows that it is of the order to be expected, for an 
alkali-like core, but of the opposite sign. The AlI core is, however, 
to be compared with the atom of an alkaline earth, and until the 
Stark effect of the alkaline earths has been more fully studied, a 
more definite comparison is not possible. 


3. Other elements of the Aluminium group and Ionised Silicon. 

For Gallium and Indium only the d-lines are known with any 
certainty, and although the chief resonance line for each core 
can be fairly reliably identified, the line corresponding to the 
Al 3S — 3p, line cannot. An equation can be guessed which gives 
fairly good agreement with the calculated polarisabilities, but for 
these reasons it is not of much value. It is uncertain whether the 
d-orbits of Thallium penetrate the core; if they are treated as 
non-penetrating orbits it is certainly impossible to explain the 
calculated polarisabilities by means of a dispersion formula. 

For Si [I more information is available. The following tables 
show the values of a’ calculated from the d and f-terms: 


TABLE 5. Si II d-terms’*. 


y,cm.—} 2p,-nd, 


02466°5 . 79064°5 
30799-1 ` 1007319 
194288 i 112102-2 
13301:4 : 118229°6 


28265°4 2420171 
18061°4 34405°1 
12510°4 39956-1 
43297°5 
45462°5 
46942°5 
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The resonance lines of Si III which lie in or near the range of 

frequencies are 
3S —3p = 82857, 
3S — 3p, = 39330. 

If the corresponding f’s are taken to be 1'3 and ‘3 approxi- 
mately, and the lines are displaced to 137800 and 54770, so that 
the formula (4) becomes 

700 160 
v? v’ 


fairly good agreement with the calculated values is obtained. See 
Fig. 2. | 


Fig. 2. Polarisability of Bi II core. 


4. Sodium and the corresponding “ stripped atoms.” 

The polarisabilities of the cores deduced from the spectre of 
Nal, Mg II and AIIII are much smaller than those previously 
considered. They are also constant approximately within a given 
series, and the variation for the ditferent series is small. The 
frequencies of the resonance lines may be taken to be those of 
the lines discovered by Millikan and Bowen* and considered by 
them to belong to the X-ray spectrum. By analogy with the 
Neon spectrum, the interpretation as resonance lines of the core 
is more probably correct. These are in each case large compared 
with the frequencies of the series electron and to a sufficient 
degree of accuracy v? may be omitted in equation (4). The mean 
value of a for each series of terms is given in Table 7, together 

* R. A. Millikan and I. S. Bowen, Phys. Rev. 1. 1. 1924. 


410 Miss Surrles, The polarisabilities of atomic cores 


with the calculated values from equation (4). Since there are six 
outer electrons 


Bf, = tt =8. 
If fa be taken equal to anything between 3 and 6 for the particular 
resonance line considered, fairly good agreement is obtained. The 
data are not sufficiently accurate to decide the value of fa more 
certainly. The change in vg due to the presence of the series 
electron would in these cases probably be small compared with va 
and need not be taken into account. 


TABLE 7. 


, 5.20.10! 7, 
a= + 


Ne 
Va 


fa=6 


Element va. 1075 cm.~? 


Ja=3 


4°32 
1°68 
"84 


? 


Note on a paper, “ Uber die Termgrossen der Serienspektren,’ 
Zeitschr. f. Phys. XXXVI. p. 92, by Albrecht Unsöld, which appeared 
during the course of the foregoing work. 

In this paper a formula 


= pe’ 

*= me). mv? 

is given for the polarisability of the core by the series electron. 
vo 1s the chief resonance-frequency of the core, and the frequencies 
of the series electron are neglected throughout; this procedure is 
not always justifiable, particularly in the case of the Aluminium 
group. For these elements the equation certainly gives good 
agreement for the f-terms, but calculation shows that it is quite 
inaccurate for the d-terms. 

Moreover, p is the number of loosely bound electrons in the 
core. The assumption is made that: 

“A core, with p loosely bound electrons and the resonance 
frequency », behaves in its interaction with an outer electron as 
an aggregate of p isotropic harmonic oscillators of frequency v.” 

In the dispersion theory of Kramers and Heisenberg p is 
replaced by a probability coefficient f. Reiche and Thomas give 
the rule that the sum of these coefficients corresponding to all the 
resonance lines is equal to 4s if s is the degree of periodicity of 
the atom 


Miss Swirles, The polarisabilities of atomic cores 411 


In the foregoing paper the assumption S = 4p has been made, so 
that 


Only those lines which make an appreciable contribution to the 
dispersion have been introduced into the formula and the fas have 
been so chosen that for the lines in the formula 


4p 
Dy < oy ; 


This assumption is the quantum theory analogue of that made by 
Herr Unsöld. 

It should also be pointed out that in considering Aluminium 
the resonance line 1S — 1p, cannot be ignored as stated on page 96. 
Although it is a weak line it occurs actually in the range of 
transition frequencies of the series electron and is therefore im- 
portant. 


In conclusion, I wish to express my thanks to Mr R. H. Fowler 
and Mr D. R. Hartree for their help and criticism during the 
course of this work, and to the Board of Scientific and Industrial 
Research for a grant which enabled me to pursue this course of 
research. 
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On Quantum Algebra. By Dr P. A. M. Dirac, St John’s College. 
(Communicated by Mr R. H. FOWLER.) 


[Received 17 July, read 26 July 1926.] 


For the purposes of atomic physics it has been found convenient 
to introduce the idea of quantities that do not in general satisfy 
the commutative law of multiplication, but satisfy all the other 
laws of ordinary algebra*. These quantities are called q-numbers, 
and the numbers of ordinary mathematics c-numbers, while the 
word number alone is used to denote either a q-number or a 
c-number. Both g-numbers and c-numbers can occur together in 
the same piece of analysis, and even in the same equation, as 
numbers of the two kinds can be added together or multiplied. A 
c-number may, in fact, be regarded as a special case of the more 
general g-number. In the particular case when two numbers z and 
y satisfy zy = yx, we shall say that x commutes with y. A c-number 
is assumed to commute with every number. 

The development of the algebra of g-numbers has up to the 
present been greatly hampered by the fact that there has been no 
general definition of a function of a g-number variable. One has 
been obliged to restrict the word function to apply only to analytic 
functions specified by algebraic equations involving the operations 
of addition, multiplication and reciprocation (which last applied to 
q-numbers can easily be given a Jefinite meaning), and one has 
usually contented oneself with taking a theorem involving arbitrary 
functions to be true generally when one has proved it true for 
power series. 

In the present paper a gencral definition of a function is pro- 
posed which appears to enable one to establish theorems involving 
arbitrary functions with rigour. The differential coefficient of a 
function of a single variable can also be conveniently defined, its 
most important properties being contained in, or easily deducible 
from, its definition. 


Functions of a q-number variable. 


Consider a simple algebraic function of a single q-number 
variable z, such as a, Evidently every number that commutes 
with z must also commute with 2. This property provides us with 
the general definition of a function of a g-number variable. 

Let x and X be two g-numbers such that any number that 
commutes with x also commutes with X. We then say that X is 
a function of the single variable æ, and consider the two numbers 


* Roy. Soc. Prot. A, vol. 110, p. 561 (1926). 
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X and x as specifying a function. A function of a g-number 
variable is thus specified by a pair of q-numbers that satisfy a 
certain condition and is quite different from a function of a real 
c-number variable, for the specification of which an infinite number 
of pairs of numbers are required, which need not satisfy any 
conditions. 

In order that we may consider the two q-numbers z and X as 
really specifying a function, we must be able to say what is the 
value of this function for any particular value of the variable, y say. 
We take the rule for this to be that if b satisfies the equation 


| US OO) oreraa E (1), 
then Y defined by YONG) aa este eaeacents (2) 


is the same function of y that X is of x. This rule completes the 
definition of a function of a single g-number variable. (It is taken 
as an axiom that there always exists a g-number b satisfying (1) 
when z and y are q-numbers.) 

In order that our definition of a function may be tenable, one 
must be able to deduce the following theorems: 


(i) All values of 6 that satisfy (1) must give the same 
value for Y defined by (2). 


(ii) Y defined by (2) must be a function of the single 
variable y, t.e. any number that commutes with y must also 
commute with Y. 


(iii) Functions of a single variable can be formed by the 
addition or multiplication of functions of that variable. 


(iv) A function of a function of a certain variable must Pe a 
function of that variable. 


To prove (i) we observe that if 6’ is another root of (1), we 
have 
bxcb™ = y = b'xb"™, 
whence, dividing by 6 in front and multiplying by b’ behind, we 
get 
xb bh’ = b~ b'x. | 
Thus 6-6’ commutes with x, and therefore also with X, since by 
hypothesis every number that commutes with æ also commutes 
with X. Hence 
bU X = Xb’, 
so that, multiplying by b in front and dividing by b' behind, we 
find 
Xb’ =bXb = Y 


from (2), which proves the theorem. 
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To prove (ii), let a be any number that commutes with y, so 
that 


ay = ya, 
or abxrb— = baba, 
from (1). This gives bb“ abx = xb~ ab, 
so that b-!ab commutes with z, and hence also with X. Thus 
b—abX = Xb-"'ab, 
which gives abXb7 = bXb— a, 
or aY = Ya, 


which proves the theorem. 

To prove (iii), we observe that if X, and X, are two functions 
of the single g-number variable a, then X, + X, and X, X, are also 
functions of the single variable v, since any number that commutes 
with z must commute with X, and X,, and therefore commutes 
with X,+ X. and X, X.. To complete the proof that functions of 
a single variable may be formed by the addition or multiplication 
of functions of that variable, we must show that if Y, and Y, are 
the same functions of y that X, and X, are of x, then Y, + Y, and 
Y, Y, are the same functions of y that X, + X, and X, X, are of z. 
By hypothesis we have 


y = brb, Y, = bX b7, Y; = bX,b—, 
and hence Y,+ Y,=b(X,+X,)b7, 
Y, Y, = bX,b— . bX,b7 = bX, X, b7, 


which proves the theorem, 

Finally, to prove (iv), we see that if X is a function of the 
single variable x and € is a function of the single variable X, then 
any number that commutes with 2 must commute with X, and 
hence must also commute with Æ, so that E is a function of the 
single variable x. Also, if Y is the same function of y that X is of 
xz, we have 


y=bsb, Y=bXb>, 


and if in addition 7 is the same function of Y that £ is of X, we 
have 

n = bEbD™. 
It follows that 7 is the same function of y that E is of z. 

Theorem (i11) shows that algebraic functions defined by the 
operations of addition and multiplication are still functions in the 
new sense of the word. Also it is easily verified that s~ (defined 
by 22 = 1 or zz =1) is a function of x, and hence from (iv) the 
reciprocal of any function of z is a function of a Any function of 
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a single variable must commute with any other function of that 
variable. A c-number may be regarded as a particular case of 
a function of any g-number variable. 

The extension of the theory to functions of more than one 
variable is rather restricted. We define X to be a function of the 
variables 2, Za, ... £n only, if X commutes with every number 
that commutes with 2,, £2, ... £n. If we now have 


Yy = brb, y= D207) 23k Ye SOLO. aeseieees (3), 
and put Y=bXb", 


we can define Y to be the same function of the variables y,, Ya, ... Yn 
that X is of the variables 2, 2, ... £n, and can easily deduce the 
theorems corresponding to (i)...(iv) for functions of several 
variables. It is, however, only when the y’s satisfy the conditions 
(3) that one can give a meaning to the expression “the same 
function of the y’s that X is of the 2’s,” owing to the fact that one 
cannot consider the z’s to vary independently, as one could if they 
were c-numbers. Suppose, for instance, that z, and a, satisfy 


2,0, — Xu, = 1. 
Then one would have to count 2,2, and (1+ 2,2,) as two ways of 
writing the same function of z, and x,; but one would not in 
general have y, y, equal to (1 + y:yı), except when the y’s satisfy (3), 


so that it is only in this case that one can hope to give a meaning 
to tle same function of the y’s. 


Differential coefficients. 


Let Q be a function of the single variable q, and let p be a 
number that satisfies 


Put Op = DO SO iei reinem (5). 


Then we define Q’ to be the differential coefficient of Q with 
respect to q, and write it dQ/dq. 

In order that our definition may be tenable, one must be able 
to deduce the following theorems: 


(i) All values of p that satisfy (4) must give the same 
value for Q defined by (5). 


(ii) Q’ defined by (5) must be a function of the single 
variable q. 


(iii) The ordinary rules for the differential coefficient of a 
sum and a product must still hold. 


(iv) The ordinary rule for the differential coefficient of a 
function of a function must still hold. 
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i To prove (i), we observe that if p' is another root of (4), we 
ave 


qp—pq=1=qp'—P4q 
OF q(p-p)=(p-p)4. 
Thus (p — p’) commutes with q, and therefore also with Q. Hence 
p-p) =p -pQ 
or Qp -p'R=Qp-pR=Q, | 


which proves the theorem. 

To prove (ii), let a be any number that commutes with q. It 
must therefore commute with Q. We have to prove that it com- 
mutes with Q. From (+), since (qp — pq) is a c-number, we have 


0=a(qp — pq) — (qp -pq)a 
; =auqp — apq — qpa + pqa 
=qap — apq — qpa + paq 
=q (ap — pa) — (ap — pa) q. 


Hence (ap— pa) commutes with q, and therefore also with Q, so 
that 


0 = Q (ap — pa) — (ap — pa) Q 
= Qup — Qpa — ap + paQ 
= aQp — Qpa — apQ + pQa 
=a (Qp — pQ)— (Qp — pQ) a 
=a’ — Ya. | 
Thus a commutes with Q’. To complete the proof of (11), we must | 


show that if Q, is the same function of q, that Q, is of qz, then Q 
is the same function of q, that Q; 1s of q}, ve. 1f 


q: = bq, 6, Q: = bQ,b7, 
qp- pı =l, G2P2— Peq: = l, 


and Q, Pim Pı Q, = Q, Q: Ps — Ps Q, = Q, 
then Q; = bQ D. 
We have l= 9J: Pa — Pe- Q2 = bq, b™ p, — Pr bq, b=, 


from which, by multiplying by b behind and b~ in front, we 
obtain 
1 = 9,b" p.b — b= p,bq,. 


\ 
Dr Dirac, On quantum algebra 417 


This shows that b-'p.b may be taken to be p,. Hence 
Qi’ = Qb pab — bp, bQ,, 
or bQ,’b— = bQ, b pa — p2.bQ,b7 
= Q: Ps — PQ: = Qi, 


which proves the theorem. 
To prove (iii) let Q, and Q, be two functions of the single 
variable g. It is obvious that 


(Q+ QUY = Q +Q. 
Further (Q Qy = Q, Q: P- pQ: Q: 
or (Qp — pQ) Q: T Q: (Q.p — pRa) 
=Q Q+ QQ. 
The ordinary laws for the differentiation of a sum and a product 
thus still hold. 


To prove (iv), let Q be a function of the single variable q and & 
a function of the single variable Q, and let 


gp- pq=1, 
and QP =P= lorcc (6). 
We then have by definition 
Qp — pR = dQldq. -eessen (7), 
En — pE = dE /dq.......cceccenscscsceces (8), 
and EP PE Hd dQ i esccticedsecereerence (9). 


Now dQ/dq must commute with Q, since they are both functions 
of the single variable q, and hence, dividing (7) by dQ/dgq in front, 


we obtain 
1=(32) -00E r-( ze 


This shows that (dQ/dq) p may be taken to be the P of equation 
(6). Hence, using this value for P in equation (9), we obtain 


E e P= (Gq) e ay 


using (8) and the fact that (dQ/dq) commutes with £. Hence 
dE _dQ dE 
dq dq dQ’ 
which is the ordinary rule for the differentiation of a function of 
a function. 


_ From (111) and (iv) it follows that the differential coefficients of 
simple algebraic functions have their ordinary values. In order 
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that the converse process of integration applied to simple algebraic 
functions may also lead to the usual results, it is necessary and 
sufficient that the only functions whose differential coefficients are 
zero shall be constants (i.e. c-numbers). This requires that the 
only numbers that commute with p and also with every number 
that commutes with q, when p and q satisfy (4), shall be c-numbers. 
We take this to be an axiom in the new algebra. It is a particular 
case of a more general axiom which may be enunciated thus: Ifa 
number commutes with every number that commutes with the 
q-numbers qg, qi, Ys, --» gn and with one number that does not 
commute with q but commutes with q,, qs,--- qn, then it commutes 
with every number that commutes with q,, q2, ..- qn*. The axiom 
may also be stated geometrically thus: Each g-number may be 
represented by a point in space of an infinite number of dimen- 
sions in such a way that the condition that a g-number shall 
commute with certain given qg-numbers is that it shall lie in a 
certain flat space. 

The definition of a differential coefficient may be extended to 
the partial differential coefficients of a function of several variables 
that commute with one another. If Q is a function of the 
variables q, qı, gas --» Qn that commute with one another, to 
define 0Q/dq one requires a p that satisfies (4) and that commutes 
with gi, a, ++» Qn. One can then define 0Q/oq by the left-hand side 
of (5), and can show that it satisfies theorems corresponding to 
(1)...(iv). It is impossible, however, to extend the definition to the 
partial differential coefficients of functions of several arbitrary 
variables. Suppose, for example, that xz, and x, are g-numbers such 
that 

Ly = Ly (X, + C), 
where c is a c-number; then 2,2, and x(x, +c) must be two ways 
of writing the same function of 2, and z, and it would obviously 
be impossible to give a rational definition of the partial differential 
coefficient of this function with respect to a. 
* Note that a number z that commutes with every number must be a c-number, 


on account of the axiom tbat if x is a g-number, there must be a g-number b that 
makes brd-! equal an arbitrary g-number. 


Mr Thomson, An optical illusion due to contrast 419 


An optical illusion due to contrast. By Mr G. P. THOMSON, 
Corpus Christi College. 


Read 26 July 1926.] 
ô July 
(Plate IIL.) 


In the course of a long series of experiments on the scattering 
of positive rays I have had occasion to take some hundreds of 
hotographs in which positive rays diverging from an approximately 
linear source pass through a metal slit about ‘5 mm. wide parallel 
to the source and then strike the sensitive surface of the plate. 
The change caused by the actual impact of the rays can be de- 
veloped like the ordinary latent image produced by light. The 
pattern thus formed on the negative is a rectangular strip about 
1:8 mm. x 20 mm. answering in shape to the shape of the slit, and 
bordered by a much less intense edge (of the order 10°/,) due to 
the scattered rays whose investigation was the object of the ex- 
periment. It was found that, in a majority of the photographs, the 
rectangular strip, which should have been approximately uniform 
in blackness, at least across, had its longer edges apparently much 
blacker than its centre. So marked is this effect that it was sup- 
posed to be due to some cause affecting the distribution of the 
rays. However, careful measurements with a microphotometer 
showed that the effect was unreal, the edges always being less 
black than the centre. The effect of the positive rays is thus 
merely to produce a certain distribution of blackening on the 
plate, and the increased blackness seen at the edges is purely 
subjective. 

The effect was sufficiently striking to make it seem worth 
further investigation. It was found that the effect persisted under 
ordinary photographic enlargement to about four times the linear 
dimensions, When a positive (enlarged) was made of two of the 
plates, the converse effect was seen, the edges of the bright strip 
now appearing brighter than the centre, the strip seeming to have 
a dark band down its centre. If anything this effect was more 
marked than in the original negatives. The upper figures in 
Plate III are positives from these negatives, the lower are negatives 
from the original positives. The further photographic processes 
involved in reproduction cause of course a loss of distinctness. 

Among the large number of negatives taken the effect was 
shown in very varying degrees, though there were few in which it 
was entirely absent. It soon appeared that this was due to the 
varying extent to which the rectangular pattern was blurred by 
the scattering radiation which varied considerably in amount from 
one experiment to another. 


28—z2 
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Where there was little scattering, the enhanced edges were 
very distinct, but narrow. As the scattering increased the edges 
appeared broader but less distinct, until the effect appeared only as 
a slightly lighter centre line to the black band, the existence of 
which was a matter of opinion, and finally disappeared altogether, 
leaving a strip visibly darker in the centre. 
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Distance across strip. 
Fig. 1. 


The natural interpretation of these results is that the eye sees 
rapid change of blackness*, on a light background, as enhanced 
blackness. Thus in the case of little scattering, the blackening 
curve as measured by the photometer (see fig. 1, A, A’) is flat- 
topped. There are two narrow regions near the edge where the 


* Or, what would fit these experiments equally well, a place of sharp curvature 
on the blackening curve. 


Phil. Soc. Proc. Vol. xxi. Pt. Iv. Plate ITI. 
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change of ene is very rapid, and these appear as narrow 
edges of enhanced blackening. As the pattern becomes more 
blurred the slope at the edges becomes more gentle and extends 
over a wider region (fig. 1, B). Thus the enhanced edges grow 
wider but less distinct, until finally we reach the condition shown 
in fig. 1, C, where the central (approximately) flat portion dis- 
appears, and the illusion ceases. Actually in the plate measured 
for (C) under some conditions of light and angle the centre appears 
blackest, under others it appears as slightly hghter than the edges. 
The curve in fact represents the critical stage at which the illu- 
sion ceases. 

To test this hypothesis negatives were taken in which a rect- 
angular slit was placed close to the plate. The edges of the pattern 
formed were thus quite sharp and the blackening curve of a cross- 
section of the pattern would be flat-topped with sharp corners. In 
this case no effect was observed, the strip appearing uniform. On 
slightly separating the slit from the plate a fine line appeared at 
the edges, so fine as to require fairly careful inspection. This 
corresponds to the narrow region of “penumbra” introduced by 
the separation of plate and slit. These effects occur equally with 
positive rays and ordinary light. 

The existence of the effect in the positives shows that rate of 
change of brightness has a similar influence on the appearance of 
a light object on a dark ground. It should be noticed that this is 
not a case of irradiation in the ordinary sense, as it is not a ques- 
tion of the apparent size of an object being modified by contrast, 
but the relative brightness of its different parts. 

Another effect of the same kind which sometimes appears, 
though much more rarely, is the appearance of a white line between 
the main portion of the pattern and the much fainter scattered 
region, although the curve of blackening shows no minimum. 
Herę there is the complication of a region of faint blackening 
between two opposite and contrasting backgrounds. If the eye 
considers that part of the faint object which is near the blackened 
side as a light object on a dark ground, then the appearance of a 
white line at the place of most rapid change is analogous to the 
bright edges to the positive in the plate. 


Dr C. D. Ellis tells me that he has found effects of both these 
kinds in the magnetic spectra of 8 rays. I am much indebted to 
him and Mr Wooster for their kindness in helping me to use the 
microphotometer in the Cavendish Laboratory, on which the mea- 
surements of fig. 1 were made, and to Sir Ernest Rutherford for 
permission to use it. 
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On the Quantum Theory*of the Problem of the Two Bodies. 
(Preliminary Communication.) By J. R. OPPENHEIMER. (Com- 
inunicated by Mr R. H. FOWLER.) 


[Read 26 July 1926.] 


The problem of the two bodies has been treated on the new 
mechanics by Dirac®, Paulit, and Schrédingert, who have inde- 
pendently derived the Balmer terms. The present paper is an 
whtomipt at a more complete solution. In i a formulae are 
derived for the line intensities of the hydrogen spectrum, for the 
photoelectric effect and its inverse, and for the continuous absorp- 
tion spectrum in the ultraviolet and in the X-ray regions. Also 
the probabilities of transition, deflection and capture are computed 
for the collision of an electron and an ion. Numerical values are 
only obtained, however, for the simplest line intensities. It is hoped 
to treat the problem in greater detail. 

I. Elliptic Orbits. For the line intensities the system may be 
treated as multiply periodic. We shall assume three degrees of 
freedom, and characterize transitions by six quantum numbers 
(nkm, n'k’m’). The fourth degree of freedom which would follow 
from the existence of an electronic magnetic moment, would not 
affect the intensities of the series lines as wholes. For the emis- 
sion lines we may use the classical formula§ for the intensity in 
which frequencies and amplitudes have been replaced by their 
quantum theoretic analogues’|, Thus 


, ‘ ’ 3 Dimite ’ 1 sve a 
I (nkm, n'k'm')= X aa [t (n, n’)) i £a (nkm, n’k’'m’)|?...(1). 
e=1 


The frequencies are 


y(nn’)=R (=, =) ERE EA ETTE, (2). 


n n? 
According to Schrödinger the amplitudes are given by 
Lau (nkm)= EE Ezr, (nkm, nk myu (wkn) aa.. (3), 
n Km 


where the functions u (nkm) satisfy the following conditions : 


l. They are bounded everywhere within the configuration 
space Osr; O< 3 <7; 0<ġ<2r,and tend to zero suftħciently fast 
as r => co, 


* Dirac, Proc. Roy. Soc. A, 110, 561 (1926). 

t Pauli, Zeit. f. Phys. 36, 336 (1926). 

= Schrodinger, Ann. d. Phys. 79, 361 (1926). 

§ Kramers, Intensities of Spectral Lines, Copenhagen, 1919. 

| Born u. Jordan Zeit. f. Phys. 34, 858 (1925), 

© Schrodinger, dnn. d. Phys. 79, 734 (1926). 
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2. They are twice continuously differentiable. 


3. They satisfy, if u, €e and E are mass, charge and energy of 
the electron 


he 
4. They are one-valued within the configuration space. 


Yey + STH (E+2)u=0 E (4). 


5. They are normal and orthogonal with respect to the con- 
figuration space 


f | | u(nkem) u (n’k'm’) p drds dg = 8” èk è”; p= Stas 


= 7? gin 
From this it follows that 
Ta (nkm, n'k'm’) 


is | i f a u (nkm) u (n'k'm’) £a (r3p) p (r3) dø dYdr ...(6). 


For Ẹ <0, it is only possible to construct solutions which have 
the form 
u (nkm) = unkm (r, 3, p) 


_ 4 COSMO pim) rg PTA F (— 2a Y n+k 
Samp e re ea (oh ee 


mal. 2 “Sania ; 
bm, Wy can n} PEESO (8). 
m=0, +1, £2...... tk 


From (1), (6) and (7), we get, on performing the integrations, the 
selection rules 


Averaging over m and m’, we get the component intensities* 


py Zortul UN (k+ k) A? (nk, nk’) 
I (nk, nk) = Sora ( “A? (nk) A(n k') 


n? n? 


...(10). 


* The intensities of the hydrogen lines have been investigated by Pauli in a 
paper not yet published. 
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where 

A? (nk) 

8 $ n$ n (1+ (2k ty +y +1)! [n+ k)F 

O n=O y0 De a al a a ala 
eee | 


A (nk, nk’) 
sZt E21 (nn pink to nk tn (— 2min (n +E)! (n + F)! (ktk ttt 
n=0 yo (nn frK nts 3y! ye! (k+)! (2h +y) n-k- 


Averaging again over k and Kk’ we get the series intensities. In 
ergs per atom per second these give*, for the first and second Lyman 
lines, 0°00667 and 0°000644; for the first and second Balmer lines, 
000789 and 0:00199. The only directly observable ratio is that of 
the second Lyman to first Balmer line. Thus 


T(3,2)_ 19. 
T8 D” 12:2. 
The absorption lines (n, n’) from the initial state n, have total 


intensities t} 
n? èh ( 1 4) 
n? Dre pu \n? n” 


times the corresponding emission intensities. This gives, for 
instance, the two observable ratios 


Labs (1, 2) iy ; Tans (2, 3) v, 
Labs (1, 3) ae abs (2, 4) el 


The evidence in favour of such calculations of absolute intensities 
is not very extensive. Two such calculations were carried through 
on the Correspondence Principle. Thus Tolman { found an approxi- 
mate agreement for the outer lines of a vibration-rotation band in 
the infra red; and Kramers§ found a rough value for the efficiency 
of an X-ray bulb. 


II. Hyperbolic Orbits. It is possible to extend this method to 
the treatment of hyperbolic orbits. Classically the Fourier 
coefficients for the coordinates do not exist for these orbits. On 


* I am indebted to Mr J. T. Edsahl for checking these calculations. 
t Fowler, Phil. Mag. 50, 1079 (1925). 

+ Tolman and Badger, Phys. Rev. 27, 383 (1926). 

§ Kramers, Phil. Mag. 46, 836 (1923). 
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the quantum theory the components corresponding to a transition 
between two hyperbolic orbits do not exist and we are forced to 
use the accelerations directly. For photoelectric transitions, how- 
ever, the coordinate components may be found, and the intensities 
are derived from them in accordance with (1). Here, however, 
R E 
v(n, E) = ma Eg oeeeeeeereee (14), 

where £ is the positive energy of the hyperbolic orbit. The 
factors in the solution of (4) which depend on Y and ¢ are those 
given in (7). The values of & and m for which these satisfy the 
conditions (1)—(5), are 


k=, $o feee cen } eee (15). 


m=0,4+1,+2...... +k 


For all values of m and k it is possible to find an integral function 
J (E, k) of r satisfying (4), and which, for a set of values of E 
which become closer and closer as the configuration space is 
expanded, satisfy the conditions (1) to (4), and are orthogonal. 
The characteristic functions so obtained are 

cos mo 


u(Ekm) =A, `. P2” (cos) f(Ek) ...... (16), 


sin mo 


where f (Ek) = fen (7) = È c, (Ek) PHE nanana. (17). 
y=0 


- The coefficients are given, on the one hand, by the double circuit 


integrals t 
2c, (Ek) = f r (z + y)271 (z —y)eT! dz ji 


x B (aya) | Z (ety) (2—y)etde ......(18), 
(y, =y)”: 


where 
a=kķk+l—in*; a=k+1+4+in* 
T E (19) 
n* = (2m°ne kE); y= - (2uEy | 
and on the other, by the recurrence formulae 
(1? + 2hv) c, + 87?mh~ (ec, + Ec) = 0 
T (a,) T (a) ...(20). 


1 
C= z Bm, a) = I (a, + a) 


t See, for an account of the mathematical methods, Schlesinger, Differential- 
gleichungen, Vieweg, 1922, and Whittaker and Watson, Modern Analysis, Cam- 
bridge, Chap. x1v. 
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From these it follows that 
v —] 
c, (Ek) = S, (E) | TI (724 2kr)! PPRA (21), 
7=1 


where S, is of degree 5 in Ẹ, and thus that the series defining 


J ìs absolutely KA at and real. Finally, f is given asympto- 
tically for large values of (2yr) by the expansion 


Tr(a +8 
f (Bh) mË (— 2yr) erT (a) È Tore 2yr)— 
eee T Tes + 8) z 
= = as gr 8 29 
E rner Ta) È a y N (22), 

which only fails when £ is zero. 

It is now possible to see in detail how this case differs from 
the periodic one. In the first place it follows from (22) that we can 
no longer choose the constant s, to make 


i | " F utpdodSdy = 1. 
0 0-0 


The functions u are thus still orthogonal, but cannot be made 
normal. In the second place, even if we eliminate all values of Æ 
for which condition 1 is not satisfied, we are left with a continuous 
manifold of characteristic functions. The equations (3) thus become 
meaningless, and must be replaced by 


u(nkm) a= È È 2 (nkm, n’k'm’) u(n’k'm’) 
w k m 
+ i EE ae (nk, Ek’m’)df(B)..u (Ek'm’) 
u (Ekm) £a = z z z, Za (Ekm, n'k'm’) u(n’k’'m’) 


f> EE a (Etm. E'k'm’)u(E'k'm’).df(E) 


AREE E (23). 
Here the u, are to be normalized, and the ug chosen to make 
Za (Ekm, nk m) = £a (nk'm’, Ekm)........006. (24). 


Finally we may determine f(E) by the following argument. 
Classically we should have, for the acceleration of the electron 
in an orbit of energy £, 


Ža (E) f| a (E, v) exp (2mivt) dv, 


and, for the energy radiated from that orbit 
3 i 9) 
const. £ | z (Ev) exp (27rivt) dv. 
a=l; -o 
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Quantum theoretically we have, for the components of acceleration 
corresponding to a photoelectric transition 


u(n)#. 


-Í Am (nE) £a (nE)u (E)exp[2ri(E/h)t]df (E) 


[we suppress the indices k and m throughout this argument]. 
By analogy the radiated energy should be 


const. = i ; |e. (nF) (nE) T ; u(E)exp[2mi(E/h)t]d(E/h), 


so that the energy radiated per unit time from the transition 
n —> (E, E + dE) is, for given k +m, k +m’, 


const. Z [has (nE)? (nE) SA d (EJh) oee. (26). 


On the other hand the total radiation from inverse photoelectric 
transitions from an orbit of energy Æ is 


const. $ £ zè (En) 1‘ (En). 


Of this 
const. È £a? (En) (En) ..sccccscsseseeees (27) 


is to be ascribed to transitions E -> n. 

Now for the fully excited atom, where all temperature factors 
are ironed out, the number of atoms in any range of phases will 
be S a to the corresponding volume of phase space. Thus 
if the number of atoms in an elliptic orbit with quantum numbers 
nkm is one, the number with a given m and k and positive energy 
between Æ and E + AF is 


1 ad 
: f _, AJdu= iz A (EJh) dw sesse (28). 


Here J is an action variable for the system and w the canonically 
conjugate angle variable. The rate at which this number is in- 
creasing is, since J is a constant, 


w A(EJh) <zshissastuecteiaces (29). 


It is easy to shew that 
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Thus the number of electrons entering the range of hyperbolic 
orbits per unit time is 

A (E/h). 
This gives, for the condition for detailed equilibrium 


Za? (nE) vt (nE) A (E/h) = [ f'h xa (nE) 1° (nE£\)PA(E/h) ...(31), 
whence 
, of 1 
Fis a =F; df=d(BJh) ssns (32). 
We may verify* this result in part by computing how many 
electrons enter the range of hyperbolic orbits 


E, E+E; k, k+ 4k, m, m+Am 


from a free electron gas with Maxwellian distribution-in-velocity. 
We get 


const. AE. Am.. (1 — m/k) È kAk (k? + n) È annn. (33). 
In the limit of large (Ẹ and k) this becomes 
const. AE Am Ak (1 — m/k’). 


This agrees with the quantum theoretic calculation except for the 


factor (1 — m?/k*)~ 4, The experiment of Stern and Gerlach suggests 
that, in this paradox, the quantum theoretic answer is right. 
In any case (32) gives 


(a) u(n) £a = = Za (nn')u(n’) + [. (nk) u(E)d(E+h) | 
(b) u(E)t.= È ae (En')u(n') +f 2 (EE")u(E’)d(E' + h) 


to determine u (E) and thus the za (uE). Let us call the factor in 
u which remains after division by the normalized functions of 9 
and ¢, u; and let us write 


u=u(h,k; r)=f(E, k; r)y (Bk)... (35). 
From (3) and (6) we get 
r (En) =| 1, r.u(E).u(n)dr =r, (En) y (Ek) ...(36). 
Also, 2 
r (nn’) -f u (nju (nJ rer. dr sesoscssss. (37) 
where, for (36) and (37) 
fre (n)dr=1. 


* I am much indebted to Dr P. A. M. Dirac for suggesting this procedure. 


| 
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rata we get, from (34), (36), (24) and (37), the integral equation 
or x 


u(n)r— È r(nn')u(n’) = [ox (Ek) f (Ek; r)r, (En) d (Ejh) 


which is of the form 
f x (En) F, (r; E, n, k, k')d (Elh) = F, (r ; n, k’) ...(39). 


The existence of a solution (38) independent of r is made plausible 
by the orthogonality of the u (Æ); the mathematical problem will 
be treated in detail shortly. 

With this notation the continuous absorption spectrum is 
given by 


_ Briew(k’ +k) (bh RY) x (Ek) 
I (nk, nk’) dE =~" Ot (5+ a) ae ...(40), 
where 
n S n-k-1 (- —) 
aN h 


cme) ST OTE jj) OF REH +5 +2)! 
p= (HY an, b) 
and |A—k’|=1. 


Moreover, if p,(v) is the energy density of radiation, the distribution 
of a in ane per atom Lad unit of time is 


N = 3 k+ 
(v) dv acie - = = ( +k’) & a oer 


Similarly the emission spectrum from hyperbolic to elliptic 
orbits 1s, in energy per electron 
re /H Ry k+k (ax)? 
I (Ek, nk’) =" 5 (G+) a y et 
Sai 


It follows from (22) that the integrals for the components of 
the coordinates corresponding to transitions between two hyper- 
bolic orbits diverge. If we compute the components of the 
acceleration directly from the equations of motion we get 


a,=cos¢sinS; o,=sing sind; a, = COS K sisas (43), 
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from which 
eat, (Ekm E'k'm')d (£'/[h) 
=d (E'/h) fffsn3a,.u(Ekm) u(E’k'm') dodddy ...(44). 
Now 


Bi 178 a vtktk +1. = y Cr (Ek), Cyr (Ek) 
[IEOS Ekde È gRr ge BOO 


where we must choose R, to make 
2y (E) R, >> 1; 2y (E^ R, >>1. 

For small values of Æ, of the order of a volt, the series converges 
rapidly. 

This gives, for the intensity of the continuous emission 
spectrum 

I (Ek, E'k’) d(E"[h) 
Ame k+ k 


É e+ ie y~ (Ek) y (E'k') S ght ad (E"/h) 
c k v=0 


III. Kinematics. From (42) and (46) we can get the probability 
that an electron, entering an hyperbolic orbit, shall be bound to 
the ion in an elliptic orbit, or shall emerge in another hyperbolic 
orbit. These probabilities are equal to the corresponding intensity 
of radiation divided by the energy radiated for a single transition. 
The total probability of capture for an electron of energy E and 
total angular momentum k, averaged over the possible values of m, 
is thus Le I=) T (Ek, n'h 

n'=0 n —k’ |= o n ‘) 
Pe= oe Da Eq Rina uenen (47). 


Classically an angular momentum k would correspond to an 
hyperbola with asymptote a distance A from the origin 


2 Jp * 
E a E ee (48). 
2E (1 + k?/n*)4 

Thus an electron of energy E must “fall within a circle of area 
im about the ion.” Its probability of capture 1s 

N K K — 

P,(E)=lim  & kjo (Ek).4 © r} Bees (49). 
Ko k=0 k=-0 


The quantity called, classically, the effective cross-section, is, for 
such electrons 
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Now classically the electron approximates more and more 
closely to a free electron as r is indefinitely increased. This is not, 
however, true on the new theory. For it is easy to shew, by setting 
e = Q in (4), that the characteristics for the free electron are 


PP cos (—iyr) è J(= tyr) vee. (51), 


which, for large r, approach 


cos 
- M 
8ın 


Cos m = 
ae mP” (cos 9) R [FH er] nn, s... .(52). 


On the other hand (22) gives, for large r, characteristics which 
differ from (52) by having (yr + in’ — hyr) in place of (yr). 

Now it will in general be possible to expand the self adjoint 
characteristics u/p for large r in terms of the characteristics 
hy 
Qa 
in space. If it should be possible to expand* it in terms of the 
characteristics of only such electrons as have the same energy, this 
would solve the problem of the deflection spectrum. For the initial 
beam we should have such a sum of characteristics as would give 
an electron moving, say, along the æ axis with the initial velocity. 
During the encounter the statistical distribution of the character- 
istics will be changed, in accordance with (46). By analysis of the 
resulting characteristics in terms of the characteristics of free 
electrons with the corresponding final energy moving along the 
three normal directions, we can find the relative probability of any 
deflection and change in energy by the encounter t. This problem 

will be considered in detail. ` 
I should like to thank Mr R. H. Fowler, F.R.S. and Dr P. A. M. 
Dirac, for many valuable suggestions. 


for electrons moving with velocity ( ) in three normal directions 


* This is impossible if one neglects transitions, 
+ In this connection see a paper by Born, Zeit. f. Phys. 37, 863 (1926). 
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On the stability of copper catalysts produced by thermal de- 
composition. By F. H. Constanze, Ph.D., Fellow of St John’s 
College. 


[Received 6 August, read 25 October 1926.] 


The view which the author has expressed regarding catalytic 
activity as due to frozen groups of atoms with strong specific 
external fields* is further tested by a study of the stability of 
preparations of copper at the instant of formation, and during the 
subsequent life of the catalyst. 

The copper salts of the monobasic fatty acids were heated in 
a current of alcohol vapour, and the birth of the activity and its 
magnitude were measured by the rate of evolution of hydrogen 
gas from the reaction vessel. The apparatus by means of which 
these measurements were made has been previously described f. 

Table I (A) shows the result of visual observations on the 
sage Raga te of decomposition of these salts. Table I(B) gives the 
results obtained by gradually heating a copper salt, which was 
finely distributed over a porcelain rod, in a stream of alcohol 
vapour. As the temperature of decomposition of the salt was 
slowly passed, the metallic, catalytically active copper was pro- 
duced, and made its presence known by the hydrogen evolved. 
The time, temperature and rate of evolution of hydrogen were 
tabulated (cf. Table I(B)). The temperature at which the catalysis 
started agrees well with the temperature at which metallic copper 
becomes visible. 

It can be seen that the catalyst obtained is quite stable and 
the activity attained after six minutes persists for hours. The 
overlapping of heating and cooling measurements also confirms this 
evidence of stability. Sometimes the catalyst showed a slowly 
falling activity, but this was not often met with. It was suggested 
that in these cases complete removal of the fatty acid from the 
reaction tube had not occurred, and the subsequent adsorption by 
the copper poisoned the catalyst. The measurements of the reaction 
velocity obtained on cooling and reheating are given separately. 
Since the surface is gradually being covered up the cooling curve 
shows too great, the heating curve too small a temperature co- 
efficient, the mean value lying near the true value. From such 
measurements it is easy to see the magnitude of the error caused 
by deducing the temperature coefficient from the heating or 
cooling curve alone (Table II (1) and (2)). 


* Proc. Roy. Soc. A, vol. 110, p. 283 (1926). 
t Proc. Camb. Phil. Soc. vol. 22, p. 738 (1925). 
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TABLE I(A). The Thermal Decomposition of Copper Salts. 


Salt Temperature °C. Nature of products 
Formate 100 Gives off water of crystallisation, 
and becomes deeper blue 
180 Slight darkening 
190 Darkening marked, and decrepita- 
tion of individual crystals 
200 Metallic copper observed 
210 Decomposition complete 
Acetate 150 Darkens 
245 Gives off acetic acid in considerable 
quantity 
260 Traces of copper noticed, if tempera-. 


ture be maintained copper is de- 
posited on the glass containing 


tube 
270 Decomposition complete 
Propionate 275 ” ” 
Valerate 285 ” ” 
Oxalate 300 Darkens 
305 Brown copper visible 
315 Complete 
Malonate 280 Darkens 
300 Copper visible 
310 Complete 
Succinate 270 Tinge of brown 
330 General darkening 
340 Fumes 
345 Rapid change to copper colour 
355 Copper throughout 
TABLE I(B). The Birth of Catalytic Actinty by Thermal 
Decomposition. 


(1) Formate. Activity too small at 190° C. to enable the birth to be detected 
by the method used. 


(2) Acetate. 
Time Temperature Reaction velocity 
br. min. °C. c.c. per min. 

11.31 258 0:0 

11.33 262 2°3 

11.35 267 5:0 

11.37 270 7°84 

11.39 272 8°40 

11.41 272 8°63 


(During the hour interval the reaction proceeded at 236°C., the 
temperature was then raised again.) 
12.56 272 8°50 
12.58 272 8°55 
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TABLE I (B) (cont.) 


Time Temperature Reaction velocity 
hr. min. °C. 6.0. per min. 
(3) Propionate. 
10.37 261 0°33 
10.39 265 0°32 
10.41 270 0°40 
10.43 272 1°41 
10.45 274 2°19 
10.47 274 2°78 
10.49 275 3°10 
10.5] 275 3°13 
10.53 275 3°14 
10.55 275 3°15 
10.57 275 3°04 
10.59 275 3°16 
11.1 275 3°10 
11.3 275 3°00 
11.5 275 3°10 
11.7 275 3°07 
11.9 275 2°95 
(4) Butyrate. 
10.00 272 0-0 
10.2 274 00 
10.4 275 3°6 
10.6 278 4:6 
10.8 280 84 
10.10 282 ; 8:6 
10.20 280 8:3 
(5) Valerate. 
10.15 270 0-0 
10.17 275 0°3 
10.19 284 1:5 
10.21 286 4°6 
10.23 288 ` 50 


When overlapping occurred the reaction velocity temperature 
curves were drawn, and in addition the catalyst was activated by 
alternate oxidation and reduction at 300° C., two additional curves 
being given in each case (Table III). It was found in the case of 
copper from the salts of the monobasic fatty acids that the 
maximum activity was practically reached at the first oxidation 
and reduction, the activity after the next oxidation and reduction 
being only very slightly greater. Since the limiting value of the 
catalytic activity depends only on the mass of copper used as 
catalyst and not on its origin, the comparison of the initial activity 
with the limiting activity on activation gives a measure of the 
surface activity of the original preparation. Such a comparison is 
more advantageous than a comparison per unit mass of copper 
since all errors due to varying conditions of experiment with 
various preparations are eliminated. The results obtained are 
shown in Table III. 


produced by thermal decomposition 


TABLE II. Unstable Preparations. 


(1) From formate. 


Temperature 
o 


265 
Intercept on logar- 
ithmic curve 
Mean 
Heat of activation 


(2) From acetate. 


Temperature 
of1 


220 

225 

230 

235 

240 

245 

250 

255 

260 

265 

270 
Intercept on logar- 

ithmic curve 

Mean 
Heat of activation 


Reaction velocity c.c.s H, per min. 


heating cooling 
— SN 
obs. calc. obs. calc. 
0°84 0°88 0°63 0°71 
1:08 1:07 0°82 0°85 
1°32 1'29 1:04 105 
1-56 1°55 1°30 1°27 
1°90 1°86 1°61 1°55 
2°20 2°19 1°92 1°87 
2°64 2°62 2°28 2°24 
3°08 3°08 2°71 2°69 
0'841 -= -0-904 
— 0:872 
— 19,800 cals. 


Reaction velocity 
Ae 


cooling heating 

—— ee, ee Ae, 
obs. calc. obs. calc. 
1°04 1:00 0°74 0°81 
1°18 1°26 0°94 1°00 
1°65 1°51 1°21 1:21 
1°98 1°88 1°53 1°45 
2°18 2°25 1°84 1:76 
2°82 2°75 2-26 2°14 
3°38 3°38 2°68 2°51 
3°89 3°98 3°02 3°02 
4°74 47 3°56 3°56 
5°70 5°75 4'11 4'25 
7:08 6:93 4°74 501 
0:89 — 0:84 

= 0:865 

E 19,700 cals. 


435 


1 
* Intercept on the log,,v axis for the interval jz- z) = 0°00020 obtained 


TT. 


from the straight line, logio v plotted against 1/T. 
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TABLE III. Stable Preparations. 
(1) From Formate. 
No. of alternate oxida- 


tions and reductions 0 1 
; Reaction velocity 
Temperature ne eee aa 
k obs. calc. obs. calc. vo/v; ratio 
230 0°42 0°41 0°68 0°68 0°62 
235 0°50 - = 0°50 0°81 0°83 0°62 
240 0°60 0-62 1:00 101 0°66 
245 0°74 0°73 1°24 1:23 0°60 
250 0°88 0:89 1:50 1°47 0°61 
255 1:06 1-06 1:78 1:77 0°60 
260 1°27 1°32 2:08 2°09 0:60: 
265 1:58 1:53 2:43 2°46 0°60 
Relative initial activity mean 0°61 
Intercept on logarithmic 
curve 0°89 0°87 
Heat of activation 20,400 19,000 cals. 


(2) From Acetate. 
No. of alternate oxida- 


tions and reductions 0 1 
Reaction velocity* 
Temperature —_—_—_—" 
°C. obs. calc. vo/v, ratio 
220 — 2°05 — 
225 — 2°46 — 
230 — 3°00 — 
235 2°36 3°54 0°67 
240 2°78 4°16 0°67 
245 3°28 4°88 0°67 
250 3°88 5°84 0°67 
255 4°46 6°84 0°65 
260 5:36 — — 
265 6°22 — — 
Relative initial activity 0:67 


(3) From propionate. 
No. of alternate oxida- 


tions and reductions 0 1 
Reaction velocity 
Temperature ————— ss > 
°C. obs. calc. obs. calc. v/v, ratio 
230 0°49 0:49 0°80 0°83 0°62 
235 0°60 0°59 0°97 0:99 0°62 
240 0°73 0-74 117 1:19 0°63 
245 0°88 0°89 1°42 1°44 0-62 
250 1°08 1:07 1:73 1:74 0°62 
255 1°32 1:29 2°04 2°04 0°63 
260 ° — — 2°40 2°44 — 
Relative initial activity mean 0°62 
Intercept on logarithmic 
curve 0-87 0°85 
Heat of activation 19,800 19,300 cals. 


* Owing to a slight leak these results cannot be used for temperature coefficient 
measurement. | 
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(4) From valerate. 


No. of alternate 
oxidations and 


reductions 0 ] 2 
Reaction velocity Ratios 
Temperature" anaiena A PE CERN 
°C. obs. cale. obs. calc. obs. calc. Vo/vy Vore 
225 — — 0°94 1:00 1:00 1:07 — — 
230 0:72 0°74 1:23 1:26 132 1°32 0°57 0:54 
235 0°90 0:90 157 151 165 1°65 0°57 0°54 
240 112 1-09 1:93 1°86 202 203 0°59 0:54 
245 1:37 1°32 2°34 2°34 2°47 2°46 059 0°54 
250 163 1:65 2°84 2°85 3°01 2:97 057 0°54 
255 194 1:93 3°48 3°55 3°68 3°67 0°55 0°53 
260 2°32 2°29 — — — — — — 
265 2°71 2:67 — — — — — — 
Relative initial activity 0:57 0:54 
Mean 0:56 
Intercept of logar- 
ithmic curve 0°88 0°95 0°94 
Heat of activation 20,070 21,600 21,400 


Discussion of Results. 


The behaviour of the catalysts produced is strikingly similar, 
rovided that the temperature be not allowed to exceed 280°C. 
t is therefore tempting to conclude that the original spacing of 

copper atoms in the compound is only a secondary factor, that the 
active structure is formed by the sudden liberation of copper 
atoms, and that the mixed crystallisation, and freezing in the 
amorphous state, of such atoms is the real factor governing the 
nature of the final surface. Once the surface is formed it does not 
seem to change easily, and the activity remains steady for hours. 

Very interesting also is the increase of activity on alternate 
oxidation and reduction. The catalyst rapidly approaches its 
maximum activity, after which random variation in the activity 
may occur to some extent, particularly if some standard procedure 
is not strictly adhered to in treating the catalyst while oxidising 
and reducing. The ratio of the initial activity to the maximum 
activity possible on activation has been used as a measure of the 
surface activity of the original preparation. With this standard it 
is evident that there 1s not much difference in the result of the 
decomposition of any of the simpler salts of the fatty acids. 

The results therefore agree with the hypothesis that the centres 
of activity of the surface are frozen groups of atoms with strong 
specific external fields, and at moderate temperatures the stability 
is marked for many hours. 
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Note on the velocity of gas-reactions. By J. A. CHRISTIANSEN, 
of the University of Copenhagen. (Communicated by Mr R. H. 
FOWLER.) 


[ Received 10 August, read 25 October 1926.] 


In a recent paper, G. N. Lewis and D. F. Smith * have discussed 
the problem of the velocity of chemical reactions, especially that 
of the only gas-reaction, the decomposition of N,O,;, which had 
then been proved with sufficient accuracy to be kinetic unimole- 
cular, i.e. unimolecular in the purely empiric sense of the word. 

The authors try to show in this paper, that certain conclusions 
as to the rate with which a molecule in a gas can acquire a certain 
minimum amount of energy, which not only have been stated in a 
paper by H. A. Kramers and the author of the present note, but 
also before that time in somewhat different forms by several 
different authors}, are invalid. 

These conclusions are that the number of molecules reacting 
per sec. in the gas (N,O,) as found by direct experiment, is many 
(at least 10*) times greater than the number of molecules, which 
according to our present knowledge could possibly in the same 
time acquire the amount of energy which on the commonly 
accepted view is necessary to make the molecule react either by 
radiation or by collision. 

Now it must be admitted that it would seem very satisfactory 
indeed if it could be proved that the conclusions mentioned above 
were invalid, but a discussion of the paper in question will show 
that the authors must have overlooked essential points, and that 
when the errors are corrected we again arrive at the original very 
puzzling conclusions mentioned above. 

The same authors however have mentioned one circumstance, 
which might be of help in escaping from the difficulties mentioned, 
but they have not treated this point in detail. After discussion of 
the main points in their paper, we shall therefore, in concluding 
this paper, treat this point, which was to a certain degree neglected 
in the earlier paper by Christiansen and Kramers. 

As the assumptions are explicitly stated and the train of 
reasoning used is set forth clearly, no report need be made here of 
the contents of the paper in question to which the reader is 
referred. : 


* Journ. Amer, Chem. Soc. 47, p. 1508 (1925). 

t Zeitschr. Physik, Chem. 104, p. 451 (1923), Attention should especially be 
called to the remarkable papers by M. Polanyi, Zeitschr. f. Physik, 1, p. 337 (1920), 
2, p. 90 (1920), 3, p. 31 (1920). ; 


' 
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The first point which might be discussed more deeply is the 
statement following the equations (13)* and (14)*: 

“In this case therefore, we see that the heat of activation 1s 
not the heat required to activate the average molecule but rather 
the heat required to raise a molecule from zero internal energy to 
the condition of activation.” 

Now it cannot be too strongly emphasized that the “heat of 
activation” q can, at present, only be measured by means of 
experiments on the temperature coefficient of the velocity constant 
of the reaction. From this we calculate q by means of the well- 
known Arrhenius equation 


dink gq i 
qy Rp (1) 


and it seems to the present author that this is at present the only 
possible way of getting a numerical value of this important 
quantity. 

If we furthermore make the assumption that the probability of 
reaction K* per unit time for a molecule, specified not only with 
respect to species but also with respect to its inner state, is strictly 
constant (i.e. independent of temperature and the presence of 
other molecules) and that the distribution of the molecules in the 
different possible states is that corresponding to thermal equi- 
librium (although the reaction is going on) we get in the unimole- 
cular case 


dink = g 


where q’ denotes the difference between the average energy of the 
molecules which react during a certain time and the average 
energy of the molecules taken over all possible states, the reactive 
ones included Ff. 

It is thus seen that the q found by experiment as defined in 
equation (1) must mean exactly the same as q’ in equation (2). 
Evidently therefore the equation (14)* can only be a more special 
case of our general equation (2), a case where gq’ turns out to be 
strictly independent of temperature, which it is not in general f. 


* Equations marked * are equations so numbered in Lewis and Smith’s paper. 

t Comp. R. Marcelin, Annales de Physique, 3 [9], p. 120 (1915); R. C. Tolman, 
Journ. Amer. Chem. Soc. 42, p. 2506 (1920). Also J. A. Christiansen, Reaktions- 
kinetiske Studier, Köbenhavn, 1921. (Dissertation.) 

t In this connection attention should be drawn once more to the paper of 
F. E. C. Scheffer, Proc. Akad. Wet. Amsterdam, 19, p. 636 (1917), where it is 
proved that the integrated form of equation (1), 


A 
Ink=-7+B, 


must in all simpler cases correspond so nearly to the experimental values, that only 
by means of very exact experiments will it be possible to measure the deviations. 
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Thus contrary to the statement mentioned above the heat of 
activation is always the heat required to bring an average molecule 
at a certain temperature to the average “state of activation” at the 
same temperature, if we are justified in using the above-mentioned 
assumptions. 

In the special case considered by Messrs Lewis and Smith, 
compare their equations (11)*—(14)*, it is true that Æ* is the 
heat required to raise a molecule from zero internal energy to the 
condition of activation. But E* is also the energy necessary to 
raise an average molecule to make an average active molecule at 
the same temperature. The two authors must have overlooked 
the fact that the average energy of an active molecule, according 
to their definition, is not Æ* but E* + kT, while the average energy 
of all the molecules is of course kT. This can be immediately shown 
by means of equation (11) as 


1 30 -E E” E’ 
| Ee dE Ete *T 4 kTe * 
active = lr _E = _E* 
nT kv 
et} e dE e 
1 r°” -E 
TT Ee aE 
and similarly Ean molecules — 1 — E i 
TET 
orl. ee" dE 


The next point to be discussed is that mentioned on pp. 1514 
to 1515, where it is stated that a great heat capacity of the reacting 
molecules would largely increase the number of collisions favour- 
able for reaction. Now this might be true in a certain sense of the 
word}, but in the paper discussed here this point is connected up 
very closely to the foregoing, so that it is argued that the exponent 
of the exponential function in the paper by Kramers and the 
author may be in error. 


t This question is not to be discussed here, but it must be emphasized that 
Messrs Lewis and Smith are, in the paper considered, working on an assumption 
which is very similar to, although not exactly the same, as the above. Compare 
their equation (3) and the remark, p. 1514: ‘‘The work of Arrhenius....” The 
ditference is, that we have replaced the right-hand side of (3), 

Kak” 10", 
by a summation (or integration), as we assume that the reacting molecules are 
not allin exactly the same state. This extension seems to us to be very natural 
and even necessary. 

It may also be emphasized here that equation (2) does not tell anything of the 
conditions for reaction. It simply states that if the velocity constant varies with 
temperature there must be a difference between the mean energy of the reacting 
molecules and the total mean energy. 

- ¢ This is the point, mentioned before, which will be dealt with later on. 
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The exponential function however cannot be much in error, as 
will appear from later calculations. Here again it must have been 
overlooked, that what we measure by experiment as the activation 
energy is the energy which the reacting molecules must possess in 
excess over the normal ones and consequently also the energy 
which must on the average be transferred by collision or by radia- 
tion at the temperature considered to any molecule to make it 
react. It is thus seen that the heat capacity is not relevant in 
connection with the exponential function. 

While the two points mentioned above play only a minor rôle 
for the conclusions of Lewis and Smith the third point to be dealt 
with is a fundamental one in their paper. 

In the first place the author at the time of writing (Aug. 
1925) would not admit that he is convinced of the physical 
reality of the picture (the light-quantum hypothesis in its most 
paradoxical form) underlying the calculations. This however is of 
course no argument at all, and as it must be admitted that all conse- 
quences hitherto derived therefrom in a rational way seem to 
correspond to the experiments, we shall not discuss the a priori 
permissibility of using (16)* for the calculations, but shall simply 
take it for granted and discuss its consequences. 

It seems that the authors at least partly ascribe their success 
to the fact that they have used the radiation hypothesis not for a 
narrow range of frequencies but for all frequencies exceeding a 
certain minimum value. This however does not help very much to 
make the number of activation processes great, as when v is great 

hv 
(~ 10") the contributions e *”dv to the integral in (21)* 


2 —_— 
g= €e EL dv, 
yv’ 


for which v— v is positive and say more than 10°/, of v will on 
account of the well-known properties of the exponential function 
always be relatively very small at ordinary temperatures. The 
reason why these authors get a result of the correct order of mag- 
nitude, even in the case of a molecule of only two degrees of freedom, 
is that they introduce an assumption (16)* which proves to be 
equivalent to putting Einstein’s probability for spontaneous tran- 
sition from a higher to a lower quantum state (A) equal to v, which 
is exactly the assumption introduced by Dushman. This however 
necessitates the assumption of impossible great absorption coeffi- 
cients{t. 

The same thing is perhaps better seen by direct use of (16)*, 
which is believed to give the area of the cross-section of a “ quan- 


t Comp. Christiansen, Zeitschr. Physik. Chem. 103, p. 92 (1922) and Kramers 
and Christiansen, ibid. 104, p. 451 (1923). 
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tum” of definite wave-length, connected with the assumption that 
the “quantum ” is absorbed as soon as it collides with a molecule. 
It ought to be mentioned that this assumption is not explicitly 
stated, but so far as can be seen it must be implicitly contained in 
the calculations if the law of conservation of energy is meant to 
hold, not only statistically, but also for the elementary processes, 
as the authors appear to assume *. 

With these assumptions the cylinder described by a “quantum” 

2 

on unit length (1 cm.) will have a volume of S7 Let us take as 
a reasonable value A = 10— cm., corresponding to light in the near 
ultra-red, and let us shine light of this sort into a gas at 1 Atm. 
There will be, then, in the cylinder mentioned, about 

2 x 109.1078. ee 01.10" 

Sir 

molecules. If now as assumed every molecule which meets with 
a quantum absorbs it, then on a length of 10-7} cm. 1/10 of the 
light would be absorbed. 

The absorption measured for N,O;+ is however many million 
times smaller than that, and from a theoretical point of view the 
correspondence principle should not allow the absorption to be 
greater than about one millionth of the above value. 

It is thus seen that the radiation theory cannot be upheld, at 
least if we do not make some supplementary assumptions to remove 
the difficulties. 

Now if we were to accept the newer modification of the quan- 
tum theory, which has been proposed by Bohr, Kramers and Slater, 
the difficulties for the radiation theory of chemical reactions would 
perhaps automatically disappear, as in this theory the detailed 
conservation of energy 1s not postulated. Unfortunately, however, 
one of the experimental consequences has just recently been dis- 
proved by Bothe and Geiger and thus we cannot at the present 
time very well use this as an argument. Furthermore, quite apart 
from this fact, the new theory has been worked out, if I might 
express myself thus, so to speak in opposition to the Einstein 
light-quantum hypothesis which just postulates the conservation 
of energy, and so if we are to use the Bohr-Kramers-Slater ideas, 
the whole thing would have to be put in a quite different way. 
I might here again refer to the paper by M. Polanyif. 

We now proceed to mention the third circumstance, which has 
been pointed out by Messrs Lewis and Smith, and which perhaps 
might allow us to escape from the difficulties. 


* See for example the phrase in italics between (24) and (25). 
+ Warburg and Leithauser, Aun. der Physik, 28, p. 313 (1909). 
t loc. cit. 8, p. 34 (1920). . 
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As is well known there are two different ways of formally 
calculating the velocity of a chemical reaction. 

The first one is that used by Messrs Lewis and Smith and ex- 
plicitly stated in their paper. It has been restated above in a 
somewhat more detailed form, and has in this form been used by 
R. C. Tolman and others. The characteristic features of this 
method are the assumption of (1) equilibrium between the re- 
active and the normal molecules and (2) of a definite probability 
for reaction, corresponding to each reactive state. 

The second assumption has been introduced by Marcelin. This 
method, which seems to be more genera] and which will therefore 
be used in the following sections, consistsin enumerating the number 
of systems (e.g. single molecules), which pass a certain (or a certain 
number of different) state(s), the critical states, in unit time. 

To use this method it is obviously necessary (1) to be able to 
describe these states by means of certain conditions, which they 
must fulfil, and (2) to calculate the number of molecules passing 
these states. Now, at the present time, our knowledge of the | 
mechanism of any elementary process is far too limited to enable 
us to give a precise answer to these two questions. By means of 
certain simplifying assumptions it seems however possible to solve 
the problem for the simple case of bimolecular gas reactions, with 
a degree of accuracy which corresponds fairly well to the accuracy 
hitherto arrived at by means of experiment. The method consists 
for this case simply in enumerating the number of collisions 
between any two of the molecules, which are to react subject to 
the condition that their relative velocity shall exceed a certain 
minimum value given by the condition 


1 mm, 


E E O E E (3), 


where m, and m, mean the masses of the two molecules. This 
method has been used by many different authors*, of whom especially 
K. F. Herzfeld ought to be mentioned, as he has applied the very 
essential modification of the theory, which we owe to Langevin 
and Rey to this case. This modification, which appeals strongly to 
ordinary common sense, consists, as R. C. Tolman expresses it, in 
taking account only of the “ head-on ” component of the relative 
velocity of the colliding molecules. 

Calculated with these assumptions the velocity of reaction 
becomes simply 


2 m, + mo 


where S means the ordinary gas kinetic collision number at unit 


* For literature the reader is referred to Journ. Phys. Chem. 28, p. 145 (1924). 
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concentrations. Experience shows that in all (not very numerous) 
cases hitherto found where we have to do with a simple bimole- 
cular gas-reaction, this equation agrees with the experimental 
values, when factors greater than 1/10 and smaller than 10 are 
allowed for. Such small factors may be of real significance but as 
neither our knowledge of molecular diameters which are essential 
for the determination of the factor S, nor the kinetic determination 
of the corresponding empirical factor are very accurate, it must be 
stated that this method of calculation has hitherto met with a fair 
success ®, 

The picture underlying this rough estimate of the reaction 
velocity 1s the following: In order to make the two molecules 
react they must obtain, by the collision, a certain amount of energy 
which does not depend on their internal energy. The implicit reason 
for this assumption is closely connected to considerations similar to 
those set forth, p.441. It is natural to assume that the molecules 
at the moment when they react must contain not only the critical 
energy E£,, as energy of parts of the molecule which are essential 
for the reaction, but also their normal share of thermal energy 
distributed on those motions in the molecule which are not essential 
for the reaction. Of course this is a hypothesis, but a hypothesis 
which seems to be supported by the results of, unfortunately rather 
few, experiments. 

Now, however, Messrs Lewis and Smith start from another 
assumption. They assume that a molecule with internal energy £; 
only needs to obtain the energy £,—£; to be activated. This 
extended to the brmolecular case would mean that when two mole- 
cules of internal energies Æ; and Æ; meet, then it is sufficient for 
the reaction to take place that their relative velocity V has a 
minimum value given by the condition 


V2 > E, — (Ei + E;) eseoesoosoosoao (5), 


1 mm, 
2 Mmi + m 


or, to express the same thing in another way, so soon as the pair 
of molecules have obtained the total energy £, they will have at 
least the possibility of reacting before parting again, irrespectively 
of the distribution of this energy in the pair. 

As the result in this case comes out very differently from that 
arrived at on the above-mentioned assumption, it might be of im- 
portance to use Lewis’ hypothesis in a formal calculation of the 
reaction velocity. The current one as stated gives the simple 
result mentioned above. 

As an expression for the number of collisions occurring per sec. 
per unit volume, we shall use the well-known expression from the 


* In recent years C. N. Hinshelwoods’ measurements of velocities of gas-reactions 
have contributed much to the experimental verification of equation (4). 
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kinetic gas-theory, given by R. H. Fowler*® in the very convenient 
form 
1 Mmm rs 


M, My tet mim, 
dN = 4nrC,C, (— ok 5) e VdV. 2rpdp 


where p denotes the distance between the path of the centre of 
one molecule and the centre of the other. If now we replace in this 
formula C, and C, by C; and C;, denoting the concentrations of, 
respectively, molecules (1) and (2) of definite descriptions, we 
evidently get the number dN 4 of collisions of a definite class A. 

If now the probability that such a collision shall be successful in 
giving rise to reaction is P4, the total reaction velocity evidently 
becomes 


= |Pa-dN4 : 


Mı M, -ara are ry 
= 8m Fees, cer | | [P10 VdV. pdp 


where the integration is to be taken over all possible values of 
C;, C;, V and p. We have 
Ei 


C; = A, : e 'T do, 
_E, 
and C;= A,.e kT doj, 


where do; and do; denote elements of the phase-space corre- 
sponding respectively to molecules (1) and (2), Æ; and Æj the 
energies corresponding to the state defined by the situation of 
do;, do; in the phase-space and A,, A, are constants for given 
concentrations and temperature defined by means of + 


E; 
C= 4A, a OES (8:1), 
all phases 
Ff 
C,= A, g dag: sekiin (8'2). 
all phases 


As P, must be a function of the coordinates specifying the collision 
but can be assumed to be independent of temperature, when the 
influence of “ Einstrahlung” from the temperature radiation is not 
* Phil. Mag. 47, p. 257 (1924). 
+ A closer examination of these expressions shows that A, and dy» are very 
closely connected with the activities of the molecules (1) and (2) respectively, and 
consequently 


-E 
1/fe 4T do 
with the activity coefficients. 
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taken into consideration, it is easily shown that logarithmic differ- 
entiation will lead to Arrhenius’ formula for the dependence of 
rate of reaction on temperature (comp. p. 439), but it 1s obviously 
impossible to say anything at all of the absolute velocity without 
further knowledge of P4, apart from the statement that the velo- 
city cannot exceed the total number of collisions between (1) and 
(2) molecules. 

If however we introduce a definite condition of the collisions 
being active we shall be able to use this formula for actual calcu- 
lations and thus have the possibility of comparing the consequences 
of our assumptions with experience. 

In accordance with Messrs Lewis and Smith we shall assume 
that P4 =0 for all values of p >4(d, + d+), where d, and d, denote 
the diameters of the two molecules, and in all cases in which 

B+ By+5V" eile lle | 
mı + My 
while on the other hand P4 = 1 when both p< $ (d, + d+), and also 
l iya mim, 
E:+ By +5 V ea e 

According to Herzfeld the number of collisions between (1) and 
(2) with internal energies Æ; and Æ; which fulfil the above con- 
dition 18* 


0» 


_ Bo (Est Ep 
C;.C;.S.e A T EEEE (9). 
As stated by Lewis and Smith, C; is given, according to the 
classical theory, by the expression 


EP} - 
= pee nee aE ee eee k eeseeeene 
C; iG I)! ETP? dE; . (10:1) 
E kT 
imi PR o een (eee ee g 
and similarly C = C}. On i) ET OT i A (10:2), 


where p, and p, denote integers, which can be evaluated from a 
knowledge of the structure of the two molecules and verified by 
means of measurements of the specific heat. 

The reaction velocity calculated in this way consequently 
becomes 

_ Fe E, p”? E,- Ft E,"" 
kT 43 $j 

00st] irane E, go aur 
When we perform the integration we get 


-1 


E 
-3m / E \Pit Pn 1 
V=O,0,.8¢ (ey ay e | 
* See p. 443. 
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Now this expression cannot be immediately compared with an 
expression of the form 


ge 
Ve CeO SE roer (4), 


as in this S has been assumed to be independent of T. To com- 
pare, we may, for instance, differentiate (11) (for constant concen- 
trations) logarithmically with respect to 1/T. We thus get 


Tur et + p) / AEE ANTES (12), 
so that by comparison with Arrhenius’ equation 
any je 
di/T—s kè. 
Q = Es- (prt pa hl enesesse (13)*, 
and | V=C,.0,. Semtre it TE EE (14). 


To compare the expressions (11) and (14) we consequently have to 
calculate the ratio 


oii a ee Jeno 
kT (pı + p:+1)! 

For the special case of 2N,O, molecules colliding, for which we 
choose with Lewis and Smith p,=p,=7 and E,/kT = 46, this gives 
a factor about 10°. 

This is to be considered as the upper limit for a factor possibly 
missing in equation (4) as any increase of p, + p, would cause a de- 
crease of the factor, and as we have assumed P4 =1 so soon as the 
sum of the inner energies and the relative kinetic energy exceeds 
Ey. | 

Comparison with ordinary bimolecular reactions makes it how- 
ever very unlikely that this assumption is correct, as in that case 
we should expect to find for different reactions with different p’s 
widely different values of the constant “8S,” while in fact they only 
vary in a rather narrow range. | 

On the other hand it cannot be strictly excluded that just such 
a special constitution of N,O, would cause the peculiar exception to 
the general rule and we have thus to consider if the experiments 
might be explained on the basis of the above calculations. 

Let N denote the number of “activating collisions” in a gas 
and w, and wg respectively the probabilities for reaction and de- 


* This equation shows that E* in the case considered by Lewis and Smith, 
loc. a 1519, is not 24,700 cals. (=Q) but Q+6RT=28,300 cals., so that their 
P* should not be 300 but this number multiplied by e-8 = 1/400. 
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activation of the activated complex. Then the reaction velocity 
becomes 

W, 

Wr + Wa l 


V=N 


Now if we assume activation of (1) to take place at a collision 
with (2), we must necessarily on account of the reversibility of the 
elementary processes also assume that deactivation can take place 
at such a collision and we consequently get wa = S'C,, where S 
cannot exceed the ordinary gas kinetic collision number, while w, 
denotes the probability for spontaneous reaction, which must be in- 
dependent of the C’s. 


For N we have the ordinary expression 


-Q 
N =S". e *T, 


and consequently 


Q 
“irw 1 
4 i ý S 1 + w,/S C, 
Now it has been shown that at pressures as low as 1 mm. the re- 
action is still kinetic unimolecular and consequently 


W/S <10~ or w,< 10. 


Furthermore it was shown above that S”/S’ cannot exceed 10°. 
Now if our picture is correct, experiment shows that S”/S w, = 10, 

and consequently w, > 10°. It is thus seen that even if we press our 
picture as far as possible, it is impossible to avoid contradiction 
between the two estimates of w,. Thus also this escape seems to 
be closed, and we are forced back on the hypothesis of the chain- 
reactions, or some other hypothesis working to the same effect. 
We might in this connection also mention a very peculiar 
hypothesis set forth by M. Polanyi*, in which a very strong 
coupling between two reciprocal elementary processes going on at 
different places in space is assumed. At the time when it was set 
forth, this hypothesis seemed to the present author to be exceed- 
ingly improbable, as it seemed to necessitate the conclusion 
that emission of radiation from a body should depend on the pre- 
sence of other bodies to take up the radiation. But it must be 
confessed that the present development of the quantum theory is 
such that surprises may be expected everywhere. We may therefore 
for the present leave this question open and state as a result of the 
above considerations, that the original conclusions arrived at by 
M. Polanyi, Kramers and the author and others mentioned above 
still seem valid. 


* Zeit. f. Phys. 3, p. 31 (1920). 
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It might finally be mentioned that although it must be ad- 
mitted that the experimental evidence is rather against than for a 
chain-reaction mechanism, 1t seems to the present author that the 
experiments, on account of serious discrepancies between the 
results of the different authors, are still not conclusive against some 
mechanism analogous to that proposed by Kramers and the author. 


The author wishes also to take this opportunity to express his 
thanks to Mr R. H. Fowler, Trinity College, Cambridge, for the 
interest he has taken in the preparation of this paper. 
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I. The measurement of reactions half completed in less than 
Toso part of a second. 

II. The measurement of reactions half completed in more than 

one second. 

III. The measurement of reactions taking place in very dilute 

solution. 

IV. The use of smaller quantities of the reacting fluid. 

V. The study of multiple reactions following one another in 

rapid succession. 

VI. The detection of the existence of short-lived transient com- 

pounds. 

VII. The detection of concentration gradients in heterogeneous 

reacting fluids. 

During the last year the homogeneous reactions of haemo- 
globin, and the heterogeneous reactions of the red blood corpuscle, 
have continued to furnish us with abundant opportunity for the 
application of our method for measuring the velocity of very rapid 
chemical reactions*. The recent types of apparatus, which we 
have devised, have not departed in essentials from the general 
principle previously employed, but a number of modifications and 
extensions have been introduced to meet with greater efficiency 
the special conditions which were imposed upon us. Since these 
developments would seem to be of much wider application than 
the special purposes for which they were in the first place designed, 
we think that 1t may be useful to workers in other fields to give a 
brief summary of their general features here. In the present paper 
we shall accordingly describe the methods we have adopted for 
. Very fast reactions. 

Very slow reactions. 

. Very dilute solutions. 

Small quantities of fluid. 

. Reactions following one another in rapid succession. 

. Reactions involving short-lived transient compounds. 

The detection of concentration gradients in heterogeneous 
reacting solutions. 

Special apparatus has been devised to deal with each of these cases 

which will be briefly described in the following sections. 


* Hartridge and Roughton, Roy. Soc. Proc. A, 104, 1923, p. 376; Proc. Camb. 
Philos, Soc. xxu, 1924, p. 426. 
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SECTION I. 
The measurement of very fast reactions. 


We have previously pointed out that the competency of our 
method to deal with fast reactions depends at present upon its 
ability to reduce the time of mixing, T, to as small a value as 
possible. This may be achieved (1) by diminishing the volume of 
the mixing chamber without at the same time diminishing the 
perfection of mixture of the fluid leaving it, (2) by increasing the 
rate of flow. 

With regard to (1) a mere reduction in the dimensions of the 
mixing chamber would not prove satisfactory because the perfec- 
tion of mixing would almost certainly be sacrificed thereby ; it 1s 
necessary at the same time to make some alteration which will 
correspondingly improve the mixing. This might be (a) an increase 
in the jet velocity which would be followed by increased turbulence 
of the fluid (this increased velocity being achieved either by in- 
creasing the pressure in the fluids or by reducing the resistance of 
other parts of the apparatus); or (b) an increase in the number of 
jets feeding the reacting fluids to the mixing chamber. 

In our most recent apparatus both methods were adopted. The 
resistance of all parts of the apparatus was kept low by making 
the flow of liquid to the jets as direct as possible and by reducing 
the length of the observation tube from 10 cms. to 3cms. The 
number of jets used in the original apparatus was two, i.e. one for 
each of the reacting fluids. This number was increased first to 
four and then to eight, each time with a marked improvement in 
the efficiency of the apparatus. In the most recent apparatus the 
number was sixteen, the odd numbers being supplied with one 
fluid and the even numbers with the other. These jets were milled 
on the lathe from a solid piece of brass of conical shape. The jets 
thus make an angle of 60° with the axis of the observation tube. 
This arrangement has two advantages which amply repay the 
trouble expended on the construction :—in the first place it enables 
the mixing chamber to be reduced to much smaller dimensions 
and in the second it allows observation to be made on the fluids at 
an earlier instant after mixing. The mean distance between the 
commencement of the mixing chamber and the commencement of 
the observation tube was 2 mm., and this with a linear rate of flow 
of 1200 cms. per second represents an interval of time of gygy part 
of asecond. The first observation can therefore be made within 
this very short interval of time after the commencement of mixing; 
and the time of half completion, R, of the fastest chemical reaction 
in solution which can be dealt with by means of this apparatus, 
is therefore just less than sgth of a second, i.e. a value about half 
that obtainable with the fastest apparatus described in our previous 


30—2 
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paper. It seems to us improbable that we can reduce the value of 
R yaa below this figure, unless either some radical change 
in design is ‘made or unless the apparatus is adapted so that 
driving pressures much higher than one atmosphere can be ap- 
plied to the reacting fluids. ` 


Section II. 
The measurement of slow reactions. 


In stationary, as opposed to streaming, methods of determining 
the velocity of chemical reactions, it is necessary that the time 
taken in estimating the concentrations of the several reactants at 
different stages during the progress of the reaction should be short 
in comparison with the time taken by the reaction to proceed to 
half completion, i.e. R, It has been found by numerous previous 


From mixing To observation 
chamber tube i 


A B C 
Fig. 1. 


workers that no diffculty arises when R is greater than two to 
three minutes. But, on the other hand, as the value of R decreases 
from two minutes to one second, the rapidity required of the 
method of estimating increases correspondingly and eventually 
reaches an unattainable degree. We have therefore found it de- 
sirable to extend our streaming method so as to cope with reactions 
half-completed in times greater than one second and less than 
three minutes. This end has been readily achieved by simply in- 
creasing the length and hence the volume of the observation tube, 
and by lpn the rate of flow so far as is possible whilst still 
retaining turbulent motion of the fluid. 

A very convenient arrangement for giving four different points 
on a slow velocity curve is shewn in Fig. 1. 

The three cylindrical vessels and the observation tube contain 
ordinary air at the commencement of the experiment and the clips 
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on the rubber connections are so applied that fluid from the mixin 
chamber would first pass into A until it is filled, then enter an 
fill B, then enter and fill C, and then enter and fill an observation 
tube the volume of which 1s small in comparison with A, B and C, 
and finally flow out to waste. As soon as this occurs the first ob- 
servations are taken. Then without interrupting the flow of liquid 
the by-pass to C is opened and clips to the entering and exit tubes 
to C are applied, thus cutting C out of the circulation. When this 
has been done the second series of observations are taken. Then in 
a similar manner B is next cut out and a third set of readings 
taken. Finally A is cut out and the fourth set of readings 
taken. From a knowledge of the rates of flow, which are taken by 
ascertaining the volume of liquid passing out of the ap ata ina 
given time for each of the four arrangements described above, and 
from a knowledge of the volumes of A, B and C and their con- 
nections the time intervals for the four points can be readily 
ascertained. 


SECTION ITI. 
The measurement of reactions taking place in very dilute solution. 


It has long been recognised that it is necessary to determine 
the effect of wide variations in the concentration of the reagents, 
in order to test in a thorough manner the validity of the mechanism 
proposed for any given chemical reaction. Many of the physical 
methods of determining the composition of moving fluids, e.g. 
colorimetry, polarimetry and spectrometry, require a thicker volume 
of solution for examination when the concentration of the substance 
to be measured is reduced. In the case of the method of spectro- 
scopic analysis, with which we have so largely worked, a solution 
which gives optimum absorption bands in an observation tube of 
diameter = 1 cm., required an observation tube of 50 cm. diameter, 
if it is diluted fifty-fold. Now it would be practically impossible to 
feed a tube of this diameter with fluid that had been mixed by 
means of a single mixing chamber. On the other hand, a number 
of mixing apparatus placed close together and feeding the whole 
cross-section of such a large tube would be very elaborate to con- 
struct. 

We found the difficulty could be met by placing the long axis 
of the observation tube in line with the optical axis of the spectro- 
scope, as shewn in Fig. 2 

The beam of light from a Fullolite lamp placed almost in con- 
tact with the lower hemispherical end of the tube passed through 
the glass into the solution up which it passes, The light tends to 
stay inside the tube by suffering total internal reflection when it 
reaches glass and tries to pass out into the air. Some light gets 
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lost by scattering however. This loss is avoided to a large extent 
by covering the tube externally by a reflecting coat of good tin 
foil which is held in position by insulation tape wrapped round it 
in a spiral manner. The light having reached the top of the tube 
passes freely through the plate glass window which 1s cemented to 
the flange at the top and enters the revision spectroscope for 
analysis of the absorption bands. 

The fluid passing up the observation tube has been mixed at 
two mixing chambers which communicate with the lower end of 


A, A=Mixing chambers. 
B, B=Eutrances. Tubes open tangentially into observation tube, 


C = Observation tube. D = Exit tube. 
E = Plate glass cemented to flange. 
Fig. 2. 


the observation tube by means of two side tubes. These side tubes 
enter the observation tube tangentially so that a spiral motion is 
given to the fluid as it passes up the bore of the observation tube. 
This motion is given to the fluid as previously explained in order 
to avoid the possibility of stream line motion taking place. 

The fluid having reached the top of the observation tube 
leaves at a side tube which is placed near the upper side of the 
end flange as shewn in the diagram. 
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Now it is very important in using this ap Gah to see that 
the rate of flow is sufficiently rapid to preclude in the first place 
the possibility of stream-line motion taking place in the fluid and 
in the second place the possibility of the fluid entering and the 
fluid leaving being so different in chemical composition (owing to 
the reaction which is taking place in the fluid as it passes up the 
tube) that error is produced in the spectroscopic readings. A rate 
of tlow higher than the critical velocity for turbulent motion will 
avoid the first error. The second error will also be avoided if in 
addition the reaction is so slow that the two extreme values of the 
concentration of the component under investigation differ from 
one another by an amount less than twice the experimental 
method of observation. This will be the case, as we have shewn in 
a previous paper*, if throughout the whole course of the reaction 


a x He 2A 
* dt 100’ 


where L, is the length of the observation tube in this case, c is 
concentration of the component measured, ¢ is time in seconds, v 
the velocity of the fluid up the observation tube in mms. per second, 
and A the percentage accuracy of the method of measurement. In 
order to apply this test, the relation between c and ¢ should be de- 
termined experimentally for the reaction under investigation, and 
by reference to the curve so obtained it can readily be determined 
whether or not this condition is satisfied. 

The reactions in dilute solution which we have studied in these 
long observation tubes have all been so slow that it has been 
possible either to insert volumes between the mixing chamber and 
the observation tube much greater than the latter (as described in 
Section IT), or to interrupt suddenly the flow of fluid and to take 
readings from time to time upon the stationary fluid in the obser- 
vation tube. In order that sufficient light should reach the 
analysing instrument it is essential that the fluid should be free 
from all traces of turbidity, and that the ratio of the diameter of 
the observation tube to its length should not be less than 1 to 60. 
In actual practice we have worked successfully with three observa- 
tion tubes of length 20 cms., 40 cms. and 160 cms. respectively. 
With the latter, observations on haemoglobin solutions of concen- 


tration as low as 5 E 08 have been made possible. 


.* Proc. Roy. Soc. A, 104, 1923, p. 388. 
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Section IV. 
The measurement of reaction velocity on small quantities of flurd. 


The apparatus which we have used previously necessitates the 
use of considerable quantities of fluid. As a general rule from 5 to 
10 litres of each reacting fluid is necessary for an experiment. For 
various reasons such a quantity may be impracticable. For example 
one reagent may be very costly or very difficult to obtain or to 

repare, or there may be a limit to the amount that is obtainable. 

t is the latter difficulty that is met with in our own work when 
_ it is required to measure the reaction velocities for the haemoglobin 
solutions prepared from the blood of a single individual, of which 
in the case of man or one of the small animals only about one-tenth 
the quantity usually required for an experiment 1s available. 


to} OO er 
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A = Observation tube. 

B = Lens for projecting image of observation tube on slit. 
C=Field lens. 

D=Image of observation tube at slit. 

E = Lens for focusing D on prism. 

F= Prism. 

G = Lens for focusing image at prism on photographic plate. 
H= Photographic plate. 


Fig. 3. 


Now in a given case no effective economy can usually be 
arranged either by Suan | the rate of flow of the solutions 
through the apparatus or by making few observations or by 
making each observation shorter. Some complete change in the 
method is necessary, such for example as the simultaneous measure- 
ment of the reaction by four observers by means of four observation 
apparatus pointed at different points of the observation tube. 
Such an arrangement would obviously reduce the quantities of the 
reagents by four, and though quite practical would clearly be very 
inconvenient. A far better method of applying the same principle 
would be to have some automatic method of recording simul- 
taneously the composition of the moving fluid at various points 
along the observation tube. In our particular investigation it has 
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been possible to photograph by means of a special spectro-camera 
the positions of the absorption bands at four (or more) chosen 
pone of the observation tube, the photograph thus obtained 

ing subsequently analysed at leisure. The principles underlying 
this method and some details of its employment are to be published 
elsewhere. 

The following details of the camera may be of interest (Fig. 3). 
The slit was 4 mm. wide and 150 mm. long. The collimator (an 
aeroplane lens by Watson) had a focal length of 500 mm. and an 
aperture of 86 mm. The spectrum-forming system was a prism 
grating designed by Hartridge*. This produced a bright spectrum, 
the orange-yellow and green regions of which occupied the middle 
and lower parts of a 64” x 42” photographic plate. The upper part 
of the plate was used for recording the position of a horizontal 
reference line which occupied a certain fixed relationship with the 
spectrum. This line was produced by causing a small part of the 
direct beam through the collimator and camera lens to fall on the 
plate during its exposure to the spectrum by attaching by means 
of balsam the hypotenuse of a small right-angled prism to a portion 
of the hypotenuse of the large glass prism to which the grating was 
also attached. The reference line produced in this way was used to 
indicate the position of the spectrum on the scale attached to the 
densitometer which will be referred to again later. 

The camera lens had a focal length of 500 mm. The dispersion 
of the spectrum in the vellow and green regions was approximately 
22:2 A.U. per mm. 


The photography of the observation tube. 


By means of a large aperture projection lens of approximately 
300 mm. focal length a horizontal image of the observation tube 
of the reaction velocity apparatus could be projected on to the slit 
of the spectro-camera. This image could be the same size or either 
reduced or increased in scale by suitably adjusting the distance 
between the projective lens, the observation tube and the camera. 
On to an end of the slit could thus be projected the part of the 
observation tube near the mixing chamber where the reaction has 
only just commenced, whereas on to the other end of the slit of the 
camera could be projected a part of the observation tube where 
the reaction was nearing completion. All the intervening portions 
of the slit would correspondingly receive light that had passed 
through the observation tube at all the other stages through which 
the reaction proceeds. The plate on development therefore bears a 
permanent record of the spectra which correspond to all these ~ 
stages. In order that light may pass through the cylindrical 
observation tube without serious loss through refraction at its 


* Hartridge, Journ. of Physiology, xIx, 1915, p. 406. 
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surfaces the exterior of the tube is surrounded by a metal tank 
with parallel glass sides which is filled with water. 

In order to record on the plate the time relationships of the 
spectra of which it bears a record a series of metal teeth a known 
distance apart are placed against the observation tube during the 
exposure of the plate so that a number of narrow lines a known 
distance apart are projected on to it. From a knowledge of the 
bore of the observation tube and the quantity of fuid ing 
through the tube per minute the time intervals E E to 
these marks on the plate can be ascertained. The methods of 
measuring the densities of the plates and their interpretation are 
forming the subject of separate papers to be published elsewhere. 

The principle of recording the stages reached by a reaction 
simultaneously at different parts of the observation tube would 
appear to be applicable by other means beside those of photo- 


graphy. 
SECTION V. 


The study of multiple reactions following one another 
in rapid succession. 


The principle underlying this method may be explained in the 
following way: - 

By means of a reaction velocity apparatus solutions of two 
substances A and B are caused to mix and react with one another 
with the production of a new substance C. Then if C is capable of 
reacting with a fourth substance D this reaction may be rapidly 
brought about by causing the fluid containing C which has just 
left the first reaction velocity apparatus to enter a second apparatus 
of similar design by which it is mixed and caused to react with D. 

If further C and D react to produce a new substance Æ, which 
can react with yet another substance F, then the velocity of the 
union of E with F might be similarly studied by the use of a 
third reaction velocity apparatus. By thus connecting these ap- 
paratus in cascade it is Sasa ag to study multiple reactions of 
considerable complexity (Fig. 4). 

Arrangements of this kind have proved of value for several 
other purposes, of which two may be mentioned here: 

(1) The stage which a reaction has reached at any given 
instant of time can often be determined by bringing it suddenly 
to a stop either by the addition of some new reagent (e.g. by 
wddition of excess of acid in the case of saponification of esters by 
alkali) or by a sudden change of temperature (as in the case of 
enzyme reactions). The concentrations reached by the different 
reacting substances at the instant at which the “closure” is 
applied can then be determined at comparative leisure. The same 
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principle has been made use of in some of the rapid reactions 
which we have studied. The principal reacting solution after 
leaving the first mixing chamber passes through varying inter- 
mediate volume, before it meets the “fixing” solution in the 
second mixing chamber, and the analysis required is then performed 
at comparative leisure upon the fluid issuing from the second 


A 


C D 
l o 
G 
F 


Fig. 4. 


mixing chamber. The length of time during which the principal 
reaction was allowed to proceed can then be readily calculated 
from the rate of flow through the first mixing chamber and the 
volume traversed by the fluid between the two mixing chambers. 

(2) The existence and behaviour of transient intermediate 
compounds can be observed in the manner explained in the next 
section. 


SECTION VI. 
The detection of the existence of short-lived transient compounds. 


The reaction velocity apparatus provides a ready means of 
detecting transient compounds provided that the method of detec- 
tion is applicable to the rapidly moving fluid as it travels down 
the observation tube of the reaction velocity apparatus. The 
methods of detection fall into two classes, (a) those in which the 
substance found may be detected by physical means (e.g. colour of 
absorption spectrum) or by physico-chemical means (e.g. H ion 
concentration) and (b) those in which the substance formed may 
be detected by chemical means, e.g. by the reaction which proceeds 
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between the transient substance and some other chemical reagent 
which is mixed with it at an appropriate instant. 


This latter method will be seen to be a special case of reactions 
classifiable under the previous section since it involves the em- 
ployment of reaction velocity apparatus in cascade to bring about 
a reaction between the transient substance C and another re- 


agent D. 
Section VII. 
The detection of concentration gradients in heterogeneous reactions. 


In heterogeneous processes, such as the reaction between solid 
marble and hydrochloric acid, concentration gradients frequently 
arise owing to the fact that the chemical reaction proceeds rapidly 
at the surface of the solid, and the change in concentration p 
duced thereby is not at once evened up throughout the fluid by 


A 


B 


A, B=Entrance tubes delivering into first mixing chamber, 

C=First observation tube, wherein heterogeneous reaction between 
A and B commences, 

D = Second mixing chamber fed by bifurcation of C. 

E = Second observation tube. F= Ezit tube. 


Fig. 5. 


means of diffusion and mixing. Such gradients are usually tested 
for by seeing whether the observed process is a up by 
increasing the violence with which the heterogeneous fluid is 
stirred. Another method which we have also found useful consists 
in the application of a second complete and practically instan- 
taneous mixing of the heterogeneous fluid after it has flowed far 
enough from the first mixing chamber (where the heterogeneous 
reaction is started) for a noses amount of change to have occurred. 
If the process shews a sudden temporary acceleration after passing 
biecuph the second mixing chamber (wherein the second- mixin 
is applied and the concentration gradients temporarily abolished), 
then it may be concluded that concentration gradients are tending 
to limit the rate observed. The apparatus required is shewn in 
Fig. 5. 


Our thanks are due to the Medical Research Council for de- 
fraying a large portion of the expenses of this research. 
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Note on the Petzval optical condition. By Mr G. C. STEWARD, 
Gonville and Caius College. 


[Received 13 August, read 25 October 1926.] 


§ 1. Asa preliminary to an investigation of certain diffraction 
patterns I was led to consider, in some detail, the geometrical 
aberrations of a symmetrical optical system*; and it appeared 
convenient then to classify the aberrations in orders Secor as 
they depend upon various powers of certain small quantities and 
to exhibit them as coefficients in the expansion of an ‘ Aberration 
Function.’ If aberrations of the first order only are considered, it 
becomes evident that one of them stands, in some sense, apart 
from the rest; I refer to the so-called ‘Petzval’ condition for flatness 
of field. It is of interest to notice that this condition was known 
to Coddington and to Airy before the time of Petzval—known at 
least as far as concerns systems of thin lensest. In the usual 
notation the condition is 2A/py' =0; it is therefore independent 
of the positions of the object and pupil planes and in this respect 
it stands alone among the first order aberrations. But an in- 
creasing number of similar aberrations of higher orders will be 
found and it is of interest to examine these and to investigate 
their geometrical meaning. In the following note is given a proof 
of the Petzval condition, differing from that usually given and 
falling more into line with the general theory, and indicating also 
a general method of examining aberrations of this peculiar type. 


§ 2. The Focal Eikonal for a Single Spherical Surface. 


Let A be the pole and O the centre of a spherical surface of 
radius rand power K separating media of indices „u and p’,and let 
F and F’ be the principal foci of the surface; then 


FA=p/K and AF’=p'/K. 


Let PQP’ be a ray whose direction cosines are L, M, N and 
L’, MW, N’ respectively, and let P and P’ be the feet of perpen- 
diculars from p and Ff’; let Q be upon the refracting surface. 

Let U be the ‘ modified’ focal eikonal, i.e., the eikonal multi- 
plied by the modified power J (= K/up’) of the system; then, if a 
constant be added to ensure the vanishing of U for an axial ray, 


we have 
U =J {u (PQ— FA) + w (QP’— AF)... (1) 


* ‘The Aberrations of a Symmetrical Optical System,’ Trans. Camb. Phil. Soc., 
vol. 23, No. 9, 1926; see also ‘Aberration Diffraction Effects,’ Phil. Trans. A, vol. 
225, p. 131. 

t Rayleigh, Collected Works, vol. 5, p. 456. 

+ T. Smith, Trans. Opt. Soc., vol. 23, 1921-22. 
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Now PQ=L.FO-rcos@ and QP =rcos@—L'.F’O, 
where 6 and & are the angles of incidence and refraction; so that 
PQ = perk —rcos@ and QP’=rcos & + lee 
p-p p'—p 
Substituting in (1) 


üst bobea ea 
pp pp 


-ef - t (LL' + MM’ + NN’ —1)| 
(u — p) 


pp 
Lp- UZA S E (2) 
pp 


Fig. 1. 


Now owing to the symmetry of the system this may be ex- 
pressed in terms of the variables a, b and c given by 


a= M?+ N» b=MM’'+ NN’ and c=M"+N"%, 
from which L=Vl-—a and L'=V1—-c; 


‘hen ton), U= , (1+ oy)t4L4L'- : 0), acest (3) 


pepe 
where v=,, —-~ and y=—2(LL’+b-11). 
(w — p) 4 l 

This expression (3) may be expanded in terms of a, b and c and 
the coefficients of the various terms will involve simply the func- 
tion v—an invariant of the system. For our first purpose we need 
proceed only as far as the second order terms and to this degree of 


approximation we have 


U = -— b — 4 [v (a — 2b + c} + Qa}. ............ (4) 


D ae, . oe, 2 : ie eee, ee, et ee, pe eee. ea a cena: eS S 


o u, 
| aam -2 a E, 
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§ 3. Let the ray intersect two conjugate planes of paraxial 
magnification m in points whose co-ordinates in the planes, re- 
ferred to parallel rectangular axes, are Y, Z and Y’, Z’ respectively ; 
let u— P be the modified eikonal with base points m. This may 
be expressed in terms of the variables a, 8 and y, where 


ad?=(M—sM')+(N —sN'¥ =a —2sb + 8°c, 
8d? =(M — sM')(M — mM’) +(N -—sN')(N—mN’) 
=a—(s+m)b+s8me, ` 

yd? =(M -mM + (N —mN'Y =a —2mb + m'c)......... (1)* 
s is the paraxial magnification for the pupil planes and d=s—m. 
Then for perfect definition u=/f(y) and ®=0; the form of the 
function f(y) is arbitrary and it may be determined so that the 
pupil planes are free from axial aberrationst. ® may be named the 


‘Aberration Function’ and the aberration, or wandering of the ray 
from the ideal focus, is given by 


fa 3 , pf 8 3 


We may write ® = > ®, since the aberrations are essentially 


n=2 
of order higher than the first in the variables a, 8 and y; and to 
consider first order curvature and astigmatism we have 
= ... +4 (2o;ay + 40,8") +..., 


from which it follows, by application of (2), that the increments in 
the modified curvatures of the two image surfaces produced by the 
system are given by | 


1 _ G3 + 2a, 1 _ Og 
a(z) eg and a(g) gao 


1\ 3e, ly og 
Le, by A (5) ES. +a and A (5) omy +5, 
where œ (s — m)?=0,—o0,. Thus c, = 0 denotes the coincidence of 


the surfaces and then œ gives the measure of their common curva- 
ture. 


§ 4. In fig. 1, let T and T’ be the conjugate points considered ; 
then FT =1/m and F’T’ =—~m, where the distances are modified 
and reduced. Thus 

u-b=U4+—(1-L)+m(1-L, rosae (1) 


2 * Phil. Trans. A, vol. 225, p. 131. + T. Smith, loc. cit. 
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and this is an identity. From § 3 (1) we have 


0? 0? o? "AW 
taa aR ( KAE eesecocsocoo (2) 
so that from (1) o — 0, = d’, 
and then A (5) = J, 


where we use reduced distances. This applies to refraction by a 
single spherical surface; the curvature increment produced by any 
number of spherical surfaces upon the same axis is therefore {J 
and we have the general formula—valid in the absence of as- 
tigmatism— 


1 1 K 


‘ td 43 


BP PP pe 
and the Petzval condition is 


sE o. 
mm 


From the above it is evident that we are dealing with trans- 
formation of the invariant type springing from § 3 (1); and further 
such invariants may be sought for the higher order aberrations and 
their precise meaning obtained from the focal eikonal for a single 
spherical surface given in § 2. 


_——, ce ee ge Pe ase oe 2S eel eee Oe, Oh eee, eee. a 
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Maxwell's Law, and the Absorption and Emission of Radiation. 
By Mr E. A. MILNE, Trinity College. 


[Received 13 August, read 25 October 1926.] 


1. In the famous paper® in which he developed his theory of 
radiation, Einstein investigated two problems. He investigated 
first the problem of what distribution of radiant energy in the 
steady state would be set up by an enclosed assembly of atoms in 
thermodynamic equilibrium radiating and absorbing according to 
the assumptions of his theory; he showed that the distribution so 
set up was given by Planck's law. He investigated secondly the 
velocities set up amongst the atoms in consequence of the random 
variations in direction of the emissions and absorptions; provided. 
that emissions are assumed to be directed, so giving rise to recoil 
momentum, he showed that the mean square velocity-component. 


in a given direction, v, is equal to its equipartition value, given. 
by dmv? = $kT. 

' He did not however show that the velocity-distribution set 
up was Maxwellian. In view of other applications of Ejinstein’s 
methods, it is proposed here to complete the investigation. 


2. Ina frame fixed with respect to one of the moving atoms, 
the radiation-field in an equilibrium enclosure is no longer isotropic. 
Einstein showed that, in consequence of this, an atom moving 
with velocity v experiences on the average a deceleration pro- 


portional + to v, say ° =— w. It might at first sight be supposed 


that each atom would ultimately come to rest, but this is not so. 
Superposed on the steady deceleration there will be, in any given 
interval t, a net gain of velocity u, arising from chance variations 
in the directions of emission and absorption ; u is equally likely to 
be positive or negative, and to the first order in v is independent of 
v. Following the methods he had developed in treating of Brownian 
motion, Einstein put as a necessary condition for a steady state 


(vet + u)? = v3, 
where the bars denote averages over all the atoms, 


This gives uw = vt (1 — e»t), 
or, for small ¢, v= DE nanan (1). 


Einstein then evaluated u? and the coefficient A, and so deter- 
mined v, 


* Phys. Zeit. vol. 18, p. 121, 1917. 
+ It is assumed that v is small compared with the velocity of light, c. 
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3. The theorem to be proved may now be stated as follows: 


If the centre of mass of the atoms moving with velocity v 
moves according to the equation 


dv 
EN e a ces eieeueee ss 2 
gY | (2), 
and if in addition in any given small interval ¢ each atom acquires 
some velocity-increment u, uncorrelated with v, such that u =0, 
then in the steady state the velocity-distribution f(v)dv is 
given by 

F (0) = Ce E (3), 


where v? is given by (1), and C isa constant. In this enunciation the 
word velocity means component of velocity in a given direction. 


Proof. Of the atoms moving with velocity v at a given instant, 
let the fraction ¢ (v, w) dw acquire increments of velocity between 
w and w+dw during the succeeding interval t. Consider the 
atoms which after this interval are moving with velocities between 
Vand V+dV. Those of these atoms aie at the beginning of 
the interval had a velocity v have had an increment of velocity 
between w and w + dw, where 


w= V —v, 
and dw=dV. 


They therefore form the fraction ¢(v, V—v) dV of the v-atoms. 
But atoms moving originally with velocities between v and v + du 
formed the fraction f(v) dv of the whole number of atoms. Hence 
if (V) dV is the new velocity-distribution we have 


F(V)dV=av | Hite, Venda 
The condition for a steady state is F = f, or 
s= OT CR AT O (4). 


The increment w consists of a part arising from the steady 
deceleration, together with an increment u. Thus 


w = (ve! —v)+ u, 


or, for ¢ small, w = — Aw + u. 


By hypothesis, u is uncorrelated with v,and hence the function 
e (v, — Atv + u) is independent of vo We may therefore write it 


p (v, — Mvt u)= y(u)  crecereceresecees. (5). 
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The function f (u) satisfies the conditions 
posypu, | ydu=1, 
and we shall write f j ap (u) u? du = ui, 
In order to make D. of (5) we make a change of variable 


in (4). Put v= a + bx, and choose a and b to be constants such 
that identically 


V -v= — Aw +c. 


f V-—az 
We find easily SESK 
V —zx 
whence V -v=-\t EET y+ * 


and (4) becomes 
is V—x\ ,/V- V= 
=f ACE) a T 

1 = V -zx 
=| fs) TOT. scrssironeerees (6), 


on using (5). Now expand the function f in (6) by Taylor's 
theorem in powers of x and integrate term by term. We find 


Sa-w) =f it pu r 4 )+.. 


A- -at 
o nh ian ar a 


It is easily verified, either a posteriori or in any actual case by 


direct calculation, that u‘, u... are of a higher order in ¢ than w. 
Letting now t—> 0 we find 


Af’ (V) +L f(V) + Vf" (V)] lim ~ =0 ees (7). 
Put lim - = pf 
t-»0 U? 


The complete primitive of the differential equation (7) is 
4 
f(V)=e7#"? E | o° dt + B| 
0 
Since f(V) = f(— V), we must have A =0. Hence 


f(V) = Ber, 
and since j f(V)dV=1, 
we must have B= (2/7r)?. 


3I—2 
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Then Vi = (ujm) | e-#¥* Vidt, 
= 1/2y. 
$ = 
1 -4 V2/r? 
Th fi ]l y = (=, eer ecsenenesecens 8 - 
us finally f(V) =) e (8) 


4. A differential equation equivalent to (4) has been obtained 
by Einstein and also by Fokker*, and is sometimes called the 
Einstein-Fokker equation. It has been considered in some detail 
by Planckt, who gave three different derivations of it. In par- 
ticular, Planck emphasized the distinction between the condition 
for a steady state and the condition for “detailed balancing.” 
None of these authors appear however to have given the trans- 
formations which lead from (4) to (8) in the form given above. 


5. A few remarks concerning mathematical developments 
arising out of equation (6) may be of interest. In the first place 
the function a, though independent of v, clearly depends on t; 
u?, of course, depends on ¢& At the same time equation (4) must 
be identically satisfied for all t When ¢ is no longer restricted 
to be small, we must replace 1 — At by the exact expression e~*’, 
and the equation corresponding to (6) then becomes 


fref E LE A E T (9), 


where we have now put in evidence the dependence of on t. 

The left-hand side of (9) is independent of t. It can now be 
shown that this condition serves to determine not only f but also 
(a, t), ie. to determine not only the distribution-law in the 
steady state but also the law of diffusion of random velocity 
amongst a sub-group of atoms moving initially with the same 
velocity. 

Differentiate (9) with respect to ¢, and then return from the 
variable of integration æ to the variable v by means of the 
relation 
(V —zx)e =v, e^dz=-— dv. 

We find 


af [f(v) + of’ (v)] y dv +f f(v) We dv =0, ...(10), 
where W stands for yw (V — ve~4, t) and yw, stands for dy (a, t)/et 


with V — ve^ replacing œ after the ditferentiation has been 
performed. But from (7), 


f(a) + of (v) =-= BF" Ou. 


* Ann. d. Phys. vol. 43, p. 810, 1914. 
t Berlin Sitz. p. 324, 1917. 
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Introduee this in (10), and integrate the first integral twice 
by parts. We find 


| B ~ Vox — Yl HOLAT (11), 


where WYzz denotes 0 (x, t)/dz? with V — ve™ for x as before. 
Relation (11) may be reduced to the form 


a g (Ve —», t) f(v) du=0............ (11:1), 


which must be satisfied for all V and t. For any fixed ¢, this is 
equivalent to 


[ig Ve) $0) d0=0 n (112). 


Under certain conditions which need not be here specified, it 
can be shown* that this requires 


g=0. 
We thus have, from (11), 
Nemat 
2 p Prz = vy weeseresecanceeeeecees (12). 
Putting T=1-—e-*, 
1 op dy 
(12) becomes fu Ja = aT Cece everecccnecccsceces (13), 


the standard equation of diffusion. 


The solution of (13) corresponding to a “ point-source ” is 


4 


= = OMIT Ls cceseeneseanes (14), 


where the constant has been chosen to satisfy | Y (x) dz = 1, 
In terms of t, this is 


ii oat E perré r3 
vr (2, t) = (£) (et — 18 Ce Le teaiieenens (15). 


It is easy to see that this is in fact the solution required, and 
it is easily verified that (15) combined with f(V) = (p/m)? e7" 
satisfies (9) exactly for all V and ¢. It is also seen that 

2At __ 1 


——— 2 5 _é 
a=] yha t) x ae Fr 


so that At/x° (t) -> p as t-> 0, as it should. 
* I am indebted to Professor Eddington for the proof of this. 
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As t—> œ, we see from (15) that 


abr (a, t) > (uT em neess: (16), 


i.e. (a, t)-> f(x). The sub-group of atoms moving initially with 
a given velocity ultimately acquires a Maxwellian velocity-distri- 
bution which is independent of their original common velocity. 
Otherwise stated, each sub-group ultimately mimics the velocity- 
distribution of the whole assembly of which it formed a part, its 
centre of gravity of course coming to rest. 


6. Einstein’s applications of the theorem which is the subject 
of this paper have been to molecules in motion in an isotropic 
field of radiation and to particles in Brownian motion. In both 
these cases the system is an enclosed one in thermodynamic equi- 
librium. But the application of the theorem is not limited to 
such cases. My main object in constructing a proof of the theorem 
was to be able to use it in cases where there is a steady state 
which is not a state of thermodynamic equilibrium. Cases of this 
type occur frequently in the problems presented by astrophysics. 


Consider a thin layer of gas exposed on one side to incident 
radiation. The atoms will absorb and re-emit some of this radiation, 
and a steady state will ultimately be set up in which as much 
radiation is emitted as is absorbed. This state will be characterised 
by a definite velocity-distribution of the atoms, and by a definite 
distribution of the atoms amongst the stationary states of which 
they are capable. But the system is not one of thermodynamic 
equilibrium: in the first place it is not enclosed, in the second 
place the radiation at any point is neither isotropic nor black. 
The radiation emergent on the side away from the incident 
radiation will in fact show absorption lines corresponding to the 
spectrum of the gas. We cannot therefore speak of the “ tempera- 
ture” of the layer of gas in the steady state. Further, we cannot 
apply the method of probability to determine the state of the 
gas, at least in the absence of theorems to that effect not yet 
proved. For example, we are not entitled to assume that the 
state of the gas is the most probable state consistent with 
absorbing and re-emitting so much radiation of such and such 
frequencies in such and such directions. 


Statistical mechanics has not yet dealt to any extent with 
steady states in non-thernodynamic equilibrium. Of course, were 
the mechanisms of the reaction between the incident radiation 
and the atoms, and between atoms and atoms, fully known, the 
problem would be soluble in principle. The theorem established 
in the present paper enables one to short-circuit some of the 
analysis involved when enough is known for us to be able to 
assert that the conditions of the theorem are satisfied. 
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In the high-level atmosphere of a star, collisions between 
atoms are so rare as to be negligible, and the atoms are supported 
against downward gravity by the upward pressure of radiation. 
The field of radiation is non-isotropic, being confined to one hemi- 
sphere. The intensity of radiation will adjust itself so that the 
resulting pressure just balances gravity for an atom at rest, and 
chance variations in direction of emission and absorption set up a 
certain velocity-distribution. On an atom moving with velocity v, 
the difference between radiation pressure and gravity gives rise 
to a deceleration proportional to v, on the average, just as in 
Einstein’s case the non-isotropy of the field to the moving atom 
produces a similar deceleration. We thus have the conditions 

stulated in the theorem. We infer that the velocity-distribution 
is Maxwellian, and a direct calculation of the quantities à and u’? 
gives us the apparent temperature corresponding to the motions. 


The details of the calculation for this case have been given by 
the author elsewhere*. It may be mentioned here that the result 
is that the radial velocity-distribution corresponds to a tem- 
perature equal to § of the effective temperature of the incident 
radiation, whilst the cross velocity-distribution corresponds to a 
temperature equal to the latter temperature. The velocity-distri- 
bution in three dimensions is thus not spherically symmetrical, 
as in a gas obeying Maxwell's law. This further illustrates the 
difference between a steady state and a state of thermodynamic 
equilibrium. 


7. Though slightly foreign to the main purpose of this note, 
one further point may be mentioned. It is sometimes asked. in 
what way does Einstein’s assumption of directed emissions play 
an essential part in his demonstration that, for atoms exposed to 
isotropic radiation of temperature T, we have 4muv?=}kT? The 
answer is that the assumption affects u? but not A. Were the 
emissions spherically symmetrical waves, A would be unaltered, 
but each emission would then make no contribution to u’. Since 
there are as many emissions as absorptions in a given interval, 
there would then be only half as many sudden increments of 
velocity, and a simple calculation shows that wu? would be halved. 
We should then find 4mv? = 447, showing that the velocity-distri- 
bution of the atoms under isotropic 7-radiation would tend to 
correspond to $7, whilst that which they would set up under the 
influence of their mutual collisions would tend to correspond 
to T. This involves a contradiction with thermodynamics. Hence 
emissions must contribute recoil momentum and so must be 
directed. 


* Monthly Notices, R.A.S. vol. 86, p. 578, 1926. 
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On compressional waves in two superposed layers. By Mr 
HAROLD JEFFREYS, St John’s College. 


[Received 14 August, read 25 October 1926.] 


1. The problem discussed here arose, in a more complicated 
form, in some seismological work. Certain earthquakes have been 
found to give rise to two distinct compressional waves observable 
at stations up to about 600 km. away. One of these is generally 
regarded as a direct wave through an upper layer containing the 
focus, and the other as an indirect one that has travelled mainly in 
a deeper layer where the velocity of propagation is greater. The 
amplitudes of the motions produced in these two phases by a sym- 
metrical shock were calculated on the basis of the ordinary law of 
refraction, the energy emitted within any pencil of rays being 
supposed to remain permanently within that pencil; theoretically 
the direct wave, at a distance of 5°, should give a movement 40 
times as great as that given by the indirect one. The observed 
ratio is variable, but nearer to 4, and always less than 12. This 
shows that the ordinary law of refraction breaks down at these 
short distances, and makes it desirable to investigate whether a 
diffracted wave could give the observed motion in such circum- 
stances. The elastic problem would, however, be very difficult, and 
in this paper I have only attempted the simpler one where rigidity 
is neglected, so that it is reduced to an application of the theory of 
sound. A further simplification is to neglect the curvature of the 
earth. With plane boundaries any ray entering the lower layer 
would evidently never strike the interface again, and therefore the 
amplitude of the indirect wave, on the simple refraction theory, 
would always be zero. It will be seen in what follows that this is 
not what actually happens. 

The solution is possibly of some mathematical interest, since it 
is, so far as I am aware, the first instance of the application of 
Heaviside’s methods to a case where the operational solution in- 
volves two independent ditferential operators. 

It may be pointed out at once that irrotational disturbance 
will never give tangential movement at a free surface in the 
absence of rigidity and gravity. If ® be the velocity potential, the 
condition at a free surface is that d®/dt is zero, and therefore 
during the motion retains its original constant value at all points 
of the surface. Hence its tangential gradient is zero on the sur- 
face, and there is no tangential movement there. The horizontal 
movement in carthquakes is due to rigidity. Vertical movement 
does occur in the present case, and we may reasonably infer that 
its nature will be similar in the actual case. 
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2. Let us consider two homogeneous layers of uniform thick- 
nesses H and K. The position coordinates are 2, y, and z, the two 
free surfaces being z= H and z =— K, and the interface z = 0 re- 
spectively. The time is ¢t The densities are p and p’, and the 
velocities of compressional waves c and c, where c' is the greater. 
The complete velocity potentials are ® and ©’. Of the former, a 
part ®, is what the impressed disturbance would produce if the 
medium were infinite in extent in all directions. Let us denote the 

9 9 

a4 me by r. The condition @=0 at the 
surface z = H would be satisfied automatically if P were equal to 
®, — ®,, where ®, is obtained from ®, by replacing z by 2H — z. 
Evidently ®, represents the waves feced at the upper free 
surface. In addition ® will contain a portion ®, due to the other 
surfaces. The condition that there must be no variation of pressure 
over the surfaces z= H and z=—K then shows that ®, and P’ 
vanish over these surfaces. 

Now 9, satisfies the differential equation 


operator 0/dt by o, and 


and with the condition that ®, vanishes at z= H we see that 


_ Csinh »(H — 2) 
p, = Su A cee (2), 


l a 
where p= a E E T T ee (3), 


and C is independent of z. Similarly 


_Dsinh p’ (K +2) (4 
= hak reai ), 
where yw is the analogue of u for the lower medium. At the inter- 


face z=0 the pressure and the normal velocity must be continuous. 
If when z=0 


p’ 


-®,=4; 2,- ®,)=B EE ieee: (5), 
these conditions give PAO PA) SDD inen (6), 
— pC coth pH + B=p'Deothy’E ............ (7), 


B- w (p/P) A coth p'K 


h Ee eee 
Peter uw coth uH + pw (p/p) coth pK 


We require the vertical velocity at the upper surface due to ®,; 
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that due to ® and ®, can easily be found directly. This velocity 
w is then given by : 


_ B-p (p/P) A coth wk 
p coth yH + p (p/p’) coth y K 


u cosech yH ...(9). 


This is the operational solution when ®, is known. 


3. Let us suppose ®, to consist of a spherical explosion wave, 
spreading out from a point on the axis of z, where z=h(O0<h< H). 
If the pressure rises suddenly to a value proportional to 1/R when 
the wave passes a point at distance R from the focus, and there- 
after remains constant, the equations of motion are satisfied; the 
corresponding velocity potential can be denoted symbolically by 


Bromwich’s interpretation is that f (e) is defined to mean 


1 , dy 
a [fe y’ 


taken along a line of infinite length parallel to the imaginary axis 
and on the positive side of it, subject of course to f(y) having such 
a form that this integral has a meaning. Alternatively we may re- 
place y by cy and integrate along a line parallel to the real axis 
and below it; this convention sometimes makes it easier to trans- 
late results already obtained by Fourier’s theorems. Then 


b= gy gaa a GY E EAE R (11). 


The operational form of the vertical velocity at z = H is 


r H —h c 
= —- = =?) _ eee -oh/e 
m=z (b-b) (1+ p) A2), 
The exponential factor shows that there is no motion up to time 
R/c. The first term then jumps suddenly to 2 (H — h)/c R? and 
thereafter remains constant. The second increases steadily with 
the time after the wave arrives, but this term is less inportant the 
greater the distance. The above expression gives the motion due 
to the direct wave and its first retlexion at the upper boundary. 
The expression for ®, must now be transformed into cylindrical 
harmonics. If œ be the distance from the vertical line through the 


ð 
focus, 7? becomes the Bessel operator ae Ge ) and the operator 
ada\ da 


p’ acting on J, (Aya/c) e'” is equivalent to the constant 
(ry?/c?) (A? — 1). 


Rg le, 
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Also y” is equivalent to (y?/c?) (A? — c?/c’). Let us define p and p’ 
to be positive when A is real and greater than 1, and suppose a cut 
in the A-plane so that à moves round the branch-points 1 and c/c’ 
on the positive imaginary side. Then when A is real and positive, 
and either p or w’ 1s imaginary, the latter is positive imaginary. 
Now when o = 0 


1 1 
qo ea (where €=|z—h)}) 
=| eS du 
“ eyle 
meee | “oe c MA 
rf e-# ey Pee (13), 
and hence when © is not zero 
1 i A AdA 
AS —t ek= pi a ¢ a 5 thane aia eee . 
pe 1f e-+ L Aye/e) D (14) 


This may also be obtained by considering the values of the func- 
tion on the left when ¢ is zero and using the Fourier-Bessel 
integral theorem. Sommerfeld* obtains a function analogous to 


that on the right as a representation of pore We need now the 


values of ©, and 0®,/dz when ¢ is 4; finding these from (14) and 
substituting in (9) we have for the remaining portion of the ver- 
tical velocity 


1 ane | 
w= — 5 |f, exp (ext — wh) Je yafe) 


Pe el Js dy dn 
H coth uH + u (p/p’) coth wK p cosech uH V2 — l t... 


together with a term derived from ®,, which can easily be written 
down when required. 

In the paper just mentioned Sommerfeld treats a problem of 
the propagation of electromagnetic waves in two media with a 
plane interface, which has many points of resemblance to the pre- 
sent one. He however takes both media as of unlimited vertical 
extent, whereas the finite depth of the upper medium is essential 
to the seismological case. There are also practical advantages in 
many wave problems in taking the media to be of finite extent, 
especially when operational methods of solution are used. For 
instance, coth «’K in the above solution is an analytic function ; 
but if we put K infinite before solution, coth w’AK would have to 
be replaced by +1 when yp’ has a positive real part, and by — 1 


* Ann. d. Physik, vol. .28, 1909. 


(15), 
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when it has a negative real part, so that the convenience of work- 
ing with an analytic function would be lost. Sommerfeld’s problem, 
again, treats an infinite train of harmonic waves, so that he is 
restricted to a single value of y; here we are concerned with a 
single pulse. He is able to evaluate his single integral with regard 
to A by contour integration; but the variation with y of the posi- 
tions of the poles would introduce difficulties in evaluating the 


above double integral. 


4. An alternative mode of attack is suggested by Bromwich’s 
expansion method*. In interpreting an operator with, say, sinh oT 
in its denominator, we can expand in descending powers of e-¢7 as 
if this were a small quantity, and then interpret term by term; 
each term then gives a separate pulse. The process is equivalent 
to replacing the line integral with regard to y by one around a 
large semicircle, on which the expansion is easily justified; and 
then each term of the expansion in a series of integrals is equiva- 
lent to a corresponding integral along the original straight path. 
In the present case, if %>1, u and wp’ are real and positive, 
and the justification is immediate; if %<1 Bromwich’s process 
establishes it. In our representation we can then put 


p— p (p/p’) coth pK 


p coth uH + pu (p/p) coth w’K poi 


p sinh pK — w (p/p’) cosh p'K 


~ weosh uH sinh pK + w (pjp )sinh pH cosh y K 


Ae , 4 zy 4 / / 
= 9¢-nH HZ H P/P (1 H-HPP , 


-1 
Tt — e-l + terms in eK) 
p+ pw p/p H +p p/p 


The first term of this expression will give the most direct 
waves of the set here considered. The term in e-* represents a 
wave that has undergone two additional reflexions, one at the 
upper surface and one at the interface, and so on for the higher 
powers of e-#4 that arise in the expansion. Terms in e~?** and 

igher powers represent pulses reflected at the lower boundary. 
We are concerned mainly with pulses that have been reflected not 
more than once at the interface, and need therefore consider only 
the first term. Thus (15) is reduced to 


ae ee = -ppp 
w = — =I. ma EXP feyt — u (H +h) era Ja (Aya/c) A dy dà 


Now we may express the Bessel function in terms of the two 


* Proc. Lond, Math, Soc. vol, 15, 1916, pp. 425-430, 


et i’ 
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Hankel integrals, the first of which vanishes when the imaginary 


part of the argument is +10, and the second when it is —u0. 
Then | 


A = HP® + H? aeon, (18). 


The integral (17) with respect to A can thus be broken up into 
two, one involving H,™ and the other H,®. The former is equiva- 
lent to an integral to 10, the contour being completed by an 
integral around a large quadrant. The integrand is everywhere 
regular within this contour. The latter integral can similarly be 
replaced by one to — +æ and one round a large arc in the fourth quad- 
rant; but with our sign conventions there are branch-points where 
p and yw’ vanish, so that the contour must be completed by loops 
from the infinite arc drawn so as to exclude these points. There is 
no pole within the contour (here the problem differs from that 
treated by Sommerfeld). The two integrals along the imaginary 
axis cancel, as in Sommerfeld’s problem, and those around the in- 
finite arcs tend to zero in the limit. The integral with regard to 
` is then equivalent to two integrals along narrow loops around 
the branch-points, say Q and Q’, of the form 


exp {—u(H +h PZHPIP H Aya/c)AAA ...(19). 

| exp [u (H + hy} EME Ho (nya |e) Add ...(19) 
If the loops are so drawn that their sides are nearly parallel to the 
imaginary axis, and Aya/c is great, the important parts of the 
integrals along them are concentrated in the neighbourhoods of 
the branch-points. When œ is great we may approximate to the 
integrals by substituting for the Hankel function the first term of 
its asymptotic expansion, thus 


HO (£2) ~ fe exp f~i (z= 4T) ........ (20). 
Let us write c/d =a; (1-b woececcceeees. (21). 


5. Considering first Q, the integral (19) around the branch- 
point A= 1, put 


where @ is real and positive. The integrand is negligible except 
where @ is small. Then 


p= 7 (28) e-i"; [= Bhft (23) 


approximately, on the part of the path going from the branch- 
point to — 0; on the other side the sign of p must be reversed. 
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Making these substitutions, we have 
2c _ (Ye _ fe = 
Q=-2(—% e Verp] K łr)} cB 
x [sinh u(H +h) +% Posh (H+ h) td... (24), 


where terms involving higher powers of u have been neglected in 
the coefficients of the hyperbolic functions. But 


j -kê gi 0d0=4. T m’ 
f, e teinh m VBd0=4m q / 7 exp ™ kn gueaies (25), 
whence the portion of Q arising from sinh y (H + h) is found to be 
2.(H +h)c | a (H +h) 
= yo? exp f- Pa a+ Ja | Sn (26). 


The corresponding portion of the vertical velocity is 


__ 1 pe +h) (H+hy 


TC yo" 


= a) e ~7R,/c 
ca? 
to our order, where R, is the distance of the point considered from 
the image of the focus in the interface. This represents the wave 
reflected in the interface. Comparing this with (12) we see that 
it gives more movement than the direct wave. 

The portion of Q arising trom cosh u (H + h) can be found by 
differentiating (26) with regard to H + h and introducing a factor 
2p'c/py8. It gives two new waves arriving at the same time as 
that just discussed; one of these is of the same type, but its 
amplitude contains the insignificant factor (H + /h)?/a?; the other 
gives a velocity starting from zero and increasing steadily with the 
time, like the second term in the expression for the direct wave. 
Neither of these appears important, except that they represent 
the loss of energy from the original wave due to transmission into 
the lower medium. 


6. Considering Q’ next, we put | 
A=a—10; w=UBy/c; w = (yfc) (2a0)te-i™...... (28). 
On the two sides of the loop u has the same value, but the two 


values of pS eeie differ by approximately ——- we P Then we find 
y +ppip Hp 


j 4p c? a, e a 
Q= r ro Tii epl- 2 fa +H +1) | er (29), 


ina, gel gam: nn ew, . wii, J, see >, 


“r 
= b 
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and the corresponding part of the vertical velocity is, in operational 
form, 


4 a 
Ws = oe exp |- ; jaa + E (H + W) | S. (30). 


This represents a wave arriving at time 74H +h). If the 


times of arrival at different places on the upper surface are com- 
pared, the wave will appear to travel at a rate c’; its apparent 
velocity is therefore the velocity of sound in the lower layer. But 
the term depending on H + h implies a delay in arriving equal to 
that expected on the ordinary law of refraction owing to the time 
spent in the upward and downward passages through the upper 
layer. The ordinary law of refraction therefore gives the correct 
time of arrival of the indirect wave. But the velocity does not 
jump to a finite value when the wave arrives, as for the direct 
wave and that reflected at the interface; it begins at zero and 
steadily increases with the time. As for the waves in the upper 
layer, the velocity contains a factor w~, so that the decrease of the 
amplitude with increasing distance, which was the chief difficulty 
of the law of refraction, may be considered explained. 

The type of wave here considered is not one likely to occur in 
practice, but others can be derived from it easily. An important 
case is that of a wave spreading out from a sphere initially at a 
uniform pressure above that of its surroundings, all the fluid being 
initially at rest. In such a case the primitive velocity potential is 
of the form 


-Z (R-a) -7 (R+a) 
B=- [e ý (e -1)+e j (eZ +1)| 


where a is the radius of the sphere. The results for this case are 
therefore to be obtained by operating on the previous ones with 


1 | (ac ac | 
>. = gafe 2n -oale 
Jg ie 1)e +(“ +1)e l TAPT (32). 


Considering first w,, the velocity due to the direct wave, we have 
the operational solution 


H —h c a 1 a 1l i 
AS Ha — — — | e -0 (R -a)fe — 4 | | o-0(R+a)/c 
ck? (1 i e) (3 J ° . E “ 2 i l 


ETE (33). 
The first exponential gives zero up to time (KR —a)/c, the second 
till (R +a)/c. When ¢ lies between these critical values 


H—h{fa a le, | 
Wy = oR? F-(-§) aR cece veee (34), 
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where 7 is the time since the arrival of the first wave. After the 
time when += 2a/c the velocity again vanishes. During the passage 
of the wave the velocity changes steadily from + oi o 


a(H-— h) 


—-—— -s . Surface particles do not return quite to their original 

level ; ae the passage of the wave there is a small residual 
H—h ; i 

elevaron uam . The maximum displacement is nearly at 


3 eRe 
the middle of the passage and amounts to L J 2 0 nearly. 
The corresponding results for the wave reflected at the inter- 
face are found by changing the sign of h. 
The velocity due to the indirect wave is, in operational form, 


wn BollE-d)oof-Seessursn—o} 


+ (< pi a exp |-< laa + B(H+h)+ a)} | .. (85). 


There is no motion up to time {aw +8(H+h)—a}/c, and the 
velocity is zero after time 2a/c later. If we denote the time from 
the beginning of the movement by 7 as before, the velocity while 


the movement lasts is 
2pa /a 
E € r 47°] POTEAREN (36). 


The velocity starts at zero, increases to a maximum, and decreases 
to zero again at the rear of the wave. The displacement therefore 
increases throughout the passage of the wave. Its final and 


3 
maximum value is 3 ery After the wave has passed a perma- 
nent upward dae remains. The ratio of the maximum 


! ' bie i ~: 8 Pa a 
displacements in the indirect and direct waves is 358 Hh 
This number is independent of w. In the seismological analogue 
p/p is about 4, and a/8 is nearly unity. Thus the ratio is nearly 
2a/(H—h). The ratio of the maximum displacements in the 
direct and indirect waves therefore depends only on the ratio of 
the linear dimensions of the focus to the depth of focus. 

The direct and indirect waves therefore produce decidedly 
different etfects in their passage. In the former the arrival of the 
wave gives instantly a finite velocity; in the latter it gives a finite 
acceleration. The maximum displacement in the former case is at 
a time nearly equal to a/c after the beginning of the disturbance ; 


a, un. ES rr EET, ee ee ee e a O, o E A 


mO d 


a ey, eee 
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in. the latter the corresponding interval is 2a/c. Finally the direct 
wave leaves no appreciable residual displacement afterwards; the 
indirect one leaves a displacement equal to the maximum during 
its a 

the seismological case rigidity would modify these results 
slightly; it would prevent the persistence of a displacement after 
the passage of the wave, for such a displacement would imply a 
distortion, and would therefore be annihilated later by the gene- 
ration of new distortional waves. It seems unlikely that rigidity 
would modify the other relations to any important extent. 


7. Summary. The assumption that the compressional waves 
of earthquakes follow the ordinary laws of refraction, the energy 
within any pencil of rays remaining permanently within that pencil, 
has been found to lead to too small amplitudes for the indirect 
waves from near earthquakes. In this paper a system consisting of 
two superposed compressible, but non-rigid, media is considered ; 
the lower is supposed to transmit compressional waves with the 
greater velocity. It is found that an explosion within the upper 
medium produces a disturbance at the upper surface involving the 
direct wave and all the reflected waves that might be expected ; 
but in addition a wave is found that appears to have travelled 
along the interface with the velocity of sound in the lower medium. 
This indirect wave would have zero amplitude on the simple 
laws of refraction with plane boundaries. The variation of its 
amplitude with distance from the focus is in reasonable accordance 
with seismological observation, and its time of arrival agrees with 
that inferred from the laws of refraction for boundaries with slight 
curvature. But if the direct wave begins with a finite velocity, 
the indirect one will begin with a finite acceleration; in seis- 
mological language an tP, will be associated with an eP,. The 
indirect wave will also take longer than the direct one to give its 
maximum displacement. i 


VOL. XXIII. PART IV. 32 


482 Proceedings at the Meetings 


PROCEEDINGS AT THE MEETINGS HELD DURING 
THE SESSION 1925—1926. 


ANNUAL GENERAL MEETING. 


October 26, 1925. 


In the Cavendish Laboratory, 
ProFessor J. T. WILsoN, PRESIDENT, 1N THE CHAIR. 


The following were elected Officers for the ensuing year : 
President: 
Professor J. T. Wilson. 


Vice-Presidents : 


Mr C. T. Heycock. 
Dr G. T. Bennett. 
Mr G. Udny Yule. 


Treasurer: 


Mr F. A. Potts. 


Secretaries ; 


Mr J. Gray. 
Mr F. P. White. 
Mr R. H. Fowler. 


Members of the Council who continue: 


Mr H. M‘cCombie. Mr F. F. Blackman. 
Mr J. B. S. Haldane. Prof. C. T. R. Wilson. 
Dr A. B. Appleton. Mr J. E. Littlewood. 


Dr C. D. Ellis. 


New Members of Council: 


Prof. Nuttall. Mr W. B. R. King. 
Dr J. Chadwick. Mr P. M. S. Blackett. 
Mr H. Munro Fox. 


The following was elected a Fellow of the Society : 
V. C. Robinson, B.A., Gonville and Caius College. 


The following were elected Associates of the Society : 
E. N. Allott, Emmanuel College. 
G. Bateson, St John’s College. 
Miss A. M. Bidder, Newnham College. 
E. 8. Castle, Trinity Hall. 
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Miss K. M. Chamberlain, Girton College. 
G. Eadie, Sidney Sussex College. 

B. A. Edwards, Emmanuel College. 

I. J. Faulkner, Emmanuel College. 

Dr 8. Hecht. 

Miss P. M. Jenkin. 

T. C. Mitchell, Corpus Christi College. 
D. M. Morrison, Trinity College. 

Miss M. E. Robinson, Girton College. 
Miss B. Swirles, Girton College. 

E. M. Taylor, St John’s College. 

L. G. Vedy, Downing College. 

L. Wertenstein. 

T. R. Wilkins. 

W. R. Wright. 

C. E. Wynn-Williams, Trinity College. 


The following Communications were made to the Society : 


1. The natural X-ray spectrum of radium B. By Professor Sir E. 
RUTHERFORD and W. A. Wooster, B.A., Peterhouse. 


2. (1) The atomic number of a radioactive element at the moment 
of emission of the y-rays. 
(2) The B-ray type of disintegration. ` 
By Dr ©. D. Erus, Trinity College, and W. A. Wooster, B.A., 
Peterhouse. 


3. The analysis of the 8-ray spectrum due to the natural L-radiation 
of radium B. By D. H. Brack. (Communicated by Professor Sir E. 
Rutherford.) 


4. Doublet and triplet separations in optical spectra as evidence 
whether orbits penetrate into the core. By Mr D. R. HARTREE, 
St John’s College. 


5. On the reciprocation of one quadric into another. By Professor 


H. F. Baker. 


6. The enumeration of the partitions of multipartite numbers. By 
Major P. A. MacManon. 


7. Assemblies of imperfect gases by the method of partition 
functions. By Mr R. H. Fow er, Trinity College. 


8. Note on the pedal locus. By Mr J. P. Gassatt, Peterhouse. 


9. An extended form of Kronecker’s theorem, with an application 
which shows that Burgers’ theorem on adiabatic invariants is statis- 
tically true for an assembly. By L. H. Tuomas, B.A., Trinity College. 
(Communicated by Mr R. H. Fowler.) 


10. On the series of forms of Jacobi’s rotating liquid ellipsoid. By 
Mr W. F. Sepewick, Trinity College. 
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November 9, 1925. 
In the Botany School, 
Proressor J. T. WILs0N, PRESIDENT, IN THE CHAIR. 


The following were elected Fellows of the Society : 
R. W. Ditchburn, B.A., Trinity College. 
A. B. Miller, M.Sc., Trinity College. 


Professor B. M. Jones delivered a Lecture entitled “ Wings.” 


November 23, 1925. 
In the Comparative Anatomy Lecture Room, 
ProFessor J. T. WILSON, PRESIDENT, IN THE CHAIR. 


The following were elected Fellows of the Society : 
P. J. Durrant, B.A., Selwyn College. 
S. Goldstein, B.A., St John’s College. 

The following were elected Associates of the Society : 


J. G. Hare, Sidney Sussex College. 
G. I. Hoover, Emmanuel College. 
W.S. Hughes, Fitzwilliam Hall. 
C. H. N. Jackson, Gonville and Caius College. 
B. Lewis, Fitzwilliam Hall. 
E. G. Lewis, Emmanuel College. 
The following Communications were made to the Society : 


l. On a case of matriclinous inheritance in Antirrhinum. By 
Professor R. C. PUNNETT. 


2. The change with age of a linkage between Mendelian factors in 
fowls. By Mr J. B. S. Hatpang, Trinity College. 


3. A note on the inheritance of yellow fat in rabbits. By Mr M.S. 
Peas, Trinity College. 


4. Notes on the electrical counter. By K. EĒELÉUS, B.A., St John’s 
College. (Communicated by Mr E. V. Appleton.) 


December 7, 1925. 
In the Cavendish Laboratory, 
ProFessor J. T. WILSON, PRESIDENT, IN THE CHAIR. 


The following was elected an Associate of the Society : 
Miss C. A. Scott, Girton College. 
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The following Communications were made to the Society: 


1. The quenching of resonance radiation and the breadths of 
spectral lines. By R. W. Ditcusurn, B.A., Trinity College. 


2. A photographic method of determining the mobility of recoil 
atoms. By G. H. Bries. (Communicated by Dr J. Chadwick.) 


3. The effect of the crystal boundaries on the deformation of alumi- 
nium crystals. By R. L. Aston. (Communicated by Mr G. I. Taylor.) 


4. The adiabatic hypothesis for magnetic fields. By P. A. M. Dirac. 
(Communicated by Mr R. H. Fowler.) 


5. (1) Periodic solutions of a linear differential equation of the 
second order with periodic coefficients. 
(2) The second solution of the Mathieu equation. 
By Mr E. L, Inc, Trinity College. 


6. The equianharmonic and harmonic envelopes of a quadrinodal 
cubic surface. By G. Timms. (Communicated by Mr W. P. Milne.) 


7. On the substitution of Wallis’s postulate of similarity for Euclid’s 
postulate of parallels. Addendum. By Dr M. J. M. Hitt, Peterhouse. 


8. Ona family of constructs in higher space. By C. G. F. JAMES, 
B.A., Trinity College. 


January 18, 1926. 


In the Cavendish Laboratory, 
ProrFessor J. T. WILson, PRESIDENT, IN THE CHAIR, 
The following was elected a Fellow of the Society : 
D. Burnett, B.A., Clare College. 
The following were elected Associates of the Society : 


C. W. Chamberlain. 
H. M. Lewis, Corpus Christi College. 
J. R. Oppenheimer, Christ’s College. 


The following Communications were made to the Society : 


l. On chains of two-two relations, and the theory of elliptic 
functions. By Prof. H. F. BAKER. 


2. The aberrations of a symmetrical optical system. By Mr G. C. 
STEWARD, Emmanuel College. 


3. On a group of 1440 birational transformations of four variables 
that arises in considering the projective equivalence of double sixes, 
By Mr W. Burnsipe, Pembroke College. 


4. Overtensions in a condenser battery during a sudden discharge, 
By Dr P. L. Kapirza, Trinity College. 
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5. Photocatalysis at mercury surfaces. By H. S. Hirst. (Com- 
municated by Mr E. K. Rideal.) 


6. The period of decay of RaB and RaC. By P. Brace in. 
(Communicated by Dr J. Chadwick.) 


February 1, 1926. 


In the Chemical Laboratory, 
Mr C. T. Heycock, Vick-PRESIDENT, IN THE CHAIR. 


The following was elected a Fellow of the Society : 
C. T. L. Caton, B.A., Trinity College. 
The following was elected an Associate of the Society : 
Alex. Ree. 


The following Communications were made to the Society : 


1. Metallic complexes with aliphatic poly-amines. By Dr F. G. 
Mann, Downing College, and Professor Sir W. J. Pore. 


2. Isoquinoline and the isoquinoline reds. By Mr R. T. M. Haines, 
Gonville and Caius College, and Professor Sir W. J. Pope. 


3. The behaviour of the centres of activity of saturated surfaces 
during the initial stages of unimolecular reaction. By F. H. Con- 
STABLE, B.A., St John’s College. 


4. Direct titration of thallous salts by potassium iodate. By 
Mr A. J. Berry, Downing College. 


d. Influence of surfaces on the combination of ethylene with the 
halogens. By Dr R. G. W. Norrisa, Emmanuel College. 


6. The chlorination and bromination of 4-amino-diphenyl. By 
W. A. Waters. (Communicated by Mr H. M‘Combie.) 


T. Oxidation at charcoal surfaces. By Miss M. Wricut. (Com- 
municated by Mr E. K. Rideal.) 


February 15, 1926. 
In the Botany School, 
Proressor J. T. WILSON, PRESIDENT, IN THE CHAIR. 
The following was elected a Fellow of the Society : 
H. L. H. H. Green, M.A., Sidney Sussex College. 


The following were elected Associates of the Society : 
H. I. Coombs, Trinity College. 
Miss N. F. Paterson, Newnham College. 


Professor A. V. Hill delivered a Lecture entitled ‘ Irreversible 
phenomena in muscular shortening.” 
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March 1, 1926. 
In the Comparative Anatomy Lecture Room, 
Proressor J. T. WILSON, PRESIDENT, IN THE CHAIR, 
The following were elected Fellows of the Society : 


A. E. Watkins, M.A., St John’s College. 
S. W. Watson, B.A., Gonville and Caius College. 
The following Communications were made to the Society : 
1. The development of a harpacticid copepod. By Mr F. A. Ports, 
Trinity Hall. 


2. The growth of fish during the phase of yolk sac nutrition. By 
Mr J. Gray, King’s College. 


3. Intracellular oxidation-reduction potential and anaerobiosis. By 
Dr J. NEEDHAM, Gonville and Caius College. 


4. Insular gravity and oceanic isostasy. By Professor Sir J. 
LARMOR. 


5. (1) Relativity in connexion with axial rotation. 
(2) The problem of relativity in reference to several bodies. 
By Mr R. Harereaves, St John’s College. 


6. The general (m, n) correspondence. By R. VAIDYANATHASWAMY., 
(Communicated by Mr H. W. Turnbull.) 


7. The stability of a strut under thrust, when buckling is resisted 
by a force proportional to the displacement. By S. Goupstern, B.A., 
St John’s College. 


March 15, 1926. 
In the Cavendish Laboratory, 
Proressor J. T. Witson, PRESIDENT, IN THE CHAIR. 
The following were elected Fellows of the Society : 


C. A. Meredith, B.A., Trinity College. 
W. A. D. Rudge, M.A., St John’s College. 


The following were elected Associates of the Society : 


M. C. Henderson, Trinity College. 
Hon. Mrs Huia Onslow, Newnham College. 
Mrs Veitch, Girton College. 
Professor A. Sommerfeld delivered a Lecture entitled “Some con- 
troversial points in the theory of spectra.” 
The following Communication was made to the Society : 
A theory of the action of X-rays on living cells. By Dr J. A, 
CROWTHER, St John’s College. 
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May 3, 1926. 
In the Cavendish Laboratory, 
Proressork J. T. WILSON, PRESIDENT, IN THE CHAIR. 


The following Communications were made to the Society : 
1. Insular gravity and oceanic isostasy. By Professor Sir J. 
LARMOR. 


2. A mechanical model of the Rutherford-Bohr atom. By Mr W. 
A. D. Rupee, St John’s College. 


3. On the higher singularities of plane algebraic curves. By 
Miss C. A. Scorr. (Communicated by Mr F. P. White.) 


4. Sur la non-existence simultanée de deux fonctions de Mathieu. 
By Z. Markovié. (Communicated by Mr E. L. Ince.) 


5. On the multiple tangents and multisecants of scrolls in higher 
space. By C. G. F. James, B.A., Trinity College. 


6. On the diurnal variation of ultra-short wave wireless trans- 
mission. By Mr F. V. APPLETON, St John’s College. 


7. The (2, 1) Correspondence. By R. VAIDYANATHASWAMY. (Com- 
municated by Mr H. W. Turnbull.) | 


8. On the attenuation of wireless waves in short distance overland 
transmission. By J. A. RATCLIFFE, B.A., Sidney Sussex College, and 
M. A. F. Barnetr. (Communicated by Mr E. V. Appleton.) 


July 26, 1926. 
In the Cavendish Laboratory, 
Mr G. UDNY Yu te, VicE-PRESIDENT, IN THE CHAIR. 


The following were elected Fellows of the Society : 
H. Graham Cannon, M.A., Christ’s College. 
B. W. Robinson, B.A., Trinity College. 
W. E. Woodward, M.A., Trinity College. 


The following were elected Associates of the Society : 
A. Caress, Trinity Hall. 
Lieut.-Col. J. E. Craster. 
Miss E. D. Pepper. 


The following Communications were made to the Society : 
1. On quantum algebra. By Dr P. A. M. Dirac, St John’s College. 
(Communicated by Mr R. H. Fowler.) 


2. The polarisabilities of atomic cores. By Miss B. Swir es, Girton 
College. (Communicated by Mr R. H. Fowler.) 


3. On the quantum theory of the problem of the two bodies. (Pre- 
liminary communication.) By J. R. OPPENHEIMER. (Communicated by 
Mr R. H. Fowler.) 
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4. Integral invariants of the affine field. By Mr M. H. A. New- 
MAN, St John’s College. 


5. The linear invariants of ten quaternary quadrics. By Dr A. 
Young, Clare College, and Mr H. W. TurNBULL, Trinity College. 


6. A contribution to the theory of peer omneerr ms By G. 8. 
Mauagani, B.A., St John’s College. 


7. On some resistance properties of a certain net-work containing 
inductances and capacities, and their analogies in a mechanical system. 
By Mr E. B. Mouttin, Downing College. (Communicated by Dr G. F. C. 
Searle. ) 


8. On Mellin’s inversion formula. By Mr J. C. BURKILL, ee 
College. 


9. The elliptic products of Jacobi and the theory of iingat con- 
gruences. By Major P., A. MacManon. 


10. Geodetic and dynamical principles, a comparison and connexion. 
By Mr R. Harareaves, St John’s College. 


11. On the quantum theory of vibration-rotation bands, By J. R. 
OPPENHEIMER, (Communicated by Mr R. H. Fowler.) 


12. An approximation to the motion of two rotating electrical 
doublets in a plane. By P. A. Taytor, B.A., Emmanuel College. 


13. Some relations between the optical spectra of different atoms 
of the same electronic structure. II. Aluminium-like and copper-like 
atoms. By Mr D. R. Harrrer, St John’s College. 


14. Note on the extension to higher space of a theorem of Wallace. 
By Mr J. P. Gassatr, Peterhouse. 


15. A mathematical theory of natural and artificial selection. 
Part III. By Mr J. B.S. Hatpang, Trinity College. 


16. An optical illusion due to contrast. By Mr G. P. Tomson, 
Corpus Christi College. 
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PROCEEDINGS 


OF THE 


Cambridge Philosophical Society. 


Geodetic and Dynamical Principles, a comparison and connexion. 
By Mr R. HARGREAVES, St John’s College. 
[Received 8 June, read 26 July 1926.] 


§ 1. The geodetic problem presented by a quadratic form is 
identical with the dynamical problem in which the same quadratic 
appears in the kinetic energy, and potential energy is not repre- 
sented. If the quadratic in space-ditterentials 1s equated to kdt, 
the problem is essentially the same whatever constant value is 
given to k; the corresponding feature is the arbitrary constant 
value of kinetic energy. 

If we define ds? by 


ds?*=(C + 2U) dt? —(a,, dx? + 2a,da,dzx,+...) ...(1), 


where U and the coefficients a depend on the variables x, then one 
way of dealing with the geodetic problem is to write 


fas = flc + 2U) (ay 3 lan (ay f a] ds 


and apply the dynamical method with all total differential cocfħi- 
cients taken with regard to sin lieu of the usual t A second 
method consists in writing 


fds = {O + 2U — (aya? + 2a aay +... dt 2... (2), 
where « =dz/dt. In the selection of one variable as independent, 
possible difficulties might arise if the variable selected had a 
limited range, which will not occur when the choice falls on an 
ignorable coordinate. In the problem of relativity ¢ is ignorable, 
and the natural variable to choose ; it is also in (1) taken to be 
reversible. 

The point gained in working through (2) is an immediate 
expression in terms of ¢ as independent variable, but it is at the 
cost of working with a kinetic potential Z, not itself normal, but 
a function of anormal kinetic potential X= T— U. The treatment 
is based on the identity 


df ôL ‘dal aby. 
5s (225g -£) == (4 an an) * saa (3), 
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which is true for L, any function of 2... and ż.... When L is a 
function of à, the equations of motion have the form 


d (dL arn, dL 
Slax ag) ~ dae 7° eososessoessonoooo (4), 
and the equation of energy is 
„ðL _ gm A L , 
B= ti -L=2T 4 See (4’). 


In (2) we are concerned with L=—k(C— 2n)t, where the con- 
stant k may be useful in adjusting dimensions for the dynamical 
analogue. With this value of Z the equation of energy is 


pane +28) 


and an equation of motion is 
| d k © k a © 
OPES & OPES E i 
In (6) we are concerned on the right hand only with the value, 


not with the mode of expression of k/(C — 2\)ž, on the left hand 
also with its complete time-rate, but not with any partial 
ditferential; coefficients. Hence on each side k/(C — 2x)# may be 
replaced by,its value E/(C+2U), with a result, 
d E 3T e ] 
dtC+2Ucm C+2U\s ôx 
_0 ET | EQT-C-2U)0U 
“on O+2U" (0420F Ge 
0 ET E(C—2a)0U 


-e _—— —— 


~ ax O+2U (C+2U)? dx 


Also (5) may be written as 
E(C—27T+2U)/(C + 2U) = (C+ 20)/£, 
, kC ET kU _,,, 
or i(2- F) git wil tU EETETTET (9); 
which gives the energy constant to be used with (8) to secure 


absolute agreement with the working of the original form. This 
completes the transformation of a problem stated in geodetic 
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terms to a normal problem of dynamics. It is a variant of a 
theorem given in an earlier paper*, of which the basis was an 
application of the principle of ignoration. It is hoped that the 
restatement is justified by some addition to the clearness and 
significance of the theorem. 


§ 2. An easy example is the path of a ray of light, where we 
are concerned with a stationary value of Vt as given by a quadratic 
form V?dt?=-y~*dr? + y rde, where V?y= V2—2m/r. Here 
we take the ignorable variable p as independent variable, write 
7 = dr/dġ and the problem is that of [Zdq, where 


L=- (yt + yr. 


Thus a ee PE EEN 
or (i + yare) 
1 l/dr¥ẹ vy _/du\? ; 

or BE = yá (i) + z2 = A + yu er er ee) (10). 


The orbit of a planet as determined by a geodetic method 
applied to Einstein’s quadratic falls under the general method, 
with k= V, C= V’, VU=—(m+m,)/r=—m/r say, 

yV2=V242U, 27 ay + rg. | 
In the new system 
27’ = BE (yi + y reh V U’ ==mV3/Er ...(11). 
Thus with H = Er’ $/yV?, 


du\? 1 E? 
(T) + yu? = T: (2m + ya — v») sesocoooo (12) 


determines the orbit. 


* Proc. Camb. Phil. Soc., vol. 22, p. 138 (1924), esp. p. 156. 
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On the Figure of Pappus’ Theorem. By Mr C. V. HANUMANTA 
Rao, Trinity College. (Communicated by Professor H. F. BAKER.) 


[ Received 20 October, read 25 October 1926.] 


When a triangle ABC is in perspective with A’B’C’ and with 
BC’A’, so is it also in perspective with C’A’B, and the two 
triangles may then be said to be im cyclic perspective. The centres 
of perspective then form a third triangle X YZ, such that, of the 
three triangles, every two are in cyclic perspective with the 
vertices of the third for centres. The figure thus arising is the 
figure of Pappus’ Theorem with nine points and nine lines incident 
by threes. 

We here consider the configuration of Pappus as consisting of 
the vertices of three triangles, every two of which are in cyclic 
perspective, together with the nine lines on which they he by 
threes. When two triangles are in perspective, it 1s known that 
there exists a conic in regard to which the one triangle recipro- 
cates into the other, and the centre of perspective is the pole of 
the axis. There thus arise nine conics associated with the nine 
points respectively: the conic with respect to which ABC recipro- 
cates into A’B’C” is thus associated with the centre X. It is a 
fact that these nine conics are in three groups of three, each 
group consisting of three conics of which any one reciprocates in 
regard to any second into the third: the conics associated with 
A,B,C form one such group. It is also a fact that the nine conics 
can be arranged in nine sets of three, each set being a set of three 
conics which are linearly connected: the conics associated with 
A, A’, X form one such set. 

Further, the nine conics are found to be capable of being ex- 
pressed as linear functions of three of them which are not themselves 
linearly related. It is, in general, true that three conics which are 
linearly independent are the polar conics of a unique set of three 
points in regard to a unique cubic curve. An exception arises, as 
pointed out by Rosanes*, in the case where a linear function of 
the three conics can be found to reduce to a pair of coincident 
lines. Such an exception arises in the present case; nevertheless 
there exists a unique cubic curve with respect to which the nine conics 
are the polar conics of the nine centres, and this indicates the 
manner of association of the conics and the centres spoken of 
above. Moreover, this cubic curve is eguianharmonic, and its 
Hessian consists of three lines forming a triangle LMN which is 
self conjugate in regard to each of the nine conics. Of the 


* Math. Ann., vol. xvii, 1880, p. 21. 
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elements of this triangle only one vertex L and the opposite side 
MN are real; of the three pairs of vertex and opposite side, and in 
particular of the vertex Z and the opposite side MN, it is true that 
the line is the polar of the point* in regard to each of the three 
triangles in the figure. The triangle LMN may thus be said to be 
self polar with respect to each of the three triangles started with ; 
such a relation of self polarity of one triangle in regard to a second 
isa mutual relation; and conversely it is true to say that when two 
triangles are both self polar in regard to a single further triangle, 
the two triangles are necessarily in cyclic perspective, and so is the 
third triangle which is in cyclic perspective with both of them also 
self polar in regard to the further triangle mentioned. It can also 
be shown that when a point and a line are pole and polar for a 
triangle and also for a conic, so are they similarly related in regard 
to the reciprocal of the triangle with respect to the conic. 

The point L is the point of concurrence of the three real 
inflexional tangents of the cubic; and these three lines through 
L form a cubic form which is simultaneously apolar with the 
cubic forms arising from the joins of L to A, A’, X, the joins of 
L to B, B’, Y, and the joins of L to C, C’, Z; and similar state- 
ments can be made in regard to M and in regard to N. 

Again, a conic as a geometric figure has two expressions, one 
in point coordinates, and one in line coordinates. From the latter 
point of view, one may speak, with Clebsch, of a conic as the polar 
conic of a line in regard to a class cubic. It is then true that the 
nine conics are the polar conics of nine lines in regard to a certain 
class cubic, each conic being associated with a point as above, and 
with a line as here, such that the point and the line are a vertex 
and the opposite side of one of the three triangles. For instance, 
the conic for which ABC reciprocates into A’B’C” is associated 
with the point X and with the line YZ. This class cubic has a 
Hessian, viz. the Jacobian of its polar conics, consisting of the 
three points L, M, N themselves. All the results in this note can 
be veritied with the help of appropriate analysis. 


* A point and a line are said to be pole and polar with respect toa triangle 
when the projections of the point from the vertices on the opposite sides are the 
harmonic conjugates in regard to the vertices on the side considered of the inter- 
section of that side with the line. Cf. Baker, Principles of Geometry, vol. 11, p. 38. 
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On a group of order 25920 and the projective transformations 
of a cubic surface. By Mr W. BurnsineE, Pembroke College. 


[Received 2 November, read 22 November 1926.] 


The figure in three dimensions consisting of two sets of three 
non-intersecting lines, such that each line of one set intersects 
each line of the other set, will here be called a “net.” All nets are 
projectively equivalent to each other: and there are just 72 pro- 
jective transformations that change one net into another. 

Every cubic surface that contains the net N, or 


Ase y—t=0 a y=0) y-z=0) z=0 
z=0) z-x=0) «x=0) t=0) t-a=0) «=0 


is given by 
K [ay (2+ t)— zt (x +y)]+(4x+ By + Cz + Dt) [xy— 2t]=0; 


and therefore every irreducible cubic surface that contains N is 


given by 
xy (z + t)—zt(x+y)+ (4x + By + Cz + Dt) (zy — zt)= 0, 


for some finite values of A, B, C and D. 

If Schlafli’s notation is used for the 27 lines on the surface, 
and if the six lines of N in order are denoted by a, b, c, d, €, f’, 
then the equations of the nine lines ad, ae, af, bd, be, bf, cd, ce, cf 
can be written rationally in terms of A, B, C, D, [e.g. the equations 
of ad are y= 0, (A +1)x+ Cz + Dt = 0] and the equations of the 
remaining twelve lines can be written rationally in terms of A, B, 
C, D and E, where 


E=} (1+444+B+C+D+AB+CDF-— ABCD. 
Let N’ be any net on S =Q, or 
xy(z+t)—zt(x+y)+(4Ax+ By + Cz + Dt) (zy — zt)=0, 


and let 7’ be any one of the 72 projective transformations that 
change N’ into N. Then, since the equations of the lines of N’ 
are rational in A, B, C, D, £, the coefficients in the transformation 
T” are also rational in A, B, C, D, E; and, therefore, the coefficients 
in the cubic surface T'S = 0 are rational in A, B, C, D, E. But 
the surface 7’S=0 contains the net V=0. Hence the equation 
T’S =0 is 
xy (z +t)—zt(æ + y)+ (Act By + Cz + D't) (cy —2t)=0, 

where A’, B’, C’, D’ are rational in A, B, C, D, E. 
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Now N’ may be any one of the 360 nets on S = 0, and T’ may 
therefore be any one of 360 x 72 (= 25920) projective transfor- 
mations. There are therefore just 25920 surfaces 

ay(z+t)—2t(e+y)t+(A’et+ By + (2+ D't)(xy— zt) =0, 
which are projectively equivalent to S=0 and therefore to one 
another; and the set arises from any one of them by the same 
process by which they arise from S=0. Thus, if 

E” =4 (0+4 +B 4+ C+ D4 AB +CD- ABCD, 

then A, B, C, D are rational functions of A’, BY, C’, D', E ; just as 
A’, B',C', D’ are rational functions of A, B, C, D, E. Hence, if 
between the equations expressing these relations we eliminate 
either A’, B’, C’, D (or A, B,C, D), we find that F’ = rational func- 
tion of A, B, C, D, E (or E= rational function of A’, B’, C’, D’, E’). 
We are thus led to the set of relations 

A’=f, (A, B, C, D, E), B=, (4, B, C, D, E), C =f (A, B,C, D, E), 

D’ =f, (A, B, C, D, E), E =f, (A, B, C, D, E) 

where fi, fo, fs, fa, fs are rational functions; and where A, B,C, D, E 
are rational functions of A’, B’, C’, D’, F. 

Now if from the first four of the equations their values are 
written for A’, B’, C’, D’ in 

B%=4F40+ A 4+ P+ C+ D+ A B+CDy- ABCD 
there results 

E"=9(4, B,C, D, E) 
where g is a rational function; and this can only be consistent with 
E’ = f,(A, B, C, D, E) 
if g (A, B, C, D, E) is the square of a rational function of A, B, C, 
D, E. Hence the process indicated sets up, from the 25920 pro- 
jective transformations, 2 x 25920 birational transformations of the 
five symbols A, B, C, D, E; 
A' =f (4, B,C, D,E) B =A CSAC )D=AC ), 
E' =  f,(4, B,C, D, E), 
being the two which arise from one projective transformation. 
These form a group; and in respect of the group of order two, 
constituted by 
A’=A, B'=B, C=C, D'=D, F'=E, 
A'=A, B=B, C=C, D' =D, EF=-E, 
it is simply isomorphic with a group of order 25920. 
This group of order 25920 thus arises directly in connection 
with the projective transformations of a cubic surface which has 
just 27 distinct lines on it. 
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The Compton Effect in Wave Mechanics. By Dr P. A. M. 
Dirac, St John’s College. 


[Received 8 November, read 22 November 1926.] 


§ 1. Introduction. 


The problem of the scattering of radiation by a free electron 
has been treated by the author* on the basis of Heisenberg’s 
matrix mechanics, which was first modified to be in agreement 
with the principle of relativity. The main point of this modifica- 
tion is that, whereas in the non-relativity theory one deals with 
matrices whose elements vary with the time according to the law 
e*t, in the relativity theory the elements of the matrices must vary 
according to the law e? where t =t—(l,2, + 1,2, + l,2,)/c if they 
are to determine correctly the radiation emitted in the direction 
specified by the direction cosines (l, la, ls), #,,#, and x, being the 
coordinates of the electron at the timet. These matrices were obtained 
by writing the Hamiltonian equation of the system in the form 


HWSO: eses. (1), 


where W’ is a variable canonically conjugate to ť and H’ com- 
mutes with t, and then using H’ as an ordinary Hamiltonian 
function of a dynamical system that has W’ for its energy and č 
for its time variable. 

This method is rather artificial; particularly so since on the 
quantum theory there is no unique way of writing the Hamiltonian 
equation in the form (1) [owing to ambiguity in the order of 
factors in H’], and it has to be proved that all reasonable ways of 
doing so lead to the same results. A more natural and more easily 
understood method of obtaining the matrices is provided by 
Schrédinger’s wave mechanics. 

In this method we do not need to write the Hamiltonian 
equation in any special form, such as (1), in order to obtain 
Schrodinger’s wave equation from it, by applying the rules which 
consist of letting the momentum symbols denote certain operators. 
When we have obtained the solutions ya. of the wave equation, 
then we can get a matrix representation of the dynamical variables 
by obtaining expansions of the type 


A tro = De A a'a Va’; 


* Roy. Soc. Proc. A, vol. 111, p. 405 (1926). This paper is referred to later by 
loc. cit. 

+ See Schrédinger’s papers in the Ann. d. Phys., vols. 79—81 (1926). For 
the general method of obtaining matrices from the wave mechanics, see section 2 
of the author’s paper, Roy. Soc. Proc. A, vol. 112, p. 661 (1926). 
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where A is a dynamical variable, and the coefficients Awa are 
functions of any steadily increasing variable such as ¢ ort’. These 
coefficients are then the elements of the matrix that represents A. 
If we do choose just ť to be the variable of which the Awas are 
functions, then we get the matrix representation that is suitable 
for determining the radiation emitted in the direction (l, l2, l3). 
The matrix elements would now be of the form ae*!’, where the 
a’s and o’s are constants, and we would then take the 's to be 
the frequencies and the a's (if A is a component of total polarisa- 
tion) to determine, according to classical formulae, the intensities 
of the components of radiation emitted in the direction (h, lz, ls). 


§ 2. Solution of the Wave Equation. 


We consider a free electron exposed to plane polarised incident 
radiation of wave number v/27 moving in the direction of the 2, 
axis with its electric vcctor in the direction of the z, axis. The 
Hamiltonian equation of the system is * 
mic? = We — p? -—[p, +a cos v (ct — 2) — p,?, 
where pı, Pz, ps and — W are the variables canonically conjugate 
to Ti, Za, Zy and t, and a’ is a constant, which may be assumed to 
be small. [p, differs from the ordinary component of momentum in 
the z, direction by the term a cos v (ct — z,).] 

Schrédinger’s wave equation is now 


‘me = W?/c? +p’? + [ pe + a cos v (ct = x)|? + p:?} y =().. (2), 
in which the symbols p,, pa, ps and W mean the operators 


q 0  O E q 0 
— th ag me =e and th zz- 
We must find the solutions y, of this equation, and we can then 
determine the matrix representing a component X of the polari- 


sation by obtaining an expansion for Xv, of the form 
XW = La XaaWa's 
where the coefficients Xaa are functions of the single variable t. 


We now, as in the previous treatment of the problem, apply 
the linear canonical transformation 


a, =ct—2, p=-p +hLW'/c 
Ie = T, Po= petl,W'/e 

, a / , .. (3). 
Ly = £z P= ps t+l,W’/e 


t =t— (0; x, + lax, + l,a5)/c W=W’'- Cp, 


The purpose of this transformation is two-fold ; first it introduces 
explicitly the variable ¢’ in terms of which we want the matrix 


* Loc. cit., equation (21). 
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elements, and secondly we shall be able to solve the wave equation 
in the new co-ordinates directly by separation of the variables. By 
substituting for pı, p., p; and W in (2) their values given by the 
second set of equations (3), we find for the wave equation in the 
new co-ordinates, with neglect of terms involving a”, 
{m?c?+2W’/c.[((1—1,) py + apy + ps’ + a’ cos vay’) | 

+ po? + ps? + 2a’ pg cos vax} p=O...... (4). 
The symbols p,’, pz, ps and W” here mean the operators 
o 0 0 


ih —,, — ih —, and th= 


„0 
S Ons. ot 


ory ; = Ox, 
Since the wave equation (4) does not involve z;, æ, or ť 
explicitly, it will have solutions of the form 
Ya = ein Tilh giatlih  emiatih | y (x,'), 


where a, a, and a, are arbitrary constants, and y (2,’) is a function 
of the single variable z,’. With this form for Ẹya we have 


Pe Va = Wa; Ps Wa = As Ya ’ Whe = ate, 
and, more generally, if f(p,’, px, W’) is any function of p3, ps and 
W’, which may also involve 2,’ and p,’ (f is thus an operator) we 
have 


Jf (P, Ps s W’) ya =f (a, as, Ms) Pa. 
This rule applied to the left-hand side of equation (4) gives 
{2a,/c .[((1 — L) pi + laa, + as + la cos vz] 
+ b + 2a'a, cos vary} e@2talh , eista /h e-ink | y (x,') =0, 
where b= me + a? + 4,". 


The factors e'2%2/", e%s%s'/4 and e~"/* may be cancelled out, and a 
simple differential equation for the function y (æ) will then be 
left, whose solution is 


, ° b ld 
y(x )=exp -i (ha + lyas + J) Ly 
+ (+S) sin va’) J d- L)h. 
The solution of equation (4) is thus 


WPa = War, as, a = OXpt fa — l) (aT, + azy — a,t’) 


— ¢ a, + las + z) z- = (1 + c% sin vai} Ja — l) h 
4 4 
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and since it contains the three arbitrary parameters 4), as, a,, and 
may also be multiplied by a fourth arbitrary parameter, it is a 
general solution. 


§ 3. The Integrals of the Equations of Motion. 


The first integrals of the equations of motion are obviously 
Pz, ps and W’. We must now determine the second integrals. 
We can do this in a way that is completely analogous to the way 
followed on the classical theory when one is solving a problem by 
the Hamilton-Jacobi method. Put 


Wa = exp iSafh vccecccccccccccceeeees (6). 


Then S, corresponds to the principal function in the Hamilton- 
Jacobi method, and dS/da, is a constant of integration of the 
system, where a, is any one of the parameters occurring in Ya. 

To prove this theorem on the quantum theory, differentiate (6) 
partially with respect to a,. This gives 


OWea _ 1% ig mSa _ i Sa 
da, h° Da, T h da, Y” 
which shows that 0S,/da,. Ya is of the form 

— ih [ffe («, a) Yada, da; da, 


where c(a’, a) 18 a certain very discontinuous “function” of 
Aa., Qs, A, and az, ay, a,, which is equal to zero except when 
| aa — Q; |, |a, — a; | and j a,—a,’| are very small, and is very large 
and positive when a,’ is a little greater than a,, and very large and 
negative when a, is a little less than a,. Now — ihc (@’, a) gives 
the elements of the matrix that represents 0S,/da,, and since these 
elements are all constants (z.e. independent of t’), 0S,/ea, must be a 
constant of integration of the system. 

To apply this theorem in the present example, we must 
ditferentiate the index of the exponential in (5) partially with 
respect to a,, a, and a,. This gives 


s 
ca ea, 
(1 —1,) x, — (l -+ =| g’ — — sinva,’ =C 
a, va 


4 
, Ca;\ , 
(1-4) 2, - (b+ 2) oy E nee (7), 
4 
f cb , cda, . -e 
p (1 a L) t + TT + va? sın VT — Ci 


where cz, €, and c, are the second integrals. These formulae corre- 
spond to equations (35), (34) and (30) respectively in loc. cit., 
which were there obtained by more laborious methods. 
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§ 4. The Matrix Elements. 


We must now find the matrices that represent the components 
of the polarisation of the system. We need do this only for two 
components in directions that are perpendicular to the direction of 
emission (L, l}, l) and mutually perpendicular. We can take these 
components to be the quantities 


lol, 
A = 1,2, Siel La +t Ga -h)a 


lls 
1-4, 


l? 


T; 


and Y=(,2,+ (= n) Ly — 


multiplied by the electronic charge, as in the previous treatment 
of the problem*. Expressed in terms of the dashed variables, X 
and Y are given by 

(1 —1,) X =1,ct’ -lyri + (1 —|) a; 

(1-1) Y =hcť -hz + (1 -— l) ay’. 
With the help of equations (7) we find 


2a,a, 


b 


ba. sin v2,’ 
o EE E as A aay y (= = eee) sin va,’ 
4 


2(1 —h)asa, ,, _ Qca‘a, a, 


(1-—1,) X =c, + Ghd ps P3 


b b va, 
SE oS te (8). 


In these expressions for X and Y we know the matrices that 
represent all the terms except those involving sinva,. [The 
matrices representing the c’s have already been discussed in the 
preceding section, while the matrix that represents t’ is simply the 
diagonal matrix with diagonal elements ¢.] Thus, in order to com- 
plete the matrix determination of X and Y, we have only to find 
the matrix that represents sin vz, and multiply it by the (constant) 
coefficients of sin vz,’ in the expressions (8). Since we are working 
only to the first order in a’, and an a’ occurs already in the 
coefficients of sin vz,’, we may neglect a’ altogether when finding 
the matrix that represents sin vz’. 

With this approximation, we have from (5) 


eze Was as a = expt ((1 — l) (aoa + asz, — at’) 
— [La + leas + cb/2a, + (1 — L) hv] x’) /(1— l) h 
=exp-— tv'ct'.exp i {(1 — L) (a,x, + asz; — a,'t’) 
— (la, + lyas + cb/2a;] z} (1 — L)h, 


* Loc. cit., equations (33). 
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where v’ and a, are two new constants satisfying 


Op SNOW E A (9) 


cb cb 
and Ja, +(1-—l)hy= gal ee (10). 


We now have the relation 
gru Was, as, ag — oe: et’ Vas, as, a%'» 


which gives an expansion for the left-hand side of the required 
type. It shows that the general element of the matrix representing 
e'z, namely e'”*" (a,, as, a1; Qz, As, ay), Vanishes except when 


hs = Og, Ay = hy vacccevccccccsccccces (11), 


and a, and a,’ satisfy the condition (10), and is equal to e~”’ when 
these conditions are fulfilled. In the same way it may be shown 
that the general element of the matrix representing e~’", which 
we write for convenience e~'”*" (a,’, Ay, a’; a2, as, @,), vanishes except 
when the same conditions (10) and (11) are fulfilled, in which case it 
equals e*t. We can now write down without further trouble all 
the elements of the matrices representing X and Y. 


§ 5. Physical Interpretation of the Matrix Elements. 


The constant terms and the terms proportional to ¢’ in the ex- 
pressions (8) for X and Y will contribute nothing to the emitted 
radiation, and may be ignored. We are thus left with only the 
terms proportional to sin vz,’ to investigate. We see that their 
matrices contain only elements referring to transitions in which 
Px, p; and W’ change from a set of values a., as, a, to a set 
az, Qs, 4, given in terms of az, a3, a, by equations (10) and (11) 
(or from the a’s to the a's), and further that the wave number of 
the radiation emitted during such a transition is v’/27, where v is 
given by (9). Using the symbol A to denote the increase in a 
constant of integration of the system during a transition, we have 
from (11), (9) and (10) 


Ap, =0, Ap, =0, AW’ =- hev’............ (12) 
and A (cb/2 W’) = (1 — Oh) hv oo. eee ee eee (13). 


These relations are sufficient to determine the recoil momentum 
of the electron and the frequency of the scattered radiation. 
Equation (13) or its equivalent equation (10) can be most con- 
veniently used if we observe that, with neglect of a’, p,’ is repre- 
sented by a diagonal matrix whose diagonal elements a, are given 
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by — th times the coefficient of x,’ in the index of the exponential 
in (5), ùe. 
a, = — (la, + las + cb/2a,)/(1 — L) 


; cb cb 
so that Ap; = (a z i) / (Sie Siew (14). 
The fact that we have to neglect a’ in order to be able to give a 
meaning to Ap,’ corresponds physically to the fact that in order to 
give a meaning to the recoil momentum of the electron we must 
neglect the oscillations of the electron due to the incident radia- 
tion. Equations (12) and (14) give, when written in terms of the 
undashed variables, 


Ap, = hv — lhv’ 

Ap, = — hhv 

Ap, = — lhv 
AW/c=hv — hy’, 


which are just the equations that express the conservation of 
momentum and energy on Compton’s light-quantum theory of 
scattering. (We are neglecting a’ again when we count p, as an 
ordinary momentum.) 

The elements of the matrix that represents the periodically 
varying part of X are 

CAAA; ` 

v (mc? + a? + as?) a, (l Shy” 


7 , , ‘\ —te're’ 

X (az, Q3, Q4; Ay, As, A )= ve 
and 

+ I A é 

— ica As As 


= ; eet 
py (mic? + a,? +as?)a (1—4) i 


X (a, as, Ai; Mp, as, a) = 
where the a’s are given in terms of the a’s by (10) and (11). The 
product of these two matrix elements gives a quarter of the square 
of the amplitude, which, by insertion in the formula of the classical 
theory, determines the intensity of the emitted radiation. The 
amplitude squared is thus 


nE eataa? 
Gea et 

(me + af +a?’ aa; (1-1) 
Instead of actually evaluating the intensity from this formula, we 
can obtain results more simply by comparing Cx* with its value 
according to the classical theory. This classical value is given by 
one putting A = 0 in (15), which comes to writing a, for the a,’ in 
the denominator. Hence the quantum value of Cx? is just a,/a, 
times its classical value. This result may easily be verified to hold 
also for Cy’, the amplitude squared of F. 
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From (9) and (10) we have 


a,— a; = her 
neal 4120-4) 


a, ay cb 
which give, by division, 


hv, 


a, a, = 


If the electron is initially at rest, we have initially 
Pi = Pı = pP, = 0, W = me, 


from which, using the transformation equations (3), we find for the 
initial values of p,’, p; and W’, 


ON lame l, mc _ me? 
a pe En e E 
This gives 
2m?c? 
b= me +a? + a} = IL 


so that from (16) 
a, _2(1-1)a? v 


v 
a; cb yo yp 

The amplitude squared is thus greater than its value according 
to the classical theory in the ratio v/v. Since the intensity is 
proportional to the amplitude squared multiplied by the fourth 
power of the frequency, and the frequency of the scattered radiation 
is less than its value on the classical theory in the ratio v'/v, it 
follows that the intensity is less than its value on the classical 
theory in the ratio (v’/v). This result is the same as that obtained 
in loc. cit., and is in guod agreement with experiment’. 


* Note added in proof :—A paper by W. Gordon dealing with the same subject 
has recently appeared [Zeits. f. Phys., vol. 40, p. 117 (1926)]. Gordon’s method 
makes use of an expression for the electric density for determining the field produced 
by the scattering electron, and differs from the method of the present paper, in 
which the wave equation is used merely as a mathematical help for the calculation 
of the matrix elements, which are then interpreted in accordance with the assump- 
tions of matrix mechanics. 
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On the polarisation of mercury lines emitted from a discharge 
tube in a magnetic field. By Dr H. W. B. SKINNER®, Trinity 
College. 


[Received 17 August, read 22 November 1926.] 


§ 1. Introduction. 


Theoretical work on the Zeeman effect has led to the con- 
clusion that the light emitted by atoms in a magnetic field should 
be unpolarised; that is that the intensity of the Zeeman com- 
ponents polarised with the maximum electric vector parallel to 
the field will be equal to the intensity of those polarised perpen- 
dicular to the field. This would be the case on the classical 
theory; on the quantum theory it can be shown to follow from 
the principle of spectroscopic stabilityt. It may be shown that 
the equality of the intensities of the components polariscd parallel 
and perpendicular to the field is related to the absence of double 
refraction in a gas whose molecules are orientated by the appli- 
cation of a magnetic field, and this last property has been estab- 
lished by Gerlach and Shiitztf. 


On the other hand, some old experiments by Egoroff and 
Georgiewski § and by Wiechern|| have shown that the light emitted 
from salted flames and discharge tubes in a magnetic field of 
about a thousand gauss is partially polarised with the direction 
of the maximum electric vector perpendicular to the line of force, 
the polarisation varying in a complex way with the field strength. 
It seemed therefore probable that the observed polarisation in 
these cases might be dae to the fact that the source of light was 
not an ideally simple one. In fact, that the light actually ob- 
served was not that directly emitted from atoms subject to isotropic 
conditions of excitation. It was with a view to clearing up this 
question that the present experiments were performed. 


§ 2. Experimental Methods. 


To construct an ideally simple source of light (in the meaning 

of the above definition) is not an easy matter. If one uses a 
discharge tube, one introduces a certain directedness into the 
conditions for the excitation of the atoms: if a flame, one knows 
that the conditions on the outside of the flame are different from 
those within it. 

* Exhibition of 1851, Senior Student. 

+ Heisenberg, Zs. f. Phys. vol. xxxi. 

$ Naturwiss. vol. xt. p. 617 (1925). 


$ C.R. vol. 124, pp. 748, 749; vol. 125, p. 16 (1897). 
i Göttingen Diss. (1914). 
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The chief requisite for the present experiment is to have a 
source of light which, if not ideally simple, can at any rate be 
controlled. With this object the source chosen was a low-pressure 
electron-maintained arc in mercury vapour. The advantage of 
this source is that the low pressure may be expected to remove a 
number of disturbing conditions, and that the current passing in 
the tube can be varied. i 


Fig. 1 shows (4th actual size) the construction of the arc which 
runs on mercury vapour in equilibrium at atmospheric tempera- 
ture, the pressure being therefore about one-thousandth of a mm. 


Fig. 1. 


A potential difference of 110 volts is applied between the tungsten 
filament F and the anode A, the grid G being only used for 
starting the arc. A current of up to 4 amp. can be passed be- 
tween F and A. The arc passes through the bored poles of a 
small electromagnet which can provide a field of up to 3000 gauss 
in the space between the pole pieces which were about 17 mm. 
apart. The light is observed through the cross tube T which 
passes between the poles. 


The tube was continuously exhausted by a rotating Garde 
pump which also supplied the mercury vapour. 


The discharge is of a blue-white colour and in the absence of 
a magnetic field fills the tube with a uniform glow. The appli- 
cation of the field causes the concentration of the glow into a line 
(whose diameter depends on the field strength) passing down the 
centre of the tube and the light emitted from points outside this 
line is relatively weak. 


The light from the are was analysed by a set of mercury lamp 
filters, which were, on the whole, more convenient to use than a 
spectroscope. But when greater resolution was necessary, a spectro- 
scope was used. 


For the detection of polarised light, a Savart plate with 
analysing Nicol prism was used. When polarised light falls on it 
a set of parallel fringes is seen. By a slight motion of the plate 
the fringes may be caused to move and much fainter fringes may 
be detected in this way than if they are stationary. 
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The measurement of the polarisation was carried out by com- 
pensating the polarisation by causing the light to pass through a 
glass plate capable of being rotated about a suitably orientated 
axis. From the angle at which the glass plate must be placed to 
neutralise the fringes, the percentage polarisation of the light 
emitted can be calculated. The plane of polarisation is found by 
rotating the Savart plate (with the glass plate away) until the 
fringes are seen with maximum strength. This does not deter- 
mine the plane of polarisation uniquely, but tells one, for example, 
that it is either horizontal or vertical. By the use of the glass 
plate it is easy to find out which of these alternatives is correct. 


The results will be expressed as “ percentage of polarisation.” 
By this is meant the quantity 


iaio 2 
p ED 


where J, J, are the intensities of the light emitted as vibrations 


with the electric vector parallel or perpendicular to a given 
direction, the plane of polarisation. With the experimental arrange- 
ments, and suitable source of light such as the green or yellow 
mercury lines, a polarisation of 4°/, could be detected. In the 
case of violet lines, however, the accuracy is, owing to the poor 
visibility, considerably less. 


§ 3. Results of Experiments. 


The lines which have been investigated are the mercury lines 
4358 (2P, —23S,), 5461 (2*P,- 238,), 5770 (2 :P,— 3 3D,) and 
A5791 (21P,—-2'D,). With the exception of the first, these lines 
all show polarisation effects which vary with the field strength. 
We shall consider the lines separately and the results, except 
where otherwise stated, will refer to observation in a direction 
perpendicular to the lines of magnetic force. 


(a) 24358. 


Observations on this line are rather difficult owing to poor 
visibility. There is also a certain amount of unavoidable con- 
tamination with the fainter line A 4347 (2'P, — 4)D,). However, 
under no conditions was any polarisation observed on 24358, 
though 2°/, would have been detected. 


(b) A 5461. 


This line is unpolarised in a zero field, the accuracy of de- 
tection being about $°/, of polarisation. In a stronger field, how- 
ever, the light becomes polarised perpendicular to the lines of 
force, the polarisation increasing with increasing field strength 
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until a maximum is reached in a field of 2000 Gauss. A curve 
showing the effect is given in Fig. 2. 


ont 
_ O 
z$ 


Polarisation 


on 
= 


(6) 1000 2000 3000 Gauss 
Fig. 2. 


The polarisation however also depends on other factors than 
the magnetic field. In Fig. 2 the current in the tube was kept 


10°, 


900 Gauss 


52, 10°, 2400Gauss 


x 
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constant. If, instead, we vary the current, keeping the field con- 
stant, we obtain the curves shown in Fig. 3. 

These facts show that the effects depend on the magnitude 
and distribution of the current over the cross section of the tube. 
It has been mentioned that the magnetic field exerts a concen- 
trating action on the discharge, condensing it into a line down 
the centre of the tube. The precise diameter of this line depends 
on the field and also on the current through the tube, and the 
concentration does not necessarily proceed continuously with in- 
creasing magnetic field. The exact character of the concentration 
seems to depend on relatively small factors in the design of the 
tube. Consistent values of polarisation may be obtained if the 
tube is unaltered, but after a slight alteration the magnitude of 
the polarisation may change, though the general character of the 
curves remains the same. ‘To take a definite example, a maximum 
value of 6°/, instead of the 9°/, of Fig. 3 was obtained in one 
instance. For this reason, the curves given must be taken simply 
as typical. An important general fact is however that the polari- 
sation falls to zero as the current in the tube is diminished, 
whatever the value of the magnetic field. 

A further fact which has been established is that the polari- 
sation increases when the angle between the field and the direction 
of observation is reduced. At an angle of 72° to the lines of force 
the polarisation found was 6°3°/,, the corresponding value in a direc- 
tion perpendicular to the lines of force being 3°6°/,. This seems 
to be due to the fact that the thickness of the discharge through 
which the light passes on its way out of the tube, is greater 
when observed at an acute angle. 

If a small quantity of air is allowed to enter the tube the 
polarisation is reduced. With a pressure of the order of 445th mm. 
the reduction under standard conditions of current and magnetic 
field was found to be from 6°/, to 1°/,.. The observations in this 
case were spectroscopic since it is necessary to separate the light 
of the green line from that of neighbouring bands. Similar results 
were also obtained with H,. The significance of this result will 
be discussed subsequently. 


(c) X5770, à 5791. 


In the case of these lines, no polarisation was observed in 
fields of 200 gauss or more. On the other hand, in a zero or weak 
field, a polarisation is observed, the plane of polarisation (electric 
vector) being in the direction of the discharge. A polarisation of 
7 °/, was observed in a zero field, and this amount was approxi- 
mately independent of the current, in the tube. 

It is evident that this effect is of quite a different character 
from that found in the case of the green line. It forms the subject 
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of a further paper*® in which it is proved to be due to the directed 
character of the discharge which causes the excitation of a line to 
be imperfectly isotropic. It is shown that in the case of the 
excitation of these lines by a perfectly directed stream of electrons, 
the polarisation may reach a much higher value. In the type of 
arc used in the present experiments, electrons are travelling in 
all directions, but the applied potential serves to introduce a 
certain general drift on to the motions of these electrons and to 
this cause the observed polarisation is due. 


§ 4. Discussion of Results. 


The experiments have therefore given evidence of two distinct 
polarisation effects. One of these, the effect found for the yellow 
lines, is destroyed by the application of a sufficiently strong 
magnetic field, and in this effect we are concerned with a case 
of anisotropic excitation ; for it depends on the directed character 
of the discharge. The other effect, that on the green line, is only 
found in a sufficiently strong magnetic field, and is a complex 
effect whose magnitude is determined by the precise conditions 
of the discharge, and in particular vanishes to zero when the 
current in the tube is reduced. 

On the other hand, in the case of the yellow and violet lines, 
no polarisation at all which is due to the magnetic field was 
observed. i 

We may thus state that the experiments give definite evidence 
that the intensity relation of the Zeeman effect mentioned in § 1, 
namely that the intensity of the components polarised parallel to 
the field is equal to the intensity of the components polarised 
perpendicular to the field would be found true if sufficiently 
simple conditions of observation could be obtained. To establish 
this result was the main object of the present work. 

It remains now to give a suggestion as to the cause of the 
polarisation observed in the case of the green line. It may be 
stated that the polarisation-field-strength curve given in Fig. 2 is 
of the same type as those obtained by Wiechern. 

We have seen that the polarisation appears to be caused by 
the conditions in the gas through which the light passes on its 
way out of the tube. There are various reasons for supposing 
absorption of the light by atoms in the outer parts of the dis- 
charge to play a part. In the first place, the efttect has only been 
observed in the case of the green line A 5461 (2 °P, —248,). Now 
the 23P, state is a metastable state, and an atom in this state 
can only pass out of it by a collision. At the low pressures con- 
cerned there will be a considerable concentration of atoms in this 
state ready to absorb 15461. On the other hand, in the case of 


* Proc. Roy. Soc. 1124, p. 642 (1926). 
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the remaining lines investigated, no metastable states are con- 
cerned. Again, the introduction of a foreign gas will reduce the 
number of atoms in the 2P, state and, as we have seen, it also 
reduces the polarisation. This hypothesis will also explain the 
fall of the polarisation to zero as the current diminishes, for with 
small currents the number of atoms in the 2%P, state will be 
small. 

Absorption will cause a self-reversal of the line, and was long 
ago suggested by Cotton* to explain the results of Egoroff and 
Georgiewski mentioned in § 1. 

These authors also found that the lines most easily reversed 
show the greatest polarisation effects. 

To account for the production of polarised light by absorption, 
one must suppose that the conditions under which the light is 
emitted are different from thse in the layer where it is absorbed. 
Now, owing to the concentration of the discharge by the magnetic 
field, most of the light 1s emitted from the central part of the 
tube, while the absorption presumably takes place indiscriminately 
anywhere in the tube. 

The most likely supposition to account for a difference in the 
conditions under which emission and absorption take place would 
seem to be that it is due to a very slight non uniformity of the 
magnetic field (such as must exist on account of the hole bored in 
the pole pieces). A hypothesis of this kind was also put forward 
by Cotton. Such a non-uniformity will imply that the wave- 
lengths of the Zeeman components of the directly emitted light 
will not exactly correspond with the wave-lengths which would be 
most strongly absorbed by the absorbing atoms. This divergence 
will be more marked for the outer Zeeman components (which 
are polarised perpendicular to the field) than for the central com- 
ponents (polarised parallel to the field). Thus the light emitted 
polarised parallel to the field will be more absorbed than that 
emitted polarised perpendicular to the field, and the total hght 
emitted will show traces of polarisation in a direction perpen- 
dicular to the field. This is what is observed, and it would appear 
that this hypothesis is sufficient to account for the general 
characteristics of the effect. 


Summary. 


1. Polarisation measurements are described on the Hg lines 
A 4358. 5461, 5770, 5791 emitted from a low-pressure electron- 
maintained arc to which a longitudinal field of up to 3000 gauss 
may be applied. 


* C.R. 125, p. 1169 (1897). 
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2. Two types of polarisation effect have been found. The 
first is typified by the line à 5461. It is a polarisation of the 
light with the electric vector perpendicular to the lines of force. 
Its maximum value is 9°/,, but it decreases to zero (a) with 
decreasing field strength and (b) with decreasing current in the 
tube. It is suggested that this effect is due to a self-reversal of 
A 5461 owing to the metastability of the 2°P, state and that the 
polarisation may be caused through a slight non-uniformity of 
the magnetic field. 

The second type of effect is found for A 5770 and 5791. The 
polarisation is in a plane parallel to the discharge, and is found in 
a zero magnetic field. This effect is further discussed elsewhere. 

The line A 4358 is unpolarised under all conditions tried. 


3. Neither of these effects implies a ee of the total 
light emitted directly from atoms in the Transverse Zeeman 
Effect when the atoms are excited under isotropic conditions and 
the experiments give definite evidence against the existence of 
such a polarisation effect. 


In conclusion, I should like to express my thanks to Professor 
Sir Ernest Rutherford, O.M., P.R.S., for his continual interest in 
the work. 


516 Dr Richards, Note on the effect of alpha particles on paraffin 


Note on the Effect of Alpha Particles on Parafin. By WILLIAM 
T. Ricnarps, Ph.D, (Communicated by Prof. Sir E. RUTHERFORD.) 


[Received 25 August, read 25 October 1926. ] 
Duane and Scheuer (Le Radium, 10, 33, 1913) found, by 


measurements of the amount of gas mixture evolved by the action 
of alpha particles on water and ice, that the number of molecules 
acted upon divided by the number of ion pairs formed was 0:96 in 
the former case and only 0-05 in the latter. Since this seemingly 
anomalous result is the only satisfactory published comparison 
between the behaviour of solids and liquids under the action of 
alpha particles, a short research of the same type has been under- 
taken with a substance of somewhat different properties. Paraffin 
was chosen for this purpose because of the vigorous action to be 
expected (cf. Lind, Science, 40, 304 (1924) footnote), because of its 
simple empirical formula, because a previous investigation of so 
complex a molecular structure had not been undertaken, and 
because it may be obtained liquid and solid at ordinary tempera- 
tures without important change in chemical composition. 


Apparatus. 


The apparatus consisted, in essence, of a reaction chamber 
connected by a short capillary tube to a standardized burette 
which, in turn, was connected to a gas pipette 
and eudiometer chain terminating in a Ramsay 
pipette. The eudiometer served also as a means 
of evacuation. Control measurements showed that 
quantities of gas of the order of 1 c.c. could be 
measured with an error of about 0'004 c.c. Since 
measurements were made over water to secure 
constant aqueous tension in the burette system, 
any water vapour evolved by the alpha particle 
action could not have been detected. 

The reaction chamber is illustrated in Figure 1. 
It was made of glass, having a capacity between 
the limits M’ and M” of about 1ʻ0 c.c. A repre- 
sents an orifice which permitted the introduction 
of an alpha ray tube B, and was subsequently 
tightly sealed with hard wax. The wax was pro- 
tected from the action of alpha rays by a layer 
of mercury C which was introduced through the 
funnel tube D. When liquid paraffin was used it 
was introduced through D to the level M’, and the tap E closed. 
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When solid paraffin was used it was melted on the inner wall of 
the reaction chamber in a uniform coating before the tube B was 
in place, and the side tube leading to D was then filled with 
mercury. 

The liquid paraffin was obtained commercially as “refined 
medicinal paraffin.” The solid was a good grade of hard paraffin 
wax with a melting point at about 50°C. The two are not, of 
course, chemically identical, but it is necessary only that they 
should both have the empirical formula C,,H,, with m and n of 
comparable magnitude in each case, for the results to have signi- 
ficance. Impurities to the amount of 5°/, would not have affected 
the results. 


Experiments. 


Solid Paraffin. 48:3 mg. of emanation were employed to cause 
the action, contained in an a-ray tube having a range of 4°5 cm. 
+ 05cm. The colour of the substance changed, after long continued 
exposure to the radiation, from white to a brown tinged with 
violet. 

Table I, in which @ represents time in hours and v volume in 
c.c. of gas evolved, shows the measurements obtained calculated 
(with appropriate temperature and aqueous tension corrections) for 
760 mm. and 12°6° C. 


TABLE I, 
0 v Po logio z 
0 0 == = 
19°5 0°58 0°0298 2-474 
91°3 204 0203 2:308 
114:8 2:24 0085 3-930 
140°5 2°42 0070 3°845 
163:8 2°55 0056 3°747 


These measurements are represented graphically in Figure 2. 
The second point has been omitted since it involves too long an 
interval of time to give a reliable average value. 

A series of measurements was also made on the pressure change 
at constant volume due to emanation in a small evacuated tube 
lined with paraffin. This method has the advantages of eliminating 
the uncertainty of range of the a-ray tube, and of showing the 
additional effect due to the action of recoil atoms. Since, however, 
the results obtained show no tendency not revealed in Table I, and 
since corresponding measurements cannot be made with liquids, 
they will not be detailed. 0°35 c.c. of gas were evolved per mg. of 
emanation decayed over a period of 29 hours, the volume being 
given under standard conditions. 
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Inquid Paraffin, 22°C mg. of emanation were employed in an 
a-ray tube having a range of 45 + 0-5 em. (unfortunately not the 
same tube as that used in the solid determination). Fifteen minutes 
after the introduction of the tube small bubbles, which had formed 
on its surface, began to rise slowly through the liquid. A micro- 
scopic examination of the surface of the tube failed to show the 
action of single alpha particles. After two weeks a black shell. 
resembling carbon in appearance and properties, collected on a 
small part of the tube surface. Table II shows the measurements 
obtained, v being expressed at 12°6°C. and 760 mm. as before. 


TABLE II. 
0 v 5 logio a 
0 0 — as 

1:42 0-033 0-024 3-380 
5:33 “080 012 2-079 
23°17 "139 0033 3:519 
26°67 ‘151 0033 3°519 
48°00 ‘188 0018 3:255 
100-00 "225 ‘0U07 4:851 
144:50 249 0006 4-740 


These measurements also are represented graphically in Figure 2. 

Errors. That the deviation from linearity of the rate of evolu- 
tion of the gas in liquid paraffin is not due to systematic error in 
the apparatus is apparent by a careful consideration of the method 
of procedure, and is confirmed by the much greater regularity in 
the solid, where the method was identical. That it is not due to 
the solubility of hydrogen in paraffin is obvious, as this would 
influence the results in the opposite direction; the invalidity of 
this objection is confirmed by the immediate appearance of bubbles 
which rose very slowly, undiminished in size, to the surface of the 
liquid. The greatest error in the quantitative comparison of these 
results is the ranges of the two a-ray tubes which could be deter- 
mined, as usual, within 10°/, only. This does not, however, affect 
the rate of evolution of gas in each determination. 

Analysis of the gas. Attempts to analyse the exceedingly 
limited quantity of gas obtained indicated that it was only 
hydrogen. A satisfactory analysis was not obtained, however, and 
the nature of the gas is of no importance for the main thesis of the 
work. It must be borne in mind here, as in other parts of this 
paper, that radium emanation can be obtained only in limited 
quantities, and that experiments with it cannot be repeated with 
the ease and precision possible in most chemical processes. 
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Comparison of Results. 


The following results are the basis for comparison : 


v 
State 8 (mgo Amg v amg 
Solid 163:8 48:3 34°2 2°440 0:0713 
Liquid 144:5 220 14°6 0:238 0:0163 


Here 0 represents the number of hours over which action was 
observed, (mg), the number of mg. of radon at the commencement 
of action, Amg the amount of radon decayed during action, and 
» the volume of gas generated expressed under standard conditions. 


O TIME(HRS) 100 150 
Fig. 2. 


In the discussion below, the action due to § and y rays is assumed 


to be negligible. 


The values for 


< T given above show, even as they stand, a 


striking difference from the results of Duane and Scheuer (loc. cit.) 
on ice and water. Whereas these investigators found only 5, of 
the action in the solid state which they observed in the liquid, the 
variation here observed is by a factor of 4 in the opposite direction. 
A part of this latter divergence is clearly attributable to the 
mutual irregularity in time-action coeftħicient made clear by a 
comparison of the curves in Figure 2. This remains to be 
explained. 

In order to treat this irregularity it is necessary to make only 
the almost axiomatic assumption that chemical action observed is 
popora not only to the amount of emanation decayed (Ramsay’s 

w), but also to the amount of substance present if the latter be 


520 Dr Richards, Note on the effect of alpha particles on paraffin 


small. From this, and from the following measurements, may be 
calculated the relative numbers of molecules instantaneously ac- 
cessible to a-rays in solid and liquid. The measurements are: 
inside diameter of the reaction chamber, 0°62 cm.; its length, 
3 cm.; length of active portion of the a-ray tube, 1:5 cm.; its 
diameter 0:1 cm. Taking the range of the average alpha particle 
in paraffin, calculated from Bragg’s Law, to be ‘0024 cm., the ratio 
0:0141 c.c. 
0:0012 c.c. 

as of liquid paraffin are subjected to _ or 2°3 times as many mg. 
of emanation, and we should expect to find Ee or 5'l as great a 
volume of gas generated from the solid as from the liquid under 
the conditions of the experiment. This number is in fair agreement 


is obtained. Thus 12 times as many molecules of solid 


with the or 4:4 ratio actually observed for the gas volume 
generated in the two cases. The calculated value is based on the 
further assumption that mixing is so incomplete as to be negligible 
in the liquid. This is partly justified by the concordance obtained ; 
it is further substantiated by the high viscosity of the liquid, and 
by a consideration of the nature of its decomposition products. 

Thus, with a liquid of high viscosity, there appears to be an 
accumulation of decomposition products in the volume of alpha 
particle action which acts as a partial screen without producing 
gas in doing so. If this is virtually unaffected by such weak mixing 
agencies as are available in the liquid, it must be more noticeable 
at the surface of the tube than at the outer circumference of the 
volume of action, and the ultimate black coating of a part of the 
tube is accounted for. A modification of the usual procedure for 
the decomposition of liquids for very viscous liquids is therefore 
seen to be necessary. The slight deviation from linearity of solid 
paratin may be even more plausibly accounted for on the basis 
given above. 

Corrections for this effect in the liquid may be made from data 
already at hand. An extrapolation along the line of emanation 
decay from the initial rate of gas evolution should give the rate of 
evolution at the discontinuation of the experiment if the supply of 
liquid parafiin had been unlimited. If the initial rate is taken as 
that observed between 1°42 and 533 hours, when lack of adjust- 
ment to temperature and aqueous tension changes has surely been 
overcome, the result fixes a minimum for the quantity of gas so 
evolved. Such an extrapolation, which is indicated in Figure 2, 
gives a value of 1:08 c.c. at 126°C. for 160 hours of action by 
15°4 mg. of emanation, or 0:0674 c.c. per mg. emanation at Q°C. 


: 
| 
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On the other hand, a correction may be made on the basis of the 
number of molecules available to action, as calculated above, which 
gives 5°1x00163 or 00830 cc. of gas per mg. emanation. 
Although the methods by which each of these corrected values 
has been obtained are open to question, their average result, 
0:0702 c.c. per mg. emanation, agrees well with the 0:0712 c.c. 
which was found in the solid determination, and must be given 
more weight than the uncorrected value. Evidently, then, the 
state of aggregation does not play an important part in the 
chemical ettect of alpha particles on some substances, and diver- 
gencies from this conclusion must be attributed to secondary 
action wherever possible. This carries with it the corollary that 
the ionization relations in solids and liquids are comparable, a 
result which has been demonstrated for gases and liquids by pre- 
vious investigations of a similar character. 

A quantitative reconciliation between these results and those 
of the previous investigators on water cannot here be attempted. 
The divergence may, however, be descriptively accounted for by a 
consideration of the chemical and mechanical aspects of the two 
reactions studied. The mobility in water is sufficiently great to 
effectively separate a large proportion of the decomposition pro- 
ducts which, in ice, remain practically without change of position. 
Whether it be supposed that they combine according to the laws 
of probability and their space distribution after formation, or 
whether recombination into their respective molecules be con- 
sidered from the point of view of the free energies of the reactions 
involved, or both, the reformation of water is clearly favoured over 
paraftin under approximately similar conditions. Hence, with the 
latter, the mobility of the medium is not important. 

According to Geiger (Proc. Roy. Soc. 83.4, 565 (1910)), a dimi- 
nution of the paths of the alpha particles from the decay of radon 
by 2°6 cm. of air’should attect their combined energy by a factor of 
0-6, whereas the experiments with solid paraffin at constant volume 
indicate that 0'2 of the destructive energy of radon is effective 
with an a-ray tube of 4'5 cm. range. This discrepancy must be laid 
to the fact that the common method of measuring range gives the 
maximum value only ; that this does not correspond to the average 
range 1s demonstrated by the collection of black coating on only a 
small part of the tube surface after long action in liquid paratiin. 
This is an added argument against the quantitative measurement 
of chemical action by a-ray tubes; they may be made to give 
comparable values, but their absolute values are uncertain. It is 
interesting to note that the amount of gas, 0'35 c.c. per mg. 
emanation, obtained from solid paraffin without an a-ray tube, 
corresponds closely to the value 390 c.c. per curie found by Duane 
and Scheuer (loc. cit.) in the decomposition of water, since it seems 
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to indicate a general similarity in the ionic mechanism of the two 
processes. 


Lecture Demonstration. 


A small trough of two microscopic cover glasses enclosing, 
between suitable cemented metal supports, an a-ray tube containing 
20 or more mg. of emanation, shows clearly on the screen rising 
bubbles due to the intense chemical action when filled with liquid 
paraffin and mounted in a projecting lautern focussed on the tube, 


Summary. 


1. It has been shown that the action of alpha particles on 
paraffin is independent of the state of a apon of the substance. 

2. Defects in the customary procedure for the decomposition 
of liquids and solids by the emanation tube method are discussed. 

3. A lecture demonstration of the chemical effect of alpha 
particles is described. 


It is a pleasure to express my thanks to Sir Ernest Rutherford 
for calling my attention to the violent action of alpha particles on 
paraffin, and to the International Education Board whose Fellow- 
ship made possible my short stay in the Cavendish Laboratory. 
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The application of the method of the magnetic spectrum to the 
study of secondary electronic emission. By C. F. SHARMAN, B.A., 
King’s College. (Communicated by Prof. Sir E. RUTHERFORD.) 


[Received 25 August, read 22 November 1926.] 


There are two ways of investigating the velocity distribution 
of an electronic emission—the retarding potential and the mag- 
netic detlection methods. These have been applied to the case of 
the photo-electrons by Millikan* and Rainsauert respectively. 
On one inportant point the results disagreed; Millikan found a 
detinite maximum velocity, while Ramsauer obtained an asymptotic 
falling off of the number of electrons with increasing velocities. 
In a critical discussion of the two methods Klemperer} has 
shown that they agree when photoelectric activity of the collecting 
electrode in the first, and when electronic reflection at the walls 
and slits in the second, are eliminated. 

The nature of the results yielded by the two methods shows 
the essential difference. The use of retarding potentials gives 
the number of electrons with energies greater than any given 
value, whereas the magnetic spectrum gives the number between 
limits of velocity the extent of which depends only on the 
geometry of the apparatus. The latter is, in tact, the ditterentiated 
form of the former, and is for obvious reasons the more delicate 
means of investigating the distribution problem. For instance, 
in the magnetic spectrum a homogeneous group of electrons of 
small intensity appears as a definite peak, whilst the other method 
gives a slight change of slope in the voltage-current curve which 
would probably be smoothed out as an experimental fluctuation. 
Moreover, the transtormation of this voltage-current curve to its 
ditterentiated form is very inaccurate. 

Ramsauer used the ordinary semi-circular focussing method, 
developed for beta-ray spectra, but substituted a Faraday cylinder 
for the photographic plate ; he measured the current to the cylinder 
for various values of the detlectiny magnetic field. Owing to the 
smallness of these currents he used very wide and long slits and 
corrected the distribution so obtained to that which would have 
been found with very small slits. The corrections were sur- 
prisingly small. The drawback of large apertures is that the 
dittuse rays which have not travelled in circular paths but which 
reach the Faraday cylinder are greatly increased; these destroy 


* Millikan, Phys. Rev. vol. vit. p. 356 (1916). 
t Ramsauer, Ann. der Phys. vol. xiv. p. 961 (1914). 
t Klemperer, Zeitts. fiir Phys. vol. xvi. p. 280 (1923). 
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the definition of the homogeneous groups and produce a con- 
tinuous background. 

Recently, Becker has applied the retarding potential method 
to the investigation of the velocity distribution of the secondary 
electrons excited by alpha-rays* and by a primary electron 
beamf. He found the two distributions to be identical and 
claims that they are both Maxwellian. The present paper deals 
` with the application of the method of the magnetic spectruin to 
the case of the secondaries excited by a primary electron beam. 
The following are the points of chef importance: (1) The pro- 
duction of vacua sufficiently good that no distorsion of the 
spectrum occurs owing to the absorption of the slower electrons 
by the residual gas. (2) The reduction to a minimum of electron 
reflection from the sides of slits and the walls of the container. 
(3) The elimination of stray magnetic fields and the accurate 
control of the applied field, since the value of the field is an 
important factor in the form of the final energy distribution 
curve. 


A pparatus. 


The primary electron beam was produced by accelerating the 
thermions from a helical Tungsten filament F (Fig. 1) by charging 
it to a negative potential varying between 100 and 1000 volts. 


Fig. 1. 


This beam passed through two earthed slits (1 mm. x 4mm.) and 
fell on the target 7, which was supported so as to make an angle 
of 45° with the beam and so that the part exposed to the primary 
rays was immediately below the first defining slit S,. The adjust- 
ment of the target for position was checked by viewing the hot 
filament by reflection in the target through the slit S, and a 
small plate glass window W. In the majority of experiments the 


* Becker, dun. der Phys. vol. Lxxv. p. 217 (1924). 
+ Becker, Ann. der Phys. vol. Lxxvul. p. 253 (1925). 
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target was a copper plate with a polished surface, which was 
earthed by connecting to the inside of the containing box. Of 
the total secondary emission from the target, the part passing 
through the slit S, was used for the determination of the distri- 
bution. The second defining slit S, was made with mee sides 
parallel to the beam in order to prevent from reaching the Faraday 
cylinder the very slow electrons and positive particles ejected 
from the horizontal plate on either side of the slit. The effect of 
the positive particles was however still detectable. The dimensions 
of the essential parts of the deflection chamber were as follows: 


S,T = 10 mm., S S: = 80 mm. 
Source, 1 mm. x 5 mm. 
Slit S,, 4mm. x 4mm. 
Slit S., 2mm x 10 mm. 


The magnetic field, of which the intensity could be calculated, 
was produced by means of a pair of Helmholtz coils, in such a 
direction as to deflect the secondary electrons as shown in Fig. 1. 
Electrons of any given velocity v can be focussed into the slit S, 
by adjusting the intensity of the field to the value given by 


Hev = mv*/p. 


Actually, owing to the finite dimensions of the slits, there is 
a fairly sharply defined range of values of p, and hence of v, which 
enters into the current measured for a fixed value of H. This 
band of velocities is bounded by narrow penumbral regions *. 
The magnitude of this range is obviously proportional to the fieid 
intensity. Hence to obtain the true velocity curve (i.e. the 
number of electrons with velocities between v and v + dv plotted 
against v, when dv is constant over the whole range of v) the 
ordinates must be divided by the corresponding value of v. The 
coils were arranged in planes perpendicular to the horizontal 
component of the existent magnetic field in the laboratory, the 
total field being used for the calculation of Hp. The vertical 
component was neutralised by a pair of Helmholtz coils of large 
diameter in which the current was adjusted so as to give a zero 
magnetic dip at their centre. Without this compensation electrons 
of less than about 8 volts energy would have missed the slit 8, 
entirely. 

The whole of the slit system fitted closely into a brass box 
which was evacuated by a double stage diffusion pump through a 
liquid air trap. Apart from the filament and the Faraday cylinder, 
the whole was connected to earth. The secondary electron current 
to the Faraday cylinder was measured by timing the rate of charge 
of a Dolezalek electrometer. 


* Gurney, Proc. Roy. Soc. vol. crx. p. 541 (1925). 
VOL. XXIII. PART V. 35 
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_ The box was pumped out for a day before any experiment and 
during the experiment the pumps were kept going and liquid air 
was on the trap continuously. A McLeod gauge on the pump 
side of the trap always read zero. Probably under the best. con- 
ditions the pressure in the box was about 10-‘mm. of mercury. 
The total path of the secondaries was 12 cm. 

Starting with zero field, readings of the current to the Faraday 
cylinder were taken for small increments of the intensity of the 
field up to a value just greater than that corresponding to the 
energy of the primary electrons. No measurement was made of 
the intensity of the primary beam. To ensure that no great 
change of conditions had occurred during the taking of a distri- 
bution curve, five points distributed along the curve were quickly 
checked afterwards and any small systematic change was corrected 
for. 

When the magnetic field was reversed a very small negative 
current was still obtained which was almost independent of the 
field. This must be a diffuse radiation which does not describe a 
circular path between S, and S,. It was subtracted from all 
readings of the secondary current. With small filament emissions 
this diffuse radiation was very small relative to the direct electron 
currents, but it grew rapidly with increasing primary currents. 
For this reason the smallest emissions possible were used and the 
electrometer was always at its fnll current sensitivity. 

In order to make certain that the currents were due to 
secondary electrons two tests were made: (1) a small retarding 
potential was applied to the primary beam, and (2) leaving every- 
thing else as before, the target was removed and the primary 
beam accelerated. In neither case was any trace of current to 
the Faraday cylinder obtained, showing that the effect 1s not of 
photo-electric origin but is excited in the target by the primary 
electrons. 


Results. 


A series of experiments was done with a target of polished 
copper and primary accclerating voltages from 100 to 1000 volts. 
Fig. 3 shows the experimental readings, corrected for diffuse 
radiation, plotted for a primary energy of 123 volts. It has two 
peaks, the smaller of which always corresponds to an energy equal 
to that of the primary beam, and contains electrons which have 
been reflected at the target with a very small loss of energy. 
The small depression in the curve immediately preceding this 
peak is probably due to positive particles with low energies 
ejected from points to the right of the slit S, (Fig. 1) by the 
electrons constituting the peak focussing there. These positive 
corpuscles are deflected in the opposite direction to the electrons 
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and so reach the Faraday cylinder and produce an apparent 
diminution in the electron current. 


Secondary Currents 


Current in Field Coils 
Fig. 2. Experimental curve for copper target. Primary energy 123 volts. 


The position of the more intense peak is almost independent 
of the energy of the primary beam. As the latter increased from 
123 to 1150 volts, the peak moved very slightly towards lower 
energies. This group obviously consists of electrons which have 
been ejected from the metal of the target by the comparatively 
fast primary electrons. Unfortunately there was no means of estl- 
mating the effect of primary energy on the intensity of the peaks, 
since the primary current is an unknown function of the accele- 
rating field, and no arrangement was made for measuring it 
directly. 

As explained above, the velocity distribution curve is deduced 
from the experimental curve by dividing all ordinates by the 
corresponding velocity. In order to obtain the energy distribution 
curve from this it can be shown that all abscissae must be squared 
and all ordinates again divided by the corresponding velocity. 
Fig. 3 1s the result of performing these transformations on 
Fig. 2; it also shows the “reflected” peak magnified 100 times. 

It will be noticed that the low energy side of the secondary 
peak indicates a very sudden rise in the number of electrons at 
about 10 volts, whilst above 15 volts the number falls off gradually, 
only becoming zero after passing the reflected electron peak. 

In the range of primary velocities studied there was a slight 
variation of the relative intensities of the two peaks with primary 
velocity. For the higher velocities the reflected electrons were 
less prominent. This agrees with an observation of Farnsworth* 


* H. E. Farnsworth, Phys. Rev. vol. xxv. (1925), p. 41. 
35—2 


528 Mr Sharman, The application of the method of the magnetic 


in a study of the velocity distribution by the retarding potential 
method. 

A series of experiments was done, using various substances for 
the et. The general form of the curves was maintained but 
the position of the low-energy peak varied with the target, the 
maximum always lying between 14 volts (for Pt) and 5 volts (for 
Graphite) in the order of atomic numbers as far as the experi- 
ments went. 


Numbers of Electrons 


0 20 40 60 80 100 120 140 
Secondary Electron Energies 


Fig. 3. Energy distribution curve. 


The platinum target was arranged so that it could be heated 
to redness. After this treatment the target appeared to be more 
active but the shape of the distribution curve was unchanged, 
showing that the distributions obtained are not due to an adsorbed 
film on the surface of the target. 

It was thought advisable to ascertain if the primary beam 
really had the energy corresponding to the applied accelerating 
voltage *. For this purpose the target was replaced by a filament 
from which the thermions were accelerated through the slit S,. 
The velocity distribution was determined with the slit S, made 
of different metals. The experimental results for an aluminium 
slit and an energy of 420 volts are plotted in Fig. 4. Large 
filament emissions were used in order to show up the small 
secondary effects. 

It is seen that most of the electrons are contained in a fairly 
sharp band at the energy expected. There is another group with 
energies as low as 5 volts, containing, in the case of the aluminium 
slit, relatively very few electrons. These are obviously secondaries 
from the edges of the first defining slit. When S, was of Au, Pb 


* Lehmann and Osgood, Proc. Phil. Soc. Camb. vol. xx11. p. 731 (1925). 
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or Cu this group was much more prominent. As a result of this 
investigation the slits were made of aluminium. 


Secondary Currents 


Jee 


4v. 4 20v. 
Current in Field Coils 


Fig. 4. Investigation of primary beam with aluminium slit. 
Primary energy 420 volts. 


The present method confirms the previous results obtained by 
means of the retarding potential method in showing that the 
total secondary emission consists of two distinct groups of electrons 
with entirely different S a The first constitutes a very 
small fraction of the whole (of the order of 1/100 in these experi- 
ments), is fairly homogeneous, and has an energy very nearly 
equal to that of the primary beam. This group must be primary 
electrons which have suffered close elastic collisions with atoms 
only, probably in the monatomic surface layer, and have not 
shared energy by collision with other electrons. 

The second and much more intense group extends over the 
whole range of energies from zero up to the energy of the primary 
beam, showing a very prominent maximum somewhere between 
5 and 14 volts according to the material of the target. Into this 
group would fall (a) any “characteristic” corpuscular radiation 
excited in the atoms of the target by the primary beam, and 
(b) the products of collisions between primary electrons and “free” 
electrons in the target.. Both of these possibilities would give 
rise to secondary electrons with energies considerably less than 
the primary energy. The form of Fig. 3 might be explained on 
these grounds—the peak being supposed to contain the character- 
istic part of the secondary radiation. In his recent work, Becker 
infers from his retarding potential curves a Maxwellian distri- 
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bution with a maximum between 2 and 3 volts, for a blackened 
metal target. The work of Farnsworth (loc. cit.) also indicates a 
maximum at a very small energy. There is thus a considerable 
discrepancy between the een results and those given by the 
retarding potential method. 

The absence of electrons with energies very nearly zero may 
be due to either (1) their absorption and scattering by the residual 
gas in the apparatus—this seems unlikely in view of the depend- 
ence of position of the peak on the material of the target; or 
(2) their suppression by an intense space charge just outside the 
surface of the target. The steepness of the low-energy side of the 
peak supports this latter view, but it seems doubtful whether 
the etfect could be as large as is observed. In order to settle 
these points a more detailed investigation is being made under 
much better conditions. 


In conclusion, it is a pleasure to thank Prof. Sir Ernest 
Rutherford for the interest he has taken in the work. 
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Some investigations of gas discharges by means of an exploring 
electrode. By Dr K. G. EMELÉUS, St John’s College. (Communi- 
cated by Mr E. V. APPLETON.) 


[Received 27 October, read 8 November 1926.] 


l]. Introduction. 


In a glow discharge between large cold electrodes in a wide 
Geissler tube the main fall of potential occurs between the anode 
boundary of the cathode dark space and the cathode. Under the 
particular conditions of relatively high current density and low 
voltage and with the cathode dark space occupying almost the 
whole of the tube, the potential across the negative glow, and, if 
they are present, across the Faraday dark space and positive 
column, is small compared with the cathode fall itself. The dis- 
tribution of potential in the discharge has been determined both 
by integration of the electric field (which can be deduced either 
from the deflection of a beam of cathode rays shot across the main 
discharge, or optically from the Stark effect), and by measuring 
the potential acquired by an insulated exploring electrode. Of 
these, the optical method has a very limited range of application, 
and the method based on the use of an auxiliary discharge does 
not permit of precise measurements outside the cathode dark 
space. The use of a cold exploring electrode in this way is also 
- inexact, since the condition that the total current to it should 
vanish is in general not satisfied when it is at the space potential, 
because of the different mobilities and concentrations of the 
positive and negative ions in the discharge. 

An alternative procedure is to find the difference of potential 
between the cathode boundary of the negative glow, and the 
anode, by Langmuir’s method, in which the current to a cold 
exploring electrode is measured as its potential is varied*, This 
has been done already for glow discharges in mercury vapourf, 
hydrogen, and heltum§, but in all three instances the cathode has 
been an incandescent filament. The present investigation is con- 
‘cerned with similar experiments in a glow discharge with a cold 
cathode. It has been carried out with a tube not built specially 
for the purpose, and incidental to other work, but the results 
which have been obtained appear to be of sufficient interest to 
describe separately. They illustrate the value of this method 


* I. Langmuir, Journ. Franklin Inst., 196, p. 751 (1928). 
t McCurdy, Phil. Mag., 48, p. 898 (1924). 

t Bramley, Phys. Rev , 26, p. 794 (1925). 

§ McCurdy and Dalton, Phys. Rev., 27, p. 163 (1926). 
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of analysis with comparatively simple apparatus and vacuum 
technique, and are being followed up with another system of 
electrodes. 


2. Experimental Details. 


The discharge tube used is shown diagrammatically in 
Fig. 1. The main part of the glass wall was 4 cms. in diameter. 
Both anode (A) and cathode (C) were of aluminium, and the 
latter could be moved by the action of an external electromagnet 
on a cylinder of soft iron (M). The exploring electrode was a ring 
of platinum wire (0°362 mm. radius), sealed through the wall at 
opposite ends of a diameter (S): the glass round it was slightly 
expanded, so that the platinum effectively replaced an annular 
section of the main wall. The distance AS was 3'8 cms., and CS 
not more than 4°5 cms. The positions of the electrodes and of the 
edge of the negative glow were found by an external sighting 
device similar to that described by Aston*. The gases employed 
were air, and commercial oxygen, nitrogen and hydrogen, dried 


Sy 
EIA 


Fig. 1. 


by standing over phosphorus pentoxide. Before taking measure- 
ments, the discharge tube was washed out several times with the 
dried gas, and then exhausted to 0:002 mm. Hg. 

The electrical connections are indicated in Fig. 2, and need 
not be described in detail. The only points to which it is neces- 
sary to call attention are the regulation of the current from the 
high tension battery Æ by a saturated diode D, and the fact that 
the potential of the sound (S) was referred to that of the anode 
(A). F and G were shunted microammeters of low resistance, and 
K and L moving coil voltmeters. 

The current (¢) to the exploring electrode was measured as its 
potential (V) was changed, the difference of potential between 
S and the surrounding gas being localized in a sheath of ions. If 
was strongly negative with respect to the surrounding space, it 
attracted positive ions; if it was slightly negative, it received in 
addition those electrons the velocity of which was sufficiently 
large to bring them to the electrode against the retarding field ; 
if it was positive, electrons were attracted and positive ions 


* Aston, Roy. Soc. Proc., A, 79, p. 80 (1907). 
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repelled. The mathematical elaboration of these ideas is mainly 
due to Langmuir and Mott-Smith*. 

With the present arrangement, the currents measured on 
G have to be divided by those recorded by F, to allow for slight 
variations in conditions of discharge during the course of a series 
of observations; this was usually equivalent to a maximum 
correction of about ten per cent. The use of this ratio has been 
justified by Langmuir. If the exploring electrode was made more 
than about 90 volts negative to the anode, the current passing 
between the two was liable to assume a large value discon- 
tinuously. 


Fig. 2. 


The positive ion current was sensibly linear for large collecting 
voltages. The electron current was obtained by extrapolating this 
line to small collecting voltages, and using it to correct the nett 
current. The logarithm of the resultant current was then plotted 
against the voltage, yielding in the simplest case a straight line 
which changed into a parabolic curve when the potential of 
S reached that of the surrounding space, and it began to attract 
electrons. The space potential was thus determined from the 
point of junction of the two lines. The existence of a linear 
relation between log 7 and V shows that there is a Maxwellian 
distribution of velocities amongst the electrons, their absolute 
temperature being given by the relation 


T=11600 dV/d (log) vasa (1), 
* General Electric Review, 1924 and 1925. 
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or the equivalent voltage by 
V=7/7730 0 ss (2), 


if V and V are in volts. 

The electron concentration in the discharge may be calculated 
from a knowledge of the electron temperature, together with the 
eurrent (J) to the collector at the space potential. On inserting 
the appropriate numerical values in the equation given by 
Langmuir and Mott-Smith, it is found that 


n= 4&0 . 10” IT-} perce sane (3), 


if I is in amperes. It has been assumed that the collecting area 
was lsq. cm., which may be in error by 20°/,. This is, however, 
immaterial, since we are only concerned at present with relative 
values of n. 

In certain cases, which are considered in detail in §5, more 
than one group of electrons was present. No attempt has 
been made to investigate the positive ions. It has been 
found by Langmuir and others that the theory is often not 
applicable to collection of positive ions, and in the present experi- 
ments their presence may have been partially masked by high 
speed electrons which had traversed the dark space with relatively 
little loss of energy. The apparatus was also not suitable for 
visual observation of ionic sheaths. 

One other point should be mentioned. When a glow discharge 
is not steady, the interpretation of the characteristics both of an 
exploring electrode and of the tube itself is uncertain*. In the 
present series of experiments, the discharge has been shown to be 
sensibly constant 

(a) by examining it with a rotating mirror ; 

(b) by verifying the absence of a note in the earth lead ; 

(c) by the use of a heterodyne wave-meter ; 
= (d) by the identity of simultaneous readings taken with 
intercalibrated A.C. and D.C. ammeters in series with the tube. 


3. Potential across the Cathode Dark Space. 


The measurement of this quantity was the primary object of 
the experiments. Some typical results are collected in Table I, in 
which the last column shows the difference between the potential 
across the tube, and the cathode fall, obtained by the procedure 
described in the preceding paragraph. In cases where this is 
negative, the anode is at a lower potential than the negative glow, 
and the average field between the two is the reverse of that applied 
to the anode and cathode. These numbers indicate the potential 


* Appleton, Emeléus, and Barnett, Proc. Camb, Phil. Soc., 22, p. 434 (1924): 
Penning, Physica, 6, p. 241 (1926). 


by means of an exploring electrode 535 
immediately outside the natural positive ion sheath on the walls 
bounding the glow. In view of Schottky’s theoretical treatment 
of the analogous problem of diffusion in the positive column*, it is 
unlikely, however, that the axis is more than one or two volts 
more positive. 

In confirmation of earlier results, it is evident that at the 
lower pressures no appreciable error can result, in assuming, in 
calculations concerned with the cathode fall, that the whole 
potential across the tube is localized there. At higher pressures, 


TABLE I. | 
Gas Pressure | Tube voltage | Tube current ae | 
mm. Hg volts milliamperes | 
volts 
Oxygen O15 495 0°35 | 4°8 
| 0119 457 0-65 | 5'9 
Hydrogen 0:22 380 0:54 | 4°5 
0:22 430 0'18 -1'1 
0:39 350 100 ! 34°2 
See a 
| 
Nitrogen | 0:16 425 0:59 —1'1 
| 0:29 360 1°20 18:0 
"i EIE, MAEN). EEN, EE 
Air 0:18 528 0:50 6:5 
0:40 388 1°95 35°5 


a much greater discrepancy exists ; in such circumstances the only 
safe method is to find the space potential by Langmuir’s method. 


4. Measurements in the Negative Glow and Faraday Dark Space. 


The present investigation is not strictly comparable with those 
mentioned in § 1, made with hot cathodes, since in the present 
series of experiments the exploring electrode was moved relative 
to the edge of the glow by an increase in the length of the dis- 
charge. The consequent changes in tube current and voltage were 
small, however, and were at least partially eliminated, as has been 
described in § 2. 

The results of two sets of observations are shown in Tables II 
and III, in which the space potential relative to the anode, electron 


* Schottky, Phys. Zs., 25, p. 342 (1924). 
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temperature (in equivalent volts), and electron concentrations are 
given for various positions of the exploring electrode. They are 
typical of a large number which have been made in hydrogen and 
in the other gases. 

A striking fact is that at the lower pressure, the cathode edge 
of the negative glow was at a higher potential than the anode. 


TABLE II. 
Distance from | 
edge of cathode : : ; : : : 
D.S towards 3 8 4 5 4 7 9 O | 12 9 mnunÈrs. 
anode l | 
Space potential 36°0 | 36°3 | 36°5 |359 | 36°0 volts 


~ a ae e = = ————— 


Electron tem- 


perature and i 8'2 7'6 70 — — volts 
concentration 


Do mr rs | Oe 


Fast group : 5°67 | 565| 5°74) — — | 10° per ce. 


Electron tem- 


perature and : 2'7 | 30 | 22 4°5 4°7 volts 
concentration 


——$—— 


Slow group : 8°77 | 5°87] 4°61] 11°38) 7°65 | 107 per c.c. 


m e | ee 


Total electron 


“25 ; í ; ; 
concent atiol 7°32 | 14°44 | 11.52 19 35 | 11°38 | 7:65] 10° per c.c. 


Gas— Hydrogen. Pressure—0°39 mm. Hg. 
Tube current—1‘0 mA. Tube voltage—350 volts. 
Thickness of cathode dark space—3°5 mms. 


This exaggerated reversal of the field is of frequent occurrence in 
low voltage arcs, and is found in a form of glow discharge in 
which anode and cathode are at the same potential®, but was not 
present in the hot cathode glows in either hydrogen, mercury or 
helium. It cannot be decided yet whether it is characteristic of 
the cold cathode, or of the small current density, of the order of 
0'1 mA./sq. cm.t It is also seen that at the lower pressure, the space 


* Hufford, Phil. Mag., 50, p. 1197 (1925). 
+ Usually the negative glow was the only bright part of the discharge. 
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potential diverged more from that of the anode as the latter was 
approached, the apparent reversed field being greatest at the 
negative edge of the glow. At the higher pressure, the potential 
was sensibly constant at about 36 volts, except in the glow, where 
it was again definitely a little lower. This effect of pressure is in 
the same sense as was observed by Bramley in hydrogen, the field 
in the Faraday dark space being reversed only at low pressures. 


TABLE ITI. 


Distance from 

edge of cathode 

D.S. towards 
anode 


Space potential |— 1:1 


Electron tem- | 
perature and :173 9 volts 
concentration | 


Fast group | I : 107 per c.c. 


—— 


Electron tem- | 
perature and 3 f : f : volts 
concentration 


Slow group "181 9: i i 107 per c.c. 


Total electron l ; weds cae. : . 
concentration 10° per c.c. 


Gas—Hydrogen. Pressure—0'2 mm. Hg. 
Tube current—1°4 mA. Tube voltage—430 volts. 
Thickness of cathode dark space—8°2 mms. 


Additional confirmation of its reality in the present experiments is 
furnished by the marked diminution either in the total electron 
concentration, or in the temperature of the electrons as the anode 
is approached ; this allows a current to flow by diffusion against 
the electric field. 

In several instances it was found that, after an initial decrease, 
a slight increase in electron concentration again took place on 
approaching the anode: this was probably due to the existence of 
a positive striation, too feebly luminous to be detected visually. 
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5. Electron Temperatures. 


The detail of the curves obtained when the logarithm of the 
corrected electron current is plotted against the collecting voltage 
on the E electrode promises to yield a great deal of infor- 
mation. Four main types of such curves can be distinguished, which 
appear to be characteristic of different parts of the discharge. 

If the sound is situated in that part of the negative glow which 
is immediately adjacent to the cathode dark space, and which is 
often less bright than the remainder, the curve takes the form 
shown in Fig. 3(a) The space potential is indicated by the 
break P, ind a large increase in the current takes place im- 
mediately electrons are attracted. The linear part has a small 
slope, indicating a Maxwellian distribution of velocities amongst 


Ordinates: logarithm of electron current. 
Abscissae: potential of exploring electrode. 


Fig. 3. 


electrons of high temperature, often of the order of 100,000° K. 
(13 volts). These two facts are probably connected. Swift electrons 
give rise to slow secondary electrons when incident on the 
exploring electrode, and the latter are rejected below the space 
potential, the semi-log curve being moved laterally without change 
of slope. On the other hand, most of these electrons are retained 
immediately above the space potential. This simple type of curve 
was not obtained in either of the runs, the data for which are 
given in Tables II and III, but this 1s believed to be due to the 
region of the discharge of which it is characteristic being very 
narrow. When it was present, the electron concentration was 
always much less than it was a few mms. farther into the glow, in 
spite of the presence of a reversed field. This may be attributed 


i 
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partly to the compensating etfect of the large increase in tempera- 
ture, but partly also to the secondary electrons reducing the 
recorded current at the space potential, and hence the calculated 
concentration (eq. 3). The relative importance of these two factors 
might be decided by using two collectors, identical except in the 
nature of the metal employed. 

The second stage is shown in Fig. 3(6), and is characteristic of 
the cathode side of the brightest part of the negative glow. For 
large retarding voltages there is, as in (a), a line of small slope. 
At some point Q this starts to bend upwards, again changing in 
slope more or less abruptly at the space potential P. The existence 
of the region PQ is interpreted to show the presence of a second 
group of slower electrons. Their temperature and concentration 
are found by allowing for the fast group by extrapolating the 
linear part of the curve to smaller retarding voltages, and then 
plotting a fresh semi-log curve for the ditterence of currents. 
This has been done in obtaining the data for the two groups of 
electrons in Tables II and lII. It is not possible to obtain accurate 
information about the slow electrons, because the ditference of 
currents is usually quite small except for a small region just below 
the space potential When these two groups are present, the 
localization of the break P is also a little uncertain, but values 
obtained from the curve (b) usually agreed with those found from 
the semi-log curve for the slow electrons to within 1°5 volts. On 
reference to Table IT, it will be seen that the average energy of the 
fast group falls off as the anode is approached, but that their con- 
centration is almost constant, except on the extreme cathode side 
ot the glow, where secondary effects similar to those discussed in 
the last paragraph probably come into play. There is insutticient 
evidence to show how the slower group changes. 

The third stage (Fig. 3c) is found in the anode side of the 
negative glow, and in neighbouring parts of the Faraday dark 
space. ‘lwo groups of electrons are again present, but the ditter- 
ence which would be obtained by the method adopted in analyzing 
(b) is now so small that it is best to treat them as if they were 
homogeneous, with a temperature determined by the average 
slope. 

The last stage (d)is that originally contemplated by Langmuir, 
when the electrons have oue definite and usually fairly low tem- 
a In the present experiments this is characteristic of the 

araday dark space. 

Bramley has recorded curves similar to (b) in hydrogen at 
low pressures, close to the hot cathode, and Langmuir and 
Mott-Smith mention the occurrence of curves of type (c) in 
arcs in mercury. Langmuir has also studied low current arcs in 
mercury vapour at pressures of the order of 0°25 bar, using a 
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hot cathode, and has distinguished three classes of conducting 
electrons *. 

The “primary electrons” are a group with a small random 
component of velocity superposed on that acquired by a free fall 
through a potential difference slightly smaller than that applied 
to the tube. It is unlikely that these occur in a cold cathode dis- 
charge, because the mean free path of an electron is considerably 
less than the thickness of the cathode dark space. The primary 
electrons might be replaced by a group having a random distribu- 
tion about a terminal velocity acquired in the cathode dark space. 
Indications of the existence of these have been found for retarding 
potentials of the order of 75 volts, but the discharge then tends to 
be unstable (§ 2). 

The “ultimate electrons” are of low average velocity, and are 
probably in thermal equilibrium with radiation and the positive 
rons. In the present experiments, these occur in (d), and as the 
slow component in (b) and (c). 

The “secondary electrons” are intermediate between the other 
types. They may be identified with the fast components in (6) and 
(c), and in view of the continuous transformation from (b) to (a), 
it appears that on the cathode edge of the negative glow, they are 
present unaccompanied by the other groups. Insufficient data are 
available to enable us to decide if the secondary and ultimate 
electrons in the negative glow approximate in temperature to 
form the ultimate electrons in the f araday dark space. 

A number of observations have been made with the exploring 
electrode in the cathode dark space. The currents to the exploring 
electrode are small, and curves of a totally different nature are 
obtained. In this region, Langmuir’s theory is not directly 
applicable, because of the presence of fast positive ions and soft 

-rays, and it will not be considered further at present. 

As has already been pointed out, the results described in the 
two preceding sections are to a certain extent ambiguous, because 
the cathode has been moved, and a large exploring electrode used. 
There is also a possibility that curves of types (a), (b) and (c) are 
atfected by radiation. Further experiments are in progress, with a 
discharge tube of different design. 


3 


6. Summary. 


The glow discharge between cold aluminium electrodes in air, 
oxygen, nitrogen and hydrogen has been analyzed by Langmuir’s 
method, for pressures between O'l and 0-4 mm. Hg, current 
densities of from 0°02 to 0°2 mA./sq.cm., and applied potentials 
between 300 and 700 volts. An annular exploring electrode has 


* I. Langmuir, Phys. Rev., 26, p. 585 (1925). 
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been used. It has been found that whilst practically the whole 
fall of potential is localized across the cathode dark space at the 
lower pressures, a fall of as much as 40 volts can exist across the 
remainder of the discharge at the higher pressures. Reversal of 
the electric field has been found in the negative glow, and in 
certain cases in the Faraday dark space, when conditions are 
favourable for passage of an electron current by diffusion against 
the field. In several instances the negative glow was at a higher 
potential than the anode. Two groups of electrons occur in the 
negative glow, together with a single fast group at the anode 
boundary of the cathode dark space, and a single slow group in the 
Faraday dark space. 


The experiments described have been carried out in the 
Wheatstone Laboratory at King’s College, University of London. 
The author is indebted to Professor E. V. Appleton for his interest 
and advice during the course of the research, as well as for his 
assistance in making some of the observations. 
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The calculation of atomic fields. By L. H. THomas, B.A., 
Trinity College. 


[Received 6 November, read 22 November 1926. ] 


The theoretical calculation of observable atomic constants 1s 
often only possible if the etfective electric field inside the atom is 
known. Some fields have been calculated to fit observed data * but 
tor many elements no such fields are available. In the following 
paper a method is given by which approximate fields can easily be 
determined for heavy atoms from theoretical considerations alone. 


1. Assumptions and the deduction from them of an equation. 


The following assumptions are made. 
(1) Relativity corrections can be neglected. 


(2) In the atom there is an effective field given by potential 
V, depending only on the distance r from the nucleus, such that 


V->0 as ro, 
Vr— E, the nuclear charge, as r->0. 


(3) Electrons are distributed uniformly in the six-dimensional 
phase space for the motion of an electron at the rate of two for 
each A of (six) volume. (This means one for each unit cell in the 

hase space of translation and rotation of a spinning electron.) 
he part of the phase space containing electrons is limited to that 
for which the orbits are closed. 


(4) The potential V is itself determined by the nuclear charge 
and this distribution of electrons. 

In reality the effective field at any point depends on whether 
the point is empty or occupied by a foreign electron or one or 
another atomic electron and on the circumstances of that occupation. 
These fields can only be expected to be sensibly the same or 
approximately calculable from the above assumptions if the density 
of electrons is large, that is, in the interior of heavy atoms. 

If e, m, p are the charge, mass and momentum of an electron, 
the Hamiltonian function for the electronic motion is ((1) and (2) 
above), 


io 
gn eV. 


* D. R. Hartree, Proc. Camb. Phil. Soc., 21, p. 625; E. Fues, Zeit. für. Phys., 
11, p. 369. 
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There are ((3) above) electrons at two for each h of phase 
space for which 
p<(2meV)* 
Le. at 
z 257 (2meV)! 


per unit of ordinary ( estan space. 
Thus ((4) above) 


VEV = dre. È m (2meV)! 


l l d „dV 2 4 
1.e. adr r? —— t~ 4r i357 (Qme)? Vi aa (1:1), 


with ((2) above) 
V—> 0 as r= o, S 
Vr —> E as r= Q. 
Now express distance in terms of the ‘radius of the normal 


orbit of the hydrogen atom,’ a = h?/4ar? me? = 5'3. 10 cms., potential 
in terms of the potential of an electron at this distance, so 


h? 
ET 


re e ae ame?’ 


and equation 1'1 becomes 
A a elk a (1-2), 
with Yy —> 0 as p— œ, 
py — N, the atomic number, as p —> 0. 
(It is useful to note that with ‘a’ as unit of length, the charge 
and mass of the electron as units of charge and mass, A= 2r, 


whence 1'2 is at once verified.) 
The ‘effective nuclear charge ’ at distance p is then given by 


d 
Pug i 
Putting > = om ¢, the equation for ¢ is 
dd 3 
p 5a (Pg )= Gr a (1:3). 
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2. Discussion of the equation. 
Write log p =x, p*p = w, and the equation becomes 


se pcs =w} aaa 

Te 7 da + 12w=w (2:1) 
or, if dw/da = p 

dp w (w? — 12) 

7 =] eee 2 

ae (22) 
The maximum and minimum locus of this equation is 

w (wt — 12) 
eel ee 
The inflexion locus is 
2w (wi — 12 
p=- w (w ) =f(w), 


7 7 (1 +6wż})? 
and 


dp ‘(w)= è (w: + 4)4)—2 4) -3 
(ae) reo (w)= + 3w?(w4 —12) {7 F (1+ 6w?)?}-?(1 + 6w4) ~?, 


gives the direction in which the solutions cross the inflexion locus. 
There are two singular points, w = 0, p=0; w= 144, p= 0. 


At w, p—>0, (4w—p)i~c(p— sw), (w>0), 

at w—>144, p—>0, (7:772 (w—144) — py} 7” (172 (w—144)+p) = ~ c, 

give the form of the solutions, c being arbitrary. , 
The dp/dw discriminant gives p = 0, and w = 144 or $= 144p — 


as a singular solution. 
There is an approximate particular solution, 


p=- w(wt 12h 
_ 144 

| (ee) 

which satisfies 


5rxdw 5 xt p 


The solutions of 2°2 lie roughly as in the sketch (Fig. 1), 
the arrows give the direction of increase of p. The only solutions 
for which $->0 as p—> æ and ¢=0(1/p) as p —> 0 correspond to 
the solution through O and A in the sketch—?2'21 is an approxi- 
mation to this solution®. Different values of the nuclear charge 


* It is only at d that p becomes infinite. 
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correspond to the replacement of a by x +c, which does not affect 
2-1, so that if the equation is integrated numerically, starting from 
an initial position with w and p near A and any value of x, all the 


required solutions can be deduced. 


Fig. 1 


3. The numerical integration. 
For the initial values put 
w=1l44 (u +1), v=- 
in 2'1, obtaining 
(u + Ios — 5v — T (u + l)v— 38u(u+2)=0. 
If v =A (u + au’), 


, 


G=(u+ Do — 5v?—7 (u+ l)v — 3u (u + 2) 
=u(M— 7A — 6) + u?(— 447— TA —3 +a (3X TN)) 
+ ui (a {— TA? — TA} + 207d?) — 3a Nut 
= hu? (35 V73 — 292 + a (134 — 14 /73)} 


+ au? {7 (4V73 — 34) + a (61 —7V73)} — 3a zut, 
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For A = —4(V73—7) =—°77200 and u>0. 
G <0 for a= —(35 V73 — 292)/(134 — 14 V73) = — 0027900, 
G >0 for a=0, i 
from which it can be shown that for u >O 
du 
dx 
For the actual numerical integration it is convenient to put 
a= Xlog.10, w=144.10*, 


so that 2'1 becomes 


— ‘77200u < —— < — ‘77200 (u — 0027900u*) ...(3:1). 


£Y dY\? 
eS etsy ete 4Y e ines e ema wigs EE e 
while pam 144. 10%74 +9 a (3:31), 
128 
_ 9r dY Y¥-3(X+c) Qs 
Z= 128 (4 rl Tz) 144 . 10 @Cvcvee (3 32), 
Pe cr Oa (333), 


where c is to be determined from the atomic number. Z is the 
effective nuclear charge. 


If Y=-1, u=10Ż— 1 =:'77828, 
and 1:3515 > af > 1:3489 (from 3'1). 
Starting with 
dY 
X=0, Y=-—1, dX 1°35, 


numerical integration was carried out by steps of -1 to X =—3 by 
the aid of the formulae 


dy) (N (ËN , 1, (č? 5 /dy 
Com (at), 7 (a), 2 a E u 12 al oe TER 
y = (FY dèy) 1, /dy 
yan — m = (90) + 3 (Get), t8 (a)... 


l 
2 
1 d?y 
B 2/_ vJ # 
+54 (2) + mo 


* See Whittaker and Robinson, The Calculus of Observations, p. 365. 
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For X = — 3 it appears that 


dX 


35 — te ‘508, log, 144+ Y= 7:4385 
so equation 3:32 gives | 


9r? , 
Z= 193° 1008. LOS 
i.e. c = 7611 — 4 log, N, 
since here closely enough Z = N the atomic number. 
e.g. for N = 55 (caesium), c='1810. 


4. Numerical results. 


The following table gives the values of © 


3°5 — at and log, 144+ Y 
found by numerical integration and the corresponding values of 
p, Z, for caesium. The former may be in error by about 10 in 
the last decimal place. 

For p, < ‘006, the field is sensibly a Coulomb field. 

For p,>1'5, the approximate formula 2°21 is an accurate 
enough solution of the differential equation, but this equation is 
not an accurate representation of the facts. 

For the element of atomic number N the corresponding values 
are given by | 


=a (F) 
z-a (2) 


The values Z, are (unpublished) values calculated by Mr Hartree 
for caesium from the observed levels and which he has very kindly 
allowed me to include for comparison. 


In conclusion, I wish to thank Professor Bohr and Professor 
Kramers for their encouragement when I was carrying out the 
numerical integration last March. 
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The Tensile Deformation of Large Aluminium Crystals at 
Crystal Boundaries. By R. L. Aston, Barker Graduate Scholar of 
the University of Sydney, Dominion Exhibitioner of Trinity 
College. (Communicated by Mr G. I. TAYLOR.) a 


[Received 11 November 1926, read 19 January 1925.] 
(Plate IV.) 


The tensile deformation of single crystals of aluminium was 
examined by Taylor and Elam, using test-pieces composed of one 
crystal only. Miss Elam kindly supplied the author with a test-piece 
containing three large crystals, and an investigation of the effect 
of the constraint at the crystal boundary was carried out upon it 
as described below. 

Taylor and Elam found* that plastic deformation takes place 
by a general shear on planes parallel to a (111) type of crystal 
plane and in the direction of a [110] type of axis lying in that 
plane. The particular plane and axis chosen depend upon the 
orientation of the crystal relative to the axis of stress and are 
those for which there is the greatest component of stress pro- 
ducing shear. If a stereographic projection of the crystal axes be 
divided into triangles, each with a [100], a [110] and a [111] type 
of axis as its vertices, the point representing the axis of stress will 
be seen to move, after o of the crystal, along a line 
crossing the [100]-[111] side of the triangle in which it lies, 
toward the diad axis next in that direction. After the point 
reaches the side of the triangle, slipping takes place upon two sets 
of planes and the point moves along the side toward the neigh- 
bouring [211] type of axis until fracture occurs. 

Tests of the deformation of aluminium specimens containing 
more than one large crystal were made by Carpenter and Elam on 
flat bars, such as were used in their earlier experiments on crystal 
growth, but there were no X-ray determinations of the axes. 
They foundf that the individual crystals deformed in the normal 
way, but there were marked modifications at the boundaries. 
There appeared to be nó slipping along a boundary and fracture 
never occurred there : but “ the reduction both in thickness and in 
breadth was much less at this point” and “the influence of one 
crystal in giving support to the other...was often noticeable at a 
distance of 0'25 inch from the boundary.” 

The specimen used by the author was a round aluminium 
test-piece machined to a diameter of 0°564 inch from a one inch 
diameter bar. The parallel portion was made up of three large 

* Roy. Soc. Proc. A, 102 (1923), p. 643; 108 (1925), p. 28. 


+ Roy. Soc. Proc. A, 100 (1921), p.329; Journ. Iron and Steel Inst., No. I, 1923, 
p. 175. 
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crystals, grown in it by Carpenter and Elam, of which one occupied 
one end of the bar while the other end was occupied by two 
longitudinally-adjacent crystals. The. traces of the crystal boun- 
daries are shown in the development drawn in Fig. 1, which alse 
shows the eight reference lines, which were ruled as light scratches 
on the surface. The crystals were distinguished by the letters “ A.” 
“ B,’ and “C” respectively. 


678/3456 


678/2345856 
Fig. 1. Before extension. 


An X-ray analysis of the orientation of each crystal was made 
before the test-piece was extended. It was then subjected to an 
elongation of about 10°/, in the tensile-testing machine used and 
described by Farren and Taylor*. A series of analyses was then 
made in the vicinity of the crystal boundaries, along reference 
line (1). More analyses were made after a further extension to 
about 20 °/, elongation. 

The analysis was carried out by the method devised by 
Miiller+ tor the work of Taylor and Elam. But it was now com- 
plicated by the fact that the specimen, not being a single-crystal, 


* Roy. Soc. Proc. A, 107 (1925), p. 427. 
t Roy. Soc. Proc. A, 105 (1924), p. 500. 
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no longer extended uniformly. Thus the longitudinal lines ruled 
on the surface to establish the reference planes did not remain 
straight throughout the extension but were subject to large de- 
viations and to intense local distortions. The particles which 
originally lay in a plane of reference might come to lie in quite 
other directions than that of the surface, joining corresponding 
points of the two reference lines, by which the plane was originally 
defined. Thus, the origin of azimuthal co-ordinates is no longer 


7 / 3 5 


A 


6 8 2 4 8 
Fig, 2. Extension ‘‘10°/,.” 


accurately known but can only be assumed at any point still to be 
directed toward the corresponding point of the companion line. 
The error which 1s consequently involved in the value of the 
azimuthal co-ordinate will have no effect upon a comparison of 
axes of the same crystal measured at the same place at the same 
extension, but will introduce errors into comparisons of the azi- 
muthal co-ordinates for axes measured at different places or at 
different extensions, since the unknown correction will, in general, 
have altered. Thus, in Crystal “B” at “10°/,” elongation there 
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was a spurious change in the azimuthal co-ordinates of axes mea- 
sured at points along line (1) which amounted to over 10° ina 
distance of not more than 12 mm. 

It is thus impossible to detect any azimuthal change of orien- 
tation in acrystal. It was decided therefore to follow the movement 
of the axis of the specimen through the crystal axes, as described 
above. The effect of unknown and varying errors in azimuthal co- 
ordinates is then no longer relevant, since it concerns a rotation of 
the crystallographic diagram about an axis and this does not alter 
the position of the axis in the diagram. 


Off 


/0/ 001 


Fig. 3. Crystal “A.” Extension ‘‘10°/,.” 


The appearance of the surface of the test-piece after deforma- 
tion showed effects similar to those observed by Carpenter and 
Elam*. Crystal “A,” away from the region of the boundary, 
deformed in the normal way, the cross-section reducing to an 
ellipse with the major axis approximately in the plane (4°3)-(8'3)T. 
Crystal “B” had an orientation rather similar to that of Crystal 


* Loc. cit. 
+ Thie notation indicates that the extremities of the major axis of the elliptical 
cross-section lay between reference lines 4 and 5 and between lines 8 and 1. 
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“ C,’ and the two together deformed into an approximately ellip- 
tical cross-section, with major axis in the plane (3°8)-(7°8). In the 
centre of the bar, where Crystals “B” and “C” abutted against 
Crystal “A,” the reduction of the cross-section in area and the 
departure from a circular shape were less than in any other portion. 
Nevertheless the general trend of deformation peculiar to each 
crystal persisted in this region and the differences in surface 
contour were adjusted by steep changes of slope in the immediate 
neighbourhood of the boundaries. Observing the crystal boundaries 


Oll 


/O/ 001 


Fig. 4. Crystal ‘‘ B.” Extension ‘‘10°/,.” 


at points where a reference line crossed them, no slip of one crystal 
over another could be detected with the aid of a low-power micro- 
scope. Even for extreme deformations, to which this and other 
similar specimens were afterwards submitted, the lines were 
unbroken in passing from one crystal into an adjacent one. The 
direction of the reference lines was, however, considerably modified 
near to the crystal boundaries, as is shown in Figs. 2 and 6, which 
have been drawn for the “10°/,” and “20°/,” elongations respec- 
tively. It was evident that the deformation at the boundary was 
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small; the diminution of strain extended into each crystal for two 
or three millimetres, while some of the longitudinal reference lines 
showed a deviation from their normal direction for a distance of as 
much as five centimetres from crossing a transverse boundary. 
These observations of the rigidity of the boundary and the 
gradual accommodation in the crystal were supported by the X-ray 
analyses. The points at which analyses were made have been 
marked by circles in Figs. 2 and 6 and each has been given a dis- 
tinguishing letter. The results of the analyses have been shown by 


oll 


Mt 


/0l 00! 


Fig. 5. Crystal “ C.” Extension ** 10°/,.” 


plotting the position of the axis of the specimen relative to the 
crystal axes, the stereographic diagrams shown in Figs. 3 to 5 for 
“10°/,” elongation and in Figs. 7 to 9 for “20°/,” elongation. 
These diagrams show a portion of the complete stereographic 
representation of the axes of a cubic crystal. The axis (100) 1s in 
the centre of the projection and the points to which the letters 
a, b, c, ete.* are attached represent the direction of the axis of the 


specimen relative to the crystal axes. The corresponding distin- 
* See Taylor and Elam, Roy. Soc. Proc. 102 (1923), p. 643 and 108 (1925), p. 28. 
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guishing letter has been placed alongside of each point. The 
relative position of the axis before extension is also shown in each 
diagram, surrounded by a ring. The variations in orientation at 
different points are not large compared with the order of accuracy 
of the analysis, which is subject to errors of as much as one degree, 
but the nature of the variations is nevertheless definite and con- 
sistent. While in each case the axis has tended to move toward 
the [011] crystal axis indicated by the work of Taylor and Elam, 


í 
ua 


Ow 
D X 


6 8 é 4 6 
Fig. 6. Extension ‘‘ 20°/,.” 


the extent to which the axis has moved varies with the distance 
from the boundary. | 
Thus, in Crystal “A” at “10°/,” elongation, Fig. 3, the points 
marked a, 6 and c, which are all from positions well within the 
body of the crystal, show about the same change of orientation. 
But d, from a position within 2 mm. of the boundary, and f and g, 
still closer to the boundary, show a smaller movement of the axis. 
For the point h, reflections were obtained corresponding to Crystal 
“ A” when the centre of the incident beam was about a millimetre 
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across the boundary into Crystal “ B.” These would be from the 
small slope on the edge of Crystal “ A” immediately to the right, 
which would be hit by a portion of the primary beam. They indi- 
cate a deformation which is no more than a half of that found in 
the body of the crystal. 

Similarly, in Crystal “ B,” Fig. 4, the points h, k and n, repre- 
senting analyses in positions between the two boundaries, show a 
greater change of orientation than the point f, at one boundary, 
and a decidedly greater change than the point s, at the other 


Oll 


If 


/Ol 00! 


Fig. 7. Crystal ‘‘A.” Extension ‘'20°/,.” 


boundary. Again, in Crystal “C,” Fig. 5, the points v and y, for 
parts of the crystal over 4 mm. distant from the boundary, indicate 
larger changes than the point ¢ on the boundary. 

At “20°/,” elongation the same characteristics appear, but in 
Crystals “A” and “B” the position is complicated by the com- 
menceinent of a shear throughout the crystal, on a second set of 
planes, as described above. Thus, the points a and m in Figs. 7 
and 8 have probably reached their positions in those diagrams by 
devious routes and therefore they represent greater changes than 
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the point e and the points e and u respectively. In Crystal “C,” 
Fig. 9, double slipping had not commenced at the “20°/,” elonga- 
tion and there is a definite increase in the change of orientation 
in passing from the point u, on the boundary, through the point w, 
a millimetre away, to the point æ, in the body of the crystal. 

The irregular nature of the surface contours in the vicinity of 
a crystal boundary introduces a source of uncertainty in the deter- 
mination of the region which 1s being subjected to analysis. The 
boundaries of this region, even on a regular surface, also alter 
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Fig. 8. Crystal “ B.” Extension ‘‘20°/,.” 


slightly with the setting-angle at which a reflection is obtained. 
The positions indicated by the circles in Figs. 2 and 6 cannot 
therefore be more than approximate estimates of the regions sub- 
jected to analysis. When the orientation is altering rapidly, as it 
does near to a boundary, it is important not only to know exactly 
the centre of the region under analysis, but also to confine the 
region to as small an area as possible. The width of the X-ray 
beam was a third of that previously used and was estimated to 
have a diameter of 0'4 mm. at the point of reflection. Measure- 
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ments confined to a smaller distance from the boundary could be 
made by moving the beam so that the bulk of it was incident upon 
the adjacent crystal, the reflections from which would in general 
be in entirely different directions. But it was usually impossible 
to go very far without losing trace of one of the two axes necessary 
for a complete analysis, owing to the shifting of the region of 
incidence of the primary beam as the setting-angle altered. 

When a single-crystal is deformed, the X-ray reflections show 
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Fig. 9. Crystal ‘ C.” Extension ‘‘ 20°/,.” 


a slight breaking-up of the regularity of the crystal structure, which 
increases as the deformation increases. If the deformation near to 
a crystal boundary is less than in the body of the crystal, then the 
trace of the reflected ray on the photographic plate should not 
show as much “spreading” when from the neighbourhood of a 
crystal boundary as when from the body of a crystal. But the large 
` change in orientation which may occur in the width of the X-ray 
beam when in the vicinity of a boundary has a similar effect of 
spreading the reflected beam. The two effects become confused 
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and it was usually found that very near to a boundary the latter 
predominated, so that the spots on the photographic became more, 
instead of less, diffuse. This is illustrated in Figs. 10 to 15* 
(Plate IV). 

Fig. 10 shows the traces obtained from a reflection corre- 
sponding to an axis of Crystal “ A,” before extension. On the left 
is a line of spots, each of which marks the trace of one half of the 
undeflected primary beam for the setting-angle denoted by the 
adjacent number. There is a strong Ka reflection for a setting- 
angle of 38°, a fainter one for 37°, and a KB reflection for 34°. 
Reflections from the continuous spectrum also appear faintly. In 
Fig. 11 are reflections from the same axis obtained at the point d 
(Fig. 2) after “10°/,” elongation. The same reflection, but ob- 
tained from the point fat “10°/,” elongation, is shown in Fig. 12, 
where the spots are seen to have become more definite than in 
Fig. 11. (A reflection from an axis of Crystal “ B” also appears in 
Fig. 12.) 

Again, Fig. 13 shows a reflection from Crystal “ B,” before ex- 
tension, for a setting-angle of 39° and another for 21°. Figs. 14 
and 15 show reflections corresponding to the former, after “10°/, ” 
elongation, obtained from points k and g (Fig. 2) respectively. 
The “spreading” of the reflected beam at a point near to the 
boundary is again evident. 

The two causes of diffuseness in the traces of the reflected ray 
can only be more effectively separated by further diminishing the 
width of the beam and thereby considerably increasing the difficulty 
of the work. The rate of diminution in the change of orientation 
increases as the boundary is approached and it is possible that at 
the boundary the deformation is very small indeed. 

It is noteworthy that in the two adjacent crystals, “B” and 
“C, the stereographic diagrams show a departure from a direct 
approach to the [011] axis which 1s independent of the distance 
trom the boundary. In Figs. 4 and 8, for Crystal “ B,” this etfect 
seems greater than could be accounted for by any possible error in 
the analysis; but in Crystal “ A,” which occupied the whole of the 
cross-section of the test-piece, it does not appear. It may be in- 
terpreted as a small general shear in the crystal in a direction 
other than that of the normal shear. In the body of these two 
crystals there were also found sharply-defined zones in which the 
deformation was proved to be such a shear, on planes and in 
directions other than normal. This effect is separate from (although 
related to) the Jessening of the normal deformation as a boundary 


* The original plates from which the author intended Figs. 10 to 15 to be 
reproduced were broken in transit from Austraha. The figures here shown were 
reproduced from prints in which the spots were far less well defined than in the 
originals. 
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approached, which is the subject of this paper. It has been 
ee ied in further extensions of the same specimen and in other 
specimens and it 18 hoped shortly to publish an aout of it. 


The author wishes to express his thanks to Professor Sir 
Ernest Rutherford and to Professor G. I. Taylor for their interest 
in the work and also to the latter for assistance in publishing this 
paper; among others, especially to Miss Elam, who manufactured 
the specimens and gave the benefit of her experience in X-ray 
analysis. 
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Fig. 12 Fig. 13 
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Some Developments in the X-ray Analysis of Single-Crystals. 
By R. L. Aston, Barker Graduate Scholar of the University of 
Sydney, Dominion Exhibitioner of Trinity College. (Communi- 
cated by Mr G. I. TAYLOR.) 


[Received 11 November 1926, read 19 Jannary 1925.] 


A method has been devised* by Dr Alex Miiller for determining 
the orientation of a single-crystal of metal he aes Ne da mea- 
surement of the reflection of characteristic X-rays from surface 


Fig. 1. 


layers. The incident beam passes perpendicularly through an axis 
of rotation around which the crystal 1s turned until a reflection is 
- obtained with one of the component wave-lengths of the X-rays. 


* Roy. Soc. Proc. A, 105 (1924), p. 500. 
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In Fig. 1 let AO, OP and OZ be respectively the directions of 
the primary beam, of the normal to the reflecting planes and of 
the axis of rotation. The crystal specimen is on the left-hand side 
of the primary beam. Let ZON be a plane perpendicular to AQ 
and let ZOR be a reference plane chosen in the specimen. For 
each reflection obtained, values are determined for the reflection 
angle, œ, for the “ setting-angle,” s, and for the angle w of Fig. 1. 
From these values the spherical polar co-ordinates (8, yr) of the 
crystal axis concerned may be calculated by the equations 


COS Ô = COS W. COS .ccreccccreccccseeees (1), 
y=s—o; sinw =sin d/sin @ .............4. (2). 


Fig. 2. 


Iron Crystals. 


With aluminium crystals Müller used Copper “ K” radiation, 
obtaining reflections from (100) and from (111) planes. Any two 
such reflections are sufficient to determine the crystal completely. 

The method has now been used also for iron crystals. con 
radiation is heavily absorbed in iron and an iron anticathode was 
substituted, giving reflections only from (110) planes. When 
depending solely upon [110] type axes, two axes are not in general 
sufficient to determine the crientation of the crystal. For if the 
axes determined lieall in the same (111) plane there is an ambiguous 
solution, as is illustrated by (a) and (b), Fig. 2, and another axis 
must be found which does not lie in this plane. It may thus be 
necessary to have found four of the six [110] axes before the 
solution is completed. 

To facilitate calculations, Tables I and II have been prepared 
for aluminium and iron crystals with an iron anticathode. They 
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TABLE I, 


ALUMINIUM 


Ka 
28:3 
284 
284 
28:5 
28:6 
28:8 
28°9 
29'1 
29-4 
29-7 
29:9 
30:6 
31:0 
31:44 
31:8 
32°2 
327 
33°2 
33°7 
34°2 
347 
353 
35:9 
36:5 
371l 
37:7 
38:4 
39-0 
39°7 
40°4 
410 
41°7 
42°4 
43°1 
43°9 
44°6 
45-4 
46:1 
46:8 
47:6 
48-4 
492 
49:9 
50:3 
515 


(100) 


KB 
25-5 
256 
256 
257 
25°8 
26-0 
26-2 
26-4 
26-7 
27-0 
27:3 
27:7 
28-0 
28-4 
28-9 
29-4 
29-8 
30:3 
30°9 
31:4 
320 
326 
33-2 
33°8 
34°5 
35-1 
35-8 
36-5 
37-2 
379 
38-6 
39:3 
40-1 
40°8 
41-6 
42:3 
43-1 
43-9 
44-7 
45°5 
46°3 
471 
47-9 
48°7 
49°5 
50:3 


Ka 
24:3 
24:3 
24'4 
24°4 
24:6 
24:8 
25:0 
25°2 
25°5 
25°8 
26°1 
26:5 
26:9 
27°4 
27°8 
28'3 
28°8 
29'3 
29°9 
30°5 
31:1 
31°7 
32°3 
33:0 
33°6 
34°3 
35:0 
35°7 
36°4 
37°1 
37°9 
38:6 
39°4 
40:1 
40°9 
41:7 
42:5 
43°3 
44°] 
44°9 
45°7 
46°5 
47°4 
48°2 
49:0 
49:9 


(111) 


Kp 

219 
21-9 
22-0 
22-1 
223 
22°5 
22:7 
23-0 
23'3 
236 
24-0 
24-4 
248 
25°3 
25°8 
26:3 
26-9 
275 
28-1 
38-7 
29:3 
30-0 
30:7 
31:4 
32:1 
32-8 
33-5 
34-2 
35-0 
35° 
36:5 
373 
38-1 
38:9 
39°7 
40:5 
414 
42-2 
43-0 
43-9 
44-7 
45°6 
46-4 
47°3 
48-1 
49-0 


Values of 6. Iron Anticathode. 


IRON 


(110) 


Ka 
28°9 
28°9 
29:0 
29:0 
29°1 
29°3 
29:5 
296 
299 
30°1 
30°4 
30°7 
31°1 
31°4 
31°8 
32°2 
32°7 
33°1 
33°6 
34°1 
34°6 
302 
357 
36:3 
36:9 
37:5 
38:1 
38°7 
39:4 
40°0 
40°7 
41°4 
42°1 
42°7 
43:5 
442 
44:9 
45:6 
46-4 
4771 
479 
48:6 
49:4 
50:2 
51:0 
517 


KB 


26-0 
26-0 
261 
26-2 
26:3 
26.4 
266 
26-9 
27:1 
27-4 
27°7 
28-1 
28-5 
289 
29°3 
29°7 
30°2 
30°7 
31:3 
31°8 
32-4 
33-0 
33-6 
342 
34:8 
35-4 
36-1 
368 
37:5 
38-2 
38-9 
39-6 
40°3 
41:1 
41°8 
42°6 
43-3 
44° 
44-9 
45°7 
465 
473 
48-1 
48-9 
49:7 
505 


ALUMINIUM 


(100) 


Ka 
51:5 
52:3 
531 
53°9 
54°7 
95°5 
56°4 
57°2 
58-0 
58:9 
59:7 
60:5 
61:4 
62:2 
63'1 
639 
64:7 
656 
66:5 
67:3 
682 
69:0 
69:9 
70°8 
71:6 
72:5 
73°4 
74°2 
75°1 
760 
76:8 
TTT 
786 
79°5 
80°3 
81:2 
82-1 
83-0 
83°8 
84:7 
85:6 
86:5 
874 
88:2 
89°1 
90:0 


KB 
50°3 
51-2 
52-0 
52-9 
53:7 
545 
554 
56°3 
57:1 
58-0 
58°8 
59°7 
60°6 
61-4 
62:3 
63-2 
64-1 
649 
658 
66:7 

76 
68-5 
69-4 
70-2 
71:1 
720 
72-9 
73-8 
747 
756 
76-5 
T4 
78:3 
79-2 
80-1 
81-0 
81:9 
82-8 
83-7 
846 
855 
86-4 
87°3 
88-2 
89-1 
90-0 


(111) 


Ka 
49:9 
50°7 
51°6 
52°4 
53:3 
54'1 
55:0 
55:9 
56:7 
57:6 
58:5 
59:4 
60:2 
61:1 
62:0 
62:9 
63:8 
64:7 
656 
66:4 
67:3 
68:2 
69-1 
70:0 
709 
71:8 
727 
73:6 
743 
754 
76°4 
77:3 
T82 
791 
800 
80:9 
81°8 
82°7 
83:6 
84°5 
854 
86:3 
873 
88:2 
89°1 
90:0 


KB 
49-0 
49-9 
50°7 
51°6 
525 
53-4 
54:3 
55-2 
56-1 
57-0 
57-9 
58-8 
59-7 
60-6 
615 
62-4 
63-3 
64:2 
65-1 
66-0 
66:9 
67°8 
68-7 
69-7 
706 
715 
724 
73°3 
743 
752 
76-1 
77-0 
78-0 
789 
798 
80:7 
817 
82-6 
83:5 
84-4 
85-4 
86:3 

T2 
88-1 
89-1 
90-0 


563 


IRON 


(110) 


Ka 
51:7 
52:5 
53'3 
54°1 
54°9 
557 
56-6 
57:4 
§8°2 
59-0 
59'8 
60:6 
61°5 
62°4 
63°2 
640 
64:9 
65:6 
66°6 
67°4 
68°3 
69:1 
70:0 
70:9 
71:7 
72:6 
73:4 
74:3 
752 
76:0 
76:9 
778 
786 
79:5 
80°4 
81:3 
82°1 
83:0 
8:3:9 
84°7 
85°6 
86:4 
87°4 
88:2 
89-1 
90-0 


KB 
o 
50°5 
51:4 
52-2 
53-0 
53-9 
54-7 
55'6 
56:4 
57°3 
58-1 
59-0 
59-8 
60:7 
61-6 
62:4 
63:3 
64-2 
650 
659 
66°8 
67-7 
68-6 
69-4 
70°3 
71-2 
721 
73-0 
739 
74:8 
75°7 
76-5 
77-4 
78:3 
79-2 
80-1 
81-0 
81:9 
82-8 
83-7 
84-6 
855 
86-4 
87:3 
88-2 
89-1 
90-0 


CMO WIAs BW © 


(100) 
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ALUMINIUM 


80°8 79:5 
79°0 776 
77:3 75°7 
75°6 73°8 
73:9 71:9 
72°2 70-0 
70°5 682 
68-9 66°5 
67°3 64:8 
65°8 63-1 
64:3 61:5 
62:9 60-0 
61:5 58°5 
60°2 57-1 
58-9 55°7 
B76 544 
564 53-1 
55:2 51:9 
B41 50°7 
53-0 49°6 
51-9 48:5 
50°9 47-5 


49°9 46°5 
49-0 45°5 
48°1 44°6 


47-2 43-7 
46°3 42:8 
45°5 420 
44:7 41:2 
440 40°5 
43-3 39-8 
42-6 39-1 
41-9 38:4 
41-2 37°8 
40°6 37-2 
40-0 36°6 
39°4 36-1 
38-9 35-5 
38°3 35:0 
37°8 34°5 
37°3 34-0 


(111) 


34°5 31°5 
34°0 31°0 
33°5 30°5 
33°0 30°1 
32°5 29°6 


90°0 90°0 
88°1 87°9 
86°4 86°0 
84°4 83°9 
82°7 81°9 
81°1 79°9 
79°3 779 
77:5 760 
75°8 74:1 
74:2 72°2 
72°6 70°4 
70°9 68°6 
69:3 66°9 
67°8 65°2 
66°3 63°6 
64:9 620 
63:5 59°5 
62°3 59°1 
60:9 57°7 
59°5 56°3 
58°2 550 
57°0 53°7 
55°8 52°5 
54°7 61°3 
53°6 50°2 
52°6 49°] 
51°5 48-0 
50°5 47:0 
49°6 46°1 
48°7 45°2 
47°8 44°3 
47°0 43°4 
46°2 42°6 
45'4 41°8 
44°6 41°1 
43°9 40°4 
43°2 39°7 
42°5 39-0 
41-9 38-4 
41°2 37°8 
40°6 37°2 
40°0 36°6 
39°5 361 
39'0 35°6 
38°5 35°1 
37°9 34°6 


TaBLE II. Values of w. Iron Anticathode. 


ALUMINIUM 


(100) 


29°9 
29°7 
29°6 
29°4 
29°3 
29-2 
29°1 
29°0 
28-9 
28'8 
28:7 
28-6 
28-6 
28°5 
28-5 
28-4 
28-4 
28-4 


28°4 25°5 
28°3 25-5 


(111) 


KB 


29°6 
29°2 
28°8 
28°4 
30°9 28°1 
30°5 27°7 
30°1 27°4 
29°8 27°71 
29°5 26°7 
29°1 26°4 
28°8 26°2 


28°5 25°9 


28-3 25°6 
28-0 25-4 
27°8 25-1 
27°5 24-9 
27°3 24:7 
27-1 245 
26°9 24:3 
26°7 24°] 
26-5 239 
26:3 23:8 
26'1 23°6 
25:9 23:5 
25'8 23:3 
25°6 232 
25°5 23-1 
25°4 22:9 
253 298 
251 29°7 
25-0 22°6 
24-9 22-5 
248 29-4 
24-8 29-4 
24:7 22-3 
246 22:2 
246 22-2 
24:5 221 
24:5 29+] 
24-4 29-0 
24-4 29-0 
24-3 22-0 
24-3 21:9 
24:3 21:9 
24°3 21-9 
24-3 21-9 


IRON 


(110) 


Ka K’ 
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Taste III. Values of 0. 


[o] 

71 112 15°38) 206 255 306 35.3 
112 14°11 17:0 223 26°8 315 362 
5°8 


10 

15 l 17°0 21°] 248 28°9 33°2 37°7 
20 20°6 22:3 248 28°0 31°6 35°5 397 
25 25° 268 28°9 31°6 34°8 383 42°] 


30°4 31:5 332 35:5 38:3 4l'4 448 
35°3 362 377 397 42°1 448 478 
40'3 41:0 423 440 460 48⁄4 ll 
45°2 45°9 469 48°4 501 522 546 
502 507 516 528 54'4 562 582 
552 556 564 57°4 587 602 620 
60°1 60:5 61°1 62:0 63'2 643 658 
65°1 65-4 659 666 675 685 697 


70 70°1 703 707 713 719 728 73°97 
75 75l 752 755 75:9 764 77O 778 
80 80°0 802 803 80°6 809 8l'4 818 
85 85°0 85:1 85°2 85:3 855 85°7 859 


90°0 


82°9 
10 26°77 45°4 57°0 64°5 696 73°3 76°71 
15 18:7 343 46°0 54°6 61°0 659 697 
20 14°33 27°33 381 468 537 594 640 
25 11°77 227 324 407 478 538 589 
30 99 194 282 36:1 430 49°1 54°5 
35 8°7 171 250 32°4 391 452 507 
40 78 153 226 295 360 419 475 
45 Tl 1+0 208 272 334 392 447 
50 65 130 193 25:4 313 370 424 
55 Bl 12'2 18] 240 296 352 405 
60 58 115 17°2 228 2833 337 38390 
65 55 110 165 21:9 272 325 37°7 
70 53 106 159 21:2 264 316 367 
75 52 103 155 206 258 309 359 
80 5l 102 15°92 203 253 304 35⁄4 
85 50 100 151 201 251 301 35l 
90 5'0 100 150 200 250 300 350 
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give values of 0 and of w for intervals in w of one degree. The 
values taken for the side of unit cube are 407 x 10-* cm. for 
aluminium® and 2°83 x 10— cm. for iront, while the wave-lengths 
of the Ka and KB rays are taken as 1:93239 x 10-§ cm. and 
1:75397 x 10— cm. respectively. 


Use of the Continuous Spectrum. 


It will be shown below that, at a given point on the surface of 
a specimen, the position of an axis can be found only if it hes 
within a certain zone, whose boundaries vary with the reflection 
angle. Thus it is often difficult or impossible to determine axes 
sufficient for a complete analysis with the characteristic rays only 
of the anticathode metal selected. It is then advantageous or 
necessary to use radiation of another wave-length, thereby chang- 
ing to an accessible value the reflection angles corresponding to 
other axes. Instead of substituting another metal for this purpose, 
one may use the continuous spectrum of the same anticathode. 
Thus, with an aluminium crystal, an iron anticathode in a Shearer 
tube at 50,000 volts gave reflections from the shorter wave-lengths 
of the continuous spectrum which were comparable in intensity 
with those from the characteristic rays. 

As the range of wave-lengths available is both wide and con- 
tinuous, reflections usually appear from one or more sets of planes 
at any setting-angle tried, especially for small angles of incidence 
to the surface. This contrasts with the time and trouble often 
spent in searching for the proper setting-angle, if any, to obtain a 
reflection from the characteristic rays. ‘There is a slight decrease 
in accuracy, which is largely compensated for by the readiness 
with which measurements may be made at several angles for each 
axis. Moreover the wave-lengths of the rays reflected and the 
types of the reflecting planes are not known and are not imme- 
diately determinable. But the position of an axis may be calculated 
from the corresponding reflection angles, which may be measured 
directly for each retlection. From the values obtained for ¢, w and 
s, the co-ordinates may be found by interpolation in Tables IlI 
and IV, which give values of @ and of w at intervals of 5° in @ 
and w. 

When several axes have been determined, the angle between 
each pair of them may be calculated and the values found may be 
compared with those which exist between different types of axes 
of the system to which the crystal belongs. Iron and aluminium 
are both of the cubic system and strong reflections are obtained 
from the (100), (110), (111) and (211) types of planes. The pairs 


* Scherrer, Phys. Zeitschr. 19 (1918), p. 23. 
+ Westgren, ‘‘ Engineering,” 111 (1921), p. 727. 
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of axes which correspond to each possible angle in this system are 
given in Table V. From such a comparison the nature of each 
axis may be determined without ambiguity. Usually three or four 
axes are sufficient for the purpose. 

It will be seen that whereas the labour of exploring for axes is 
considerably diminished by the use of the continuous spectrum, 
the amount of subsequent measurement and calculation is greater 
than when an analysis can be made with the characteristic 
spectrum. A complete and accurate analysis may always be made 
with the continuous spectrum only. A few exposures, however, 
will usually give reflections from the continuous spectrum sufficient 
to calculate the positions of several axes approximately and thence 
to determine the conditions, if any, under which reflections from 


TABLE V. 


Pairs of Axes 


100/100, 100/110, 110/110, 110/111, 110/211, 111/211 
211/21) 

110/211 

111/111, 211/211 
100/211 

111/211 

110/110, 211/211 
100/111, 110/211 
911/211 

100/110 
100/211, 110/111 
211/211 

110/211 

111/211 


‘the characteristic spectrum might be expected. Again, in the case 
of the ambiguous solution referred to above, a continuous spectrum 
reflection may readily be obtained which will give another axis 
with sufficient accuracy to discriminate between the two solutions. 

Figs. 3 and 4 illustrate the photographic impressions of some 
of the reflections obtained from an aluminium crystal with the 
continuous spectrum of iron. The photographic plate 1s perpen- 
dicular to the primary beam. Exposures were made at several 
setting-angles with each plate and each semi-circular spot marks 
the trace of one-half of the primary beam for the setting-angle 
denoted by the adjacent number, the other half being obstructed 
by the crystal specimen. The line given by these spots is parallel 
to the axis of rotation, OZ Fig. 1. Fig. 3 shows a series of reflec- 
tions corresponding to one crystal axis at intervals of 2° in the 
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setting-angle. Fig. 4 shows a series of exposures at intervals of 
one degree in the setting-angle, in which reflections appear at the 
same time both from the characteristic spectrum and from the 
continuous spectrum. The two types of reflections may immediately 
be distinguished by the shapes of the spots, those from the con- 
tinuous spectrum being elongated in the direction of the line from 
the corresponding “zero” spots, while those from the mono- 
chromatic spectrum are elongated in a perpendicular direction. As 
the setting-angle is increased the reflection angle for the axis 
increases and a longer wave-length is selected from the continuous 
spectrum. Thus the “continuous” reflection is seen first to cross 


Fig. 3. Fig. 4. 


the “A” reflection and then the “ Ka” reflection. Observation 
of the crossing of the two series of spots is of assistance in making 
an accurate estimate of the setting-angle proper to the “ charac- 
teristic ” reflection. 


Accessibility of Axes. 


The method of analysis gives information only as to the 
surface of the specimen. It has the further limitation that a 
crystal axis can be determined only if it lies in such a position 
that the incident and emergent beams involved in the analysis are 
both unobstructed by the body of the crystal. For a given re- 
flection angle there is thus ‘defined a cone within which the 
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direction of an axis must lie if it is to be detected in an analysis 
of a given region of the surface. If the surface is regular in the 
region under analysis, the limits are given approximately by a 
grazing incidence or emergence of the rays. The reference plane 
may usually be conveniently chosen normal to the surface. 
The term “setting-angle” will be taken hereinafter to mean 
the angle between the incident beam and the surface. There 
is thus imposed on the setting-angle a lower limit 0° and an 
upper limit which varies with the inclination of the crystal axis 
concerned. 


Fig. 5. 


Fig. 5 illustrates the geometry of the latter case. AO, OC and 
OP are respectively the directions of the incident and emergent 
beams and of the crystal axis; OZ the axis of rotation; and DOZ 
the plane tangential to the surface, which has been turned until 
OC is grazing it. The angle between the planes ZOA and ZOD 
will measure the setting-angle s. 

Let OL be drawn perpendicular to AO in the plane AOC, and 
let CM and LM be perpendicular to OZ. From the solid angle 
(0, PML) 

cos = cos ġ . cos < MOL. 


570 


Then 


Thus 


Radiation 


Crystal 


Plane 
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ang ML _ OL.sin < MOL 
"S=CL ~~ OL. cot 26 


cos? @ 
ms E g,/ Cot 24. 


Bee ery grey 
tan s = m 2$ V cos? o — cos? 8. 
TABLE VI. 


Iron Ka 


ALUMINIUM 


(100) 

Lower 

y 
— — — 76°6 
13-2 —61°7 — 53°7 
29°2 — 18:1 j 26° — 45°8 
37°5 -11:2 s 30° ° — 39°8 
0:0 e Py —35°6 
8:0 : è — 32:5 
14-0 49°1 : -— 30°1 
18°5 51:4 — 28°3 
22°0 53°2 —27°0 
24°7 545 — 25°9 
26°5 55°5 — 25°2 
27°8 56°2 — 24°7 
28°6 56°6 — 24°4 
28°9 56°7 — 24°3 


(111) 
24°°3 
Upper 
8 Y 
6'9 — 697 
19:5 =- 342 
26'4 — 19-4 
31°6 — 18-2 
35°6 0-0 
38'8 6°3 
41-4 11:3 
434 «15-1 
45°] 1&1 
46°4 20-5 
47°4 222 
48:0 23:3 
484 240 
48:6 24:3 


This equation, with the equations (2) above, defines the co- 
ordinates (0, y) of one of the boundaries of the region of accessi- 
bility. The other boundary is given by the equations (2) with 
s=0. Table VI gives the limiting values of s and of ẹ for the 
reflection angles which occur with iron or aluminium crystals 
under iron Ka radiation. Table VII gives the values for reflection 
angles up to 35° at intervals of 5°. The boundaries of the region 
of accessibility are shown in Fig. 6 plotted in stereographic pro- 
jection for reflection angles of 10°, 20°, and 30°. The pole of the 
projection is the axis of rotation (OZ, Fig. 1) and the arrow 
denotes the direction of the normal to the surface in the region 
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TaBLE VII. 
Values of 4y at Lower Lnmit. 


— 90:0 o 
— 30:1 — 90-0 o 


15 —19°7 —42°1 — 90-0 o 

20 —14°8 —30°5 — 492 -90:0 o 

25 —11'9 —24°3 -37:8 -540 -900 o 

30 — 100 —20°3 —31°2 - 43°2 —57-7 ~90°0 o 
35 — 87 -—17°6 —26°8 ~36°6 -47:5 -607 -900 
40 — 78 -157 -237 -32:1 —41'l -—51l°l —63°2 
45 — 71 —14:2 -21:5 -289 -367 -45:0 —54°2 
50 - 65 -131 —19°7 -26:5 —33°5 -407 —48'5 
55 — 6l —12°2 —18°4 -247 -31:1 -37:6 —44°4 
60 - 58 —11°6 —17°4 -23:3 -292 -353 —415 
65 — 55 -11:0 -16:6 -222 —27°8 —33°5 -393 
70 — 53 -—10°6 —16°0 —21'3 —26°7 —32:1 -37:6 
75 — 52 -—10°4 —15°5 -207 —25°9 -31:2 -36:4 
80 - 51l —10°2 —15°2 —20°3 —25°4 —30:5 -356 
85 — 50 —10°0 -151 -201 —25°1 -30:1 — 35-2 


— 50 -100 —15°0 —20°0 -250 -300 


Lower limit of s=0. 


Values of ww at Upper Limit. 


5° 10° 15° 20° 25° 30° 35° 
[e] 

-900 œ 

—28'6 -900 o 

-17:2 -38:0 -900 o 

-114 —243 —416 -900 o 

- 79 —16'2 -263 —41°5 -900 o 

— 50 -105 -169 —25°2 —28'3 -900 o 

— 3:0 — 62 — 98 -142 -205 —31:4 —90-0 

— 14 ~ 28 — 4.3 — 62 — 86 -122 -190 
00 00 O00 OO 00 00 Ov 
12 23 36 50 65 86 111 
21 43 65 89 116 148 186 
29 58 87 121 156 194 23:8 
36 72 108 146 187 230 277 
4l 8&2 124 167 21:2 258 306 
+45 90 136 182 229 276 326 
47 95 144 192 241 290 340 
49 99 148 198 248 298 347 
50 100 150 200 250 300 350 


Upper limit of s= Difference of upper and lower values of y. 
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analysed. It may be noticed that the method will not find an axis 
for which @ is less than ¢. The range of > is always equal to 2w 
and for 6 = 90° is from — ¢ to+¢. The greatest sctting-angle at 
which a reflection is possible is 2¢. Thus, with the continuous 
spectrum, for a reflection angle of 10° it is useless to try a setting- 
angle of more than 20°. 

If the diagram of the region accessible for any reflection angle 
be superimposed upon a stereographic projection of the crystal 
axes, drawn with the same axes of projection, then the axes which 
fall within the diagram and are accessible for measurement with 
that reflection angle may immediately be picked out for any 


Fig. 6. 


portion of the surface. If the direction of the normal to the surface 
moves in azimuth, the region accessible moves until, when the 
direction of the normal has been reversed, the whole of the region 
for which @>q@ has been covered. Reversing the specimen in 
azimuth does not alter the region accessible; but inverting it with 
regard to the axis of rotation makes a partial alteration, especially 
for the smaller values of 6. Fig. 7 shows the relation of the 
accessibility diagram for the specimen inverted to that for the 
specimen upright, when ¢$ = 25°. 

The accessibility diagrams are of use as soon as a solution, or an 
approximate solution, of the orientation of a crystal has been 
obtained. It is then possible immediately to determine for which 
axes reflections may be expected upon any face of the specimen 
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on which the crystal is exposed, or upon which face a reflection 
may be expected for any given axis. With iron crystals, for 
example, it was thus possible to discover at once whether sufficient 
axes could be determined for a complete and unambiguous analysis 
with the characteristic radiation used. . 

The case of a rod of circular cross-section is of especial interest. 
In investigating the deformation of large aluminium crystals in 
tensile test-pieces, for example, it was apace | to make a series 
of complete and independent analyses around the periphery of 
the Fig. 9 illustrates a type of diagram drawn to ex- 
pedite the work. The axes of the crystal are shown in stereo- 


Fig. 7. 


graphic projection in Fig. 8, where they have been distinguished 
by letters in order of increasing inclination to the axis of pro- 
jection. The large letters denote cubic axes and the small letters 
triad axes. In Fig. 9 one circle has been allotted to each 
axis and four reference planes marked on the specimen have 
been drawn and numbered. Corresponding to the part of the 
circumference of the rod on which it was possible, provided that 
the crystal came to the surface in that part, to obtain a reflection 
for an axis with the characteristic spectrum of iron, a heavy arc has 
been drawn alongside of the circle representing it in the diagram, 
An arc drawn on the outside of the circle indicates that a reflection 
can be found in that part with the rod in the “upright” position, 
while an arc on the inside indicates the “inverted” position. From 
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such a dia ae it is possible to see at a glance which axes may be 
determined at any point on the circumference, with the specimen 
either upright or inverted. 

Three circular bands have been drawn closer to the centre of 
the diagram, extending only as far as the crystal is exposed around 
the periphery of the rod. In parts where it is impossible to 
determine two axes with the rod in the “upright” position, the 
outermost of these bands has been blackened. Similarly, the 
innermost band has been blackened for the “inverted” position. 
Where it was impossible to determine two axes by combining both 
positions, the centre circle has also been blackened. 


The diagram shows that the more steeply inclined axes are 
accessible over a much smaller range than those nearer to the 
“ horizontal,” but that, whereas the range of the latter is in much 
the same position, whether for the upright or the inverted position 
of the crystal, when the axis is more steeply inclined, the two 
ranges overlap very little or may be widely separated. Expressed 
as a percentage of the length of the circumference in which the 
crystal was exposed, the sum of the lengths in which it could not 
be analysed by seeking reflections with the crystal in the “upright” 
position, in the “inverted ” position, or in the two combined, were 
respectively 62°/,, 65°/, and 46°/,. For six typical crystals the 
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average values of these percentages were respectively 55 °/., 54°/, 
and 25°/,.. The longest continuous range of the circumference on 
which an analysis could not be made, or in which it is theoretically 
possible only for an interval of one or two degrees, was 66° for the 
upright or inverted positions singly and 50° for a combination of 
the two positions. 


Fig. 9. 


To penetrate into these “dark ” regions it would be necessary to 
use radiations of other wave-lengths, to measure other types of axes, 
or to rotate the crystal about an axis had pear to that of the 
Po into other orientations. Such a rotation is impossible 
if the length of the specimen is great compared with the dimen- 
sions of the spectrometer, but when the crystal is exposed only on 


38—2 
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one face, as in a disc, it is the only means of bringing new axes 
within reach of analysis. In this case the specimen is mounted 
so that the spectrometer axis lies along the plane face, and is 
rotated to any orientation about an axis normal to the face. The 
accessibility diagram is then most conveniently drawn with this 
latter axis as the axis of projection. Such a projection is drawn 
for ġ = 25° in Fig. 10, the arrow denoting the “upward ” direction 
(OZ, Fig. 1) of the axis of the spectrometer. A disc was cut from 
the crystal of Fig. 8, with a face in the cross-section of the speci- 
men, and was mounted as described above. Fig. 8 then corresponds 


A 


Fig. 10. 


to a projection with a “horizontal” axis and may be used in con- 
junction with Fig. 10. In this way Fig. 11 has been drawn. Each 
of the circular bands of this diagram corresponds to one of the 
axes. When a reflection can be obtained for an axis with the 
specimen mounted so that a given line in the surface is pointing 
in the “upward” direction of the axis of rotation, the corresponding 
band has bea blackened in the direction of that line. It again 
appears that the more steeply inclined axes are accessible only 
over very short ranges, whereas the axis “G” is now accessible for 
any mounting of the specimen. But every axis now falls at some 
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time within the region of accessibility. From such a diagram the 
most suitable orientation for mounting the specimen is readily 
selected. 


Fig. 11. 


The preparation and use of such diagrams as are described 
above often save a great amount of labour and of fruitless work 
in problems involving the analysis of crystal orientations. 


In conclusion, the author wishes to thank Professor Sir Ernest 
Rutherford and Professor G. I. Taylor for their interest in the 
work. 
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Contribution to the Theory of the Diffusion Pump. By L. 
WERTENSTEIN, D.Sc., Professor of Radiology at the Free-University, 
Warsaw. (Communicated by Professor Sir E. RUTHERFORD.) 


[Received 12 November, read 22 November 1926.] 


There are two effects involved in the sucking action of the 
diffusion pump. One is the penetration of gas molecules into the 
mercury vapour jet, and the second is the existence of a gradient 
of the partial pressure of the gas in the direction of the jet, so that 
the pressure at the origin of the jet 1s much lower than at the end 
of it. 

The importance of the first effect depends on the size of what 
may be called the “slit” of the pump. It is really a slit in the 
original diffusion pump of Gaede and is, in modern pumps, a 
rather wide annular space between the base of the jet and an 
outer tube. In his fundamental paper* Gaede investigates the 
influence of the dimensions of the slit on the “speed of evacua- 
tion,” ze. the quantity of gas pumped in unit time by the jet. He 
calculates the rate of evacuation as a ditference between the “ 
coming into the jet” and the “gas coming back out of the jet,” 
but he does not take into account the fact that this last effect is 
essentially influenced by distribution of velocities in the jet, which, 
instead of being isotropic, as he assumes, approaches, especially for 
powerful pumps, to a more unidirectional character. 

The “sucking effect” is only possible when the partial pressure 
at the issuing jet is lower than the pressure of the gas in the vessel 
to be evacuated and the limiting pressure of the pump is due to 
the second ettect to which we alluded above, t.e. the establishment 
of a pressure gradient along the jet. Let us investigate this point 
more closely. We consider a stream of mercury vapour in a cylin- 
drical tube of length J. Let the concentration of Hg molecules at 
a distance x be n, their average velocity u. We neglect the varia- 
tion of u along the radius of the tube section and we assume nu 
as constant through the length of the tube. These are different 
from actual conditions. The simplification we are making, while 
allowing for an exact calculation of the effect, does not alter the 
essential features of the phenomenon. 

Suppose, now, the tube to be filled with a gas; there would be 
obviously a pressure gradient of this gas established in the direc- 
tion of the jet. Gaede+ and, apparently independently of him, 


* Ann. d. Phys., Vol. 46, p. 357, 1915. 
+ Gaede, le. 


theory of the diffusion pump 579 


Hertz*, tried to represent this gradient in the following way: 
if dp,/dx (we shall denote quantities relative to the gas by the 
index 1) is the gradient, there would be p, D, (dp,/dx) grammes of the 
gas streaming back per unit time and area, p, being the density of 
gas at unit pressure, and D, its diffusion coefficient at the point z. 
If conditions are steady, this quantity must be balanced by the 
quantity p,p,u, representing the mass of gas carried by the vapour 
stream per unit time and area. We get in this way 


If we assume now that D,n = D, and is constant, which is approxi- 
mately correct if there is a large excess of the mercury vapour, on 
account of condition nu = v = constant, we obtain 


which leads to an exponential distribution of pressure : 
peme ge eee ree (1). 

The way of introducing the diffusion coefficient in this formula 
corresponds exactly to the dynamical method of calculating this 
coefficient used first by Langevint and developed by Chapmant 
and by Enskog§. In this method one of the diffusing gases is 
supposed moving relatively to the other with a velocity u which 
may be put parallel to the z-axis. There is a transfer of momen- 
tum in the direction of the z-axis from the moving to the stationary 
gas. If the momentum transferred per umt time and volume is 
F, we get 


F = dp/dz. 
On the other hand, 
PE hd 
so that we have 
apuy 
D= P 


The calculation leads, if the molecules are assumed to be elastic 
spheres, to the following value of the diffusion coefficient of the gas 
m into gas m. 


3 (™ + ai & t 


16n, 0? m, mM’ 


* Hertz, Zeit. f. Phys., Vol. 14, p. 35, 1923. 

+ Langevin, Ann. de Physique, p. 275, 1905. 

+ Chapman, Phil. Trans. A, Vol. 211 p. 433, 1911. 
§ Enskog, Physik. Zeitschr., Vol, 12, p. 58, 1911. 
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This value is different from values obtained by using the notion 
of the free path. Now the experimental conditions described above 
offer a possibility of measuring directly dp/dx and of so giving a 
check to the dynamical theory. 

We shall use for this comparison the experimental data ob- 
tained by Gaede in the following way. 

A stream of mercury vapour of constant temperature was passed 
through a cylindrical tube connecting two vessels. The whole 
apparatus contained initially a gas at a pressure p. Under the 
influence of the vapour stream, the pressure in the vessel into 
which the mercury vapour streams, rises and a steady state is 
obtained. Determining the ratio of pressures in both vessels, 
corrected for the “thermal pressure” effect due to a difference 
of temperature between the vessels, Gaede puts this ratio 
equal to 


y 
A p 
e Do 


where v and D, are defined as in formula (1), and L is the length 
of the tube. v is determined by measuring the weight of mercury 
distilling in unit time, and in this way D, is obtained, Gaede 
calculates the values of D,/n) where n, is the number of molecules 
in 1 c.cm. at atmospheric pressure and at temperature of 140° 
(temperature of the tube). This value, according to his ideas, 
represents the diffnsion coefficient of Hg at 140° through the 
gas investigated. For hydrogen Gaede obtained the value 
066. For air, as an average between two rather discordant 
values, 0°21. 


; D,. 
Now on, the dynamical theory, = is equal to 
0 


M m ` 
"IRT m +m, 
According to Dushman (International Critical Tables, p. 92), the 
free path of a Hg atom at 25° and normal pressure is 3'2. 10—~ cm., 
which gives for the diameter of the Hg atom 5'67 . 10-8 cm. For the 
hydrogen molecule the diameter is 2°38.10-* cm. and for the 
average air molecule we may assume the value 3:25. 10-* cm. 


This gives: 
Oair-Hg = 446.10 cm.; o? = 19:5. 10-7 cm; 


OH, -Hg = 4025.10-§ cm.; o?= 16:2. 10- cm.?. 
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At 140° n, is equal to 
2:7 . 10” . 273 


=l. 19 
413 1:785. 10”, 
so that we get, for H,: 
Pa 2 
Ng 7 200:2 . 2'016 
16.1°785.10".16°2.10 "J3 14 166.10". 413 . 202-22 
— 99.10" _ 0-675 (Gaede 0'66 obs.) 
96.10 ™ 
and for the air: 
Dy E 3 
No _ Jor, 2002.288 — 
16. 1785.10". 19:5. 10-7" / 3'14 iee T0 413-999 -- 
5°37 .10-* 
Sao 0158 (Gaede 0'205 obs.). 


The agreement is fairly good for hydrogen and rather poor for air; 
but the two series of measurements from which we took the average, 
give respectively 0°17 and 0'24, so that our comparison is neces-, 
sarily a rough one. p 
We may now try to apply this theory to the diffusion pump 
itself. We consider the part of this pump between the orifice of 
the mercury jet and the tube leading to the preparatory pump, t.e. 
practically the whole water-cooled part of the diffusion pump. It 
is easy to show that the ratio of “back” and “final” pressure 
calculated by means of the exponential formula (1) is much greater 
than 10%, even if we take a very moderate estimate of the quantity 
of mercury distilling per unit time. Itis, however, obviously useless 
to enter into details of these calculations, because the essential 
conditions involved in our theory, t.e. constancy of temperature 
and of number of Hg atoms crossing each section of the tube are 
very far from being fulfilled in the case of the diffusion pump. 
We may, however, verify in a simple manner the consequences of 
the theory. If the ratio of back and final pressure depends on the 
value of D,, then it must increase with the molecular weight and 
the size of molecules of the pumped gas. In other words, the 
pumping effect must be higher, e.g. for CO, than for A and for A 
than for H,. This consequence of the theory seems at first 
sight to be in contradiction with experiment, because it is 
generally assumed that the diffusion pump pumps out the lighter 
gases more quickly than the heavier. We must not forget that we 
ure dpe pen! here of the final ratio of pressures and not of the 
speed of evacuation which depends obviously on the law of How of 
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gases and for this reason increases with decreasing molecular 
weight. It is not easy to measure the final ratio of “back” and 
“low” pressure because, as a rule, the low pressure is too small for 
any precise measurements. For this reason, in order to verify our 
theory, we have worked under such conditions that the final 
pressure produced by the pump was high enough to allow exact 
measurements. The best way of doing so is to run the pump at 
a comparatively low temperature. In our experiments a thermo- 
couple was fixed in contact with the outside wall of the distillation 
tube of a Langmuir pump, as near to the orifice as possible. The 
thermocouple and, of course, the whole tube, were wrapped with 


co, 


70 75 80 85 
, Indications of the thermocouple. 
Fig. 1. 


asbestos. It is clear that the thermocouple does not indicate exactly 
the temperature of the Hg stream, but that did not matter for our 
purpose, which was to compare the steady state obtained with 
different gases for a given speed of distillation in the diffusion 
pump. We may safely suppose that this speed must be always 
nearly the same when the indication of the thermocouple is the 
same, and when the pressures of the investigated gases are low and 
of the same order of magnitude in every experiment. The experi- 
ments have been carried out in the following way. The vessel to 
be evacuated consisted of a MacLeod gauge and some additional 
tubes, the volume of which was 300ccm. The “back pressure 
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vessel” was a bulb of about 6 litres capacity. The whole apparatus 
was first evacuated by means of a Gaede rotary pump and then 
separated from this pump. The gas under investigation was then 
introduced up to a pressure of a few hundredths of a millimetre of 
Hg with the diffusion pump cooled, so that the pressure indicated 
by the MacLeod gauge was the same in the whole apparatus. This 
initial pressure did not vary much in the back side, with the diffu- 
sion pump set in action, owing to the large volume of the back 
pressure bulb, so that on reading the MacLeod gauge we may easily 
deduce at every moment the ratio of “back” and “low” pressure. 
An electric current of given intensity was sent through the heating 
coils of the diffusion pump, and when the corresponding indication 
of the thermocouple became constant, two successive readings of 
the MacLeod gauge were taken in order to be sure that the state 
was a steady one. 

The results are given in Fig. 1. In this figure the abscissae 
are the indications of the thermocouple and the ordinates the 
logarithms of the ratio of back and low pressure for H,, A and CO, 
respectively. The initial. pressures for these three gases were 
respectively 185.1072, 1:15.10-? and 142.10-? mm. Hg. As is 
seen from the figure, the effect of the diffusion pump is, at the 
same temperature, higher for CO, than for A, and higher for A than 
for H,. These three gases range themselves, in accordance with our 
theory, in the order of decreasing molecular weight and also of 
decreasing size of the molecule. For reasons discussed above, it 
seems useless to insist upon the comparison of numerical results 
with the theoretical expectation. The difference of behaviour of 
different gases is a very striking one and suggests the possibility 
of using the diffusion pump for separation of gases. 
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On the Addition of the Primary Aberrations. By Mr G. C. 
STEWARD, Gonville and Caius College. 


[Received 15 November, read 22 November 1926.] 


§ 1. In the application of the Characteristic Function of Hamil- 
ton, or of any allied function, to the computation of a symmetrical 
optical system three steps are necessary. The performance of the 
system as a whole must be considered, and from this it appears 
that the aberrations may be derived from certain ‘aberration 
coefficients’ which occur in the expansion of an ‘aberration 
function’.* In the second place, relations must be obtained giving 
the properties of the complete system in terms of the properties of 
the component systems, which, in general, will be single refracting 
ea and finally, an evaluation of the coefficients must be 
made for the simple system—a single surface}. For the first and 
third of these steps reference may be made elsewhere, and also 
for a general investigation of the second; a simple derivation is 
given, in the present note, of the necessary relations between a 
composite system and its components in the case where first order 
aberrations only are considered. 


§ 2. We use a modification of the Characteristic Function, viz. 
the Eikonal, associated with the name of Bruns§. Let u — ® be the 
modified and reduced eikonal, the base points being conjugate and 
given by a reduced magnification m; here u is the form of the 
eikonal giving perfect definition over the conjugate normal planes 
m, and ® denotes the presence of aberrations for these two planes, | 
so that ® is the ‘aberration function.’ The form of the function u 
is to some extent arbitrary, but it 1s commonly made definite by 
imposing the condition that the axial points of the pupil-planes of 
the system shall be free from aberration||. If then L, M, N and 
L’, M’, N’ be the direction cosines of an incident and the corre- 
sponding emergent ray, and Y,, Z, the co-ordinates of the ideal 
image of a point Y, Z, the axis of the system being in each case 
the axis of z, the aberration displacements Dy, and Dz, produced 
by the system, are given by the relations 


o ni) 0 r] 
Dy, = (7 + may) ® and Dz, = (ay + m sy) ®..(1); 


* Phil. Trans. A. (225), 1925, Part I; Trans. Camb. Phil. Soc., No. rx, 1926; 
Proc. Opt. Convention, 1926, Part II, p. 776. 

t T. Smith, Trans. Opt. Soc., Vol. xxv, No. 4, 1923-24. 

t Proc. Camb. Phil. Soc., Oct. 1926. 

§ “Das Eikonal,” Abhandlungen der math.-phy. Classe der k. sdchsischen Akad. 
d. Wissenschaften, Bd. xx1., Leipzig, 1895; see also Phil. Trans. A. (225), loc. cit. 

| T. Smith, Trans. Opt. Soc., Vol. xx11, No. 5, 1921-22. 
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exemplifying the fact that ® gives all the aberrations of the 
system and depends upon these aberrations alone. 

Now the function ®, and indeed the eikonal in general for a 
symmetrical system, may be expressed in terms of three variables 
a, B and y given by 


ad? = (M —sM')+(N — sN')', 
Bd? = (M — mM’) (M — sM’)+(N—mN’)(N - sN’), 
ʻ'and yd’? =(M-—mM')+(N—mN’, 
d being the distance between the exit-pupil and the conjugate 
plane in the image space and s the magnification associated with 
the pupil planes; and if we consider only the first order aberrations 
we may write 

8D = 0, a’ — 40,a8 + 2o,ary + 40,8? — 4o, By + oy, 
the numerical coefficients being chosen for subsequent simplicity. 


Applying now (1), the aberration displacements from ideal imagery 
are given by 


2d°Dy.=0,8 +0,0 +(0,+ 20,)4+0,D 


and 2d? Dz 0,5 + oC + O94 yesssvecinisseewensess (2), 
S _ cosġ C _ „y (2+ 0s 2¢) 

where FP ind’ P r sin 2ġ ’ 
A cos ġ T 
a= pY? ao and D= Y} 


Here p, ¢ are the polar co-ordinates of a point upon the exit- 
pupil—the point through which the emergent ray passes ; further, 
we have wnitten Z,=0, which is always possible, without loss in 
generality, bya proper choice of the axis of z—so far arbitrary. It 
is evident, then, that the first order aberrations, i.e. spherical 
aberration, coma, astigmatism and curvature of the field and 
distortion are given completely by the five aberration coefficients 
Ti, C2, 3, Ca, G5; but, in fact, we ought to include the sixth, os, which 
governs spherical aberration for the pupil planes, to the first order. 


§ 3. Consider now the addition of n symmetrical systems 
having the same axis—the suffix A attached to any of the above 
quantities denoting the value of that quantity for system 2; let 
the combined magnifications for systems p to q inclusive be denoted 
by m,,, 80 that, for example, 


Suppose that a ray cut the n+1 conjugate planes, after a 
through the various parts of the system, in the points Yo, 2; 
Y,, Zi; ..- Yn, Zn; then we have the following relations: 
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Y, — m Y, = (Dr,)h 
Y,—m,Y,= (Dy,)s 


Y, — Mya Faz = (Dran, eeoosoocsscososooooso (1), 
and the like equations for the Z co-ordinate. Further, 
Yn- mY, =(Dy,) N ssessesooceooooeoosos (2), 


so that, multiplying the relations (1) by the appropriate magnifica- 
tion and adding, we have 


Dija = (De oie anin (3), 


together with a corresponding relation involving Z in place of Y; 
and it is to be noticed that these relations are exact and not 
approximate. To the first approximation we have 


Yn = Yamasin 
and also Pn = PASasi.n 


if ...p,... be the radii of the successive images of the aperture stop; 
whence substituting in (3), we have a relation involving various 
powers of Y,, and p, which must be satisfied for all values of these 
quantities; so that we may equate to zero the algebraic sum of 
any one power of Y, and of py. We may use (2) § 2, but it must 
be remembered that here we are dealing with modified distances, 
ie. with reduced distances multiplied by the modified power 
J (= K/pp) of the system associated with them. Moreover, in the 
Y-equation we may write everywhere ¢ = 0, and in the Z-equation 
g=7/2; then equating coefficients as indicated above and con- 
sidering only the primary aberrations, we have 


D) = È (F) m os 5 (F 
= = — MU A+i,n 7 =2 |7 m? a 1,n S041 
(F i dosh J ‘ 5) J in Aml J À +i,n +1,» 
7) 5 (3) 3 2 
peed = — m A+1, 7n S Atin 
(F 1,n è àÀal J A ) 
O, = T, 
(F = > (5) Marcin Satin, 
In à= A 


T) g [Se T _ $ (a 
(5 ni È (F), mans atin (3). = (J), A.n 


The first five of these relations follow by direct comparison of 
coefficients, the last by symmetry ; for just as ø, governs spherical 
aberration for the axial points associated with reduced magnifica- 
tion m, so ø, governs axial aberration for the conjugate points 
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associated with reduced magnification s. We have substituted first 
approximations in (3); the addition relations for higher order 
aberration coefficients could be obtained by further approximation: 
but it is better, perhaps, to obtain them by a more general 
method *. | 
It is not convenient to calculate directly the quantities o,... Fs 

given above, for these all depend upon the conjugate planes m 
which are chosen and also upon the pupil planes s of the system, 
but simple relations may be obtained by means of (4), giving them 
in terms of other quantities which are invariants of the optical 
system, Le. EE eat of m and s; and this may be effected by 
reference to the focal reduced eikonal of the system Ẹ}. 

* T. Smith, “ The Addition of Aberrations,” Trans, Opt. Soc., Vol. xxv, No. 4, 
1923-24. 

f Proc. Camb. Phil. Soc., Oct. 1926. 
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The absorption spectra of “saturated” and “ unsaturated” 
organic substances. By Mr J. E. Purvis. 


[Received 15 October, read 8 November 1926.] 


This investigation is to discuss some of the conditions which 
influence the absorption spectra of various “ saturated” and “ un- 
saturated” organic compounds. A condensed cadmium spark was 
used as the source of radiant energy; alcoholic solutions of the 
substances were employed, except for stearic acid, which was 
dissolved in ether. The vapours were examined in a quartz tube 
200 mm. long, placed in a bath which could be heated to various 
temperatures. 

Cyclo-hezane. Hartley and Dobbie (Journ. Chem. Soc., 1900, 
vol. 77, p. 846) showed that solutions of this substance had no 
selective absorption when the radiant energy was d through 
various thicknesses of different strengths. Stark and his co-workers 
(Jahrb. Radioak. u. Electr., 1913, vol. 10, p. 139), using a fluorspar 
spectrograph, found that the rays were transmitted to 1.1850 with- 
out any absorption, when they were passed through the vapour of 
the substance in a tube 200 mm. long, and under a pressure of 
56 mm. The author has examined alcoholic solutions, through 
various thicknesses, of M, M/10, and M/100 strengths, but no 
bands appeared. In a M/100 strength, and through 28 mm. thick- 
ness, the rays were transmitted to A2310, and through 2 mm. thick- 
ness to A 2190. 

Cyclo-hexene. Hartley and Dobbie (loc. cit.) state that solutions 
of this substance showed greater general absorption than cyclo- 
hexane. Stark and Levy (loc. cit., p. 179) in the vapour found, under 
the reduced pressures of 30 mm. and of 1 mm., two bands at about 
2200 and 71900. The author has examined solutions of M, M/10, 
and .4/100 strengths, when the rays passed through varying thick- 
nesses of from 2 mim. to 28 mm., but no bands were observed. For 
example, in the M/100 solution, the rays were transmitted through 
2mm. thickness to about 72130; through 10mm. thickness to 
A2150; through 20 mm. to 42190, and through 28 mm. to 12240. 
The vapour of the substance was also examined in a 200 mm. tube, 
at temperatures varying from 9° to 50°, but no band at about A 2200 
was observed; the rays were transmitted at 9° to about A2150, 
and at 30° to about 42190. The non-appearance of the vapour 
bands, observed by Stark and Levy at the considerably reduced 
pressures, may be a result of the influence of the solvent in the 
case of the solutions, and by the much higher pressures in the case 
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of the vapours, phenomena which have been observed in other 
vapours and their solutions. Stark and Levy argue that the vapour 
bands of hexene have their origin in the unsaturated condition, or 
the “ ethylenic” linking, of the molecule. 

Cyclo-heranol ; o-, m-, and p-methyl cyclo-hexanol. Solutions 
of these four substances of different strengths ranging from 
M, M/10, and M/100, and through thicknesses ranging from 
2 mm. to 28 mm., were examined but no bands were observed. 
The solutions were very transparent; for example, the rays were 
transmitted to 12190 through 2 mm. of a normal solution; to 
22270 through 10 mm.; to A2370 through 20 mm.; to A2530 
through 28mm. The vapours were also examined in a 200 mm. 
tube at temperatures from 50° to 100°; and, like the solutions, 
they were very transparent. 

Cyclo-hexyl formate. Different strengths of solutions of this 
substance were also examined, but no bands were observed. The 
solutions were very transparent. For example, in a M/100 solution 
the rays were transmitted to 12120 through 2 mm. thickness ; 
to 42150 through 10 mm.; to 2240 through 20 mm.; and to 
A 2260 through 28 mm. 

Cyclo-hecanone. Henderson, Henderson and Heilbrun (Ber. 
Chem. Ges., 1914, vol. 47, p. 876), and Bielecki and Henri (Ber., 
1914, vol. 47, p. 1690), showed that this substance exhibited a large 
ketonic band at about 1/A3600 (2777), and a similar band was 
found in the three o-, m-, and p-cyclo-hexanones. The author has 
repeated these observations and confirms them. He has also 
examined the vapour of cyclo-hexanone at temperatures rangin 
from 100° to 200° C., and finds a large band similar to that of the 
solution band. There is no division of this large band into a series 
of narrower ones. 

Geraniol, geranyl acetate, geranyl butyrute, geranyl valerate, 
geranyl pelargonate. The author (Journ. Chem. Soc., 1924, vol. 125, 

. 406) examined solutions of geraniol of various strengths, but no 

ands were observed. Stark (loc. cit.) has examined the vapour of 

eraniolene, the unsaturated hydrocarbon from which geraniol may 
be obtained, and found, under a reduced pressure of 1-2 mm., a 
weak band in the neighbourhood of 1 2300- 2050, and a second 
band at 11800; the rays did not extend beyond 42400 when the 
vapour was examined under a pressure of more than 5 mm. Stark 
ascribes these bands to the “ethylenic” linking of the molecule. 

By weighting a molecule with a constituent which itself gives 
no specific absorption, the absorption band (or bands) belonging 
to the original substance is often shifted towards the less refrangible 
regions. With this in view, the acetate, butyrate, valerate and 
pelargonate of geraniol were compared with geraniol itself. The 
acids of these esters gave no absorption bands, and the esters 
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themselves were also very transparent. Comparing the heavy 
pelargonate with geraniol, the following table gives the position 
beyond which the rays were absorbed : 


Geranyl 


Geraniol pelargonate 


M/10 28 min. 42980 3230 
20, | 2970 3180 

10 „ | 2950 3080 

M/100 28 „ | 2720 3040 
20 5 | 2650 3030 
10, | 2550 3000 
| 2250 2500 

| 


M/1000 28. ,, 
20 ,, 
10 ,, 2140 2450 


2180 2490 


Solutions of oléic, pelargonic, and stearic acids were also ex- 
amined; oléic acid has one unsaturated centre; pelargonic and stearic 
acids are both saturated acids. None of them showed any specific 
absorption. The following table compares the position where the 
rays were absorbed by various strengths and through different ; 
thicknesses of M/10 solutions: 


Olëic acid Stearic acid : : 
CH; (CH,)-. (in ether) cH cho 
CH : CH (CH2);. | CH3 (CHa)ig - Sea 

COOH COO 


A3000 
2850 
2500 


Pentabromo-phenol ; tetrabrom-o-cresol. Solutions of these 
substances were examined, and both exhibited bands comparable 
with that of phenol, described by Hartley, Dobbie and Lander 
(Journ. Chem. Soc., 1902, vol. 81, p. 929). The curves (Fig. 1) show 
that the band of the former compound is wider than that of the 
other, but the original phenol band has not been destroyed in 
replacing hydrogen atoms by heavier bromine atoms; there is a 
shift towards the red end caused by the weighting of the molecule, 
and there are differences in the intensities. 

But specific absorption in the ultra-violet regions is not always 
governed by the “unsaturated” condition of the atoms of a 
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molecule. For instance, the author (Journ. Chem. Soc., 1911, vol. 99, 
pp. 811, 1699, 2318) has shown that the vapours, and the alcoholic 
solutions, of iodo-derivatives of benzene and of toluene showed no 
specific absorption, whereas there were well-defined bands in the 
corresponding chlorine and bromine compounds. The entrance of a 
single iodine atom destroys specific absorption in the ultra-violet 
regions, although the iodobenzene remains “unsaturated” in the 
sense that it contains five chemically unsaturated valencies. In 
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the infra-red regions, on the other hand, the author has described 
bands of iodobenzene between 2 and 12 u which are fairly com- 
parable with the phenomena of benzene and bromobenzene in those 
regions (Proc. Camb. Phil. Soc., 1923, vol. 21, p. 556). Similarly, 
numerous narrow bands found in the vapours of o-, m-, and p- 
chlor- and bromanilines, were absent in the corresponding iodo- 
anilines ; and, like results appeared when comparing p-iodophenol 
with p- chloro- and p-bromophenols (Journ. Chem. Soc., 1913, 
vol. 103, p. 1638). 
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It may also be recalled that Coblentz found bands in the 
infra-red regions between 2 and 12 both in saturated, as well 
as in unsaturated substances; for example, in hexane, ethane and 
ethyl alcohol: in acetic, valeric, and stearic acids and in other 
saturated compounds. (Investigations of infra-red spectra, Part I, 
1905. Carnegie Institution of Washington Publications, No. 35.) 
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Surface adsorption and the velocity of chemical action at gas- 
solid interfaces. By Dr F. HURN CONSTABLE, Fellow of St John’s 
College. 


[Received 16 November 1926, read 31 January 1927.] 


It has been shown to be a necessary consequence of the 
Langmuir-Frenkel theory of the behaviour of gaseous molecules in 
collision with solid surfaces that chemically inert* diluents in the 
reactants should lower the rate of catalysis at the surfaceł. An 
expression for the fractional reduction in the reaction velocity has 
been obtained, and the purpose of this paper is to describe experi- 
mental tests of its validity. 

An apparatus for the investigation of the effects of mixed 
vapours on catalytic activity has already been described{. The 
effect of the addition of the vapours of water, benzene, and acetone 
on the initial stages of the ER of alcohol by copper 
was investigated in the apparatus. The liquid reactant and diluent 
were contained in two glass boilers, and the amounts of the liquids 
vaporised were carefully controlled by the current supplied to the 
electric heating coils. In this manner the composition of the 
mixture could be varied within wide limits. 


Experimental difficulties. 


When water was used as the diluent an unexpected complica 
tion developed. The nichrome heating wires reacted with the 
water, giving hydrogen and leaving the hydroxides of the metals 
suspended in the water. When the rate of boiling was large this 
evolution of hydrogen was much more rapid than the dehydro- 
genation of the alcohol and constitutes a very serious source of 
error for which correction was made. A platinum heating coil was 
made and used in a boiler of special construction (Fig. 1) There 
was no evolution of hydrogen from this boiler even at the greatest 
rates of boiling, and the results confirmed those obtained with the 
nichrome heating coil when the latter were corrected for the 
hydrogen evolution from the water. | 

Palmer§ compared the rates of reaction of alcohol-water 
mixtures containing 4-30 per cent. of water with the pure alcohols 
on a reproducible catalyst, and reported that the water acted as a 
promoter, and further explained the phenomenon on the radiation 


* I.e., that do not form complexes with the reactant on the surface. 
t Constable, Proc. Camb. Phil. Soc., vol. 23, p. 172 (1926). 

t Constable, Proc. Camb. Phil. Soc., vol. 22, p. 738 (1925). 

§ Palmer, Proc. Roy. Soc. A, vol. 99, pp. 423-425 (1921). 


594 Dr Hurn Constable, Surface adsorption and the 


theory. He used a nickel heating coil, but made no correction for 
the evolution of hydrogen due to the action of the aqueous alcohol 
on nickel under these conditions*. In the present work correction 
was always made for this source of error, and it was invariably 


Fig. 1. The boiler. 


The heating of the liquid is done by the 
bare platinum wire spiral sealed into the 
glass by means of much wider leads. Thi: 
heating of bare wire is essential for rapid 
experimenting, and is very convenient. 
Immediately on increasing the heating 
current the vaporisation rate rises to the 
equilibrium value. and at the instant the 
current is cut off the vaporisation stops. 
Thus the effect produced can be followed at 
once, and any considerable lag in reaction 
velocity would be immediately appreciable. 

The tap E enables the boiler to be 
evacuated for cleaning, and the liquid run in. 

The tap 4 enables the boiler to be emptied 
after an experiment. 

At C there is a two-way tap which com- 
municates both with the measuring jar D, 
and the reaction vessel through the super- 
heated capillary tube F. By distilling the 
liquid into D, the rate of vaporisation can 
be connected with the current passing, and 
any rate of vaporisation desired can be 
obtained. 
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found that water exerted a depressing action on the reaction 
velocity at the copper surface. With the other liquid diluents the 
depressing action was also found. Palmer's results were thus all 
vitiated by the spurious evolution of hydrogen from the heating 
coil. 


* Mr Palmer agrees that this source of error was present in his experiments, for 
he observed the formation of considerable amounts of nickel hydroxide. Slight 
variations in the activity of the catalyst would be very serious in experiments of 
this type and constitute an additional source of error. 


velocity of chemical action at gas-solid interfaces 595 


Investigation was first made to confirm that the rate of 
passage of the alcohol over the copper had little effect on the rate 
of reaction. The results are shown in Table I. 

It is observed that the reaction velocity falls off slowly as the 
rate of passage of alcohol increases. Assuming 0°05 as the solu- 
bility of hydrogen in alcohol, we find that 7:3 c.c. of alcohol could 


TABLE I. The effect of rate of passage of vapour 
on reaction velocity. 


Temperature = 265° C. 


Rate of distillation 
of alcohol c.e. 
per min. 


Volume of hydrogen 
evolved in 5 mins. 


absorb 0°36 c.c. or the maximum amount of hydrogen that could 
be absorbed by the alcohol distilling in 5 minutes is 1‘8c.c. If the 
results be corrected in this manner then there is still a slight fall 
in the reaction velocity which must therefore be due to a cooling 
effect which is exerted more on the catalyst surface than on the 
thermocouple. It is found to be somewhat difficult to keep the 
temperature of the catalyst constant with very high speeds of dis- 
tillation. The evidence is therefore in favour of the true reaction 
velocity being independent of the rate of flow of the reacting 
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vapour when this exceeds some limit. When the speed of distillation 
does not exceed this limit the reaction velocity falls with the rate 
of passage of vapour. The effect is reversible, for on increasing the 
rate of flow the reaction velocity will again attain its terminal 
value. The explanation is that the reaction Poe are present 
in quantity comparable to the amount of alcohol present, and they 
are therefore adsorbed on the surface and reduce the surface of the 
catalyst that is active. In the table given above the partial pres- 
sure of the aldehyde and the hydrogen together never exceed 
2 per cent of the total pressure, and the surface is therefore always 
covered completely with alcohol. 


The effect of water as a diluent. 


Rate of distillation of alcohol = 0°31 c.c. per minute. 
Temperature = 240° C. 
Rate of distillation 


of water c.c. 
per min. 


Reaction velocity c.c. He 
per min. 


alcohol on alcohol off 


The solubility of hydrogen in water 1s only about 0°02, so that 
when a large excess of water is used as a diluent there will be 
little correction to be made for the dissolved hydrogen, The 
following method of experiment was therefore tried with satis- 
factory results. A constant rate of distillation was used, and the 
rate of boiling of the water continuously increased. After each 
increase in the amount of water used as diluent, the water stream 
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Rate of distillation of alcohol = 0°31 c.c. per minute. 
Temperature = 250° C. 


Rate of distillation 
of water 6.6. 
per min. 


Reaction velocity c.c. H, 
per min. 


alcohol on alcohol off 


| 176 
0°40 0-82 
1-00 0°77 

/ 118 


0-00 


was completely cut off, and the activity of the catalyst measured to 
see if any irreversible change had taken place. The water stream 
was also completely cut off and correction made for the hydrogen 
evolved from the water boiler. The results were checked by using 
the boiler with the platinum heating coil. In all cases the rate of 
reaction with a mixture of gases was found to be constant at 
constant temperature, and there was no evidence that any 
appreciable time was taken to displace the film adsorbed previously. 


TABLE II. Summary of results with water. 


Fractional reaction 
Fractional partial | Fractional reaction | velocity calculated 


pressure of alcohol velocity ftom T 64 + “36 
y p 


1:00 1:00 1:00 
0°56 0°83 0:78 
0°41 0°58 0°66 
0:26 0:45 0°49 
0:20 0'41 0'41 
0:197 0°38 0°39 
0:087 0:26 0:22 
0:038 0:11 0°10 
0:032 0°10 0:09 
0-024 0-06 0:07 
0:019 0:05 0°05 


In one experiment the catalyst was allowed to remain in a 
stream of water for 30 minutes. hen the alcohol was turned on 
the reaction commenced immediately, and, as far as the measure- 
ments could tell, attained its maximum velocity at once. Such 
behaviour seems to be in strong contrast to that of water films in 
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vacuo which are extremely difficult to remove, and it is sug- 
gested that the difficulty in removing these films is due to the 
absence of molecular bombardment at high vacuum. When the 
diluent molecule can occupy the surface the chance of the slight 
pressure of water retaining the film complete is small since many 
of the diluent molecules are adsorbed. 

The results obtained above were plotted on a curve (Fig. 2) 
and the results obtained with the boiler with the platinum heat- 
ing coil are seen to be in good agreement with the others. From 
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= Direct 
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True Reaction 
J Velocity 


re 
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1:0 20 3:0 40 5:0 
Volume of diluent distilling 

Fig. 2. Water as a diluent at constant temperature. 


these curves the respective partial pressures and reaction veloci- 
ties were read off, and the fractional partial pressures, and reaction 
velocities measured. These are compared with the calculated 
values in Table II. The agreement is good over a range of pressures 
of alcohol in water varying fifty times. 

From the formula previously deduced 


_ [Ma tw. S l 
TREL E og 46 * 36; 


and hence the mean life of the water molecule relative to the 
alcohol molecule at 240° C. is 0°225. 


l 
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The effect of acetone as diluent. 


Purification of acetone. The bisulphite compound of acetone 
was decomposed with caustic soda, and distilled. The distillate 
was redistilled through a Dufton column, dried with calcium 
chloride, and finally redistilled through the Dufton column. The 
sample was sufficiently pure for the purpose since only a very 
slight poisoning effect was observed on the copper catalyst. Owing 
to the volatility of the acetone, extra resistances had to be added 
to reduce the current through the heating coil. There was no 
evolution of hydrogen from the boiler, and the experiments were 
in every way straightforward. The results are tabulated below. 


TaBLeE III. Acetone. 
Temperature = 240° C. 


Fractional partial | Fractional reaction | Fractional velocity 


pressure of alcohol velocity observed calculated v=p 
1-00 1:09 1:00 
0:57 0:55 0:57 
0:34 0:30 0:34 


The reduction in the reaction velocity is linear with the pres- 
sure, and we have the case in which the molecular weights and the 
mean lives of the two molecules on the surface are the same. 


The effect of benzene as diluent. 


Purification of benzene. Pure commercial thiophene-free 
benzene was twice frozen. A constant freezing point of 55°C. 
was obtained which was independent of further crystallisation. It 
was found, however, that this benzene acted as a powerful poison, 
and the results were therefore rather laborious to obtain. The 
catalyst had to be oxidised and reduced after each experiment, and 
in addition only the experiments with low benzene concentrations 
gave any appreciable initial activity which could be extrapolated 
with moderate accuracy. The experiments represent the best 
attempt that could be made under the circumstances. It is 
interesting to note that Pease and Purdum* have observed this 
poisoning effect of benzene on copper. The benzene is converted 
into diphenyl, and simultaneous deactivation of the catalyst 
occurs. 


* Pease and Purdum, J. Amer. Chem. Soc., vol. 47, p. 1435 (1925). 
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TABLE IV, Benzene results extrapolated. 
Temperature = 240° C. 


Fractional reaction 
Fractional partial | Fractional reaction | velocity calculated 
pressure of alcohol velocity 


The mean life of the benzene molecule is about five times that 
of the alcohol molecule. 


The effect of diluents on the temperature coeficient of 
chemical change. 


Let it be supposed that the catalyst is composed of a homo- 
geneous distribution of centres of activity, and let Ze be the true 
heat of activation, that is the chemical work necessary to decom- 
pose the molecule in the adsorbed film, and m the heat of 
desorption of the unchanged molecule of reactant. Let the letters 
with double prime indicate the diluent molecules. Then the 
equation of reaction becomes 


and is also true for any exponential distribution of centres of 
activity provided that A is a constant independent of the surface 
fields. © 


The quantity pe is the true measure of the temperature 


coefficient of the reaction, and is nearly equal in magnitude to 
the ordinary 10°C. temperature coefficients used at the present 
time. The equation 
- Q/RT 


up = Ae 
gives Leo 
vo RT 
while Tr a 


vr RI(1+10)' 
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There are many important deductions to be made from this 
equation. When d is small very little change is produced, and the 
more diluent present the less the effect. If the heat of desorption 
of the reactant is less than the diluent then the temperature 
coefficient is increased, if the two are equal then no effect is pro- 
duced under any conditions, and if the heat of desorption of the 
reactant is greater than the diluent then the temperature coefficient 


is reduced. 


, 
LS Alcohol, 31) |. Da Nokon” gyiccper mi 
Water: 1.00 cable 


250 


Temperature 


HTT TEE 
7O TY AEECEEL EE 


-40 ‘60 -80 1:00 2-00 3-00 
Reaction velocity 
Fig. 3. The effect of water as diluent on the temperature coeflicient. 


When p is very small the ee may be written 


lo 
v = p= BT: (+ Ho” + de), rissie enean e (2) 


and the alteration of temperature coefficient is independent of 
the amount of diluent present, though if the heats of desorption 
are not very different this effect cannot be traced experimentally. 
It is interesting to point out that the conditions for observing the 
effects of equation (2) are with low pressures of a powerful poison, 
and we see that this is a hitherto unsuspected cause of error in 
temperature coefficient measurement. 

The effect of various concentrations of water on the tempera- 
ture coefficient of dehydrogenation has been observed, but the 
alteration if present is slight as is shown by Table V. 
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TABLE V, The reaction velocities for alcohol-water mixtures 
| at various temperatures. 


Reaction velocities in c.c. per min. and fractions of velocities 
for pure alcohol 


Temperature 
Alcohol 0°31 
Water 1:00 
c.c. per min. 


Alcohol | Alcohol 0°31 
0:31 c.c. | Water 0°31 
per min. | c.c. per min. 


Fraction of 
initial activi: 


Fraction of 
initial activity 


225 1°40 0:56 
230 0:73 
235 2°15 0:92 
240 2:59 1:12 
245 3°12 1°37 
250 3:95% 1°65 


255 4°79* 2°01 


* These values are extrapolated from the observations at lower temperatures. 


It can be seen that the fraction of the surface covered by the 
alcohol depends far more on the partial pressure of the alcohol in 
the water vapour than on the temperature; in fact, the accuracy of 
the measurements is such that the fraction covered is constant 
within the limits of experimental error. This would be expected 
as a small value of %=‘36 has already been found, and the 
chemical similarity of water and alcohol together with the short 
range of molecular attraction and similar orientation of the 
adsorbed molecules, would lead us to expect heats of desorption 
which are not greatly different. The alteration in temperature coeth- 
cient is therefore small. 


Results with thoria as a catalyst for dehydrogenation. 


With thoria both dehydration and dehydrogenation of the 
alcohol occur, so that it is necessary to apply a substantial correc-  - 
tion for the ethylene contained in the evolved gas. Both reactions 
were separated and it was found that, while the dehydro- 
genation followed the law proposed previously, the dehydration 
showed a marked divergence from it, and the curve inflected for 
small concentrations of water as diluent. It is suggested that a 
complex with water is formed and that this complex is much more 
reactive than the adsorbed alcohol alone. Thus, a curve showing a 
maximum is superposed upon the law previously discussed ; and 
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in special cases the diluent may act as a promoter in small con- 
centrations at the start, becoming a poison as the concentration 
increases. There seem to be insufficient data to work this case 
out completely at Pon The following figures show that the 
- dehydrogenation follows the reciprocal law with some accuracy. 


TABLE VI. 
Fractional pressure | Calculated velocity | 
of alcohol in alcohol 1 53 4: apa 
water mixture o p 3 y 
100 1:00 
0°80 © 0431 
0°60 0°221 
0°40 0:115 
0°20 0 045 


Results obtained by the use of the coherer. 


Palmer® has developed an approximate method of estimating 
the composition of the adsorbed film by observing the change in 
the potential difference required to desorb a gas film from a 
mixture of gases when it is allowed to stand. He explains that the 
initial film has exactly the same composition as the gas, but that 
as the time proceeds the mean lives of some of the molecules are 
so much longer than that of the others that the tilm becomes 
much richer in these and the composition changes to a limiting 
value. He has performed his experiments at room temperature, 
and the time taken for the equilibrium to be reached can be con- 
veniently measured in hours, which time is comparable with the 
mean life of a molecule under these conditions. 

Such behaviour is in very marked contrast to that occurring 
at 250° C, when, so far as my observations could say, the reduction 
in reaction velocity when water is admitted to an alcohol stream 
passing over copper is immediate. 

The results for carbon monoxide-oxygen mixtures correspond 
with the formula if the errors of the method are also taken into 
consideration, for, owing to the shapes of the voltage-composition 
curves, very considerable errors occur round the values 0'2 and 0'4 
for the composition of the gaseous phase. At these values both 
voltage curvest pass through a maximum or a minimum, and it 


* Palmer, Proc. Roy. Soc. A, vol. 106, p. 55 (1924); vol. 110, p. 133 (1925). 
{ Loc. cit. p. 137. 
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would seem that altering the gas composition from 0'4 to 0-5 has 
no effect on the composition of the final film. This point is not 
discussed by the author, and the value 0'4 is omitted from his 
table. As can be seen below, the agreement is good except in this 
region, and it seems reasonable to assume that the error 1s experi- 
mental and inherent in the method. 


TABLE VII. Composition of the film in molecular fractions of 
carbon monoxide. 


Calculated 


Discussion of results. 


When the centres of activity of a surface may be regarded as 
homogeneous, and the reacting substance forms no complexes with 
the diluent when in the adsorbed layer, then the formula * 


7)" é Mo” |RT 1 
q eM RT (T. 


is found to agree closely with the facts for a number of surface 
films. ; 
In the deduction of this equation it is essential to assume that 
reaction takes place while the reactant molecule is in the adsorbed 
state. Langmuir and Frenkel suggested that each molecule that 
hit the surface was condensed and remained during the time 
interval r on the surface, and then evaporated. This mechanism 
gives a good interpretation of the facts as regards the evaporation 
and condensation of the films, but gives no clue to the state of the 
molecules while they are adsorbed. 


1 A 
SNE N= 


* Constable, Proc. Camb, Phil. Soc., vol. 28, p. 176 (1926). 
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_ The film formed might be a two-dimensional gas, liquid, or 
solid. In the first two states the adsorbed molecule would be free 
to wander over the surface in an erratic manner before it evaporated, 
while in the latter case it would remain during its mean life upon 
the spot on which it first settled. 

There are two possible methods by means of which chemical 
reaction could occur between different molecules. It might be that 
the collision of fast moving molecules capable of motion in the 
film produces chemical change, in which case the reaction velocity 
would be proportional to the product of the concentrations of each 
species in this film, which is proportional to the number of 
collisions; or that each species fis to be absorbed side by side 
simultaneously on particular spots on the catalyst, namely the 
centres of activity of the surface. Both mechanisms give rise to 
the same form of equation, hence we may work out the dynamics 
of surface action by either means and obtain agreement with 
experiment, and not have advanced our knowledge of the mechanism 
of reaction in the film at all. 

The observations of Pease and Stewart, showing that very 
small concentrations of poison will reduce the reaction velocity to 
a negligible value, are not so decisive in favour of active centres 
as they appear at first. It is possible that poison acts as a 
negative catalyst in the film, in which case measurements of this 
type would be valueless in measuring the fraction the active 
surface bears to the total. 3 , 

The most conclusive argument against surface catalysis being 
caused by molecular bombardment of the molecules against each 
other in the surface film lies in the fact that adsorption is very 
general for many substances, but that catalysis is rare, and very 
specific to one substance, depending both on the chemical nature 
and the physical state of the catalyst. Apart from the arrange- 
ment of the surface atoms leaving external fields of sufficient 
magnitude to ensure condensation of the bombarding gas molecules, 
there is also another property which they possess of making 
chemical action possible. A preliminary activation is necessary 
before molecules can react, and, owing to the short range of mole- 
cular fields of force, it seems essential that reaction should occur in 
the molecules actually residing on the centres of activity of the 
surface. They are momentarily part of the lattice structure, and 
it therefore seems that it is in the molecules that remain adsorbed 
for most of their mean life on the centres of activity that activation 
occurs. 

It seems, therefore, that we have an explanation of the mystery 
that adsorption is general, catalysis rarer. If the molecules form a 
gaseous or liquid filn and the mobility of the molecules is con- 
siderable, the probability of activation is small, whereas, if the 
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adsorbed molecule becomes momentarily part of a solid structure, 
activation is possible when the electrostatic and electromagnetic 
fields of force forming the centres of activity of the service are 
suitable, and in this case the adsorbing surface becomes an active 
catalyst. 


Summary. 


The relation between the reaction velocity of catalytic dehy- 
drogenation and the rate of passage of alcohol vapour over the 
catalyst has been found by experiment. At low rates of flow the 
concentration of the aldehyde and hydrogen in the effluent gas, and 
therefore over the catalyst, 1s comparable with that of the 
reactant. The whole of the surface is thus not covered with the 
reactant, and the adsorbed reaction products cause marked decrease 
in the reaction velocity. 

When the concentration of the reaction products becomes 
sufficiently small, that is, when the rate of passage of the alcohol 
vapour exceeds some limit, the velocity is approximately indepen- 
dent of the rate of flow of reactant. With very high speeds the 
reaction velocity tends to fall again, but this is probably due te 
the difficulty of keeping the temperature of the catalyst constant. 

The formula previously deduced connecting the partial pressure 
of the reactant in a mixture with the fractional reaction velocity 
has been verified for mixtures of alcohol vapour with water, acetone 
and benzene; and the composition of the adsorbed gas film with 
the fractional partial pressure of the gases for mixtures of carbon 
monoxide with oxygen on platinum. 

The effect of mixture of vapours on the temperature coefficient 
of reaction is considered, and equations deduced to show the 
alteration produced. If the heat of desorption of the reactant is 
greater than that of the diluent, then the temperature coefficient is 
diminished, if they are equal there is no alteration, and if less the 
temperature coefficient is increased. Experiments show that water 
present in alcohol has little effect on the temperature coefficient 
of the reaction. 
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A mathematical theory of Natural and Artificial Selection. 
Part IV. By Mr J. B. S. Hatpang, Trinity College. 


[Received 11 November, read 22 November 1926.] 


In such organisms as annual plants, in which successive gene- 
rations do not overlap, the composition of the n+ 1th generation 
can be calculated from that of the nth, and the resulting finite 
difference equation investigated. Where generations overlap we 
may obtain a similar relation between the compositions of the 
population at times ¢ and ¢’, but the finite difference equation is 
now represented by an integral equation. This fact was first 
pointed out in 1910 by Mr H. T. J. Norton of Trinity College. 
At a much later date I arrived at the same conclusion, and - 
Mr Norton showed me his results in 1922, stating that he would 

ublish them shortly. He has been prevented from doing so by 
illness, and, although I believe that all the results here given were 
reached by me independently, there can be no question that 
Mr Norton had obtained many of them previously, and had treated 
the problem rigorously, which I have not done. 

‘The only case considered here is the very simple one in which the 
intensity of selection is independent of the size of the population. 
A preliminary lemma will first be discussed. 


The growth of a population. 


If the death-rate and birth-rate of a population are not func- 
tions of its density, its number at any time may be calculated as 
follows : 

Let N (t) be the number at time t. Only the female sex need 

be considered if the sexes are separate. 

S(x) be the probability of an individual surviving to the 
age x. 

U0 À ôt be the number of individuals produced between 

times ¢ and ¢ + ôt. | 

K (x) 8x be the probability of an individual between the 
ages x and x+ òr producing one (female) offspring. All 
individuals of this age, both alive and dead, are con- 
sidered, so that if P(x) be the corresponding function 

_ for living individuals only, K (x)= S (<) P (x). Then 


N (t)= | l U (t— x) S (2) da 


U (t) = f| Ut-a) K (w)de| 


40—-2 
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Instead of infinity any upper limit exceeding the maximum 
life of the organism may be taken. Equation (1:0) has been con- 
sidered by Herglotz*. Let U (t)= ce”. Then 


f eK ()de=1, or ["e=K(@)=1. ee (1°1), 
0 0 


where a is sufficiently large. Since K (x) is always real and zero 
or positive, the above integral is a monotone function of g whens 
is real, and can have any real positive value. Hence it has one 
and only one real root for z, say a. The complex roots clearly 
occur in pairs a, + 8,. Then 


f e~z K (2) da >f e- er +82 K (a) da 
0 0 


=]. 
Therefore A, < 


If any two functions of ¢ are solutions of (1-0) so is their sum. 
Therefore 


U (t) =a,e™ + S a,c cos By (t mal 
; r=1 


N (t) = cer" + S c-e" cos 8, (t — d,) 
r=1 


In general there will be an infinite number of terms. The 
values of a, and b,, and hence of c, and d,, depend on the initial 
conditions. Where multiple roots occur there will be periodic 
terms including powers of ¢ as factors. Since a,< œ, all the 
periodic terms become negligible compared with the first after the 
lapse of a sufficient time. That is to say, oscillations of the popu- 
lation about an exponential function of the time are either damped 
or at least increase less rapidly than the population itself. In 


particular, if J K (x)dæx=1,so that the population is in equilibrium, 
0 


oscillations are damped and the equilibrium is stable. We are 
therefore justified in neglecting periodic terms in the solution of 
equations which only differ by small terms from (1:0), and which 
occur in the subsequent analysis. It 1s proposed to discuss the 
stability of the equilibrium when S(z) and K (x) depend on the 
number of the population in a subsequent paper. 

Incidentally, if C (a) 6x be the probability of any member of 
the population being between the ages x and « + ôr, then 


U (t= 2) 8 (x) 
N (t) . 
* Herglotz, Math. Ann. 65, p. 87. 


C (x)= 
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Hence, when oscillations have died down, 
e 7S (x) 


C (£)= ze — : 
| ; e~“ S (x) dx 


This constitutes a new proof of Lotka’s* theorem on the 
stability of the normal age distribution. 


Selection of an autosomal factor. 


Consider a population consisting, at time t, of D (t) female 
zygotes possessing a dominant factor A, R (t) female recessives. 
The sex-ratio at birth is taken as fixed. 

Let F(t) & be the number of fertile A ova produced between 

times ¢ and ¢ + ôt. 

f(t) òt be the number of fertile a ova produced between 
times ¢ and t + ôt. 

M (t) ôt be the number of A spermatozoa produced between 
times ¢ and ¢ + ôt. 

m (t) ôt be the number of a spermatozoa produced between 
times ¢ and t + ôt. 

N(x) be the probability of a female dominant reaching 
the age z. 

s(x) be the probability of a female recessive reaching the 
age z. 

K (x) 8x be the probability of a female dominant (alive or 
dead, as above) producing a female offspring between the 
ages x and x + dz. 

[K (z)—k(a)]éx be the same probability for a female 
recessive. 

L(x) dx be the same probability for a male dominant. 

[Z (x) —1(x)] òx be the same probability for a male reces- 


sive. 


S= f Sioda, s= | s(o)da 
K=[ K(2)de, K'= Í =K (2)de, O 


L=| L (x) dz, F=f cL (2) de, [=| L(x) dx. 
0 0 0 


In general the functions S(z), s(x), K(x), etc, will not be 
functions of age alone, but of D(t), R(t), ete. We make the 
assuinption however that selection and population growth are 
proceeding so slowly that k(x) and l (x), and K —1 are small, and 
S (az), etc., do not vary appreciably in the course of a generation. 


* Lotka, Proc. Nat. Ac. Sci. 8, p. 339, 1922. 
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If mating be at random, the rates of production of the three 
female phenotypes at time t are 
aa, FOMO 4, FOmH+SOMO, 9 SOMO 
M (t) + m (t) M (t) + m (t) M (t) +m (t) 
: The group aged z at time ¢ was hatched or born at time # — z. 
Therefore 
; = QF (t-2) M (t-2x)+F (t-xr)m(t-2)+f(t-—2x) M(t-.2) 
a ae ee 
f=} N F(t-2z)m(t-—z)+f(t—z) M(t-27)+2f(t- 2) m(t-z) 


0 M(t- ) 4-m (t -- x) le) 
(= f(t- zx)m (t-z) k(x) dr 
Mi= f Eea M (t-2)+F (t—2z)m(t-—27)4+f(t-2) M(t-2) 
0 M (t—2x)+m (¢- zx) 
moms f, cn ED bam ce 
_ [Pf (t-2) m(t- 27) U(r) dr 
o Al (¢—2xz)+m (t-2) 


.. (2 0. 
L (x) dz 


Since selection and population growth are slow, we may put 

F (t— x)= F (t)— xF’ ít), ete, M(t)=AF(t), m(t) =Af (t), all to 

the first order of small quantities. Hence, to this degree of 

approximation, 
soin  AK[F (t)+f(t)]M (t) RK'LF’ (N) +f NIM (ti 

MOTRA a M(t) + am qt) = M (t) + me (t) 

A K'UF (th +f (t)] M! (t) m (t) - M (t) m (t) 

[AL (t) +m (¢)}? 


-3 K'F' (9 


AK[F (t) +f (t)] M (t) 


Sait ne amg A 
f= Kf + EO 50 - pe 
M(t)=4LF(t)+ een ee -LF (t) 
m(t)= pro t AOLO ir o- E, 


all approximately. Therefore 


n eee ar rT 
me [Lr (9 = 2L'F()~ ra Os JHW p(t) + Obs (t) - 2L f (t)—- SLE 


M vay 2EE (OTR (NEF (t 
L[2QF (t) +J (t)) mit tle gee a A, 


M (t) OL (OTE (D+F ())_ 
ay tEF (t) +20 (t) ae nl 2If (t) 


Lf (t) 
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pproximately, 
F(t) ALR WS’ (Q- FOF) | TRO TAP 
Se) LF (t) +f (0) LF (t+ (OP 


pproximately, by solving the quadratic. Therefore 
e KR (yp LOE OK PO OT EAN 
a aa L [F (t) +s ()] * LIF (9 +S 0F 
(K -U fs (t)- K’S’ ap EOF OE OO. EOLO. SU | 


LIFO Lro Fas @ | 
E (2'1). 
If u (t) = F (Hf, 
d _ (+ kL) u(t) 
dt u (t) = Œ +K Dl +u] cece erecenne (2 2). 
ee ; e C+kL , . 
This is equivalent to equation (2'1) of Part I*, LIKI being 


the coefficient of selection. In general this quantity is not inde- 
pendent of t, hence the equation cannot be integrated, but if its 
upper and lower limits are known, the march of the composition of 
the population can be roughly calculated from equation (2'3) of 
Part I. If, however, the population is very nearly in equilibrium, 
and either dominants or recessives are very rare, more accurate 
results are possible. 

When recessives are rare, F (x) is large and equal to a constant 
F, D(z) being also large and equal to a constant N. K=1, and 
F” (t) is negligible, while f (t) is small. Therefore 


K'f' OEF wa e ö 


(L’+ K'L)F 
(L+ kL)(t- i) 


where t is an integration constant. But 


and f(t) = 


N=D(t)= | Ft-2)S(2)de= FS, 


aof e Onn 
F(t—x)+f(t—a2) (L+kLy(t—t) 

(L + K'LYsN 

(TELESC — ty eee ee ee ee ee 


Hence selection proceeds at the same rate as when generations 
are separate, with a selection coefficient equal to 


ł 
(virt) GG) 


* Haldane, Trans. Camb. Phil. Soc. 23, p. 19, 1924. 


Rit)= 
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When dominants are rare, f(x) is large and equal to a constant 
f. K=1 +k, and F(z) is small. Therefore 


ae ee 
(e+ 7)FO+(K +7)F (t)=0, 
(L+ kL) (e-t) 
F(t)=e L'+ K’'L 


where c is a constant of integration. Therefore 


Di)=|_2F (t-2)S(a)de= 2SF (t) 


(L+ kL) (ty - t) 

Ge Ey datcealipceuensantananenen: (2:4), 
where ¢, is an arbitrary constant. Selection therefore proceeds as 
when generations are separate, but with a selection coefficient 

eee 
U+k’L 
When the death rates and fertility rates are the same in the 
two sexes, or in a hermaphrodite species, we have in general, 


ku (t) 


d | 
a (t) = Kia TEE (2:5). 
when recessives are rare, 
K”sN 
R (t) = Boda EAE (2:6), 
when dominants are rare, 
k (to - t) 
Dose T sapenni (2:7) 


Now k has approximately the same meaning as when genera- 
tions are separate, provided K =1. Hence the two cases become 
comparable if we choose our unit of time, or “ generation,” so as to 


30 


make K’ or | xK (x) dx =1, as in the calculations of Dublin and 
0 


Lotka* on the rate of increase of a population. In each case, if 
functions analogous to S(x), s(x) are known for the males, their 
numbers can be calculated. 


* Dublin and Lotka, Journ. Amer. Stat. Assoc. 1925, p. 306. 
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Selection of a sex-linked factor. 


Here, using the same notation as above, we find 


L'[F (t) f’ (tv) - F’ IF 
K-1)F()-K'F’ ga EEO EO OO o | r 
...(3°1) 


payor) ee RUS ()P _ 


2L[F(1)+J (t)] FOSO 
In general, if u= F (DIF, 
, , d _ 2kLu (t) , 
(L +2K L) p O="O+tT Fut) MEEA (3:2), 


an equation analogous to (2'0) of Part III *. 
hen recessives are rare, 


wrrnf Aryo O o, 
where F is the birth-rate of dominants. Three cases occur: 
(a) If kL is negligible compared with LN, which will be the 


case if selection is of the same order of intensity in the two sexes, 


or more intense among males, then 
U(ty- 9 


PD) se BRE i ceceeee (3°31). 


The number of recessive males is proportional to f (t), of recessive 
females to its square. 


(b) If kL is of the same order of magnitude as LF, then 
I (ty - t) 
PALS (t) rs ann 
2k Lf (t) +lF Gar set EEEN (3 32). 


Hence if V, v are quantities corresponding to S, s for the male 
sex, the proportion of recessive males 1s 


ly 


L(t — t) , 
LV (TFT 2 1) 


of recessive females 
. Ps 


U(t- to) 
4k? £28 E BAN n i) 
* Haldane, Proc. Camb. Phil. Soc. 23, p. 363, 1926. 
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(c) If kL is much larger than IF, i.e. selection is confined te 
females, then 
en _(2K’L + L') F = 
J (t) =e L (t — t) ee (3 Oo). 


Hence the proportion of recessive males is 


(L'+2K'L)v 

2k LV (t — t)’ 

(L’ + 2K’L)*s 

Ak LS (t — ty)? 

-= When dominants are rare, 
(1+ 2kL) (t — ta) 
F(t)=e PHELL cece. (3:4). 
The number of male dominants is proportional to F (t), that ot 

females being double that of males. 


When the intensity of selection is equal in both sexes, these 
equations simplify to 


of recessive females 


d ku (t) [3 + u (t) 
n” (t) = ME Set ee re rere (3°5) 
k(t, - t) 
FD Se: 2. ree R (3'6), 
k (ta— t) | 
VE A E E E vest (37), 


analogous to equation (7'2) of Part I. 


ie 


DISCUSSION. 


The most satisfactory table of K (x) known to me is that given 
by Dublin and Lotka* for certain American women. Here the 


population is growing, and AK = 1:17, while o the length ofa | 
“generation,” is 28°45 years. No satisfactory values of k are known i 
in the present state of genetics, though the data on mice discussed 
in Part I suggest that here k = 04 approximately. In man mating 
is highly assortative for age, and the above formulae cannot be 
applied. Moreover, a change in the coefficient of correlation 
between the ages of spouses would undoubtedly affect the values 
of K (x), etc., if other conditions remained equal. Thus old men 


would beget more children if they were more likely to have young | 


. * Dublin and Lotka, loc. cit. 
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s wives. It is thus impossible to calculate the effect of this corre- 
lation on selection. But a consideration of the extreme case when 
the age of the wife fixes that of the husband makes it clear that 

= selection must follow equations of the type here arrived at, with 
changes in the parameters only. 


SUMMARY. 


Expressions are found for the progress of slow selection in a 
Mendelian population where generations overlap. The changes 
are very similar to those which occur when generations are 
separate. 


PROCEEDINGS 


Cambridge Philosophical Society. 


-= What determines the Resistance and the Tilt of an Aeroplane? 
3y Sir JOSEPH LARMOR, Lucasian Professor. 


[Reaud 31 January, received 1 February 1927.] 


It is recognized that the main hope for advance in a rational 
theory of aeroplane propulsion lies in extensive use of the general 
principle of conservation of resultant momentum, even more than 
on considerations of energy; for energy can be dissipated by friction, 
while the relation of momentum to force is absolute. 

For a field of vortices in unlimited fluid, without solid boundaries, 
remarkable general kinematical expressions for resultant hydro- 
dynamic linear momentum (P, Q, R) and angular momentum 
(L, M, N) with respect to a selected origin, and for the kinetic 
energy (T), the former pair involving the distribution of vorticity 
(E, n, č) alone, were given long ago by J. J. Thomson in an Adams 
Prize Essay on Vortex Motion (1883, pp. 5-8). They appear, at 
any rate on first view, to be precisely adaptable to application of 
the kind above indicated: and they have the advantage moreover 
of being in three dimensions, dispensing to some degree with the 
usual limitation of theoretical discussions to plane motions. 

The formulae will now be quoted *. They are of types, 67 being an 
element of volume, and there being either no boundaries or else the 
suitable vortex sheets spread over thesurfaces of the immersed solids, 

P=p f{(y§—2n) dr, L=—p f(y +2) § dr, 
T = 2p fiu(yf—2n) + v(z& — 20) + w(an — yë) dr. 

It is easier to verify these results than to discover them: in so 
doing we shall extend them so as to apply to a part of the field of 
motion instead of the whole. Thus, on substituting + 

l ðw dv ðu ðw dv ðu 

(6.7 S)= 5 Gy 02 02 x’ Ox a) 
and integrating by parts, with some easy reduction, we obtain for 
these integrals taken over any bounded region of fluid, itself of any 
viscous quality, regular or not if only it be of constant uniform 
density, the values 
P = 4p f(— yum — zun + yol + zwl)dS + f pudr, 
L = — $p f(wm — vn) (y? + 2°) dS + fp (yw — zv) dr, 
T = $p [2 [(lu + mv + uw) (au + yv + zw) 

— (læ + my +nz)(w + + w*)} dS + f4p (+ v? + w*) dr. 

* The sign of (L, M, N) has been reversed. 

+ The factor 4 in this definition identifies vorticity with differential rotation. 


The formulae imply that the velocity falls off towards infinity owing to all the 
vortical sources being at finite distance. 
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The second terms in these values of the integrals P, L, T are, 
as anticipated, the momenta and the energy in the region, the first 
terms being surface integrals over its boundary, which is supposed 
simply connected unless the motion is acyclic. 

or any region of the fluid the content as regards momentum- 
components and energy, which will be denoted for it by accented 
letters, are thus given in terms of the volume integrals P, L, 7. 
expressed above, and of boundary integrals as transferred across t4 
the other sides of these equations. The boundary integrals do not 
contribute practically towards the forces, as they merely fluctuate 
am steady motion. Indeed if the boundaries are fixed, the surface 
integral in the rotational momentum round the origin, in the 
present form, vanishes. The essential vector character of local 
momentum may be brought out by a slightly modified formulation 
of the result. We have, for any region, now in explicit invariant 
form, ™ being 2?+y?+2%, U denoting velocity, Un and U, its 
component transverse to the boundary and along r, and the bracket 
laai E a scalar product, the momentum and energy 


P' =p f(yf—2n)dr+4pf{uljrdS| —|Ur| ldS}, 
L =- pf(a? + y? 4+ 2) Edr +p fre(aum — rn) dS, 
T’=-—pf\«y z idr—pfU,U,rdS+ pf U?\rds , 
uv w 
Eng 


when vorticity is defined as velocity of spin, as above. It thus 
appears that the resultant translatory momentum is the same as 
would be derived from endowing each element of fluid with an 
ideal translatory momentum equal per unit mass to the moment 
of its vorticity round the origin; this part for the whole field of 
motion involves no resultant torque round the origin, but it is 
supplemented by a moment of momentum with ideal contribution 
from each element equal per unit mass to its vorticity multiplied 
by the square of its distance. The significant feature is that only 
the vortical regions of the field of fluid motion, the current whirls, are 
involved in these expressions. The kinetic energy would be derived 
similarly by taking trom each vortical part of the motion an ideal 
contribution equal per unit mass to the determinantal product of 
the distance, the velocity, and the vorticity. 

For instance, a straight endless horizontal vortex of strength $ 
would have a lifting force per unit length pav, where v isits horizontal 
velocity, which is transferred to distance 2v from the origin by the 
accompanying torque, a statement which acquires sense when there 
are compensating return vortices. For an aerofoil, as will appear. 
the completion is by a return sheet of vortices above. 
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These formulae are moreover of universal a pane being 


merely kinematical transformations of the actual distributions of 


momentum and energy*. The governing dynamical feature that 
makes them useful now enters in the circumstance that, outside 
an enclosing boundary far enough away from the local irregular 
motions near an aeroplane, the movement of the air may be taken 
to be on the whole differentially irrotational, any rotational character, 
such as alone enters into the integrals expressing the momentum, 
being restricted in the main to the substance of vortex rings 
associated with the wake that it leaves behindt. It may be noted 
that the momenta provide an ideal means of descriptive dynamical 
exploration, as the contributions from different sources are T 
superposable. The confused momentum inside the interface, wit 
which fortunately we are not directly concerned, as it is steady, 
would have to include terms involving the slip-surface or vortex 
sheet over the boundaries of the solids. 

The genesis of these vortices shed off from the moving body, 
as red to the development of unstable surfaces of slip in the 
fluid, was explored by Helmholtz himself, the great discoverer of 
the laws of vortex motion, was then developed by Kirchhoff, Kelvin, 
Rayleigh, and has been improved into a general analytic method 
by J. H. Michell, Love, Lamb and others. The relation of this slip- 
theory, so far as it may be accepted, to the phenomena of resistance 
and support is intimate and fundamental, especially when it is 
recognized as here that the interchanges of momentum in the field 
of fluid motion may be associated wholly with the trail of vortex 
whirls that are shed away from the propelled machine [or carried 
along with it]. 

Let us suppose that a body like an aerofoil, with a blunt front 
and rather sharply curved trailing 
edge, 1s travelling through air, or, 
more conveniently for the present 
argument, is anchored as in the 
diagram in a stream of air. The 
problem set by Helmholtz was to 
determine a mode of flow, of type 
suggested by observation as infra, 
involving a sheet of slip as indicated soar 
in the diagram, such as would ease Fig. 1. 
off the infinities at sharp edges that 
occur in the continuous theoretical solutions for motion of frictionless 
fluid. Such a sheet of slip does in actual flow arise, but is soon broken 
up as it has obviously no stability: it is constantly being renewed 


* Applied to a solid of density pọ moving in water of density p, the integrations 
would naturally be taken over all space, at the constant density p, leaving over 
a separate momentum of the solid at reduced (Archimedean) density po- p. 

[t or carries with it in renewed circulation, as infru at end.] 


——_ > UV 


WwW, 
=’ 


- 
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close to the edge, but as the fluid moves away carrying it along, 
with blurring by diffusion, increasing corrugation of the unstable 
form breaks the sheet of slip into isolated fragments; these, having 
thus acquired the status of very flat independent vortices, soon 
shrink each of them into the stable circular form of cross-section. 
This course of events is presumably what is meant by the phrase 
used by Helmholtz and his successors, that a surface of slip ‘curls 
up’ into a row of vortices *. 

It was the practical study of vortices, recognized obviously, in 
advance of theory, as for some dynamical reason a sub-permanent 
feature in actual fluid motion, that led Helmholtz into one of the 
most brilliant chapters in modern theoretical physics. His original 
problem was the slip-sheets of the air-jet, ultimately breaking into 
vortices, formed at the lip of a blown organ-pipe, which by their 
rhythmic succession establish and also maintain regular air-vibra- 
tions with periods that are imposed within the pipe itself: thus 
leas outside the acoustic application, an arresting natural 

ynamical model for general physical rhythm, even possibly quan- 
tified, whose potentialities are still far from being exhausted. 
Helmholtz traced the initiation of vortices in fluid to actual surfaces 
of slip. But such sharp slip, if it really occurs, being a clean tear 
in the fluid, stands itself even more in need of elucidation. Lord 
Kelvin at one time ascribed abrupt slip to an initial cavitation + 
where the fluid flows round a sharp bend with resulting high local 
speed and thus greatly diminished pressure: such a cavity, drawn 
out presumably along the flow and continually renewed, would on 
ultimately closing down provide an adequate cause, initially at any 
rate, for a sheet of perfect slip. Long after that time, the occurrence 
of cavitation, leading perhaps by its degradation through such slip- 
sheets to local whirl of the fluid as a whole along with the screw, 
imposed conspicuous speed-limits on some of Sir Charles Parsons’ 
practical problems of propulsion by means of turbines. 

Circuits made up of the same particles of fluid remain ordinarily 


* More generally, familiar observation appears to indicate that laminar motion, 
in a layer that would be unstable by the Rayleigh rule, would be stabilized by 
inserting in it a row of vortices: cf. a theoretical note by Kelvin, Scientific Papers, 
Iv, p. 186. 

t Scientific Papers, vol. 1v, Hydrodynamics; a playful epistolary controversy 
between Stokes and Kelvin on the possibility of slip of the Helmholtz type is there 
abstracted. The force of the explanation by cavitation is substantially reduced for 
the case of gases such as air. It is also asserted from observation that vortices 
break right off from the back of the edge. 

Incipient cavitations, continually collapsing against the wing itself, might very 
well maintain an irrotational circulation round it. The loads actually sustained are 
astonishing. In any case the momentum criterion involves that a free wing has to 
adjust its tilt so that the double vortex sheet left behind it is at its source of small 
breadth and so of slight account. 

Eddy resistance, in relation to fineness of lines in the rear, was considered 
by Stokes as early as 1843: cf. Collected Papers, vol. 1, pp. 53, 99, 311.. 
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complete: no vortex filaments can cut across them, and the circula- 
tions in them remain unchanged whether they traverse vortices or 
not. The cavitation is what opens a breach in such circuits, per- 
mitting shp which becomes vortex motion to pass across, thus 
introducing abrupt change into their circulations. 

This local discontinuity from velocity v, to v, in crossing the 
slip-surface, which after travelling a short distance thus breaks up 
into whirls, must establish circulation in the smooth irrotational 
flow of the fluid as a whole around the front parts of the initiating 
body. For the velocity of relative slip is a discontinuity in the 
value of the tangential gradient of the velocity potential of smooth 
flow, arising in crossing the sheet: therefore, owing to accumula- 
tion of gradient along the shect, that potential is itself finitely 
discontinuous in crossing the slip: and the line integral of its 
gradient in a path around the body, that is, the circulation, as 
Kelvin named it, instead of being null, as it would be in a complete 
circuit if the potential were acyclic and so came back to its initial 
value, represents a cyclic flow determined mainly, as a problem of 
irrotational motion of a different and discontinuous type, as set by 
Helmholtz, by the general shape of the body, except in the parts 
close to the slip-surtace, where the circulation could be imagined 
as adjusted for adjacent paths by superposed local disturbance not 
much affecting the motion at a distance. 

The recognition and analysis of this secondary circulation round 
the body has, as appears, been utilized by Lanchester, Prandtl and 
others, as a practical mode of exploring the character of the sup- 
porting pressure on acrofoils, this being greatest underneath, where 
in the relative steady problem velocity of the fluid as held back 
by the circulation is least. It presents itself as additional to 
direct exploration in detail of the effect of the vortex wake: the 
wake-effect being itself transmitted as in solutions of the Helmholtz 
slip-problem into a definite modification of the frontal motion with 
consequent change of pressure along the wing, which may be smooth 
enough over the greater part of the surface for treatment by 
standard hydrodynamic methods. 

In the analytical solutions of the slip-problem, it appears that 
abruptness of change in the motion near the sharp edge might 
still remain excessive, notwithstanding easing by the sheet of slip; 
if that were so it would even prevent smooth formation of any such 
sheet. The conditions determining the slip-surface have therefore 
recently, as it appears, been restricted further by Joukowski, by 
the postulate that near the edge the velocity is to keep within 
practicable bounds suitable for unbroken flow, or in the abstract 
tnathematical formulation is to remain finite. And this mode of 
fixing the value of the secondary circulation round the body seems 
to have had practical application. 
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But from our present point of view the formula for (L’, .W’, N^, 
which determines the rotational momentum coming within a regicn, 
appears to intervene. Referring to the centre of mass of thr 
aeroplane as origin of coordinates, each vortex in crossing our 
arbitrary boundary separating the turbulent motion near the aerv- 
plane from the more steady flow outside, carries away momentuu: 
from the system inside; and the formula shows that the momen: 
of such momentum continually increases as the vortex recedes fron 
the origin by a factor 7°, unless a proper balance of vorticity positive 
and negative is established. Such continued abstraction of momen: 
of momentum, from the inner turbulent system around the aero- 
plane, would have its reaction on it in the form of a torque increasing 
as r and tending to rotate the aerofoil. But all the vortices formed 


along the same slip-trail have the same direction of spin, that of 


the vortex-sheet from which they are developed: they would thus 


provide torques all conspiring together, so that the aeroplane, it 


free, would at once turn round by reaction and adjust its presentation 
to the stream so as to get rid of their torque,—or more precisely. 
so as to obtain equilibrium between the pull of the screw, the 
weight of the aeroplane and the lift-force and the drag of the wake. 

The conclusion appears to be involved, that an aerofoil free to 
alter its tilt and speed cannot originate permanently a single trail 
of vortices, for that would produce mainly a torque to turn it round. 
It must produce a double trail, one sheet starting, as actually 
appears, from near the edge, the other from the back surface of the 
foil in its neighbourhood, ‘dead water’ being more or less fully 
developed between these trails with their two sheets of vortices 
thus spinning in opposite directions. As the speed of the aeroplane 
is altered, the pull of this wake would thus have to adjnst itself by 
change of tilt into a single force passing through the intersection 
of the pull of the screw and the line of weight of the machine, 
which might then be taken for origin in the formulae. 

The condition that determines the tilt is that the two sheets 
of vortices should cancel each other as regards moment of momentum 
about this point of intersection ; which requires that the aggregates 
of their strengths should be everywhere nearly equal and opposed 
in order to annul L. This consideration of L null would be the 
criterion fixing the value of the secondary circulation of the 
Lanchester-Prandtl discussions: the slips on the sheets would not 
be exactly equal and opposite, else it would vanish*. It would 
appear, on the present view, in case the opposite vortices in the 
two sheets were not far from being equal and opposite, that at 
first at any rate they should be about equidistant in pairs from 


* Recent experiments by Bénard, reported in Comptes Rendus, seem to show 
that regular spacing on the two sheets, which simplifies the Karman mathematical 
theory by making the motion steady, is not essential for stability of the vortex trail. 
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the centre of mass of the aeroplane, and therefore situated some 
way above it. If the conjugate straight vortices are thus imagined 
as bracketed in pairs, in the order of their origination, each pair 
if of exactly opposite strengths would be analogous to one elongated 
vortex ring: indeed the vorticity must actually curl round at the 
ends like a flattened ring. The momentum of a ring is trans- 
verse to its plane and acts at its centre of form: as being 
above the mass-centre of the machine it must here be downwards 
in order that the lifting reaction may be upwards. This is consistent 
with two sheets of vortices alternately spaced, each edge vortex 
below, with its determined direction of spin conditioned by the 
edge trending downward, being regarded as associated with a next 
following shoulder vortex. Vortices of opposite spin tend to attract 
each other. Friction in the wake will waste energy, but cannot 
alter momentum as a whole. 

The relevant considerations may thus be presented on a less 
abstract basis by formulating the momentum associated with a 
single isolated thin vortex ring. If a is the total strength integrated 
over its small cross-section, which is necessarily constant along 
its circuit, the formula for the momentum (P,Q, R) of its field 
reduces to a line integration round its circuit, of type 


P = pæ f(ydz — zdy): 


thus the component of the momentum in any direction, is pw 
multiplied by twice the projection of the aperture of the ring on a 
plane transverse to that direction. 

It may be remarked that, on these principles, a Karman double 
trail of straight vortices, completed into elongated rings, each 
of strength w, spread alternately at intervals a on each of the 
sheets whose distance apart is h, N conjugate pairs being emitted 
per unit time, ought to exert per unit breadth a lifting force paw N, 
a drag 2phaN and a torque pæN |r?—r”|, where the last factor 
is the difference between the initial and the ultimate values of the 
difference of squares of their distances from the selected origin. 
They carry away energy 4phw Nv per unit time, which would give 
a drag twice too great, were it not that their own velocity v is 
only half of Na on account of the dead water between them. 

The resultant momentum associated with a vortex ring is in 
direction such that the projected area A on a plane transverse to 
it is maximum, and is equal to 2paA: the ring-system must travel 
along this direction. 

The resultant associated momentum for any travelling vortical 
system however complex must be expressible canonically as a 
linear momentum A round a definite central axis and a moment 
of momentum T, or angular momentum in the terminology intro- 
duced by Thomson and Tait, around that axis. 
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When a single vortex is isolated, it settles into circular foru. 
and this central axis must be transverse to its plane through its 
centre. Then A is 29a, where A is the area of the circle, while F 
must be by symmetry null. If however the vortex is a compound 
one, for example, of the type made up of vortex filaments interlaced 
loosely in spirals, wound round each other like a rope but without 
contact, after the manner of vortex-atom models long ago investi- 
gated by J. J. Thomson, the stranding may be dextral or laeval, 
and I can exist. 

Any such complicated interlaced vortex system must have a 
central screw-axis of momentum. Its system of momentum must 
be conserved as its form travels through the fluid, either with 
vacuous core or with a core of fluid convected along with it; there- 
fore it must settle down to travel along a straight line, this central 
screw-axIs. 

When a travelling group of vortices becomes obliterated by 
viscosity, its momentum survives. The expression for angular 
momentum, as it involves a factor 7? yet cannot increase indefinitely, 
requires that for an isolated group 


p fdr (&,n, ) =0, 


so that the resultant of the component vorticities in any direction 
is null, as is readily verifiable. It shows also that for a point on 
the axis of the momentum-torque the components of (E, n, Y) in a 
plane transverse to the axis each multiplied by the square of its 
distance from the axis must have null vector resultant: thus 
revealing the locality of the axis of progress by inspection as a 
sort of central line of the system. 

These considerations may perhaps be further illustrated by the 
case of a full-shaped body like a symmetrical air-ship regarded as 
throwing off from its rearward shoulders a succession of ring- 
vortices, now situated on a single conical sheet, and also minor 
secondary vortices from edges: ‘the motion would settle down so 
that this system of vortices travels along their resultant axis, which 
is nearly that of the body. From this descriptive point of view a 
rudder deflects the travelling body by a process which may be 
regarded as the sending away of a stream of vortices from its edges, 
abstracting momentum in an asymmetric manner which involves 
a reacting torque on the body including the steady turbulence 
around it. When the rudder is released the system settles back into 
the configuration and mode of progress which preserve unaltered 
the main regular momentum, unless indeed the body has been 
deflected so far that it swings away towards a new position of 
stability. Thus any free unsteered body, immersed in water or air, 
turns flatways to the stream: for bodies such as air-ships, the further 
classical theory for steering which operates by arresting the be- 
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espns of such cumulating instability, as constructed by G. H. 
ryan in the early days of aviation, has all along been in full 
practical application. 

The momenta associated immediately with the nearly straight 
linear elements of a vortex ring are mainly angular momenta 
around them; but for the complete ring they counteract, and for 
symmetric forms cancel out. The integrations by parts, by which 
ruomentum actually belonging to the inertia of the fluid in 
the field is attached formally to the vortices, have rearranged 
its location artificially in the general formulae with which we 
began. 

An ideal flattened air-ship with smooth contours, a long aero- 
foil however being hardly included even as a limit, may perhaps 
in suitable conditions be conceived to throw off elliptic vortex 
rings from its shoulders, which would oscillate through the circular 
form as they recede and finally rest in that form by virtue of 
steadying influence of frictional agencies. In no case can a train 
of rings continue to be shed off obliquely to the motion of the 
stream, because their axes of momentum, being then inclined to 
the wake, would acquire greater and greater moment with respect 
to the source as they recede from it. 

The motion of a flat body transversely through fluid can also 
with careful initiation take a different form, sometimes apparently 
smooth and stable without much wake, by its acquiring a thick 
vortex ring following close behind it which eases off the motion 
round the convexities of its surface. 

From the present point of view it becomes more obvious that 
the support of a banked aeroplane is transverse to the wings, and 
thus oblique and so adapted to counteract the centrifugal reaction 
to 1ts motion 1N a curve. 

The mathematical theory of the interaction of a set of vortex 
rings travelling along a common straight axis, as developed first 
by Kirchhoff, gives another illustration of this descriptive mode of 
analysis by momentum. The total momentum must be conserved; 
and now also the energy, as there is in this ideal problem supposed 
to be no turbulence to accelerate its dissipation. If the vortices 
are thin rings, the one of strength w, having radius r, and velocity 
va, these conditions lead by the initial formulae to two relations, 
sustained as these quantities r, v change during the motion, namely 


2P Tn Tr = Mo, constant, 4oXa,77,20, = T,, constant. 


For two vortex rings, continually threading one another, they 
suffice as is familiar to determine the more prominent features of 
the motion. 

The present order of ideas, to be of utility in practical aero- 
nautics, would have to imply that, as regards aggregate momentum, 
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the turbulent unanalyzable wake of the aerofoil can be neglected 
in comparison with its explorable large-scale vortex motion. The 
turbulence is itself mainly irregular vorticity on a minute scale. 
quickly dissipated by internal friction, and perhaps involving 
negligible resultant momentum. If so, the steady dynamics of the 
system, propelled in air, could in theory be formulated in terms of 
estimation of the momentum it thus leaves behind; but how far 
that plan can be carried into practice, and the principle so become 
an observational aid to design, must be a matter for the domain of 
experience, in which doubtless extensive stores of technical informa- 
tion have already been garnered. 

Postscript.—This note, perhaps too venturesome, has been 
drawn up by the light of nature, aided at the end by hints gained 
from H. Glauert’s recent book on Aerofowl and Atrscrew Theory. 
Since it was completed the writer has been able to inspect two 
memoirs in Phil. Trans. 1925, tracing the flow round aerofoil 
models, by L. W. Bryant and D. H. Williams and by A. Fage and 
L. F. G. Simmons, which contain a mass of interesting experimental 
plottings and verifications, that only familiarity with the subject 
could render assimilable in a short time, supported in part bv 
reference to a large and inaccessible technical literature. It is 
however here relevant to explore the dynamics of the relation of 
the presumed definite circulation round the machine to the lift, 
which can be done on lines indicated in an appendix to one of 
the memoirs by G. I. Taylor. If the axis of z 1s taken vertically 


upward, the rate of change of the vertical momentum content. of 


the aeroplane and the region surrounding it 1s, when the direction 
(l,m, n) of the normal to the element of the interface 6S is measured 
inwards, and p represents the fluid-pressure, 


Z={pndS +p f(lu+ mv+nw)wdS 
=/(pt+ tpvel?)ndS + pf luw + mow + tn (w?— w — v) dS. 


We have here to consider the relative problem of the aeroplane at 
rest within this fixed boundary and the air flowing through, in 
order to get steady conditions in which no momentum is used up 
in changing the motion of the air within the interface, so that Z 
may be wholly supporting force. Replacing u by U +w where U 
is the reversed speed of the aeroplane and (w, v, w) expresses the 
actual motion of the air, the second term in Z, say of form f(u, v, w) 
reduces to 


— tpl? fndS+pU s(lw—nw) dS + fu’, v, w). 
Of this the first term, only however when it has been integrated 
all over the complete interface, contributes nothing. The second 


term is pUC' per unit length along the foil, where C is the circulation 
round the cross-section of the bouudary interface: it applies for the 


9 
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middle part of the motion, where it is practically plane; also more 
roughly elsewhere except at the ends, because the circulation is 
nearly equal to its projection on the central plane; while beyond 
the ends the circulation falls away to a null value. 

The third term depends on squares of the actual velocity of the 
air. Near the aerofoil it is far from negligible, but at a Tan 
of several diameters the velocity begins to vary with distance r as 
r—*, so that the integral varies as r~* and becomes negligible at a 
moderate distance. Also it is a residual effect between above and 
below. And the first term in Z, which includes the effect of pressure, 
vanishes everywhere in the irrotational part of the steady flow. 
Apparently this statement represents the case that can be made 
for the dependence of the lift on a circulation around the wing 
without vorticity. 

This formula for lift, named as it appears after Kutta and 
Joukowski, would hold more precisely, as regards its pressure term, 
for the slow unbroken motion near a fair-shaped body: though on 
account of the first term, which disappears only by integrating out, 
the result does not express the distribution of the supporting force 
but only its total amount. In actuality the argument is upset in 
the region of the wake; but not much, if the wake is narrow. The 
formula, applicable apparently only for the value of C round 
moderately distant circuits, is also incomplete in that it does not 
involve the line of action of the supporting force, itself be it noted 
independent of the tilt to this approximation, and so leaves the 
tilt unregulated. 

It is essential to note that this circulation C remains constant, 
in a vortex field, only when the circuit continues to be made up of the 
same particles of fluid: thus as new fluid comes up to the aerofoil 
it has to be continually renewed *, in fact by creation of new vortices 
from the trailing edge. On the present view the circulation is 
continually being generated by the slip-process which sets up the 
Helmholtz type of irrotational motion all round the foil: at a 
distance of several diameters it tends to a constant value round all 
circuits and the motion there is on the average a field of cyclic 
irrotational motion, such as would take place smoothly round an 
ideal core of some form probably not that of the foil, the part 
of the circulation in crossing the wake being thus small and 
alternating. l 

We may expose the amount of the practical discrepancy in C 
more definitely, also on lines carried through in detail by G. I. 
Taylor, by considering the problem of the relative motion for an 
air-ship followed by a conical surface of slip having no motion 

* A vortex absolutely steady relative to the wing would by the present formulation 


have constant momentum in the relative motion, and therefore would exert no force, 
which is in confirmation of this statement. 
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within it. This is permissible notwithstanding instability: for the 
slip may for theory be regarded as stabilized, within narrow limits, 
by very slight internal constraint, such as the presence of an ideal 
internal friction along it would provide. Continuity in the pressure 
requires that the velocity (v,) be uniform along the slip-surface, 
for w + $p vel? must be the same on both sides of the sheet of slip 
while inside it the velocity is now null. The conversion of au 
enclosing circuit ACBA crossing the slip cone at A and B into 
another form A‘C"BA’ crossing it at A’ and B subtracts vn A A’ from 
the circulation round it. Thus the circulation is not the same for 
adjacent circuits, but only for those that avoid the wake: for the 
others it depends on where the circuit strikes and leaves the 
stagnant relative wake. When the vorticity is now (theoretically) 
released from the shp-surfaces, and moves away as free vortices 
into the wake now itself in internal motion, it 1s the part of the 
path of the circuit affected by the wake that renders the circulation 
variable, two such paths making contributions which differ by 
twice the total vorticity which is enclosed between them. That, 
by the above, is slight when the paths cross the wake transversely. 
Actually for a Karman double trail of vortices the circulation 
fluctuates, as the crossing place 1s moved outwards along the wake: 
with an amplitude equal to twice the vorticity of one of the vortices. 
This implies an effect on the fluid motion due to the influence of 
compensating adjacent positive and negative vortices, which may 
perhaps be presumed to be local and so ineffective except close to 
the foil. The disturbing effect of this vorticity on the flow, after 
it has settled down to steady conditions, may thus be presumed 
to be local: it would be specially intense and turbulent near the 
ends of the aerofoil, where the direction of the vorticity veers 
round into the reversed or negative part of the elongated closed 
vortex, corresponding to the rings of the vortex cone following a 
inore rounded body. The result as regards the aerofoil may be 
uearly the same as if there were no wake, but steady cyclic motion 
all round the central parts of the foil tending at a considerable 
distance to the uniform circulation appropriate to irrotational flow, 
as determined by the considerations here sketched; the supporting 
force being of this standard value pUC per unit transverse span, 
a value which, of necessity in the present train of ideas, 1s inde- 
pendent not only of the presentation of the aerofoil to the stream 
but even largely of the actual inner motion as determined by its 
size and shape. 

The theory of lift, drag, and torque, for a body of aeroplane 
shape, monoplane or biplane, is developed in a very interesting 
manner, for two-dinensional flow, in terms of strict conformal 
transformations initiated it seems by v. Mises, in Glauert’s book, 
ch. vil seg. The result includes a condition for constancy of 
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torque, which would determine tilt. At first sight the constancy 
comes out of the Joukowski condition, which has been here put 
aside on the ground that this constancy could not subsist for a 
single vortex trail, and that a double trail with opposite vorticities 
must be required. But it appears that this condition of single 
slip-surface with velocity finite is introduced merely to give a 
value for the circulation round the wing: while calculations made 
roughly from the slip on the surface of a thin nearly flat wing, with 
a circulation to express the effect of the wake, lead plausibly with- 
out any restriction to relations of the same type. The point is 
perhaps important, as this latter theory, with which the names of 
Munk, Glauert, and Birnbaum are associated (Glauert, pp. 87-92), is 
reported to be in close agreement with experimental determi- 
nations. 

Feb. 1.—It was pointed out when the paper was read that this 
reference (p. 621) to the Joukowski theory is a misunderstanding. 
That theory aims at determining a vortical whirl round the wing 
such as will just abolish all tendency to a sheet of slip at the edge*. 
The proof that this is theoretically possible is certainly a new 
departure, which can depose the wake from a controlling position 
for the case of flat bodies moving nearly edgeways. When this course 
is taken, as seems however justified only for a wing of unlimited 
length, this field of circulation would travel on accompanying the 
wing just as the field of circulation of a vortex ring travels on with 
its core, without need of renewal. It is now however an additional 
straight vortex, with its circulation: and it adjusts itself to accompany 
the wing instead of falling away down the wake, there being no 
wake at all in the ideal case. The theory of momentum here set out 
would derive a lifting force apv and no drag, where v is now the 
velocity of the wing, and a is the total vorticity, reckoned as spin, 
which is equal to half the circulation C round a circuit far enough 
away to be outside any vorticity in the field+. The drag on the wing 
is on such a view due only to an accidental wake of vortices, now 
itself really secondary, which also makes a contribution to the lift: 
and the drag at any rate is reduced in proportion if the breadth 
of the wake between its compensating positive and negative faces 
can be adjusted to be small. This application of the momentum 
formulae replaces, but only for an infinitely long wing, the algebra of 
this Postscript. It will be observed that there is now no implication 
that this whirl in which the wing is supposed to become enveloped 
is a wholly irrotational one sliding by slip rollers at the surtace 
of the ring: what an experimental verification of the relation of 

* See L. Bairstow, Applied Aerodynamics (1920), p. 360: also L. Prandtl, 
Die Naturwissenschaften, Feb. 1925. 
+ The discrepancy with the formula for a ring (p. 623) is adjusted by considering 


the ring made up of two conjugate straight vortices connected by vortical arcs at 
the ends: the latter make a contribution equal to that of the straight parts. 
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lift to circulation can confirm is that a vortex cylinder becom:= 
established around the wing with some distribution of vorticity 
such as can in the actual circumstances, not two-dimensional, 
- travel steadily along with the wing, and that the circulation C 
of the formula is to be measured round a circuit far enough 
away to be outside this vorticity. Approximate verification of the 
theoretical formula for an irrotational flow would imply that the 
region of this vorticity clings close to the wing; which would permit 
the distribution of the lift over the surface of the wing to be 
determined as above indicated. Anyhow this very substantial 
easing of the conditions of the problem makes it more intelligible 
that the instability at a sharp edge can really get itself largely 
surmounted in this way, even when one remembers that the wing 
is not actually, as the two-dimensional theory requires, very long 
compared with its breadth. 

(The lesson that is here enforced is that we must deal only 
with completed vortex rings: thus in two-dimensional analysis 
each straight vortex must be bracketed with a return vortex, as 
is familiar for the analogous case of electric currents. 

There seems to be a hypothesis which does continue the 
circulation around the wings by vortices trailing from their outer 
ends and completing a circuit across the wake. The momentum 
of such a steady completed vortex travelling in fluid is (p. 623) of 
the order 2paA, where A is the area of its circuit; the transfer 
of this momentum seems to involve no supporting force on the 
wings, but a torque 2pw Av cosa, where a is the inclination of its 
area A to the direction of the velocity v. Thus if the existence of 
such a vortex were possible, it must hang transverse to v. Contrast 
footnote, p. 627, which implies an infinite straight vortex: the 
Newtonian dynamical relativity loses its meaning for infinite 
systems. 

The mode in which the experimentally verified body-vortex 
completes itself into a ring, whether by shedding a continual 
trail of vortices from its ends, and perhaps in any case involving 
its own continual renewal by slip-process, thus opens out a novel 
and interesting type of pure hydrodynamic problem.] 
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° INTRODUCTION. 


This is a sequel to recent communications* to the Society, on 
“The General (m,n) Correspondence” and “The (2, 1) Corre- 
spondence.” For convenience the reference numbers here adopted 
will be consecutive with what has preceded, so that the present 
work opens with § 6 as a direct consequence of previous results in 
earlier sections. 

The Pedal,Semi-pedal and Pedo-similar correspondencesstudied 
in §§ 6,7 have an individuality of their own, arising from their 
close connexion with the circular points at infinity. We may 
contrast the binary field of the circle with the projective properties 
of conics. The conic of projective geometry has no landmarks; its 
symmetry is too perfect. But the difference which the entry of the 
circular points makes in the algebra may be compared with the 
effect of two powerful centres of disturbance in a uniform field of 
force. The resulting algebraic processes tend to subordinate the 
usual symmetries to which we are accustomed, and to reveal new 
and unforeseen symmetries in their place. In particular, the 
apolarity conditions illustrate this feature, conditions which naturally 
connect themselves with the orthocentre of an inscribed triangle. 
It becomes more and mote apparent in the course of the investigation 
that the three-dimensional continuum of inscribed triangles of a 
circleis itself broken up by thecircular points into a (2+1)-dimensional 
continuum, composed of pedo-parallel systems and orthocentric pencils. 


* Proc. Camb. Phil. Soc. xx111 (1926), pp. 109—119, 233—261. 
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§ 6. THE PEDAL AND THE SEMI-PEDAL FORMS. 
(27) The Semi-Pedal Pencil and the Pedal Form. 


If a8-y is an inscribed triangle, the feet of the perpendiculars 
on its sides from any point æ on the circle are collinear; if the line 
of collinearity cuts the circle in y, the correspondence (x, y) is 
determined by a (3, 2) form II (x, y), which we call the pedal form 
of aBy. 

We shall prove the collinearity property by means of the idea 
of Derivate Forms, introduced in (5). It was shewn in 5°17 that 
if through each p, we draw the chord p,p parallel to the pedal line 
of p, in regard to agy, the correspondence ( p,, p) is the (2, 1) polar 
correspondence { f” (x)},, where f” (x) is given by 5°15. Hence 
the (3, 2) correspondence ( p,, pip) is represented by the defective 
polar form (sy)! f” (æ); (1°9). Thus the two values of y corre- 
sponding to any x in the (3, 2) correspondence (xy) { f” (£) y are 
the extremities of a chord parallel to the pedal line of z. Hence 
the pedal form II (x, y), considered as a quadratic in y, can only 
differ by a multiple of (iy) (jy) from (ay) { f" (£). Combining 
with this the fact (which we may be supposed to, know from 
elementary geometry) that a, 8, y are finite fixed points of the 
pedal correspondence, it is clearly suggested that we should look 
for the pedal form II (z, y) among the members of the pencil: 


6°1 


IT (a, y) => (ij) (ax) (Bax) (yx) (iy) GY) — 4u (oy) (f v. 
We shall indeed find that II’ (x, y) becomes the pedal form TI (x, y) 
for the values A = 1, u = 1 of the parameters. Before we do this, 
it is well to notice some obvious properties of the pencil of forms 
II’ which we call the semi-pedal forms of aßy. 

The semi-pedal pencil II belongs to the special type of pencil 
which contains a defective member; hence every semi-pedal form 
II’ has the same fixed points a@yzj. From the definition of the 
derivate form, we see also that the derivate of any semi-pedal 
form in respect of the partition aĝy/iJ, is a multiple of the polar 
form ff” (x)},. Of particular interest is the behaviour of a semi- 
pedal correspondence II’ at t, 7. We see by actual substitution 
that y = i, ) correspond in any H to x= (1, J, J), (J, J, 2) respectively. 
Hence 


6'2 (2) isa closed and complete pair of any semi-pedal corre- 
spondence I (including by anticipation, the pedal correspondence 
II also); or briefly, any IT’ is complete and closed at infinity. 

Our method of further procedure is the investigation of the 
forms which are the derivates of the semi-pedal forms in respect 
of a partition of the type aij; By. Denoting by II.’ the derivate of 
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TI’ in regard to this partition, we see that II,’ is the sum of two 
terms which are the respective derivates of the two terms in the 
expression 6:1 for I (x, y) Now the derivate of (ry) {/” (x)}, 18 
simply {f”(«)},; and the derivate of (az) (Bx) (yx) (zy) (jy), being 
the derivate of a form of rank one in respect of a partition not its 
own, considered in 1°17, is the product of (ax) and the symmetric 
bilinear form (ya) (jy) (Bi) + (By) (tz) (yy), which corresponds to 
the involution determined by the pairs By, y. Thus 
6:3 


TT,’ (x, y) =A (GY (ax) (yz) (gy) (Bt) + (By) (ur) (yp) — 4u [f" (2)}y- 

Consider the first term in this expression. It is a (2, 1) corre- 
spondence in which 2, 7 correspond to each other, that 1s to say, an 
auto-correspondence ; its fixed points consist of a, and the fixed 
points of the involution (8y, 17), that is, the extremities of the 
diameter aa, perpendicular to By. Thus the first term in 6'3 is 
the auto-form of the right-angled triangle aa,a,; the second term 
is the polar form, and therefore the auto-form, of the equilateral 
triangle f” (x)(5°2). Thus the forms II,’ for different values of A, u 
are the auto-forms of triangles of the pencil {(ax) (a,x) (a,x), f” («)}. 
Now by 5'5 the right-angled triangle aa,a, is pedo-perpendicular 
to ay, and therefore pedo-parallel to the triangle f” (x) which is ` 
the pedo-perpendicular equilateral ae ofaBy. Thus the pencil 
{(ax) (a,x) (a,x), f” (x)} is a pedo-parallel pencil containing an equi- 
lateral member f(x), and therefore a null pedo-parallel pencil. 
Hence 


6'4 the pencil II.’ (which is the derivate of the semi-pedal 
pencil II’ in regard to the partition az/By) is the pencil of auto- 
forms of triangles of the null pedo-parallel pencil, whose ortho- 
centric locus is the diameter through a. 

We recall now the four remarkable members of a null pedo- 
parallel pencil, spoken of in 5°26. Two of the remarkable members 
in the present case evidently correspond to the two terms in the 
expression 6'3 for Ila. A third remarkable member is the other 
right-angled triangle in the null pedo-parallel pencil of 6-4, which 
by 526 must have its right angle at the diametrically opposite 

oint of a, and the diameter parallel to Sy for its hypotenuse. 
Nos the diametrically opposite point of a corresponds to the linear 
form (2x) (ja) + (jx) (ta), and the involution of chords perpendicular 
to By to the symmetric bilinear form 


(ix) (ty) (JB) (JY) + (jx) (Jy) B) y). 
Hence the auto-form of this second right-angled triangle is of the 
shape 
(ix) (ya) + (yar) Ca); (x) ay) GO GY) + 2) GY) CB) Cy). 
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Accordingly, by 6'4, there must exist values of A, y which make 
TI,’ (x, y) equal to this auto-form. Using the value 5°15 for f” (z), 
we can verify that these values are X=1, w~=1*. Supposing that 
IT’ (x, y) becomes II (x, y) for A = u = 1, we see then by symmetry 
that the derivates II., Ilg, I, of II (<, y), in regard to the respective 
partitions av)/By, Bij/ya, yij/aß, are given by: 


6:5 
Ma (x, y) = {(x) (ga) + (jz) (ta)} {(iæ) (ty) (98) Gy) 
+ (92) (Jy) (08) Cy)), 
Hg (a, y) = (tx) (98) + (92) B) (Cix) (ty) (jY) (Ja) 
+ (jz) (Jy) (vy) (t)}, 


[1, (x, y) = similar expression. 

To shew that II (z, y) is the pedal form, we have to shew that 
it arises from the collinearity of the feet of the perpendiculars. 
Let x be a given point, y’, y”, y” the values of y which correspond 
to x in IL, Ig, II, respectively; also let y,y, correspond to æ in 
H (x, y). Since II, is the derivate of II we have a relation of the 
form 

I (æ, y) = (y)? (ax) (ix) (jæ) (By) (vy) + (zy) Ua (z, y). 

This relation, interpreted as a linear relation between three 
binary quadratics in y, clearly implies that the three chords y, y», 
By, cy’ are concurrent. Similarly (y, Y2, ya, zy”), (WiY2, a8, zy”) are 
concurrent. But, as has been seen already, ry, ry”, ry” are 
perpendicular to By, ya, a8 respectively. Therefore the feet of the 
perpendiculars from a on the sides of ay are collinear, the line of 
collinearity being ¥,y2, so that I] (a, y) is indeed the pedal form. 

The different shapes obtained for the pedal form may be set 
down here for future reference : 


6°6 
II (a, y) = (Y (ax) (Bx) (ya) (ty) (Jy) — 4 (zy) f" (@)iy- 

* For the verification we may begin by using the following lemma: 

If L, (x), Le(z) be linear, and P; (x), P,(z) quadratic forms, the necessary and 
sutlicient condition that 

_ Ly (2) [Pi (2))y + L2 (2) [P2 (*)y 
should be a polar form, is 
(Li, Piy + (Le, Pe)’ m0. 


This follows at once by using the development in ladder-shape 1:12, 1:13. By the 
application of the lemma it follows easily that 
{(ix) (ja) + (jx) (ia)} { (tx) (ty) (98) (jy) + (92) (jy) (GB) (ey) 
~A (ij)? (ax) {(yz) (Jy) (Bi) + (By) (ix) (x) $ 
is a polar form only for \=1; it is then clearly the polar form of 
{(ix) (ja) + (gx) (ia)} { (tx)? (JB) (jy) + (jz)? (iB) (iy) 
— (ï)? (az) {(yz) (jx) (Bi) + (Bz) (ix) (w)}- 
aoe expression may be verified to be equal to -4f” (xz), where f” (z) is given 
y 5°15. 
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6'7 
I (x, y) = (y)* (ax) (ix) (jæ) (By) (yy) + (zy) I (x, y), 
= (4 } (Bx) (ix) (jæ) (yy) (ay) + (zy) He (z, y), 
= (19)? (yx) (ix) (jx) (ay) (By) + (zy) I, (x, y), 
where f” (x) is given by 5'15, and Ia, Ig, II, by 6'5. 

It was seen in 6:2 that the pedal correspondence has a particular 
type of closure at infinity; namely y= t, j correspond in it to 
x = (ijj), (jt) respectively. This type of closure does not characterise 
exclusively the pedal or even the semi-pedal correspondences ; 
it belongs in fact to the family of œ" = œ ‘pedo-similar’ 
correspondences studied in the next section. The exclusive property 


of the pedal correspondences IT among these latter is that, if aa be 
the diameter through a, «=a corresponds in II to y= £, y. 


(28) The Pedal Form and the Auto- Form, 


From 3'6, the (1, 2) auto-form of a@y, namely the form which 
has 1) for auto-pair, and aSy for its fixed points, is shewn to be of 


the shape 
È (ar) (aj) (By) (By, 1j) (ax) (By) (yy), 
where (Bry, V) = (Bt) (1g) + (Bj) (yi). 


We shall find it convenient to denote by A (a, y) a certain 
multiple of this auto-form ; namely 


6:8 
2 
PE E E E E E “a 
Y) = Cis may (apy 0 (29) (Br) (By, Y) (ax) (By) (ry) 
We notice that 
A (a, x) = 2(y)? (ax) (Bz) (yx). 
Putting now «= t in 6'7, we have 
II (t, y) = (4)? (ta) (78) (ry) (ty) (Jy). 
Hence H (x, y) + (2)? (ax) (Bæ) Cy) (iy) (jy) 
vanishes when z =t or 7. Therefore there is an identity of the form 
6'9 
II (æ, y) + (jY (ax) (Bx) (yx) (ry) (Jy) = « (ex) (jx) A (x, y), 
where « is numerical, and, from the closure property of the pedal 
form, A (x, y) is simply the auto-form 6'8 of aBy. Putting y= zx, 
we see that « must be equal to 1. 
This relation 6'9 may be reached in a more instructive way. 


It was seen in 64 that the derivate pencil IT,’ of the semi-pedal 
pencil II’ consisted of the auto-forms of members of a null pedo- 
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parallel pencil, and three semi-pedal forms (namely, the pedal form 
and the two terms in the expression 6:1) were found which 
corresponded to three of the four remarkable members of the null 
pedo-parallel pencil. The fourth remarkable member is that of the 
shape (tx) (jx) (Ax), the auto-form of which is (tz) (jr)(Ay). Now 
II’ (x. y) can have the derivate IT,’ = (ix) (jx)(Ay) only if II’ has 
the factor (tx) (jx). Thus there is a semi-pedal form (tx) ( jx) A (a, y). 
having the factor (ix)(jx); and from the closure property of 
IT’, A(z, y) must be an auto-form. The harmonic property of 
the four remarkable members of the null pedo-parallel pencil 
(5°26) easily shews that the values of A, u in 6:1 which give this 
semi-pedal form are A : 4=2.:1. We may now verify that 


G91 2 (yP (ax) (Bx) (yx) (iy) (Jy) — 4 (xy) LF" @}y 
= [I (a, y) + (YY (ax) (Bax) (yx) (ty) JY) 
, =x) (ja) A (x, y), 
where A (a, y) is given by 6'8. 


We have in (27), (28) reached a fundamental theorem of our 
subject, which we may set forth as follows: 


610 The semi-pedal pencil of aBy contains, like the null 
pedo-parallel pencil, two harmonic pairs of remarkable members ; 
one of these pairs is composed of the pedal form II (a, y) and the 
form of rank one, (ax) (Bx) (yx) (iy) (jy), the other, of the defective 
polar form of the pedo-perpendicular equilateral triangle of aBy, 
and a form of rank two, namely the product of (tx) (jx) and the 
(1, 2) auto-form of (afr). 

‘The geometrical meaning of the harmonic property of these 
four members is obviously, that the pedal line of x bisects the join 
of x with the orthocentre of afy. 


(29) The Pedal and the Semi-Pedal Envelopes. 


From (8) it follows that the pedal envelope (namely, the 
envelope of the pedal lines of ay) is a rational envelope of the 
third class, with the line at infinity for its bitangent. From the 
closure property, the points of contact of the bitangent are 2, j: 
hence the envelope is a three-cusped hypocycloid. It may also be 
seen that the pedal line of a point near t is the tangent to the 
envelope at a point near j. All this is equally true of any semi- 
pedal correspondence. 

The concurrency system of the pedal correspondence of agy Is 
the system of triads of points, whose pedal lines are concurrent. 
It is clearly a linear æ ?-system. The pedal lines of 1, 7 being each 
the line at infinity, it follows that the concurrency system contains 
the singular pencil 7A, and is therefore a pedo-parallel system. 
Now the chords which correspond to a, 8, y in the pedal, or in any 
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semi-pedal correspondence of afy, are simply the perpendiculars 
of the triangle a@y, which are concurrent at the orthocentre. 
Thus agy belongs to the concurrency system of every semi-pedal 
form defined by it. We have therefore a theorem which enlarges 
still further the content of “ pedo-parallelism ” : 


6:11 the concurrency system of the pedal or any semi-pedal 
form of aBy is the pedo-parallel system of aBy*. 
From 6:1, 6'9 a semi-pedal form II’ (x, y) can be written 


6:12 

IT (x, y) = A (tx) (jæ) A (a, y) — rà (ij) (ax) (Bx) (yx) (ty) (jy). 

We shall term « the measure of II’; we shall also call the 
chord y,y, which corresponds to any x in II’, the «-pedal line of x 
in respect of aBy, and its envelope the «-pedal envelope. By com- 
paring 6'9, 6°12, it follows that the «-pedal line of æ is the line 


parallel to, and « times as far from the orthocentre as, the pedal 
line of z. Hence 


613 the «-pedal envelope results on uniform dilatation of the 

pee envelope from the orthocentre, the constant of dilatation 
ang K. 

In particular, for « = œ we have the form (ax) (Bx) (yx) (ty) (jy), 
whose envelope lies wholly at infinity. For «=0 we have the 
form (ix) (jx) A (zx, y), whose envelope is the orthocentre and the 
circular points. For « = 2 we have the envelope Æ of the defective 
polar form, defined by the pedo-perpendicular equilateral triangle 
a’ RB” y”, of aBy. 

The three tangents to Æ from any point æ on the circle are the 
chords joining x to its second polar point 2’ and to its first polar 
points 2,7,, in respect of a” By’. Hence one of the three tangents 
to E from any point on the circle is algebraically distinct from the 
other two. It can be shewn from general reasoning that this 
necessitates that Æ should have triple contact with the circle. 
As a matter of fact we see directly that it has triple contact 
at a’B”y”. From 6:11 it follows that the cuspidal tangents of Æ 
are the diameters a'a”, 8’B”, Yy”, where a’B’y’ is the pedo-parallel 
equilateral triangle of aßy. 


614 The envelope Æ is also the locus of orthocentres of 
line-triangles pedo-parallel to ay. 


* Thus the concurrency-systems of all semi-pedal forms of afy are the same. 
5°18 shews the sameness of the concurrency-systems for two particular semi-pedal 
forms, namely the pedal form and the defective polar form. The sameness of the 
concurrency-systems is also a direct consequence of 6°13. 

It follows from 1°1 and 6°11 that the second rank covariant of any semi-pedal 
form of afy is a binary cubic whose roots correspond to the vertices of the pedo- 
perpendicular equilateral triangle of apy. 
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For, let X, X, be a diameter, and let XXX, be a line-triangle 
pedo-parallel to a8y. The pedal line of X is then perpendicular to 
XX, (5'8), and therefore parallel to XX,. Hence by 517 XX; 
touches Æ; from 5'1 it may be shewn that the point of contact is 
the reflection of X, in X. But the reflection of X, in X is the 
orthocentre of the line triangle XX X,. Hence the theorem. _ 

As an immediate application, the cusps of E being the ortho- 
centres of the point-triangles a’a’a’, B’B’B’, y yy lie on Sa’, SB’, Sy’, 
at distances 3p from S (513). By 6:13 the Een envelope is 
obtained on contracting Æ from O, to half its linear dimensions. 
Hence: 

615 The nine-point circle of aBy is the in-circle of its pedal 
envelope, the points of contact being the midpoints of Oa", OB”, Oy". 
The cusps of the pedal envelope are situated on radii vectores 
from the nine-point centre N parallel to Sa’, SB’, Sy’, at a distance 
$p from it. The pedal envelope when shifted through a distance 
408 parallel to OS becomes the locus of nine-point centres of 
line-triangles pedo-parallel to agy. The point of contact of the 
pedal line of x with its envelope lies therefore on the join of O 
to the orthocentre of the line-triangle xzxzxz’ pedo- parallel to aP. 

The algebraic distinctness of one of the tangents to Æ from 
any point on the circle from the others reappears after contraction 
as the distinctness of one of the three pedal lines through any 
point on the nine-point circle, from the other two; the distinctness 
arises from the proposition that the pedal lines of the ertremities 
of a diameter meet at right angles on the nine-point circle, the third 
pedal line through their intersection being consequently of an 
algebraically different character from them. From 6°13, 6:15 we 
now easily obtain: 


616 The centre of the x-pedal envelope is in OS at a distance 
4« OS from O. If the pedal angle between two co-orthocentric 
triangles is 6, the «-pedal envelope of one is obtained by turning 
that of the other through an angle 20/3 about its centre. Thus for 
a given «, the «-pedal envelope has always the same dimensions, 
but takes its æ * different positions in the plane for the 0 ? inscribed 
triangles ay. The position of the centre of the envelope in- 
dicates the particular orthocentric pencil to which aBy belongs, 
while the disposition of the envelope about its centre indicates the 
pedo-parallel system to which agy belongs. 


§ 7. THE PEDO-SIMILAR FORMS. 
(30) Double specification of measure-deviation. 


The most general (3, 2) forms which have closure at infinity in 
the manner of the pedal form (that is, in which y= t. j correspond 
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7:1 The angle-property 5:1 holds fur the general pedo-similar 
form. 


This theorem suggests a specification of any pedo-similar form 
M” (x, y) by means of a basal triangle aBy (which, be it noted, is 
not in general the fixed triangle of IT”), a-parent semi-pedal form 
Il’ (x, y) of measure «x, defined by aBy, and a “deviation” 0. Let 


x be any point on the circle, z’ the point such that Sz’ is equal 
to the angle of deviation @. If y,y be the «-pedal line of x in 
respect of afy, then the correspondence (2, y,y2) is clearly a pedo- 
similar correspondence ; it is defined in respect of the basal triangle 
ary, and is said to be of measure-deviation (x, 8). We shall also 
call yy, the (x, @)-pedal line of x in regard to agy. Since there 
are two parameters «, 8 in addition to the three in the choice of 
the basal triangle, it follows that all pedo-similar correspondences 
will be covered by this specification. Also, from our construction, 
the set of (x, @)-pedal lines of agy is composed simply of the 
«-pedal lines of aBy. Hence 


72 The envelope ussociated with the pedo-similar form, with 
the basal triangle aBy, and the measure-deviation (x, 0), is simply 
the x-pedal envelope of aßy. 


Hence, as in 6°11, the concurrency system of the pedo-similar 
form is a pedo-parallel system; if we now rotate a@y through an 
angle —@ about the centre, into the position a’f’y’, then the 
(x, 0)-pedal lines of a’, 8’, y’ are clearly the «-pedal lines of a, 8, y, 
which, being the perpendiculars of the triangle ay, are con- 
current. Thus a'y’ belongs to the concurrency system. Since 
the pedal angle between afy, a'B'y is — 94, 


7:3 The concurrency system of a pedo-sinilar form of devia- 
tion @ is the pedo-purallel system which makes the pedal angle 
— 30 with its basal triangle. 


We have now to examine in how many ways a given pedo- 
similar correspondence can be specified in this manner by a basal 
triangle A, a measure «, and a deviation @. We shall find that 
there are precisely two specifications (A,, «,, 01), (A, «,, O3), where 
Ko =— Kk, h= tT; the two possible basal triangles A,, A, we 
shall call associuted triangles. 
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_ The theory of associated triangles depends on the following 
important property of the null pedo-parallel pencil: 


74 If aBy is an inscribed triangle, there are precisely three 
points a, b, c which have the property that their «-pedal lines in 
respect of apy pass through their diametrically opposite points 
a’, b, c. For different values of «x, the triangle abc belongs to the 
null pedo-parallel pencil which contains agy. Conversely, any two 
members ay, abe of a null pedo-parallel pencil are such that 
there is a number «, such that the «-pedal lines of a, b, c in regard 
to a8ry pass through their diametrically opposite points. 

That there are exactly three points a, b, c is clear from the 
fact that a’, b’, c’ are the finite Axed points of the (x, m) pedo- 
similar correspondence with the basal triangle a8y. To prove that 
the pencil {aßy, abc} is a null pedo rallel pencil, let O be the 
orthocentre of aßy, and let our fundamental circle be called C. 
Let x be any point on C, and let Os be divided at & in the ratio 
x:2—«. The locus of & is then a circle C’; O is clearly one of the 
two centres of similitude of C, C’, let O, be the other, so that if 
S’ be the centre of C’, O and O, divide S’S in the ratios — $ «x, $x. 
From the property of the centre of similitude it then follows that 
the join of & to the diametrically opposite point of x passes through 
O, for all positions of z But the join of & to the diametrically 
opposite point of x is the «-pedal line of x, when z< is at a, b or c. 
Thus the «-pedal lines of a, e c are concurrent at O,, and therefore 
by 6°11 abc is pedo-parallel to ay. 

It was seen in (25) that the members of the pedo-parallel 
system of ay are in linear correspondence A with their ortho- 
centres. It is easy to see that these members are also in 
linear correspondence A, with the point of concurrence of the 
«-pedal lines of their vertices in regard to aBy. It is immediately 
verified that any member 77 corresponds to the point at infinity 
on the pedal line of in A as well as in &,. From this it casily 
follows that the point of concurrence of the «-pedal lines of abc is 
obtained from the orthocentre of abc by a uniform radial dilatation 
from the orthocentre of a8y. Thus we have the theorem: 


75 The join of the orthocentres of two pedo-parallel triangles 
aßy, abc contains the points of concurrence of the «-pedal lines of 
the vertices of either in regard to the other. Hence the ortho- 
centre of abc lies in the line OO,, that is, in the diameter through 
O. The orthocentric locus of the pencil {a8y, abc}, which must 
a line (5:24), is thus shewn to be a diameter, so that the pencil 
{a8y, abc} is a null pedo-parallel pencil (cf. (25)). We shall say that 
the triangle a'b'c' (where a’, b’, c’ are the diametrically opposite 
points of a, b, c) is the triangle associated with aBy in respect of the 
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anodulus x. Now the pedal angle, as well as the anti-pedal angle, 
between two diametrically opposite triangles abc, a’b’c is 477; that 
is, abc and a’b'c’ are pedo-perpendicular, as well as anti-pedo-per- 
pendicular. But, since ay, abc belong to a null pedo-parallel 
pencil, their pedal as well as their anti-pedal angle vanishes. 
Hence 

76 The triangles associated, modulus «œ, with aBy are, for 
different values of «, the triangles diametrically opposite to the 
members of the null pedo-parallel pencil containing a8y; thus 
associated triangles are pedo-perpendicular, as well as anti-pedo- 
perpendicular. 

This indicates that the relation between associated triangles is 
a symmetrical one. More precisely, we have the result : 


TT If abc’ is associated, modulus x, with aBy, then aBy is 
associated, modulus — x, with a'b'c'. 

For, it is clear from the symmetry of 76 that aßy must be 
associated in respect of some modulus «’ witha bc’. Here «’ must 
be a rational function R («) of «,such that R{R(«)}=« identically. 
Hence R must be a homographic involution. Now the O-pedal 
line is the auto-chord, and therefore the triangle associated, 
modulus zero, with ay is the co-orthocentric pedo-perpendicular 
triangle of aBy. Again the 2-pedal line of x in regard to aBy is 
the join of æ to its second polar point in respect of its pedo- 
perpendicular equilateral triangle a’B’’y” (5°17, 6:10). It follows 
that the triangle associated, modulus 2, with aBy is a” 8”y”. Now 
the pedal line of a in regard to a’B’’y” bisects Sa, and is parallel 
to By (5'8). Hence the «’-pedal line of a will pass through the 
diametrically opposite point, if «=—2. Thus R(0)=0, and 
R(2)=-—2. Hence R(x)=—x«. 

We may now state the fundamental property of associated 
triangles : 


7-8 If, x’ be variable points on the circle, such that x = 6, 
the «-pedal line of x in regard to A, can be, for all positions of 2, 
the «’-pedal line of 2’ in regard to a second inscribed triangle A,, 
only if @=7; then «’ must be equal to —«, and A, is the triangle 
associated, modulus «, with A,. 

We easily see that there are only three positions 2, %2, £, of x 
whose «-pedal lines pass through the corresponding positions 
£i, Zg, £3 Of x. Hence if a second triangle A, with the required 
property exists at all. it must be xx, zy. Now the «’-pedal lines 
of £i, Ti, x; In regard to x/‘a,'x, are the perpendiculars of the 
triangle x, £y, and are concurrent ; hence the «- pedals of a, x, £ 
in regard to A, are concurrent, so that £, £ %, 1s pedo-parallel to 
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A, (6'11). This involves that the «-pedal line of xz, should be 

porous to 2x,2;(5°8), so that the triangles 2,2,23, Ty £s T 
ave their corresponding sides parallel. This cannot be unless 
=r. 

If 0 = v, then from our definition A, = 2,'z,z;' is the triangle 
associated, modulus «, with A,, and by 7:7, A, is associated, modulus 
— x, with A,. 

Now supposing that 2’ is the diametrically opposite point 
of z, if (c-»y) is the «-pedal correspondence of A,, then the corre- 
spondence (z’-»y) must be a semi-pedal correspondence of A, 
(since the chords corresponding to 2,’x,x,' are perpendicular to 
their opposite sides). Suppose then, that it is the «’-pedal corre- 
spondence of A,. From the reciprocity of the triangles 4,, A, we 
can shew as in 7'7 that x'=-— «x. We may also shew the same 
thing directly by considering the «-pedal line of either extremity 
of the diameter containing the orthocentres of A,, A,. Thus 7'8 is 
proved ; it also follows that 


79 The («, @,)-pedo-similar correspondence of the basal 
triangle A, can be expressed in only one other way as the («’, @,)- 
pedo-similar correspondence of A,; «’=—«, 6,=0@,+ 7, and A, is 
the triangle associated, modulus «, with 4). 

It is seen from this that the deviation 6 of a given pedo-similar 
correspondence is determinate to the modulus 27, when the 
- corresponding basal triangle is given, but determinate only to the 
modulus m when it is not given. 


(31) The co-basal Family of Pedo-Similar Forms. 
If x, x are points on the circle such that aSz’ = 6, then since 
(ij) x = (tr) 7 — (jx) i, we can take 
ya 6 _ 
a’ =e 12 (ix) je Y-T (ju) = (ija + VTi tan $O[(ia)j+(Je)i} 


discarding the scalar factor cos 40. Hence the (x, @)-pedo-similar 
form defined by the basal triangle agy can be taken to be 


7-10 II” (x, y) = I’ (x, y) 
= (x, y)— (x — 1) (GY (ax) (Bx) (yx ) (ty) Gy), 
where a’ = (1j)a+V—1 tan $6 {(ix)j + (jx) i}. 


We notice that II” involves the parameter « linearly, and the 
parameter tan $0 to the third degree. Hence 


711 The fixed triangles of co-basal pedo-similar forms IT’, of 
given deviation 0, belong to a pencil Fe; the first triangles of 
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co-basal pedo-similar forms of given measure « constitute a cubic 
family G.. Since the semi-pedal form of measure « has af for its 
fixed triangle, it follows that G, contains the basal triangle for all 
values of «. 

The system Gz is the set of fixed triangles of forms of the 
shape (ax ) (Bx) (yx) (ty) (jy), that is, it is the congruent system 
of aßy studied in (26). There are two values of « for which G. 
apparently becomes a pencil. It is clear first of all, that the pedo- 
similar forms of zero measure are, from the definition, simply the 
products of (ix), (jx) with auto-forms of triangles co-orthocentric 
with a8y. To be more precise, we see from the angle-property 5'1 
that the fixed triangle of the (0, @)-pedo-similar form is that 
co-orthocentric triangle which makes the pedal angle — 30 with the 
basal tnangle. Thus: 


7°12 G, is apparently the orthocentric pencil of the basal 
triangle afy. The fixed triangle of the (0, @)-pedo-similar form is 
that co-orthocentric triangle which makes the pedal angle — 40 
with ay. 

Again the semi-pedal form of measure 2 is the defective polar 
form; consider the pedo-similar form of measure 2 and deviation @. 
The fixed points of the form are clearly the points e such that the 


pedal of e’ is parallel to ee’, where eSe’ = 6, from which it may be 
easily shewn that the fixed triangle is an equilateral triangle which 
makes the pedal angle 47 — 0 with aBy. Hence: 


7:13 The system G, is apparently the pencil of equilateral] 
triangles; the fixed triangle of the (2, @)-pedo-similar form is that 
equilateral triangle which makes the pedal angle 47 — 0 with the 
basal triangle. 

Any pencil F has a member in common with each G,; in par- 
ticular, from 7:12, 7°13, we see that Fy is the pencil determined by 
the two triangles A _ 46> Ex _g Which are respectively the co-ortho- 


centric and equilateral triangles making the pedal angles indicated 
in the suffix, with agy. Now since Fe contains an equilateral tri- 
angle, its members make a constant anti-pedal angle with the basal 
triangle (26). By 529, we see that this constant anti-pedal angle 
is simply the pedal angle between the co-orthocentric triangles 
A_, and afy. Hence we have the theorem: 


714 The anti-pedal angle between the basal triangle, and the 
fixed triangle of a pedo-similur form of deviation 6,1s — 46. To 
obtain the orthocentric locus of Fe, let O be the orthocentre of aBy 
and O' the orthocentre of the triangle a’f’y’ obtained by turning 
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aBy through an angle —@ about S. Then SO =S0', and OSO' =- 8. 
By 7:12, 7:13, Fs contains an equilateral triangle and a co-ortho- 
centric triangle of agy, so that its orthocentric locus is a 
circle (5°24), passing through S, O. Also the (æ, @)-pedo-similar 
form being (az’) (Bx) (yx) (cy) (jy) its fixed triangle is a gy. 
Therefore 


715 The orthocentric locus of the pencil Fs is the circle SOO’. 
The pedal angle is determinate to the modulus v, while, since the 
basal triangle is known, the deviation is determinate to the 
modulus 27. Hence, if a member of G, is given as the fixed 
triangle, then @ is determined modulo 27 by 7:12, and there- 
fore the pedo-similar form and the corresponding pencil Fẹ are 
determined uniquely. But if a member of G, 1s given as the 
fixed triangle, then 7°13 determines @ only to the modulus 7, 
and therefore there are two pencils Fe of the form Fe, Fo +. 
Hence 


7°16 In general the pencils Fe establish a (1, 1) correspondence 
between any two systems G,, in particular between G, and G.. 
The case «=2 is however exceptional; the pencils Fe establish 
a (l, 2) correspondence between G, and any G., in particular, 
between G, and G.. Hence the totality of fixed triangles of a 
co-busal family of pedo-similar forms constitute a ruled-cubi 
system. 

These results can all be verified directly by a geometrical 
representation of the type indicated in (26). For this purpose we 
write the (x, 0) in the shape 7-10, namely 


II” (x, y) = I’ (x, y) 
= Th (2', y) — (x — 1) (j) (ax’) (Ba) (ya') (iy) (jy), 
where z =A (jx)i + p (ix)j, so that A+ ev-1 ow =0. 
Using 6°7 we find that the fixed cubic IH” (s, z)= II’ (z, 2) 
reduces to 
T17 X, (ur)? (aj) (B87) (yg) + X, (tx)? (jx) È (ar) (Bj) (Yj) 
+ Xa (1x) (jx)? E (ai) (Bi) (4j) + Xs (jx) (at) (Bi) (yù), 
where 
Xo =— pP (2 + Kp), 
H = (2 — «) Ap’, 
| X,=(2—«) rp, 
LX, = X (Qu + wr). 


718 
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If we represent the cubic 7°17 by the point (X,X,X,X;) of 
three-space, the tetrahedron of reference would clearly be the 
osculating tetrahedron at J, J to the fundamental cubic C of (26), 
namely the tetrahedron whose edges are the chord JJ, the axis 
IJ, and the tangents at J, J to C. The equations 7:18 are then 
the parametric equations of the cubic scroll : 


7-19 (X,+X,) Xe = (X+ X) X.. 


Supposing A, u to be fixed, the equations 7'18 give the gene- 
rators F% of this scroll. Supposing « to be fixed, the same equations 
are the parametric equations of a twisted cubic G,. We easily 
_ verify that G, passes through the point corresponding to the basal 
triangle, namely the point (1, — 1, 1, — 1), and that it passes 
through the points J, J (which are the points X., X, of reference) 
and has the same tangents at J, J as the fundamental cubic C 
(namely X,X,, X;X,). Thus the cubics G. pass through five points, 
so that any two of them constitute the complete intersection of 
the cubic scroll with a quadric. One particular G,, namely G,, re- 
presents the congruent system of the basal triangle, and therefore 
_ has not only the same tangents, but also the same osculating 

planes at IJ as C. 

For «= 2, G, becomes the chord IJ (hitherto called G, (7°13)), 
counted twice, and the line Fẹ; for «=0, G, becomes the line 
through (1, — 1, 1, —1) meeting the tangents X,X,, X,X, at IJ 
(hitherto called G,) and the tangents at J, J. Thus G, (that is, 
the chord JJ) is the dcuble line of the scroll, and as already 
proved, the generators Fe establish a (1, 2) correspondence between 
G, and G,. 


(32) The net of Pedo-Similar Forms with a given busal triangle. 


Since the pedo-similar correspondences with a given fixed 
triangle ay constitute a linear o?-system, it follows that the 
totality of defective pedo-similar forms must constitute a pencil 
contained in every such system (4). But we know that the defec- 
tive polar forms of equilateral triangles are semi-pedal forms, and 
do constitute a pencil. We conclude therefore that the only defec- 
tive pedo-similar forms are the defective polar forms of equilateral 
triangles. Since (ax) (Bæ) (yx) (ty) (yy) 1s a particular semi-pedal 
form with the fixed triangle afy, it follows that the general pedo- 
similar form with the same fixed triangle differs from (ax) (Bx) (yx) 
(iy) (jy) by the defective polar form of an arbitrary equilateral 
triangle; otherwise expressed, the derivates in respect of the 
partition a8y/1j of forms of the pedo-similar net determined by 
the fixed triangle afy are the polar forms of equilateral triangles. 


7:20 If aa’ be the chord perpendicular to @y, the derivates in 
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respect of the partition a1j/@y of forms of the same pedo-similar 
net, are the auto-forms of triangles of the equilateral system 
determined by the Euler point a’. 

This theorem is the natural extension of 6°4; for, the semi- 
pedal pencil of ay is obviously contained in the pedo-similar net 
determined by the fixed triangle ay, and we can easily venfy 
that the null pedo-parallel pencil of 6'4 is contained in the equi- 
lateral system of 7-20. To prove 7:20, we see from 1°17 et seg. that 
the derivates in respect of azj/Sy differ from the derivates in 
respect of aßy/ij, namely the polar forms of equilateral triangles 
by a multiple of the derivate of (ax) (Sz) (yx) (ty) (jy) in respect 
of a2j/By. This last derivate was seen in (27) to be the auto-form 
of a right-angled triangle, whose right angle is at a and whose 
hypotenuse is the diameter perpendicular to By. Hence the 
derivates in respect of aij/8y of forms of the net are auto-forms of 
triangles of the equilateral system containing this right-angled 
triangle. Since the Euler point of a right-angled triangle is the 
extremity of the chord through the right angle parallel to the 
hypotenuse, we have the result stated, from 5°27. 

The problem of finding the basal triangle when the fixed 
triangle a8y and the measure-deviation («, 0) are known can be 
solved analytically by adapting equations 7°18 to a slightly different 
coordinate system. Let the point X,X,X,X; now represent the 
cubic LX, (is) (jr); let X,X,X.X; correspond to the fixed tri- 
angle and A,d,4,A, to the basal triangle. an be shewn that 
7:19 now becomes 

T21 (A,X, — A, X,) X24 d; = (AsX, — 4X) XA, Ag, 
and the equations 7°18 can now be written 
A, =— X X, (2 — x) (2u + Kr), 

A, =— AX, (2A + Kp) (2u +e), 

A= wX_(20 + ep) (2p + wr), 

A, = p? X, (2 — x) (2A + xp). 

These determine the basal triangle. When the fixed triangle and 
the deviation @ are known, 7:22 shews that the locus of A,A,A-4A; 
is a conic through the points of reference X,X, and through 


a point in X,X,. Thus the system of basal triangles A,A,A,A; is 
a conic-system of the type mentioned in 5'24. Hence by 5:24, 


723 The orthocentric locus of the basal triangles of pedo- 
similar forms of deviation O and fixed triangle aBy is the line OO’, 
where U is the orthocentre of aBy and O' is such that 


SO’=S0O, OSO' =6*. 


* The theorem 7:23 may also be obtained by elementary geometry as a necessary 
consequence of 7°15. 


T22 
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We may also find the basal triangle in a more instructive way. 
Consider first the following problem : 


7:24 The «-pedal line of a given point p in respect of an 
unknown inscribed triangle a'y passes through a given point Q. 
It is required to specify a’ f'y’. 

It is clear that the possible triangles a’8’y belong to a linear 
æ% ?-system J, and are therefore apolar to a certain triangle agy. 
We specify Z by means of its equilateral member and its ortho- 
centric pencil (25). Join pQ and produce it to O, so that 

OQ : Op=«: 2. 

The orthocentric pencil of O clearly belongs to L. Also join Sp and 
divide it at Q’, so that SQ’: Sp =x : 2. Then the particular equi- 
lateral triangle in respect of which the pedal line of p is parallel 
to QQ’, is clearly the required equilateral member of Z. Thus L is 
known. Now the assigning of the fixed triangle abc of a (x, @)-pedo- 
similar form Il” is equivalent to the statement that the «-pedal 
lines of a’b’c’ in regard to the basal triangle of II” pass respectively 
through a, b, c, where a’b’c’ is obtained by turning abc through an 
angle 0 about S. Thus the basal triangle of II” is determined as 
the triangle common to three systems of the type L. | 

We may notice one other result in this connection. The «-pedal 
lines of p in regard to members of any pedo-parallel pencil con- 
tained in Z must both pass through Q and be a and must 
therefore be identical. Now it is clear from 5'21 that the only 
point which has the same «-pedal line in regard to members of 
a pedo-parallel pencil is the focus of the parabola of 5:21, that is, 
the point A such that 7A is a member of the pencil. Hence ijp 
belongs to every pedo-parallel pencil of L, so that ijp is apolar 
to the apolar triangle apy of L, or p is the Euler point of agy. 
We have therefore a property of the Euler point: 


725 The x-pedal line of the Euler point p of aBry, in regard 
to all triangles apolar to apy, passes through a fixed point Q; 
Q is the point which divides pO’ in the ratio 2 —« : x, where 0’ is 
the inverse of the orthocentre of ay in the second fundamental 
circle (5°25). 


(33) The structure of the manifold of Pedo-Similar Forms. 


A pedo-similar forin feu one which 1s complete and closed at 
7) in the manner of the pedal form, it can by 2:1 be written in 
the form 


T26 U (x, y) = (ty) (Jy) (ca? + (ix) (jx) (ax) (by), 
where from the closure property of II” it follows that (az) (by)? is 
an auto-form. It was seen in (6) that the shape 7°26 for II” was 
not unique, but that (cx) and (az) (by)? can be simultaneously 
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replaced by (cx) — (ux) (gx) (Aw) and (ax) (by) + (ty) (gy) Ar) re- 


spectively, ‘Thus fora given II”, the possible forms (cx) are members 
of a pedo-parallel system £,, and the possible forms (ax) (byy are 
nuto-forms of members of a second pedo-parallel system L,. Now it 
is clear from the form 7:26 that L, 1s the concurrency system of II: 
hence by 7:3, if @ be the deviation of 1”, L, makes the pedai 
angle — 30 with the basal triangle of II’. Also trom the forn: 
7°26, the auto-chord of x in regard to (ax) (bc)? is clearly paralle: 
to the chord which corresponds to x in II”. It follows therefore 
that (ac) (be)? makes the pedal angle — $8 with the basal triangle. 
Hence we deduce that 


7:27 If @ be the pedal angle between the pedo-parallei 
systems Ly, L., the devatin of Il” ws either 0 or O+. In 
particular, the necessary and suthcient condition that the form 
11” given by 7:26 should be seini-pedal, is the pedo-parallelism 
of (cw) and (ax) (bx). 

It was seen in (6) that the representation 7'26 could be 
rendered unique by choosing (cx) to be apolar to (tz) (7x), that is, 
to be of the form p, (iz) + pe(jx)® representing an equilateral 
triangle. If we also write the auto-form (az) (by)? in the shape 

(te) (ty) (Ay) + Ge) (Jy) (By) (3T), 
we have the unique representation of I1” in the form: 
7°28 
N” (x, y) = (iy) (JY) {Pi GEY + p: (je); 
+ (wx) (Jæ) (ex) Cy) (Ay) + (je) (jy) (By)}- 


We shall call p,, pa, di, Az, B,, B, the six coordinates of the form 
Ii”. To find the measure-deviation of a form in terms of its co- 
ordinates, we first find the coordinates of a form II" (a, y) given 
by its basal triangle agy and its measure-deviation (x, 0). Writing 


as before x =A (jæ)i + w (ur) j, so that A + eN -10y = 0, and 
(ax) (Bx) (yx) = (ur)? (Px) + (pry (Qx), 
we casily find from 6°12 that 
H” (x, yy =U Ww, y) 
= (u) (ix) (je) [x ) (iy) (Py) + (Ja) Gay) (Qy)] 
— « (tY) (JY) [Cw F (Px) + (jr F Re); 
= (4) (ty) (Jy) [ pı (er)? + p: (jx)] 
+ (wc) (jæ) [(ix) (iy) (Ay) + (Jx) (jy) (By)];. 
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where 

Peo Kp (P)), 

p= xr} (Qc), 

A =— rp? [2 (yy) P + «(Pr)j}, 

B= yp {2(y) Q — e (Qj) i. 

On eliminating P, Q from these, we obtain the following equations 
for the measure and deviation of the form II” with coordinates 


Pi, P2» A,, A,, B,, B;: 
7°30 
= = Ap, (Br) + pp: (4J) = 0, where A + eY- 164 =0, 
V, = «? (Aj) (Br) + 4 (47)? pips = 0. 

We nowrepresent the form II” with thecoordinates p,, pa, Ai, Ao, 
B,, B, by a point II” with the same coordinates in a five-dimen- 
sional space %, which corresponds to the pedo-similar manifold. 
The forms with a given measure « or a given deviation 0 will then 
correspond to two families of quadrics U, V, whose equations are 
given by 7°30. We see that the general quadric Ug, as well as the 
general quadric V,, is singular, with the same line of vertices L, 
given by the equations p, = p, = (4J) = (Br) =0. The points of L 
correspond to what we may call the singular pedo-similar forms, 
namely those of the shape (22) (jx) (tz) (ty) (jy), where t may be 
arbitrary. 

Since U, and V, are cones with the line-vertex L, they have 
two distinct systems of generating three-dimensional regions 
passing through L. The quadrics U have clearly the four common 
generating regions: 


Y: Pı =p, = 9, Ys: Pı = (Aj) =O, 
Yo: (Az) = (Br) = 0, Ys: Pa = (Bi)=0. 


The quadrics V have similarly the four common generating 
regions: 


7°29 


ys: p=(Bi)=0, y: p = (Aj) =9, 

Ye: Pp, = (Aj) =0, Yı: p: = (Bi) = 0. 
The two families U, V have thus in common the two generating 
regions ys, y4; the system of generating regions of U or V to 
which y, y, belong will be called the secondary system, and the 
other system, the primary system. 

The general primary generating regions of Ue, V, are easily 

seen from 7'30 to be given by the respective equations: 

P= tw (Aj), = po = — t (Br); 

p: = tè (Aj), (Bi)=—4(y) tpz. 
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From the expressions 7°30 for the measure and deviation, it 
follows that « and @ are respectively constant on these generating 
regions. Hence we see that 


7:31 The primary generating regions of Us or V, represent 
families of forms with constant measure-deviution. 

In particular, the primary generating regions yı, Ye of U re- 
present respectively the products of (ix) (jx) with auto-forms, and 
the forms of rank one. Since Us and V, have the secondary 
generating regions y;, y, in common, they must also have two 
primary generating regions in common; remembering the ambiguity 
in the measure-deviation of a pedo-similar form (7:9), it clearly 
follows from 7°31 that these represent the two families of forms 
whose measure-deviations are of the shape 


{(«, 9) or (—«, 9+7r)}, {(«, 8+ 7) or (—«, 8)}. 


If in obtaining equations 7°29, we replace the basal triangle 
by any other triangle pedo-parallel to it, this means that P, Q in 
7°29 are increased by arbitrary scalar multiples of j, t respectively. 
It is clear that the following relations hold between the coordinates 
in 7:29, independently of such increase : 

7°32 P-EUD, AD =e) 

Po NQ)’ (Bi) A (Qi) 

If ô is given, 7°32 is satisfied by all forms of deviation 6, whose 
basal triangles belong to a pedo-parallel system. But, obviously, 
equations of the form 7°32 represent secondary generating regions 
of Us. Hence 


7°33 The general secondary generating region of Us represents 
the family of pedo-similar forms of deviation 0, whose basal 
triangles are members of a pedo-parallel system. 

The general secondary generating region of V, is given by 


pı=te (Bi); (Aj) = — 4 (1j) tpe, 


where ¢ is fixed for each generating region. Combining this with 
7°29, we obtain 


p? (Pj) + 2 (ij) tea? (Qi) =0, 


or 1441 2 ij) te. a = : 
where @ is the deviation. But ae log (21) is easily seen to 
V=1 °(2)) 


differ only by a constant from the pedal angle between an arbitrary 
fixed triangle and the basal triangle given by 


(ix)? (Pa) + (jx) (Qr). 
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Thus the meaning of the above equation is that the sum of the 
increments of the deviation and of the pedal angle which the 
basal triangle makes with a fixed triangle 1s zero. Hence 


7:34 The general secondary generating region of V, repre- 
sents a family of pedo-similar forms whose measure is x, and whose 
basal triangles are quite arbitrary. The sum of the deviation of 
any form of the family and the pedal angle which its basal triangle 
makes with a given triangle is u constant. 

The pencil of defective polar forms of equilateral triangles 
corresponds to a line M ; the quadric Us which contains M is none 
other than the semi-pedal quadric U,. The semi-pedal pencils, 
namely those of the type 6:1, correspond to those lines on U, 
which meet y,, ya and M. 


§ 8. EXTENSION TO SPACE OF n DIMENSIONS. 
(34) The Pedal Correspondence on the Wallace curve. 


. A norm curve in Euclidean space of n dimensions, which has 
the property that the feet of the perpendiculars from any point 
on it to the faces of any inscribed simplex lie on a prime*, may be 
called a Wallace curve. It has been shewn by H. W. Richmond 
that the Wallace curves are those norm curves which intersect the 
rime at infinity in the vertices of a circumscribed simplex of the 
Absolute f. 
Let C be a Wallace curve cutting the prime at infinity in 
Tis Ig... Tn, ANd Qo, A, -© An a Simplex inscribed in C. Let the pedal 
prime of a point x on C—namely, the prime which contains the 
feet of the perpendiculars from æ on the faces of as, a, ... an—cut C 
in y. It is easily seen that the pedal correspondence (x, y) is an 
(n +1, n) correspondence J]. Also, the perpendicular from any of 
the points 7 on any face of the simplex lies wholly at infinity, so 
that the pedal prime of any 2 is the prime t, t... tn. Thus 
li I2...%, 18 a complete (but not a closed) set of the pedal corre- 


spondence. Thus 


8:1 The pedal correspondence II in n dimensions, as defined 
thus, is—in contrast to the two-dimensional case 6°2—complete, 
but not clused at infinity. 

By 2:4, the existence of the complete n-set reduces the rank of 
I] to three. Hence 


8:2 The pedal correspondence obtains no increase in rank 
through the increase in the number of dimensions. 


* The word ‘‘ prime” has been suggested by Professor Baker for denoting a flat 
(n — 1)-dimensional space situated in a flat space of n dimensions. 
+ Proc. Cumb. Phil. Soc. xxii (1925), pp. 34—41. 


43—2 


652 Mr Vaidyanathaswamy, The pedal (3, 2) correspondence 


From the fact that the rank is three, it follows that all pedal 
primes could be expressed as linear combinations of three of them. 
This shews that 


83 Every pedal prime passes through a fired region La—s of 
n — 3 dimensions situated wholly at infinity. In particular, for the 
three-dimensional case, every pedal plane ws parallel to a fired 
direction. 

The pedal envelope has the prime at infinity for an n-ple 
prime, the corresponding regions of contact being the (n — 2)-di- 
mensional regions which join Las to t, ta, ... în. Since the envelope 
is of class n + 1 (cf. (8)), and has the prime at infinity for an n-ple 

rime, it follows that if any pedal prime P cuts the prime at 
infinity in the region L, (containing L), there is a homographic 
correspondence between P and L,. Since there are two regions £,. 
containing L, which touch the Absolute, it follows that there are 
two points jija on the Wallace curve whose pedal primes touch 
the Absolute. There is a faint analogy between 7,7, and the 
circular points of the two-dimensional case. Thus the analogue of 
the angle-property would be: 


8:4 If a homography on the curve with the fixed points J, J: 
carries p to p’, then the pedal primes of p, p’ make a constant 
angle with one another for all positions of p. 

It is easy to see also that the concurrency system of the pedal 
form Il is a linear 2?-system containing the singular pencil 
(1,2) (1,2)... (tnx) (Ax). Such systems are the analogues of “ pedo- 

rallel” systems. Every such system contains a unique “ equi- 
ateral” member, namely a member which is apolar to (1,7)... (inz). 
If two such systems contain the respective “ equilateral” members 


Ay (UTH + A, (EPH +... AQ (inet, 
pi (Q TPH + py (h EPY E... + Hn (inet, 


the analogue of the “ pedal angle” between the two systems will 
be a series of angles ¢,,, which are defined in terms of the ratios 


Hy Ha Pn 


À, j Aa e. Xn ’ 
by means of the equations 
EE PT at 
oe 2V—1 "R tae 
so that brs = — Dur, Pr =O(mod r). 
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Lines and Planes ina Metrical Space. By W. HUNTER, B.A., 
Trinity College. (Communicated by Mr S. POLLARD.) 


[Received 2 December 1926, read 31 January 1927.] 


§ 1. “Stretches” joining Points in a Metrical Space. 
If x, y, z are any points in a metrical space, then by definition 
ô (x, Y) <8(z, £) + Ò (z, y). 


Regarding x and y as fixed, we may define the set of points z 
for which 


ò (z, y) = (z, 2) + ò (z, y) 
as the “stretch joining the points zy” or more shortly the stretch 
ay*. Then for points z not on the stretch, 

ò (x, Y) < 8 (a, z)+8(z, y). 
The stretch zy always contains the points x and y themselves, 
which we may call the “end-points” of the stretch. In particular 
cases, it may contain no other points: e.g. with the function 
5, (x, y) = 1 when z + y, each stretch contains only its end-pointst. 


(1) The “diameter” of a stretch 1s equal to the distance 
between its end-points. If z, 2’ are any two points of the stretch 


xy, then 
Ò (z, z’) < 8 (z, x) + 8 (x, z’) 


and ô (2, 2°) < è (z, y) +ô (2', y), 
and therefore by addition 
28 (2, z') <8 (x, z) +È (z, y) + 8(a, 7) + e(z, y) 
= 2 (x, y). 
The diameter of the stretch, the upper bound of 6 (z, 2’), is equal 
to ô(x, y) [which value it attains for z =z, 2 = y]. 


(2) If z lies on the stretch zy, then the stretch zy contains 
both the stretch xz and the stretch zy. 
For let t be any point of the stretch zz. Then 
§ (x, y) = È (x, z) + È (2, y) 
= ò (x, t) + ô (t, z) + 8(z, y) 
>ô (x, t)+ò(t, y) 
> ô (a, y). 


* See Menger, ‘‘Ueber geodätische Linien in allgemeinen metrischen Räumen,” 
Amsterdam Proceedings, Vol. xx1x (1926), p. 166. 

+ If each stretch contains at least one point in addition to its end-points, the 
space is said to be “ convex.” See Menger, op. cit. 
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Hence the equality sign must hold throughout; ¢ lies on the 
stretch sry, and incidentally we have proved that z lies on the 
stretch ty. Similarly we may prove that the stretch ry contains 
the stretch zy and that, if wis any point of the stretch zy, then 
z lies on the stretch zw. The two stretches zz, zy can obviously 
have no point in common except the end-point z. 

Examples will shew (see § 2) that the stretch zy is not 
necessarily the sum of the two stretches zz, zy defined by any 
point of it. If, therefore, it has this property we call it a “linear” 
stretch. 


(3) The necessary and sufficient condition for a stretch to be 
linear is that z, 2 being any two points of the stretch, then 
ô (z, z ) = | ê (x, z) — ò (x, z)|= | ò (2, y)- ê (2, y) |, 
i.e. that the stretch should be applicable on a set of points lying 
on a euclidean straight line. 
The condition 1s necessary; for if the stretch is linear, then 
either z’ lies on the stretch zz and 
ô (z, z’) Zi ô (x, z) E 5 (x, z’), 
or else z’ lies on the stretch zy and 
ô (z, 2’) = è (z, y) — d(z’, y). 
It is evidently sufficient; for z being any point of the stretch 
divides it into the stretches zz, sy, and we can deduce from the 


given condition that any other point 2’ must belong to one or 
other of them: if | | 


ò (z, z.) = ò (£, z)—8 (x, 2’), 
then ò (x, 2) = (x, 2’) + ô (z', 2), 
and 2’ lies on the stretch az; if 
ò (z, 2‘) = Ò (a, 2’) — 8 (x, 2), 
then — bz, z) =8(y, 2) -8(y, z`), 
and therefore Ò (y, z)=8(y, 2’) +8(z’, 2), 


and z lies on the stretch yz. The condition being satisfied, 
ô (x, z) regarded as a function of z can take each of its possible 
values once only, for if z, z’ are two points for which 


ô (a, z) = Ò (x, z`), 
then 6 (2, z’) =| 8 (x, z) — ô (x, 2°} | =0, 


and z and z’ coincide. We can then establish a (1, 1) relation 
between the points z of the stretch zy and points of the interval 
[0, ô (x, y)] of, say, the z-axis in the euclidean space, by letting 
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z correspond to the point of abscissa ô(æ, z) and this is an 
application for 


Ò (21, 2%) =| Ò (a, 21) — Ò (T, 2) | - ° 


= distance between corresponding points of the interval on the 
euclidean line. 


§ 2. Examples of Non-linear Stretches. 


(i) Let = consist of the six points A, B, C, D, E and F, 
and let 


§(A, C)=8(C, D)=8(D, £)=8(E£, B)= }, 
6(A, F)=3, 
§(A, D)=6(C, E)=8(D, B)=8(C, F) 
=8(D, F)=8(#, F)=}3, 


5(F, B)=8, 
§ (A, £)=8(C, B) = }, 
8(A, B)=1. 
A C D E B 
w% Wa 
F 


This is easily seen to be a metrical space. The stretch AB con- 
sists of all six points and 6(A, X) for points X of the stretch 
takes each of its possible values once only. The stretch is not 
linear, for the point F lies neither on the stretch AD nor on the 
stretch DB. 


(ii) Let È consist of the points x = (2,, 2, ..., Zn), and let 
ô (x, yY) =| = y| + |2 yal t+... + |En — Yn]. 

It may easily be verified that this is a metrical space. The 
stretch xy consists of all the points of the “rectangular solid” 
with faces parallel to the co-ordinate planes, having æ and y 
as opposite corners; in 2 dimensions, for example, the stretch 


consists of all the points of a rectangle and is easily seen to be 
non-linear. 


(iii) Let the points of = be the bounded functions f(x) defined, 
say, for the interval 0 <a <1, and let the distance function be 


è (fi Se) = [lf (#) — J2 (2) | 
= upper bound of | fi (£)— fa (x)| for O<a<1. 
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Since the distance depends only on the difference of the two 
functions, it is sufficient to consider the stretch joining the point 0 
to the point f(x). Let | f («)|| = D and let d be any number such 
that O<d< D. 


If Sf (ve) +d er(a) Sf (2) d. (1), 
and D—d>X(az) >— (DHA) .. eee ccee eee (2), 
then IA (x) || < D—d and || f(@)—A(az)!|<d......... (3). 
Since D>f (x) >-D, 


f(a)—d<D-—d and f(z) +d>—(D-— a), 


and hence a function A (zx) can always be found to satisfy (1) and 
(2) simultaneously. We shew that all functions A (æ) which satisfy 
these inequalities lie on the stretch joining 0 to f(z). D = upper 
bound of | f (x)|, and therefore given e, there exists a point 2, for 
ae either f(a) > D — e, or else f(a) < —D+e. If the former, 
then 


A (To) > f (a) —d >(D—d)—«, 


and therefore |X (a) | >(D —d)—e. 
Therefore la (2) || >D—d, 
and therefore, by (3), 
Ià (æ) || = D — d. 
Similarly, if f(x) < — D + e, we find again that 
Ià (2) || =D-d. 
Also IA (@) + IF (2) — A (2) || > If (£) = 


and therefore putting in the value for || A (x) || we a 
If (@) -A(@)|| >d, 


I| f(x) — A (x) || = d. 

The stretch can only be linear if 6(0, à (z)) takes each of its 
possible values once only. Hence since, in general, more than one 
function A(x) can be found to satisfy inequalities (1) and (2) for 
a given value of d, the stretches in function space are not in 
general linear. 

It for all values of a, | f(z)|= D, then f(xz)—d= D—d or 
f (x)+d = -— (D -— d) for all values of z and in this case inequalities 
(1) and (2) define a unique function A(x) always equal either to 
D —d orto —(D-—d). Hence there exist linear stretches, viz. those 
joining points fi (x), fa (x) for which | f («) —f2(«) | is constant. 

Suppose, for instance, that 


fatx) =f, (x) + D for points « of a set E contained in (0, 1] 
= f, (x) — D for points x of the complementary of £. 


and therefore, by (3), 
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It can easily be shewn, from the above argument, that the stretch 
joining f, (£) and f(x) consists of functions A (xz) such that 
A (z) =f (£) +d 


=f, («)—d 
for points of the complementary of £, for all values of d satisfying 
O0<d<JD. This stretch is evidently linear. 


§3. The Extended Stretch defined by two Points. 


Consider, in any metrical space, the function D(a, y, z) defined 
as follows. Let 


2s (x, Y, 2) = Ò (y, 2) + è (z, £) + è (x, y), 


for points of £, 


and put 


D(a, y, z)=+ N Saye (Sayz — Syz) (Szyz — Sez) (Szyz — Szy)- 
By the axioms of a metrical space, each of the four quantities 
s,s —6 is >0 and hence D(z, y, z) exists and is >0 for all points 
T, Y, Z. 
Now D(z, y, 2) =0 only in the following cases: 


(i) 8 (2, y, 2)=0, in which case v, y, and z must all coincide. 


(ii) 8(x, y, z)=8(y, z), i.e. 8(y, 2) = ò (z, x) + 8 (a, y), so that 
z lies on the stretch yz. 


(iii) s(x, Y, z) = ô (z, x), i.e. y lies on the stretch zz. 
(iv) s(x, y, z)= (x, y), i.e. z lies on the stretch zy. 
These last three possibilities are evidently mutually exclusive, 


i.e. if 
Ò (y, z) = ò (z, x) + Ò (x, y), 
then s(x, Y, z) = (y, 2) = 8(z, 2) + ô (x, y), 
and therefore s(x, y, z) >Š (zx, 4), 
and 8 (x, Y, 2) > (z, 2). 


If, then, 2 and y are any two given (and distinct) points, the 
equation D(a, n, z)=0 defines a set of points z which we may call 
the “extended stretch zy.” 

If z belongs to the stretch joining x and y, it also belongs to 
the extended stretch. If z belongs to the extended stretch, but 
not to the stretch joining z and y, then of the two stretches 
Joning z and z, z and y, only one necessarily belongs to the 
extended stretch; thus if z is such that y lies on the stretch az, 
then the stretch yz is contained in the extended stretch, but not 
necessarily the stretch zz. [If y lies on #2 and t is any point of yz, 
then by § 1, (2), t belongs to zz and y belongs to at and therefore 
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t belongs to the extended stretch zy. But in Ex. (i), § 2, the 
extended stretch AD consists of the five points A, B, C, D, E 
and therefore does not contain the stretch A B.] 

The particular function D(a, y, 2) here used to define the 
extended stretch is evidently not the only function which can 
be used for this purpose. If f(A)+is any function of the real 
variable à such that f(A) =0 if and only if à =0 and f(A) >0 for 
à > 0, then we can take 


D (z, Y, zZ) = f(s) f(s ae ôy) f (8 A 522) f (8 — zy). 
Extending the result (3) of § 1, we may say that the extended 
stretch is linear if it is applicable on a euclidean straight line. 


TRIANGULATED SPACES. 
§ 4. Definition. 


The structure of a metrical space is defined by the aid of 
a function ô (x, y) of its points taken in pairs, and this leads 
to the special characteristic we have just considered, that any 
air of points defines a stretch of points which in special cases 
has the properties associated with lines. If we endeavour to 
generalize this result, we might be tempted to define what we 
may call a “triangulated” space, as follows: In the set 2 we 
define a function A(z, y, z) of all possible triads of points, such 
that 


(i) A(z, y, z2)>0 and = 0, when any two of the points coincide. 
(ii) A(z, y, z) is independent of any order in the points z, y, z. 
(iii) A(z, y, z) < A (w, y, z) + A (w, z, z) + A (w, x, y). 

These conditions are self-consistent; they may be satisfied 
, by taking the function A to be 1 when z, y, z are all distinct, and 
0 when any two of them coincide. They are not, however, sufficient 
to define a manageable function A. 
Regarding 2, y, 2 as given, we define the “triangle xyz” as the 
set of points w for which 
A (x, y, z)= A (w, y, 2) + A (w, z, x) + A (w, <x, y). 


If w is a point of the triangle vyz, then this triangle does not 
necessarily contain the points of the triangles wyz, wzæ, wry. 


Example. Let 2% consist of the five points A, B,C, D, E and define 
A (A, B, C)=1, 
A (A, B, D)=A(B, C, D)=A(C, A, D)=}, 
A(A, B, E)=A(B, D, E)=A(D, A, E)=4, 
A(E, B, C)=A(E, C, A)=4, 
A(C, D, FE) = 3. 
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Then D is a point of the triangle ABC, and E a point of the 
triangle ABD, but £ does not belong to the triangle ABC. 


S 5. A Metrical Space as a Triangulated Space. 


The function D(z, y, 2) defined in § 3 evidently satisfies con- 
ditions (i) and (11) of § 4. If it should also satisfy condition (iii) 
we should be able to use it to define the metrical space as a 
triangulated space. We shall see, however, that D(a, y, z) does 
not necessarily satisfy this condition. 

For brevity write 


d(y,z)=a, 8(z,2)=b, S(2z, y)=c, 
and S(w,x)=l, S(w,y)=m, S§(w, z)=n. 
Since the space is metrical, each of the quantities 
m+n+a, m+n-—-a, m—-n+a, —m+n+a 
1s >0 


and hence the eq uations 


2Vvmn sins =V(m—n+a)(—m+n+a), 


2Vmn cos 5 = (m+n + a)(m+n—a) 


define uniquely a real angle a when Oga<sm. We note that a = m 
if w lies on the stretch joining y and z, and a= 0 if w lies elsewhere 
on the extended stretch yz. 


We easily deduce 
a= m? +n? — 2mncos a, 
D (w, y, 2)=4mn sin a. 
Defining the angles £, y in a similar manner, we have 

D (w, z,2)=4}nl sin 8 

and D (w, x, y) = ġlm sin y, 

D (z, y, 2) 

=}v(at+b+c)(a+b—c)(a—b+c)(—a+b+c) 

=} V23b%c — Sat 

=4V2[2(n?+ 2 - 2nlcos B) (P+ n? — 2Zlmcosy)— (m +n°— 2mn cosa)’ ] 


=4V Emn? sin?’ a + 2mnZl (cos B cos y — cos a) 


=}4v[Emn sin a]? — 4/mn sin ø ¥l sin (ø — a), 
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a+8+ 
where ga : 


The remaining conditions to ensure that the space is metrical ar 


evidently equivalent to the condition that the expression under 


the sign should be positive; i.e. the space is metrical if and 
only if 
O<a<m, O0<B<7, O<y¥<7, 
[Emn sin a} — 4lmn sin o YI sin (ø — a) >0.......... (M) 
Since D(w, y, z)+ D (w, z, x) + D (w, x, y) =} =mnsin a, 
D(a, y, 2) < D (w, y, 2) + D (w, z, x) + D (w, z, y) ...(111) 


if and only ìf 4lmn sin ø LI sin (ø — a) > 0. 


(a) Now if a>, then ø— a > 0 (a<r), and also 


3r 
o—B>0,0-y>0; g = St BtY. os 
and therefore since 
gc=a—-atao—-Bt+oa-,y, 
one at least of the angles e—a, o—8, o—y must be different 
from r, 


c¢-a= Per < r etc. 
Hence sing <0 
and sin(o—a), sin (ø — £), sin (o — y) 


cannot be negative or all zero. Therefore 
4lmn sin o Èl sin (ø — a) <0. 


Condition (M) is certainly satisfied, but (iii) cannot be true. 
If o = vr, then evidently 


D (zx, y, z)= D (w, y, 2) + D (w, z, x) + D (w, zx, y). 


When ø< r, there are two possibilities to consider: 


(b) o—a>0, o—820, c—y>0. 


In this case, since c—a+o—B+oa-y=oa< r, none of the 
three angles can be m. They can only vanish simultaneously when 
o=a=f=y7=0 and as this imphes that the points a, y, z 
coincide, we exclude this possibility. Hence we have 


4lmn sing. Èl sin (øe — a) > 0, 
1.e. D (zx, y, 2) < D (w, z, 2)+ D (w, xæ, y) + D (w, y, z). 
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The condition (M) is certainly satisfied in this case. We have to 
shew that 


A? = [Emn sin a} — 4lmn sin o Èl sin (e — a) > 0. 
Putting mn=§€, nl=n, lm=¥%, 
we have A? = EE sin’a + 22nf(cos £ cos y — cos a). 
By a well-known theorem A? can be put in the form 
MX HUFA, 


where X, Y, Z are real linear functions of E, n, € and X,A,A, are 
the (real) roots of the cubic 


sin?a — À, cos a cos 8 — cos y, cos y cos a -— cos 8 |=0, 
cos a cos 8 — cos y, sin?8 —A, cos 8 cos y — cos a 
cos y cosa — cos 8, cos ĝ cos y — cos a, sin?y — À 
Le. A? — A?(sin?a + sin? g + sin?y) + 3AD — M =0, 


where Q = 1 — cos?a — cos? 8 — cos? y + 2 cos a cos 8 cos y 

= 4 sin ø sin (ø — a) sin (ø — 8) sin (ø — y) 

>0. 
We readily deduce that the roots of this cubic are all positive 
and therefore A? is essentially positive, and condition (M) is 


satisfied. 
We may write the condition Q >0 in the form 


[V (x, y, z, w)P>0, 
so that 
144[F (a, y, 2, w)P 
= 42? m?n’? QD 
= 41? m?n?— 21? (m? + n?— a?) + (m? + n?—a?)(n?+ P—b?)(L?+ m? c) 
=— abc? + Bel (P+ c? — a?) — La? (l? m) (2 n’), 
and we have just seen that this condition is sufficient to make 
D(a, y, 2)< D (w, y, z)+ D (w, z, £x) + D (w, <, y) 


[for Q >0 if and only if egr and e—-a>0,o-ß8>0,c—-y>0; 
for Q >0 if these conditions are satisfied; if one of them is not 
satisfied it can easily be shewn that the other three certainly are 
and therefore one and only one of the expressions 


sing, sin (øe — a), sin (ø — 8), sin (e — y) 
18 < 0, 
and therefore Q < 0.] 
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It can easily be seen that the expression for 144[V (x, y, z, w} 
is unaltered by interchanging b and m, c and n, ie. by inter- 
changing z and w, and so also is unaltered by interchanging any 
two of the points z, y,z, w. Hence the above condition is sufficient 
to make any one of the expressions D(z, y, z), D(w, y, z), D(w, z, 2\ 
D (w, x, y)< the sum of the other three and condition (iii) of §4 
is completely satistied. 

In the special case ø —a = 0, then o—B=y, o -y =B, 


Deyo (Sa cna ay F 
=4V([mnsina—nisin 8 — lm sin yF, 
i.e. D(a, y, z)=+([D wu, y, z)— D (w, z, xc) -— D (w, x, y)), 


the sign being so chosen that the R.H.S. is positive, and therefore 
we have either 


D(w, y, 2) = D(a, y, z)+ D(w, z, x) 


+ D(w, x, y) 
or 
D(w, y, z)+ D(a, y, z) = D (w, z, 2) 
+ D(w, T, y). w " 
(c) The other alternative is: o< a and D 
one of the angles o—a, a—8, o— y nega- 
tive; say, a >g. and then æ - 8 > 0, o —y>0. y T 


In the expression 4lmn sin ol sin (ø — a) two 
of the terms are positive and one negative and hence condition (ii) 
is satisfied for certain values of l. m, nand not for others. Similarly 
we shall see that condition (M) is only satisfied for a restricted set 
of values of l, m, n. 

We may sum up the results obtained so far as follows : 


(a) >m; c—a>0,0—8>0,0-—y>0. D(a, y, z) does not 
satisfy condition (i). Q < 0 and therefore V (x, y, z, w) is imaginary. 

(b) o¢g¢7; o-a>0, oc- >20, c—y>0. D(x, y, z) satisfies 
condition (111). Q >0 and therefore V (x, y, z, w) is real 

(c) o< and one (and then only one) of o —a, e — 8, o — y <0. 
D (zx, y, z) satisfies condition (111) only for a restricted set of points 
w. Q <0 and therefore V (x, y, z, w) is imaginary. 


§ 6. Metrical Spaces in which the Triangulation is Plane. 


If the metrical space È is such that the function ô (a, y), in 
addition to satisfying the three conditions for a metrical space, 
also satisfies, for any four points 2, y, z, w, the condition (4) 


[V (r, y, z, w) >20, 
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where 
144 [V (a, y, z, w)}* 
=- ebe + Eal (6? + c? — a?) — 2a? (L — m*) (? — n), 


we say that the triangulation is “ plane.” 
This is equivalent to the conditions e < 7,¢—-—a>0,0—B>0 
and ø — y >0 and hence D(z, y, 2) satisfies the conditions of § 4. 
The points of the triangle xyz are defined by the condition 
a=. [This, as we have seen, is the only case which leads to 


D(a, y, 2)= D (w, y, 2) + D(w, z, x) + D (w, x, y).] 


We can define an extension of this triangle, as the set of points 
for which V (a, y, z, w)=0. In this extension, we may call a point 
w for which o =m an “interior” point and a point for which 
V (x, y, z, w) = 0 in virtue of one of the relations e =a, o = 8, o =y 
an “exterior” point. 

If w lies on the stretch yz, then a =m. Since o < r, e—a > 0, 
therefore ø =a =m; the point belongs to the extended triangle 
and may be regarded inditferently as an interior or an exterior 
point. If w lies elsewhere on the extended stretch yz, then a = 0, 
and hence ø — 820, o—y>0 only if 8=y, and therefore o= 8 =y. 
Then w belongs to the extended triangle and is an exterior point. 
Similar results hold for the stretches determined by the points 
2a, LY. 

The stretch Joining any two points of such a space is linear. 
Let x and y be the two points and z, z any two points of the 
stretch joining them. We consider the angles a, 8, y subtended at 
x by the pairs of points zy, yz, zz’. Since 


Ò (z, yY) =Ò (x, y) — ò (x, 2), 
the angle a=0; similarly 8 = 0, and therefore from o —y>0 we 
deduce y = 0, Le. 


{5 (z, z )} = {8 (x, z)— 8 (x, 2’)? 
ò (2, 2’) = | Ò (x, z) — 8 (a, 2’)|, 


and hence, by § 1 (3), the stretch joining æ and y is linear. 
Let X, Y, Z be any three points of X and W any point of the 
triaugle determined by them, so that 


YŴZ=a, ZWX=8, XWY=y, 


the angles a, 8, y being determined by trigonometrical formulae 
involving the distances. Of the three distances YZ, ZX, XY, any 
one is not greater than the sum of the other two and we can 
determine a triangle in a euclidean plane, the lengths of whose 
sides are eyual to these distances. te can easily be shewn that 
there exists one and only one point in the euclidean plane whose 
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distances from the vertices of this triangle are equal respectively 
to the distances WX, WY, WZ (the existence of the point is a 
consequence of the relation a+ 8+y=27r). Hence the set of four 
points x, y, z, w can be applied to a similar set of points lying in a 
euclidean plane and the angles in the two cases, being given by 
identical trigonometrical formulae, are equal. If, then, W is an 
interior point of the triangle X YZ, so that 


VWZ+2ZWX + XWY =2r, 


then for the angles subtended at X by YZ, ZW, WY we have the 


relation YXZ= YÊ W + WÊZ, and hence X is an exterior point 
of the extended triangle defined by WYZ. [We could have 
deduced this latter result directly from the equation 


V (x, y, z, w)=0, 


but this does not easily lend itself to a deduction of the particular 
relation between the angles subtended at X.] Similar results hold 
for the points Y and Z. | 

Let now T be an interior point of, say, the triangle WX F. 
Then by the result just proved, 


xŷz=-xfw+wÎzZ X 
=XfT+ WŶT+ WYZ 
>X YT+TYZ 
>XÎZ. 
Hence the equality must hold through- D z 
out Y 


XŶZ=XŶT+TÎZ. 
Similarly we prove 


ZRY=Z&T+YVRT. 


and from these we can deduce (as in the euclidean case, the 
angles being determined by identical trigonometrical formulae) 
that T is an interior point of the triangle X YZ. 

As in the case of stretches Joining two points, the triangle 
A YZ is not necessarily the sum of the triangles WYZ, WZX, 
WXY, when W is a point of the triangle X YZ (using the term 
triangle in the restricted sense, confining 1t to interior points). Let 


YZ= ZX = XY = 4x3 
and 


WX=WY=WZ=1, WX=W'Y=W'Z=1, WW'=1. 
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These distances satisfy all the requisite conditions. We find that 
W and W’ are both points of the triangle XYZ, but W’ is 
exterior to each of the triangles W YZ, WZX, WXY. [Eg. 


ys 2T ry _7 A 
yw2=—, wWwY=-, WWZ=2, 


and therefore 
YW24+Wwwy+wwz- am Ear 


and similarly in the other cases.] 

If the triangle X YZ is the sum of the triangles WYZ, WZX, 
WXY for any interior point W, then the argument used above 
shews that the points of the triangle X YZ are applicable on a set 
of points lying in a euclidean plane. This condition is evidently 
sufficient as well as necessary. It is for this reason that I have 
called the space one in which the triangulation is plane, 


§ 7. Metrical Spaces in which the Triangulation is not Plane. 


In this case, we are to consider the possibility that ø < m and 
that one of the angles ø —a, o — R, o—y is negative. Let us 
suppose a >c. Theng—8>0,0-—y>0. 


Since m >a= + y+2(a— o) we also have 
a—o<s<ġr, Bt+y<7. 
We make use of the following identities 
sin 8 sin y =sin (ø — 8) sin (@ — y) + sin ø sin (o — a), 
and two similar results, 
sin? (o — 8) + sin? (o — y) — sin?’ a 
= — 2 cos asin (ø — 8) sin (ø — y) etc., 
sin? (e — 8) — sin? (e — y) — sin? a 
= — 2 cos (e — f) sin ø sin (e — y) etc., 
sin? (e — a) + sin? g — sin’ a 
= 2 cos asin ø sin (o — a) ete. 


We consider first the condition (M) which, putting mn = £, 
nl =n, lm =, we write 


A? = ZE sin? a + 2Èn¢ (cos 8 cos y — cos a) > 0. 
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Now 
as 1 ; OO _. — 
A= | sina sr {n (sing sing — y + sin a — ø sino — £8) 
= AE A 2 
+ ¢ (sin e sin o — ĝ + sin a — o sin r= 
+n’ sin? 8 + 6 sin? y 
+ 2nf [sin e — 8 sin ø — y + sin ø sin a — o} 
Sna {7 (sin ø sin ø — y + sin a — øo sin ø — f) 
+ (sing sin o — £ + sin a — o sin e — y)}’. 
In this we have assumed that sina +0. We consider later the 
case a=. The terms not containing & can be shewn to reduce to 


| 


o 
ai (n? ~2nt cos a + 5%} ae L (m? + n? — 2mn cos a) 


=— = al? 
sina ’ 


where 
Q = — 4 sin ø siu (ø — a) sin (e — £) sin (e — y) > 0. 
Hence the condition A? > 0 gives rise to two possibilities 
sin'a >n [sin ø sin (ø — y) + sin (a — o) sin (e —ß)} 
+¢ {sin o sin (ø — £) + sin (a — o) sin (e — y)} +VQ.al, 
sinta < n 1...) + ¢ {...}— VQ. al. | 
If the former condition holds, then we have | 
sina [Æ sin a — n sin £ — fsiny] 
> 2n sin (a — o) sin (o — 8) + 2fsin (a — ø) sin (e — y) + VQ. al 
> 0, 
all the terms being positive. Further 
A? =[f sina — nsin 8 — Ẹsin y? 
— 4 sin (a — e) {—nsin o + Ẹsin (ø — y) + Ẹn sin (e — B)}, 


| 


and 
sin? a {— sin o + CE sin (o — y) + Ẹn sin (o — B)} 
>— nč sin ø sin?a + sin (a — o) {n sin (o — £) + Ẹsin (0 — y)}’ 

+ sin ø sin (ø — £) sin (e — y) {n° +o} 
+ nt sin ø Ísin? (e — 8) + sin? (e — y)} 
+ VGV9? -int eos a + E (nsin (o — A) + Esin (o — y) 

= [vsin (a— a) {n sin (o — £) + ¢ sin (e — y)} 
+ Vsin ø sin (ø — 8) sin (e — y) Nn? — 2E cosa + F 

> 0. 
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Therefore 
D (x, y, z2)=4h <} [Esina— ņ sin 8 — {Ẹsin y), 
i.e. D (w, y, 2) > D (x, y, z) + D (w, z, x) + D (w, zx, y). 


In this case, therefore, the function D does not satisfy the required 
condition. 
Hence we need only consider the case where 


Esin? a < Q =sin o [n sin (o — y) + Ẹsin (e — £)’ 
+ sin (a — ø) fn sin (e — 8) + Ẹsin (o — y)} — VO.al. 
The condition 
D(a, y, z) < D (w, y, z) + D (w, z, £) + D (w, x, y), 
i.e. sing[—7fsin(a—o) + CEsin(o — 8) + Ensin (e — y)] 20, 


je p> mama) 
where R = ņ sin (e — y) + Ẹsin (e — 8). 
Also 

Q- ný sin? a sin (a — o) 


: [vsin o R — vsin (a — ø) sin (ø — 8) sin (F — y). al} 


where 
P =vsin ø {nsin (ø — y) + Ẹsin (e — 8)} 
Nae S e e r a, 
Further 
sin o R — sin (a — ø) sin (ø — 8) sin (e — y) {n? — 2n ¥ cos a + C7} 
= ņ’ sin asin 8 sin (ø — y) + Ẹ sin asin ysin (e — £) 


+ 2nfsin a sin (ø — 8) sin (e — y) cos (a — o) 
2 0, 


all the terms being positive since a—a< $r. 


Therefore P >0, and we may write the values of & satisfying 
the above two conditions in the form 


(I) Esinta = AP’ + nẸsin’a sin (a — e) /R, O<drd <1. 


44—2 
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For the value A =0 we have 
D (a, y, 2)=D(w, y, z) + D (w, 2,2) + Dlw, x, y), 


und for the value `A =1 we have D(z, y, z)=0. l 

We have, further, to ensure that each of the other expression 
of D(a, y, z), D (w, y, 2), D (w, z, x), D (w, z, y) is not greater than 
tho sum of the other three. We may write A’? in any of the alter- 
native forms 


(a) A’ = [Esina— nsin 8 -— ¢sin y? i 
—4sin(a—o) {— ný sin o + CE sin (o — y) + En sin (e — 8). 
(b) At=[—Esina+nsin B— Csin yF 
+ 48in (o — B) {nfsin (o — y) — CE sin ø — Ẹn sin (a — o );, 
(c) A=[— {sina — nsin 8 + fsin y? 
+ 4 sin (ø — y) {nf sin (e — 8) — E sin (a — o) — En sin o. 
Now 
sina (n sin 8 — “sin y) -Q 
= VQ V7? — 2nt cos a + ¢? — 2 sin (a — e) S, 
where S = nsin (ø — B) + Ẹsin (e — y), 
and therefore is > 0 if and only if 
sino sin (ø — 8) sin (e — y) {n*?— 2nf cosa + C7} > sin (a — o) S”, 
1o. if 
sin asin 8 sin (e — 8) n’ + sin asin ysin (o — y) & 
> 2nf sin (ø — 8)sin(¢ — y) {sin (a — o) + sin o cosa}, 
Le, 
n?’ sin B sin (e — 8) —2nfsin (o — £) sin (0 — y) cosa 
+ Ẹsin ysin (o — y) >20. 
It can easily be verified that the expression on the left is not 


essentially positive and hence that this condition is not necessarily 
satisfied. If it is, then for all values of & given by (1), 


Esin a <n sin 8+ sin y, 
and therefore 
D (w, y, 2) > D(a, y, z) + D (w, z, x) + D (w, a, y). 


If it is not satisfied, then for the required result to hold we must 
have, by (a), l 
ne ang 
Eso > 
whenever Esin a >nsin 8+ Ẹsin y. 
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But 


nsin 8 + Ẹsin y — ee 


=5 Ín? sin £ sin (o — 8) + & sin ysin (o — y) 
— 2nfsin (o — 8) sin (e — y) cos o} | 

<0. 

Hence in order that 
D (w, y, 2) $ D(z, y, 2) + D (w, z, £) + D (w, 2, y), 
we require 
(II) If 
n? sin 8 sin (o — 8) — 2n% sin (e — 8) sin (e — y) cosa 
+ Ẹsin ysin (ø — y) < 0, 


nf sin (a — o) në Sin o 
then R $F SE 


and it can easily be verified that this condition is stricter than 
condition (I). 
In a similar manner we consider the condition 
D (w, z, £) $ D (w, y, z)+ D (w, x, y) + D(a, y, z). 
By (b) this requires that, if 
Esina< nsin 8— Csiny, 
we should also have 
nt sin (o — y) — GE sin o — En sin(a—o) > 0, 

sin (ao — 
oe E< n ma — £ + P g` 
This is certainly the case if 
; , sin asin (o — 
a ai i ame ae. 
Le. if 

7 sin £ sin (a — e) — 2nf sin o sin (a — o) cos (e — y) 

— Ẹsin ø sin y <0. 
In this case, condition (I) is sufficient. If not, we have the further 
condition 
(III) If 
n? sin £ sin (a— o) — 2nf sin ø sin (a — o) cos (o — Y) 
— Ẹsin ysin ø >0, 
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nf sin (o — y) 


nE sin (a — o) 
then R n sin (a — o) + Ẹsin o` 


<< 
Finally by considering the condition 
D (w, x, y) > D (w, y, 2) + D (w, z, 2) + D(z, y, z), 
we obtain 
(IV) If 
— n? sin 8 sin ø — 2nf sino sin (a — e) cos (o — £) 
+ {tsin ysin (a — e) > 0, 


nt sin (a— o) nf sin (o — £) 
men OR SF Saino + Ein (aa) 


We have finally to consider the case a= m; D (w, y, z)=0. 
A? = n? sin? + Esin? y + 2nf(1 + cos 8 cos y) 
— 2E (n + £) (cos 8 + cos y), 
B+ <a, and therefore § (8 + y) < $r, $|B-—y|< 47. 
Therefore cos 8 + cos y = 2 cos $(8 + y) cos $ (B — y) 20, 
A? = [n sin 8 + Ẹsin y}? + 2n% (1 + cos B + y) 
— 2& (n + £) (cos 8 + cos y) 
= [n sin 8 — {sin y}? + 2nf(1 + cos 8 — y) 
— 2E (n + £) (cos B + cos y). 


Proceeding as above, we find that in this case all our requirements 
are satisfied if 


nf cos $ (8 + y) _1& cos (8 — 4) 
O9 mtoe- Grr 


Putting in the values of ¥, 7, č in terms of l, m, n, we obtain our 
results in the form: 


(I) m sin(o — B) + nsin (o — y) 
sin (a — o) 
mn sin?a 


m (sino sing - 8 + sina - ø sin g — y) +n (sin ø sin o — y + sina -o sin g -8)-a,'Q 
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CII) If 
m? sin y sin (ø — y) — 2mn sin (e — B) sin (e — y) cosa 
+n’sin £ sin (e — 8) < 0, 


> Sin (o — y) + nsin (e ~ 8) 
> sno 


then also 


(III) If 
mêsin y sing + 2mn sin o sin (a — o) cos (o — y) 
— æ sin 8 sin (a — e) <0, 


m sin o + nsin (a— o) 


then also l> - 
sin (a — y) 


(IV) If 
— mè gin y sin (a — o) + 2mn sin ø sin (a — o) cos (o — 8) 


+msin Bsing <0, 


then also ana orne 
(V) If — 
cos 4 (8 — 7) cos $(8 +) 
ten HBF) Pt" cos B=)" 
ong m+n=a. 


The two other cases 8 >ø, y ><a, lead to similar results. 
§ 8. Examples illustrating the results of § 7. 
(1) Let ô (w, x)= ô (w, y) = (wu, 2)=1, 
§ (y, z) = 6 (z, x) = È (x, y) = 2. 
Then a=BP=y=, o=§r. 
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The point w is common to the stretches joining the points 


Ys, 2x, Ly. 
D (w, y, 2) = D (w, z, x)= D (w, x, y) = 9, 
D(a, y, z) = V3. 
T T 
(2) If we take a=. PENE 


then o= —-, -0 = 
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The conditions to be satisfied by & for the case y= €=1 are those 
numbered (I) and we must have 


V8—1 <v3 -1 
l 4 
Thus, if we take £=4, l=W2, mana, 
therefore a=1, b= =V$—./3 ='876.... 


D(w, y, 2) = Dw, z, x)= D (w, z, y)=}, 
D(a, y, z)=V 2} — v3 = '36.... 
(3) Ifin the above example we take 
V3—1 
f= —_ 
D(z, y, 2) = D (w, y, z) + D (w, z, 2) + D(w, x, y). 
The corresponding values are 
l=V2+4 2V3 =2°34..., 
V3 —1 


m=an= ——- ='43..., 


4 
a= me = 605..., b=c=198.... 
The point w belongs to the triangle defined by a, y, z. 
(4) If we take a = r, 8 =y =0, then 
D (w, y, z)= D (w, z, x)= D (w, x, y)=0 
and D (x, y, z)=Vlmn(m + n — l), 
and therefore for the space to be metrical we require 


m+n>l, a=m+n, b=l—n, c=l—-m. 

Hence y and z both lie on the stretch sw, while w lies on the 
stretch yz. 

We notice that in this example, where the condition 

D(a, y, z) < D (w, y, 2) + D (u, z, x) + D (w, x, y) 

is not satisfied, the stretches joining the points concerned are not 
linear. 

We can indeed shew that in general whenever the condition is 


satisfied for any four points (whether the triangulation is plane or 
not) then the stretches are linear. We have already proved the 
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result for the case where the triangulation is plane. Now let z, y 


be any two points and z, w any two points of the stretch joining 
x and y. Thus, let 


(x, y)=l, 8(z, w)=a, ò(z, x)=b, (r, w)=c. 
Then also 
ô(y, w)=l—c, (y, 2)=l—b, xwy = azy =T, 
and therefore D (w, x, y) = D(a, y, 2) =09. 
Hence the requisite condition can be satisfied only if 
D (w, y, 2) = D (w, z, 2). 
20e + 2c?a? + 2b — a‘ — bt o ți 
=2(l—c)(l—b) + 2a? {l-b} + U—c)*}-— at — (l -by -(l- c), 


1.e, l {a — (b —c)*} = (b + c) {a? — (b — c)}*. 
In general, therefore, we must have 

a=b- c}, 
L.e. ô (w, 2) =! 8 (x, z)—8(a, w) j. 


In the special case b +c =1 this result does not necessarily follow ; 
but if the extended stretch defined by zy contains a point other 
than the points of the stretch joining x and y, we can deduce the 
required result. For let ¢ be a point of the extended stretch not 
belonging to zy, and suppose it is such that æ lies on ty (the proof 
in the case where y lies on zt is exactly similar). Then by § 1 (2) 


every point of sy belongs to ty and further x hes on both tw and 
tz. Hence if 6(¢, 7) =d>0, 


ô(t, w)=c’=c4+d, 8(t,z)=b =b+d, S(t, y)y=U=l+d. 
If b+c=l, 
then b+c =b+c4+2d+l, 
and therefore as above 
8(z, w)=| d(t, w) — ô (t, z)| = | ò (x, w) —8(a, z). 
We have now proved that for all points w, z, we have 
ô (z, w) =| 8 (a, z)— È (x, w) |, 


and hence the stretch xy is linear. 


§ 9. Complete conditions for 


D(a, y, 2) < D (w, y, z) + D (w, z, x) + D (w, x, y) ete. 
Denoting these values of the function D(z, y, z) by D, D,, D,, 
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D,, the necessary and sufficient condition that each should be less 
than or equal to the sum of the other three is 


(D, + D, + D;— D)(D,+ D,— D, + D) 
x (D, — D, + D;,+ D)(— D, + D: + D: + D) 29, 
i.e. — 5D + 25D; Dè + 8DD,D,D, > 9. 


Putting in the values of D, D,, D,, D, in terms of &, n, fa, 8, 7. 
we have 


— [FE sin*a + 23nf (cos £ cos y — cos a)? 
l — LE sinta + 257°C sin? 8 siny 
+2 [EE sin?a] [ZE sinta + 2Èn¢ (cos 8 cos y — cos a)] 
+ 128 DD, D:D; >9, 
i.e. 4(1 — cos’a — cos? 8 — cos*y + 2 cos a cos 8 cos y) Ey i? 
+ 128DD, D:D; >20, 


and, putting in the values of Æ, n, € in terms of l, m, n, this 
becomes 


D(a, y, z) D (w, y, z) D (w, z, x) D (w, x, y) 
+83 (L +m +n’) [V (z, y, z, w)}*> 0. 
Hence we have the two sets of conditions : 


(1) [V (z, y, z, w) P29, 
in which case the triangulation is plane ; 

(2) [V (x, y, 2, w)]}?< 0 
and 


D(a, y, 2) D (w, y, z) D (w, z, æ) D (w, z, y) >8 (P + ne + n) [- V>], 


in which case the triangulation is not plane. 

The two cases correspond, roughly speaking, to the cases of 
developable and non-developable surfaces in euclidean geometry. 
If we take as our space X a set of points forming a two-dimensional 
surface in euclidean space we can, under certain conditions, take 
as our definition of 6 the geodesic distance between the points. If 
the surface is developable, it can be applied to a euclidean plane; 
this corresponds to case (1). If the surface is not developable we 
should not expect the function D to have regular properties, but 
case (2) seems to indicate that there may exist such surfaces for 
which D has at least the properties of § 4. 
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Note on Ramanwan’s arithmetical function t(n). By Mr G. H. 
Harpy, Trinity College. 

[Received 4 January, read 31 January 1927.] 

1. In his remarkable memoir ‘On certain arithmetical func- 
tions’* Ramanujan considers, among other functions of much 
interest, the function 7 (n) defined by 

f(æ)=x{(1 — x) (1 — 2) (1 — 2)... = Er (n)a (L1). 

This function is important in the theory of the representation of 
a number as a sum of 24 squares. In fact 

(1 + 2x + 2r 4+ 22 +...) = Èra (n) a” = Zê, (n) 2 + Ben (n) 2”: 
where r, (n) is the number of representations ; 

At Òn (n) = oy (n) — 20, ($n) fF, 
where oa,(n) is the sum of the sth powers of the divisors of n, and 
a, (n) the sum of those of its odd divisors ; and 
891 ep (n) = (— 1)" 2597 (n) — 5127 ($n) F. 


2. The associated Dirichlet’s series 
Fis) = 37) ae (21) 


is convergent for sufficiently large positive s. Ramanujan arrived 
by conjecture at the very remarkable identity 


1 
= $$ 9 
F(s)=TII l rp" eat baiti (2:2), 
where the product extends over all primes p; and a proof of this 
formula has since been given by Mordell}. It follows that, if we 
write n= pip," ... p,* and 
cosOp=4p 7? T(p) n (2°3), 
then . 
y sin(d,+1)6,,  sin(a,+1)6,, Şi 
3 7 eee Sne- = gaal 4), 
sin 0p, sin Op, 


and r(n)rT(n')=7r(nn') when n and n’ are coprime. 


r(n)=n 


S. Ramanujan, ‘On certain arithmetical functions’, Trans. Camb. Phil. Soc., 
22 (1916), 159-184. 

+ Ramanujan, l.c., 179, 184. A function with argument n is zero when n 
is odd. 

+ L. J. Mordell, ‘On Mr Ramanujan’s empirical expansions of modular func- 
tions’, Proc. Camb. Phil. Soc., 19 (1920), 117-124 (a paper.communicated in 1917). 
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3. The problem of determining the order of magnitude of 7 (n) 
appears to be very difficult. Ramanujan proved, on the one hand 
that 

T(n)=O(n7)* aa (31), 
and on the other that . 
T(ny=OQO(M)F nace (3°2). 


He also provedt that, if we assume the truth of (2'2), an as- 
sumption since justified by Mordell, and also of the inequality 


T(E P? aa (3-3), 
then 
r(n)Sn*d(n) aan (3:4) 
and 
TOET (3-5) 


for an infinity of values of n, so that (3:1) and (32) may be re- 
placed by 
T(n) = O(n? T°) eee (36), 
for every positive e, and 
| TM= AnD ae (3'7). 


If then (3'3) were proved, the problem would be in essentials 
solved. 


4. In this note I make three contributions to the problem. 
The first (which is all but trivial) is to show that (3'7) does not 
depend upon the unproved inequality (3:3) but only on the iden- 
tities (2'2) and (2'4) established by Mordell, and is therefore cer- 
tainly true. The second is to show that 


T(n) = O(n) exon & 1), 


which therefore replaces Ramanujan’s (3'1); and the third is to 
show that, if 


T (n) = {r(1)}? + {7 (2)}? +... 4+ {7 (n)P oo... (4°2), 
then there are positive constants A and B such that 
An®<T(n)< Bre oa. (4:3) 


for n 21. This shows that the average order of 7 (n) is exactly 
O (n™), and also gives an alternative proof of both (3'7) and (41), 
and indeed of more. 


X Ramanujan, l.c., 168, 171. 
+ That is to say 7 (n) + 0 (n5). See Ramanujan, l.c., 171. 
t Ramanujan, l.c., 175. 
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Proof of (3°7). 

5. Ramanujan shows that (3°7) follows from (2'2) and (3:3). It 
is therefore only necessary to show that (3:7) is true if (3°3) is false 
for some p. 

If(3'3) is false, cos 9, is real and 0, complex, so that 0, = kr + inp, 
where k is an integer and np is real. We may suppose 7, positive, 
so that e’» >1. Then, if n = p*, we have 


sin (a + 1) 4, 


| sinh (a + 1) mp | 
sin 0, 


1 
T(n kane az 


> An? ep = An? a 


where A is a positive constant and ô= n,/log p > 0, for all values of 
a; and this evidently completes the proof of (3:7). 


Proof of (41). 
6:1. The proof of (4+1) depends upon the following lemma, 
which is interesting in itself. 
Lemma 1. If f(x) rts the function (1'1), then 
. S(ay=f(re®)=O((l—r)y} a... (6°11) 
uniformly in 8. 


The proof of this lemma depends on the methods used by 
Littlewood and mya in one of our memoirs on Diophantine 


approximation*. Following the notations of that memoir, I write 
c+ dr 
s=¢, f@=o@, q=", T=, Qee, 


where a, b, c, d are integers such that ad — be = 1. Then the equa- 
tion of transformation for ¢(q) is 


$ (Q) =(a + br)” ¢ (q). 
x (q)=R log ¢ (q), 
x(4)=x(Q)-—12logja + br}. 


If we continue to follow both the ideas and the notation of the 
memoir referred to, in which in particular 


Hence, if 


we have 


e =r, my =log=~1—r, iQ | =e", 


* G. H. Hardy and J. E. Littlewood, ‘Some problems of Diophantine approxi- 
mation: II: The trigonometrical series associated with the elliptic theta-functions’, 
Acta Math., 37 (1914), 193-238. 

+ 226 et seq. 
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we obtain 


x(q) = x (Q) — 6 log Cis + an’) =x (Q)-6logy—6 log 


x (q) + 6 log y = — 6 log (1/r) + R log (V (1 — PF (1 — QM)... } 
= — 6 log È — 2nd + 24 ER log (1 —Q™")<A — 6 log > — 2nd < A, 


where the A’s are constants*. But this is equivalent to 


7 Iy 
F(@)|=|$@ |< Ay*< A (log =) <40- rs, 
which proves the lemma. 
6'2. We can deduce (4'1) at once from (6°11). For 


r) = gre [ER de= 0-74} = O00, 


2m | art 


if the integration is effected round the circle of radius r = 1 —1/n. 


Proof of (43). 
71. To prove (4'3) we require a further lemma. 
Lemma 2. Jfa,20,h>0,k>0,a>0 and 
hQ—r)*<g(r)=Zayr*<k(l—r)™ ...... (7-11) 


for all values of r less than and sufficiently near to 1, then there are 
positive constants p and q such that 


PNn* < 8n =A t h t Aet o $F Aan GE ...... (7:12) 
for all sufficiently large values of n. 
The second inequality (7:12) is immediate, since 


Snr E a,r” Srg (r)S 4g (1 = =) < 4hn* 
F , 


if r =1—1/n and n is sufficiently large. The first inequality is not 
quite so obvious. 
We write r =e, so that 1—r~ y. Then plainly 


G (y) = Esne"! >bhyt nas (7:13) 
if y is sufficiently small. We choose c so that 
c>2a, 8qete*<h naa (7°14), 


* The function - 6 log (1/A)- 2x becomes negatively infinite when \—0 or 
\-» œ, and has a maximum when rà = 3. Here) > 3. 
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and take y=c/v, where v is a large integer; and we write 
G (y) = 3 s e +È sne-"Y = G,(y) + Gey) ...(715). 
Then | f 
G.(y)<q 3 ne" <q | ° we" du = qy | i we dw, 
if v is sufficiently large *. But 
x (c) =f wredu =ce"+a F ute’ dw < cte + 4 (c), 


since c > 2a; and so 


Ga (y) < gec y < phy (7:16), 
by (7:14). From (7:13)}—(7:16) we deduce 
G,(y) = G (y) — Ga (y) > thy 7... (7°17). 
But 
Sy <28, 


G (9) = E se S 3 


—e y g Y 

if y is small enough. Comparing (7:17) and (7:18) we see that 
8, > bhy = pher 

for sufficiently large v, which proves the first inequality (7°11). 


7'2. The second a (4:3) is an immediate deduction 
from Lemmas 1 and 2. For 


g (r) =È {r (n)} r” = zh | f (re) |? d 
= 0 (1-1) = O(n") 


when r=1-—1/n, by Lemma 1; and T(n)< Bn® by Lemma 2. 
This inequality plainly includes (4°1), since T (n) 2 {r (n)}?. 
To prove the first inequality (4°3) we use Jacobi’s identity tł 
v(x) = (1 — x£) (1 — £) (1-9)... P= 1 — 3x + 5a — TÆ + ..., 


where the indices are the triangular numbers. 
Since f= xy’, we have 
a. a ae , 2r , 8 
g(r) = 54 [|e (re®) maa > A (| Iy (re e a8) 
24 lo lò 
> A (1 + 327? + 577% + 727? +...) 


* The maximum of u*e-“* occurs for u=a/y, outside the range of integration 
because c >a. i 
t Fundamenta nova, § 66. 
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when r—~1. But if r=e, we have 


Cm 2} 
Y (Qn +IP wd Snr w 4 | tte? dt 
Jo 


_3 — Š 
~AS I~ A(l—r) 4, 
and se 
TOES TEE 
and therefore, by Lemma 2, T (n) > An", 
Since 


T(n) £ n Max {7 (v)}?, 
v&n 


this wives an alternative proof of (3:7). 


[Added 9 Feb. 1927.] The note was written nearly 10 years 
ago, My interest in the matter reviving recently as a result of 
editorial work in connection with the forthcoming edition of 
Ramanujan’s works. The index 6 of (41) is the 4r which occurs 
in the recent work of Landau, Petersson, and Walfisz concerning 
the number of representations of n by r squares, and the associated 
lattice-point problem ; and (41) itself must be included implicitly 
in their general results. See H. Petersson, ‘Uber die Anzahl der 
(itterpunkte in mehrdimensionalen Ellipsoiden’, Hamburg Math. 
Abhandlungen, 5 (1926), 116-150 ; and the memoirs of Landau 


and Waltisz there referred to. 
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Notes on the theory of series (JII): On the summabilty of the 
Fourier series of a nearly continuous function. By Mr G. H. 
Harpy and Mr J. E. LITTLEWOOD. 


[Received 4 January, read 31 January 1927.] 


1. The theorem which we prove here seems obvious enough 
when stated, but it appears to have been overlooked by the 
numerous writers who have discussed the subject, and the proof is 
less immediate than might be expected. 

We say that ¢(¢) : eee (C, a), where a> 0, if 


T ai P | $ (u) (t — u) du 


tends to a finite limit l anes t—-0. We shall also say that 
œ (t)—=l (C, a). To assert continuity (C, a), for a small a, is to 
assert a little less than ordinary continuity. 
If f(t) is periodic and integrable, and 
$ (t) =} i f(ett) +f(e— t)— 2s} >0, 
then the Fourier series of f (t), for t = x, is summable (C, 6) to sum 
s for every positive 6.* If $(t)>0(C, 1), then the series is 


summable (C, 1 + 5).+ It is therefore natural to expect the truth 
of the following theorem. 


THEOREM. If $(t)->0(C, a), then the Fourier series of f(t), 
for t=x, is summable (C, a + 8) to sum s for every positive 6. 


We prove the theorem in the most interesting case when 
O<a<l1. The proof for a>1 will differ in complication but not 
in principle. 


2. We suppose £ and 6 positive and @+6<1. The(@+6)-th 
Rieszian mean of the Fourier series, for terms whose rank does 
not exceed w, differs from s by 


AL An 3(, w)= > E Capa (t) $ (=) de, 


where C,(t) is Young’s function f 
ta t? t 
Ce TESTES RATES TPN ET e) 
a) rasp (l+q)(2+q) (+q)... (4+ 9) 
Since Crisis (ow) = peg mail E T Give E 


* M. Riesz, 4, 5; Chapman, 1. See also Hobson, 3. 
t Young, 6, 8. t Young, 7. 
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we have 


J3-3(d. w) =a 4 [wre C4843 (wu) ġ (u) du 
Jo 
ua —é a —) 
“Pail zen i Bp (u) du [re C13 (wv) (u —v Pde 


=r, A a Ci (or) dv f u $3 (u — v)f— h (u) du 


= 


of ec w= J 
= r a3). g 148 (wv) Y (v) "= F) s (Y, œ), 
where yirt [owes (u— v) h (u) du. 


There t à no difficulty in the inversion of the order of integration, 
since C -3(t) is bounded, and O (t+) for small t, and the double 
ee is absolutely convergent. 

ssume for the moment that it has been proved that y(r) 
tends to zero with v. Then Js (Y, @)—>0 when w-»0, this being 
indeed the kernel of the proof that the Fourier series of a con- 
tinuous function is summable (C, 6).* Hence Jgis(¢, @)—>0, and 
the Fourier series of f(t) is summable (C, B+ è) for t=x. The 
theorem will accordingly be proved if we can shew that Y (v)—>0 
with v whenever 8 >a and §>0. 


3. We may suppose without loss of generality that «=0, that 
s=0, and that the Fourier series of f(t) has no constant term, so 
that the mean value of $(¢) is zero. It is in fact easily verified 
that y(v)—+>0 with v when f(t) is f (t)= œ — (a, — s) cost, and 
we may consider f— fe instead of f. Our hypothesis is that 


d.(t)= A l h (u) (t — udu =0 (6), se... (3-1) 


A being, here and in the sequel, a constant (a different constant 
in different places). From n it follows that 


a (1) 


(yaa gf oe 


du = pi (Ù, cesses. (3:2) 


* See Young. 6,7; Hardy, 2. Here y will play the part of the œ of the ordinary 
proof. The genesis of y is really irrelevant, and it is not important that y is not 
periodic ; but we can, if we please, replace y by the periodic function y* equal to y 
in (0, 27), it being easily proved that the difference between Ja (Y, w) and Js (Y°, w) 
for any y integrable in (0, 2r), is O (w—5) and therefore trivial. 
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say, for almost all t.* Also 


TORI = 


ee 


l for small t, while, being the Sant of œ (t), it is O (1) for large t. 


We write 
ponm f"a0 [eet aye 
and we dispose first of ,. This is l 
— antt (Ruyet, (Bo) — 0t fg (u) Ff Pw v) du 
The first term is o (1), by (8'3). The second is 
pre | 0 (u) O fu? 8 (u — v~} du 


+ ef o (u) O fu78-8 (u — v)F&} du 
2v 


+o f "O (1) 0 (u=) du 
1 
=0(1)+0(1) + O(v'**) =0(1). 
Hence o> 0. 


4. It remains to prove that y,—>0. We observe first that 
if0< ES n 2£, then 


f 6 @)du=0(& -E 
We have in fact 


$i(n)— b= A [PO at 4 |" 6. ee - apet ae 


The first term here is 


ole Pe et aol GB: 


and the second is 


1 1 la l = =, 
a dt = a ee l—a __ 1—a + a 
ole | esa @ aan Hele B+ ah 
which is of the same form; and this establishes our assertion. 


* This is simply the solution of ‘ Abel’s integral equation ’. 


45—2 
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We have now 


fig un 84 (ug — rP o (u) du = ene (u— rp (| + (t) dt) . 


>» c 
D 


E TB (u — eP, EIG de | du 


Hy (it. e. E | p) 


r 
r , l 
+ | O ‘ye (u — tpo? + yi -8-8 (u = rp O zE (u _ ry =! du 


e 
ae 
= f o ferte (u — oP + oie (u — oF du 
© 


Soy es ee a ly) Sor); 


or Y;=0(1); which completes the proof. 
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The evaluation of Gibbs’ phase-integral for imperfect gases. By 
H. D. UrsELL, Trinity College. (Communicated by Mr R. H. 
FOWLER. ) 7 


[Read 31 January, received 1 February 1927.] 
Intreduction. 


Statistical mechanics is concerned primarily with what are 
known as “normal properties” of assemblies. The underlying 
idea is that of the generalised phase-space. The configuration 
of an assembly is ennd (on classical mechanics) by a 
certain number of pairs of Hamiltonian canonical coordinates 
p, q, which are the coordinates of the phase-space referred to. 
Liouville’s theorem leads us to take the element of volume 
dr = [Idpdgq as giving the correct element of a priori probability. 
Any isolated assembly is confined to a surface in the phase-space, 
for its energy at least is constant; when there are no other uni- 
form integrals of the equations of motion, the actual probability of 
a given aggregate of states of the proper energy, Le., of a given 
portion of the surface, varies as the volume, in the neighbourhood 
of points of this portion, included between two neighbouring sur- 
faces of constant energies Æ, E +d£; it therefore varies as the 
integral of (0#/dn)— taken over the portion. If I be the measure 
of the total phase-space available, interpreted in this way, and 2 
that of the portion in which some particular condition 1s satisfied, 
then z/J is the probability of that condition being satisfied. 

The importance of the idea lies in the fact that we can observe 
experimentally only a few functions of the canonical variables, and 
all points of the phase-space for which these have the same values 
are ingistinguishable to us. We may therefore take any set of 
such measurable quantities as coordinates in a second space, and 
we can then calculate the probability of any given region in this 
space. A particular set of values of the measurables 1s said to be 
a normal property of the assembly if 2/J has effectively the value 
unity for a region of negligible dimensions surrounding the point 
giving these values in the second space. Clearly a normal property 
must necessarily be an average property ; moreover properties are 
only measurable when they are normal. 

The present paper arose in a recalculation of such a ratio in a 
case in which the usual method seems unjustifiable. On the basis of 
Maxwell’s law of velocity-distribution we can calculate the pressure 
of an ideal gas composed of point molecules, obtaining the usual 
law 


p = nkT, 
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where a is the molecular density. In applying the same methal 
to any other molecular model we are led at once into complications 
Taking the usual picture of hard spherical molecules, of diameter D. 
and a hand eiaszic wall we find that the old formula applies pre 
vided that s denotes the molecular density at the boundary (strictir 
ata distance $D from the boundary) Here nis the density at anr 
parucular point if ndr N is the measure t of the available phas- 
space for which an assigned molecule has its centre in a smal 
volume dr surrounding the point. This will not be the same when 
the point is at a distance } D from the boundary as when it is in 
the intenor of the gas 

The simplest way of obtaining a first approximation is perhaps 
as follows®. In the first place we may ignore the impulse cv- 
onlinates, which give a factor int or J quite independent of the 
other coordinates. Let V be the volume available for molecular 
centres; then by imagining the N molecules placed in position in 
the volume V in succession we find 


I[=V(V—a)(V —2a)...... {V—(V — 1) a}, 
where a is eight times the volume of a molecule. Writing V’ for 
V — 4a we find in the same way 
t=dvr.V'(V'—a)(V’—2a)...... {V —(N — 2) a}, 
when dv is at the boundary. If it were in the interior we should 
have to put V—a for V’. Thus 


ape y’ op Ces ba ray(V-a)_ 4 8 
N “Ido \W=a) pa V-ra Va) TV” 


where b= $ Na, to the first order in b. Hence to the same order 


PSN (1 + z) 

This method clearly leaves much to be desired on the score of 

rigour; moreover it is not easily susceptible of extension to closer 

approximations. Boltzmann (loc. cit.) obtains a second approxima- 

tion by a similar direct calculation+; but his result is perhaps 
more safely based on the general methud developed below. 


§ 1. The phase-space available (considering only the positional 
coordinates) is that part of a 3.V-dimenstonal volume Q (whose 
boundary is determined by that of the gas itself) for which no one 
of a set of conditions, in number 4.) (N — 1), of the form 


(tp — LF + (Yr — Ys)? + (2, — 24)? > D? .. eee. (1) 


* Cf. Boltzmann, Vorlesungen iber Gastheorie, u, § 61.) 
t Of the phase-integral, not of i, I separately. 
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is violated. Suppose we choose a set of k of these conditions, and 
calculate the volume of that part of Q in which they are all 
violated; let Q, denote the sum of this quantity for all possible 
sets of conditions. Then 


FSO SOF Ope OST) Oh xs, bees (2). 


For an element dr of 2 in which s conditions are violated is 
counted ,C, times in Q, (r <s); and 


= (—1).,0,=(1-1)'=0 if s>0 
r=0 
=1 if s=0. 
Hence the sum on the right-hand side of (2) is precisely the 


volume of that portion of Q in which s=0. Jeans* adopts this 
method and finds 
Q= VY, Q=4N(N-1).4r D. VNI, 

Treating Q, as a first order correction to Q and calculating i 
similarly he deduces the value of p found above. He does not 
notice that Q,/Q increases indefinitely with N, whatever the 
density, and that it is in fact very large for any observable mass 
of gas. It is a little surprising, but really might have been 
expected, that the terms in (2) should increase in absolute value 
at first; for the number of pairs of molecules engaged in a close 
encounter at any particular time is very large, so that s also will 
be very large for nearly the whole of ©. There is therefore no 
alternative but to formulate the series (2) exactly, and then devise 
some means of summing it. 

To illustrate the method we first suppose only one kind of 
molecule present, and that the r conditions violated in any term 
of Q, involve 2r different molecules. The number of ways of 
selecting r pairs of molecules is 

N! 
2r! (N—2r)!’ 
N! N-r(A 3yr 
sei Ne aTe 
Writing — for 3 NaD?/V (b in the usual notation) we find 
VFW ys 4). F 
EES R n (N —2r)!: NY 
If we also use y for «~?, we have 


dF -yn Ë (yw 
N 7Y iY F) 


dy 
dF Cr 


* Dynamical Theory of Gases, p. 108. 


hence Q, 
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F is the solution of this equation which is regular at «=O and 
tukes the value 1 there. Put F= G^; then 


wae (ow) ($9) 8 Ge 
+4] (1-9) (G) + w0 Ge |: 


Now N is very large; hence we may write in place of the 
above 


l dG q] 4200 (zE 
G dx G dz (a dx] ’ 
3 
on if = log C, of (1 _ 2m2) EAE ESNE SETA, (3). 


This equation can be solved without difficulty in finite terms, 
though of course no physical importance attaches to any but the 
terms of the first order in 2. We find 


dy _1+4ce—/(1 + 82) 


da 842 
Tyl +8) 1l1+4r—x(l + 82) 


If this were of general application the value of — x or b could 
not exceed 4; but this is not the case. We have of course 


g =a + 0 (2°); 


hence Ng is large and negative, and Z= V‘e%9 negligibly small 
compared with V*, 


§ 2. To evaluate J in general we must first expand each Q,. 
Consider a group of a molecules; their positions can bs represented 
in a space of 3a dimensions. At any particular point of this space 
a certain set of conditions (1) are violated, ad there is a whole 
region in which these same conditions are all broken. We can 
enumerate all the possible sets of conditions (1) such that each set 
binds the molecules it involves into a single connected group, the 
connecting links being the conditions (1). For any such set of 
conditions and the corresponding connected group of molecules 
there will be a symmetry number ø which is the number of per- 
mutations of the molecules among themselves which leave the set 
of conditions unaltered. In the 3a-dimensional space there is a 
definite region in which these conditions (and possibly others as 
well) are violated; by permuting the molecules among themselves 
we get (a i/o) such regions, which may of course overlap. We now 
enumerate the types of such sets of conditions, and introduce the 


O EE, o E E E E r a E S R, S E E o E G EE EEES 
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following notation: in the rth type the number of conditions is p,, 
and the number of molecules involved is a,; we write e, for (— 1)?r 
and define a quantity E, so that 

€,&,V ro, | N° 
is the volume of the region of a 3a,-dimensional space correspond- 
ing to the particular set of conditions of the rth type. 

In accordance with the definition of Q}, we now choose any k 
conditions (1) and calculate the volume of phase-space in which 
they are violated. Any such set resolves into a number of sets of 
the types defined above, the corresponding groups of molecules 
being mutually exclusive; let there be v, sets of the rth type, so 
that 

Po E E E ete (4). 


The number of sets of conditions for which the v, have assigned 
values is 


N! 
(N — Xa,v,)! I (v, ! o,r) 
Hence 
| N! VN -2arvr €,&,V4%ra,\"r 
E RB tn Cs 
(N — Xa,v,)! I (v,! o,"r) Ne 


the summation being over all positive integral values of the v, 


satisfying (4). Thus 

N! IIE," 
me —_ 1\k = VN T, ; 
Sah) ae =a Zary)! Ilv,! 
the summation being over all positive integral v,. Clearly &, is 
O (6%) in the usual notation. 


Nr-Zarvr || (5), 


Write 
(yN)N-2arer TI (EN r a 
BSG 2 N 3an) n N-N, 
1 oF 1 ð \% 
Then TET (+ =) F. 


Moreover F is defined completely by these equations together 
with the conditions of being regular in the (£,) at the origin and 
taking the value y” there. Now if a,=a,, that is, if the number 
of molecules concerned in the rth and sth types of connected groups 
is the same, we have 

oF oF 

dE, OE’ 
and therefore F is a function of the sums E£, apn» only. 
Writing x, for these we have 


= (yN -zr TT (£, N yr 


= (NV —irv,)! Ily,! 


NENN, 
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1oF sl ov 
| o 
Put y=e’, ò= Sra, a 
3 k 
then (=. +8) F=N'P 
Oz 
Also write F= es; 
then 
1 oF | „əy 
N 02, =(¥° z) á 


-m (BE TH e (EAE)! 


=e (1-751 5) sheen ee 


Now put y=1 or z=0; we find 


a r—1 D = 
N òx, N N eceso oo 


xF(1- y-89-y) (1 — 84) 


r-l Ò 1 ô 
= F (1 - N -8g - y) secooo (-p-%y-7) 0- 
Making Na we get 
0g p ri, hr faq 
on, = (1 ôg) S abie ann (6), 
where h is written for (1 — òg). h satisfies the relation 
kalar aaa loteenads (7). 


It is easily verified that subject to (7) the partial differential 
equations (6) are integrable. It is now clear how to evaluate g in 
series. We first solve (7) for h by successive approximations and 
then integrate the equations (6), putting g=0 at the origin 
(x =0). Itis then given by 

I= VY e", 
The method extends at once to a gas composed of several kinds 


of molecules. It is sufficient to consider a mixture of two kinds 
only, their numbers being Na, Ny. We now define & so that the 
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volume of a 3 (a, + b,)-dimensional space corresponding to the rth 
kind of group (composed of a, molecules of the first kind and b, of 
the second kind) is 

€; E, Ya,+, T, J Nort or , 


Here N, is supposed to be a number of the order of magnitude of 
Na, N»; there is some advantage in making it either an absolute 
constant, such as Loschmidt’s number, or proportional to V. We 
now find 


] = V5 F(E,, 1,1), 


where 


F'(&,, y, 2) 


NN St el ee 
(Na — Xa,v,)! (Ny —%b,v,)! Ty, ! 


1 oF 1 0\¢%/1 0\% 
We therefore put Bp = Degen daa 


Na —Zaryr Nb- Sbherv v 
a r r Z l evr ME, r Rie la,+b,—)) N,! N,!, 


and making the same transformations as before we get finally 


og = Na r N, ao e 
ae (y z 5.9) (y — 8ng) Shahi snu (8), 


ha = Va — Òa g = Va — Err, eel 9) 
eae ee T T re , 


Here va, vy, written for N,/N,, N,/N, respectively, vary as the 
densities of the two components, and g vanishes at the origin 
(x,,.=0). It should be noted that in (7) the summation begins at 
r = 2, and in (9) the terms r=1, s=0 and r=0, s=1 are absent 
from the summations. These terms are precisely the terms ap- 
pearing on the left-hand sides of these equations, which take a 
more symmetrical form on transposition of the series; but the 
form in which they are written is that adapted to their actual use. 


where 


_ § 3. We shall now calculate the first few terms in the expan- 
sion of g, remembering that x, is O(b"—'). For a pure gas we have 


h=1—2ra,h’, h =0g/0x,. 
We obtain successively 


h=1], 

h= 1 — 2a,, 

h = 1 — 2x, (1 — 4r) — 31, 
giving J =X, 


Q =X, — 2eZ+ as, 
J = t + (£3 — 2x,7) + (2, — OTz + rs). 
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For a mixture we have 
ha = va— ZTL, s h ħi, 
hy = V — ZS8Ly, s ha’ hy’, 
giving successively 
ha = va, hy = v, 
ha = va (l — 2a Va — Ti, 1Vb), hy = m (1 — 2To, 2Vb — Ti, 1 Va), 
hq = va— 222, ova (1 — Axe, oVa — 22,10) 
— Ti, 1 Vav [1 a 229, o Va — 21 (Va + vo) z 2L, ava] 
a SLs, o Va? — 2X», Ya Vo — Ti, ,2 Va Ve", 


with a corresponding formula for hy. The terms in g of the first 
two orders are therefore 


J = (Va? X2,9 + Va Voti, 1 + Vè Xo,2) 

+ va? (3,9 — 2T, 0°) + Vavo (22,1 — 2T, oTi — $2, 7) 

+ Va Vp? (a, 2 T PA 3T, 17 $a, 1) + v (ao = 2Zo, a): ° (10). 

I find for the coefficient of va v, 
L347 (429, ot T, 1) Loy tit, P+ 222, oD + 8T, o T, Ll» 
and for that of vav? 
Lo, 2 — 2,1 (Lo, 2 + 21,1) — 2,2 (Lao + D, 1) 
+ (3p, o + 32,0 + 1,1) B17 + 405, 92), 1To, 2+ 


That of vav can be written down from symmetry, and those of 
vq‘, vps from the result for a pure gas. 

We shall now calculate 22, £5, £o 0, etc., £s o, etc. for the case of 
hard spherical molecules. æ, is a single E, and 


p=1, o=2. 


Hence Z, = — 


D being the diameter of a molecule. For a gaseous mixture we 
find 

Nom Da 2 Nor Ds 

A To, 2 = — y’ 

4Nom Dar 


Tı: 5> V ’ 


Da, D, being the respective diameters and Da the sum of the 
radii. 


Again, z, is the sum of two different E's. For the first one 


To 0 = — 
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molecule overlaps two others, but these do not necessarily overlap 

one another. Hence p=2, o =2, and 

© 3 

a4 = V(4rD) or & = 22,7. 
For the other & each pair of molecules overlap, and we have 

p=3,0=6. When the first two have their centres at a distance 

r< D, the volume in which the centre of the third must lie is 


2K (r)= 2[ 0 (Dia) de = 20 (3 D- }D'r +32). 


24 
6EV> D 
H — 3 = 4arr?, 2K (r) dr, 
ence N: F r (r) di 
or =— mf r 2 D — 4 D? siya 
) £= gyi: 8T (3 r+ 5) ar 
dere? N? 
=- “apr D'[$ -4+ rh] 
5m N? De _ R 
=- ggj TT 16% 
Thus x = (2 — $) a. 


For a mixture we have of course 
X39 = (2— É) Loo, 
just as for a pure gas. a,, is the sum of three terms. For the 


first one the b-molecule overlaps each of the a-molecules; we have 
p=2, 0=2, and 
E= 34,7. 


For the second term one of the a-molecules overlaps each of 
the others; hence p= 2, o = 1, and 
E = 22. oTi. 
For the third term each pair of molecules overlap, and p = 3, 


o=2. When the a-centres are at distance r< D,, that of the 
b-molecule must lie in a volume 


Dab 
2K (r)= 2 | ar (Dy? — 2) da, 
ir 
Hence 


Nè 


Da 
| dere? 2K (r) dr 
0 


An? Ne R 


Da 
= TRE | e (8 Da -4r Da? + 33) dr 
= — 4? N2V-* Di [3 Das? — 4 Da Das? + 44 De’). 
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Inserting in the expansion for g we find that the second order 
terms expressed in terms of 22, 21,1, 2,2 cancel out and we ar 
left with 


g = (Va Xs, F Vandt, + Vp" Zoa) g Ty (Va? Ts, o H Xo, 27) 
— 4m NED V vav [8 Das? — 4 Da? Da 4 -H D,'] 
— dn Nè Dè V vav [§ Da? — § Das? Ds + hy Dè]. --(10, 


4. In the above, difficulties connected with the boundary have 
not been mentioned. As a matter of fact they take care of them- 
selves if the numbers &,, z,, £, are evaluated strictly as defined 
We may if we wish take them explicitly into account by writing 
£, +z, instead of z,, where 2, is evaluated as above, neglecting 
the boundary, so that 

æ, (VIN pa 


is a function only of r and the diameter D of a molecule, while z, 
depends on the size and shape of the boundary. It would be 
etfectively proportional to the area (S, say) of the latter, and we 
should have 


x, |x, = O(SD/V) =O (x,/N)* = 0 (b/N)3. 


Hence the effect of such considerations on the value of g is negli- 
gible. It is easily seen that the method of considering them 
described is equivalent to regarding the boundary as another kind 
of “molecule,” of which only one is present. In the same way we 
can deal with the case in which a particular molecule is assigned 
a definite position; if the latter is in the interior of the gas we 
evidently have 
ay, =(rt+ 1) Tri N. 


In such a way we can calculate t and hence the pressure. 

Unfortunately however the calculation is open to the same 
objections as the original one. For to find a ratio such as 1/J 
accurately, say to order 6’, we need the value of g in each case 
correct to b"/N ; and this is precisely what we do not know. 

It would presumably be possible to evade this diffculty by 
including in the differential equations the terms in N~, which 
would be linear in the differential coeticients of the second order; 
we could then obtain the terms in N~ in g. 

There is however another method of deducing the equation of 
state of an assembly from statistical theory, a method of extra- 
ordinary power. Due originally to Gibbs, its fundamental character 
has been emphasised in recent times by applications and extensions 
of it to quantised systems*. It will be remembered that the 


* Darwin and Fowler, Phil. Mag., vol. xiv, and other papers. 
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«definition of J was somewhat complex; in the method referred to 
t here,is introduced the “ phase-integral ” 


H(S) =fI(£L)3?%dE=jfS4dr ............ (11). 
It is found that all the equilibrium properties of the assembly 
can be obtained from H (3). In fact in the quantum theory case 
HI (3) is a power series (of a somewhat generalised kind) and it is 
-natural to a oa that if we know it we can deduce J(£). The 


phase-integral is dominated completely by the maximum of the 
integrand (in the first form given above); this occurs when 


This equation determines a value of the parameter X which is 
characteristic of the state of the assembly when it has energy E; 
it may be shown that 


where T is the absolute temperature. If Y be a function satisfying 
certain conditions, fulfilled by all measurable quantities, its average 
value is given by 

py _Hr@) 

H (3) 
with a proportional error of the order N~. In particular 
_Ar(3)_. 0 

E= HS) > I log H (O Joaca (15), 

while if Y be the reaction (—3E/ðy) corresponding to any dy- 


namically measurable coordinate y we have 


= {VS dr/fS¥dr n. (14), 


1 ð 
= = logS oy log H (3) eeceeeosernvnetese (16). 
Hence the pressure is given by 
ð 
p = kT =, log H (3) ree eee ea (17). 


§ 5. Now our method of calculating J for a gas of impenetrable 
molecules extends at once to the evaluation of H (9) for any gas. 
The impulse coordinates again give a factor in H (9) entirely 
independent of the rest; for the remaining factor the integrand is 
34, where Æ now represents the total potential energy of the 
assembly. This will be roughly a sum of terms corresponding to 
the various groups of molecules engaged at any time in a close 
encounter ; we obtain successive approximations to the appropriate 
value of E and hence of 3 at any point in the generalised space 
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by making the groups of molecules we regard as independent more 
and more all-inclusive. We find 


HS) = VNCNG ne. (18), 


where in g the value of z, is now such that z,V’'N'-"r! is the 
integral taken over a 3r-dimensional space of a quantity we may 
denote by um. For r=2 it is 

Uy = 9’e—1=3, — 1l, say; 
for r= 3, Ul ig) =y = LU ia -l= Ja = 29 i + 2. 
In general we must have 


Sin) = Lug Vial eu eign wie, en EE 6 AN See (19), 


where the summation is taken over all possible divisions of the » 
molecules into distinct groups containing say ù, %,... tẹ molecules 
respectively. If we fix our attention on a particular molecule, sav 
the mth, we can sum all the terms in A the group containing 
this molecule is the same; this leads to 


sia) = Un) + DU in—1) a) + LU in—2) Sia a E (20), 


where the u’s refer to the various possible sub-groups which 
include the nth molecule, the Y’s to the complementary sub- 
groups. Sq = 1 always. Now if we denote by 


TW TE ta) 
the coefficient of Yup Dup c.. Jup 1D Usip, We get at once 
O= (ù, tn... ta) ht) (a lss eee ta) t oe Fi o0. Ties leh 


supposing the sth group to be the one containing the nth molecule. 
The above equation fails only when s= 1, when it is replaced by 
1=(n). Hence 


Uno t) =(— 17 (s— 1)! 
and so My = &(— 1s 1)! Say Dup Duy e Si ---(21), 


the summation being taken over every possible division of the n 
molecules into distinct sub-groups. For example, 


Miy = Sia rae, (336 + 299) + 259,2 a 6. 


Yizu now denotes $4.4, and E the mutual potential energy 
of the four molecules, all others being supposed absent. We have 
omitted the factors 9., 32, 93, X4, which are all unity in the case 
considered so far. 

When the gas is in a field of force, (21) still holds good, but we 
no longer have X = 1; moreover the first term of the series will 
not be VY but V’*, where 


y’ = fSfS m dxdydz = fff 9F dadydz, 
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E baa Se the potential energy of a single molecule in the field of 
force. It is therefore necessary to re-define x,, using V” in place 
of V. 

For a gaseous mixture we have a Va and a V, which are in 
general different; we find 


H (X) = VyNeVy ses o9, 
where, in g, £, 18 such that 
haa Va Ve Nè r ! 8 ! = fu (r+8) dt,. ge 


The formal connection of the u’s with the 9’s, i.e. equation (21), 
is of course unaffected by distinctions between different kinds of 
molecules; but the 3’s themselves will be affected by such dis- 
tinctions. We can no longer say positively what the orders of 
£r, £,,, must be; what we can say eae is that in the simple 
case qx, varies as the (r—1)th power of the density, and that in 
the general case z, , occurs in g with a coefficient va” vt. 

To calculate the pressure we note that 


Va o£ yY, V, oc y, 
and log H (9) = const. + (Na + No) log V + Nog. 
Also Bite Vere, 
? _ Na+ N, 
Hence p=kT( 7 +29) 
= N KT [(va +) tg] V eenean (22), 


where g' is obtained from g by multiplying by (r+s—1) the 
terms in va’ v. This formula applies of course in all cases; we 
have no need of the doubtful method of 2/Z. 


In conclusion I would like to say how much this paper owes 
to the influence of Mr R. H. Fowler. 
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The limits of classical scattering. By P. M. S. BLACKETT, M.A., 
Fellow of King’s College, Cambridge. 


[Received 5 February, read 14 March 1927.] 


The methods of geometrical optics provide an approximate 
solution of the equation of wave propagation, if the following con- 
dition, given by De Broglie*, is satisfied. If V is the phase 
velocity, A the wave-length, / the direction of greatest increase of 
V, and @ the angle between l and V, then the condition is that 

cos 1 dV 
= yai `<! Said Bad eee EN Ees (1), 
that is, the relative change of V over a distance of the order of A 
must be small +. 

If this condition is satisfied for the waves associated by 
De Broglie’s theory with the motion of a material particle, the 

article will move according to the laws of classical mechanics. 
For example, a charged particle will move classically in a hyper- 
bolic orbit round another fixed charge only if Z << 1 at all points 
of the orbit. Wentzelł has recently shown that classical inverse 
square law scattering can in fact be obtained as an approximate 
solution of Schrödinger’s differential equation. If this condition is 
not satisfied a rigorous solution of the wave equations is required 
to describe the phenomena. It is to be expected that this solution 
will correspond to some kind of diffraction effect. 

Let a particle of mass m and charge e, and initial velocity v 
move in a hyperbolic orbit in the repulsive field of a fixed charge 
e». If 2a is the angle between the asymptotes, the equation of the 
orbit in the tangential polar coordinates 7, p ìs 


l 2 1 
p + r = a eescosevecoooooooossooooeos (2), 
where AE. E E E EET (3), 
and C= 2163) NU, P TEET E EE (4). 


The orbit is determined in terms of the striking radius p, by the 
equation 
Po =a tan a. 


* De Broglie, Journ. de Phys. (1926), p. 322. 

t In De Broglie’s statement of the condition the direction / is left undefined. 
For a plane wave it can be proved that / must be taken as the direction of greatest 
increase of V. I am indebted to Mr L. H. Thomas for pointing out that if the wave 
is not plane, the condition (1) will contain other terms involving the curvature of 
the wavefront. It seems unlikely that these terms will be of importance in the cases 
discussed in this paper. 

t Wentzel, Zeit. fiir Phys., vol. xL (1926), p. 590. 
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"The waves associated with the particle have a length 


Ashmi (Ap =N/Mp)  csesecceeesvevees (5), 

and are propagated with a velocity 
VC E EAE N ees: (6) 
Since v= vè — 2e,e,/mr =v (1 —2a/r) aocccce. (7), 


the radius vector r is also the direction of greatest increase of V, 
so that 


dV/dl =dV/adr, 


and SUG =) casi a (8). 
Thus from (1) and (6) we get 

_ A cos6d(v’) 

4m e dr’ 


which with (5) gives 
d(x?) 
dr ` 


_ ro % 
Z= 0089 


Using (2), (4), (7) and (8), we get 
Z = ^a (r — 2ar — la)?/ Irr (r — 2a). 
If we write z=r/a and p=l/a, we get 


Z=,/kl, 
where k = 2ra (x — 2)?/p (a? — 2a — p)Pcccseseseeeee (9). 
The condition (1) will be satisfied at all points of the orbit if 
Xo 
i, KE Tarne ae (10), 


where Am is the minimum value of k for the given orbit. We can 
find km numerically from (9). The values are given below for 
different values of the deflection ¢ = 7 — 2a, 


p 0 20 40 60 80 100 120 140 160 180 
km 161 140 120 104 86 69 50 34 18 Q. 

The condition for the classical description of an orbit is then that 
the wave-length A, corresponding to the initial velocity of the 
particle should be small compared with km times the semi-latus 


rectum ¿ of the orbit. 
In view of (3), (4) and (5) the condition can be written 


Ao cota hy cot?a 
a ky Ela Ky 
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It is interesting to compare this condition with the qualitative 
one mentioned by Schrédinger* and given also by De Broglie as 
the quantitative equivalent of condition (1), namely, that the 
wave-length should be small compared with the radius of curva- 
ture of the orbit. Now for a hyperbolic orbit minimum radius of 
curvature occurs at the apse and is numerically equal to the semi- 
latus rectum /. The condition is then that 


rA/l<<1, | 
or, giving A its value at the apse, 
rA/KI<< 1, 
where k’ = {(sec a — 1)/(seca + 1)}3, 


This constant k’ is found to be very nearly £,,/16°1, for all values 
of d. In this particular case Schrédinger’s rough condition differs 
from De Boe. only by a constant numerical factor. 

It can be shown by using a theorem due to Darwin that con- 
dition (11) is also valid in the general case of two particles of com- 
parable mass, if the angle a is replaced by 8, the angle of projec- 
tion of the particle initially at rest. 

The condition for classical scattering is always satisfied, as it 
must be, if h is put equal to zero. It is also satisfied when e,e, 1s 
large and when v is small (except when a is very nearly zero), that 
is for the scattering of macroscopic particles. But diffraction 
effects are to be expected for angles of deflection ¢ sufficiently 
near 180° even if hv,/e,e, is very small. 

As an example of the application of (11) to the scattering of 
alpha particles the following cases will be discussed. For an alpha 
particle of cms. range scattered through 30° by an aluminium 
nucleus we find Z+1/100. Approximate normal scattering is to 
be expected and is in fact found}. If the angle of scattering is 90° 
we find Z+1/4 and large deviations from normal scattering are 
both expected and are found. If the observed deviations in 
the latter case are in fact due to a diffraction effect we should 
expect similar deviations in other cases when Z is approximately 
1/4. For the collision of an 8°6 cm. alpha particle with a proton, 
deviations are to be expected at angles of projection about 75°, 
that is for deflections of the alpha particle of 6°. Such deviations 


* Schrödinger, Ann. d. Phys. vol. Lxx1x (1926), p. 496. 

+ It should be noticed that though the curvature has its greatest value at the 
apse, the quantity Z has its maximum some distance away from the apse. Since Z 
contains the factor cos @ it is zero at the apse. There can therefore be no general 
relation between Schrédinger’s and De Broglie’s conditions. For instance, for & 
particle in a circular orbit, Z =0, whatever the size of the orbit. 

t Bieler, Proc. Roy. Soc. A, vol. cv (1924), p. 434. 
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certainly occur*. For the collision of 5cm. alpha particles with 
gold nuclei, deviations are to be expected at angles of about 125°. 
The recent experimental results of Ruthérford and Chadwick t are 
in complete disagreement with this result. Of the many possible 
causes of this discrepancy two may be mentioned. The deviations 
observed with aluminium for Z=1/4 may be a structure effect ; 
the diffraction effect may not become noticeable till Z is, say, 
roughly unity, or even greater. The diffraction effect may be 
present but may not be of a type to be revealed by the measure- 
ments; for instance the fairly wide limits of scattering angle in 
the experiments of Rutherford and Chadwick may have left 
unrevealed any rapid variations of scattering with angle. 

It seems therefore not impossible that the observed deviations 
from normal scattering, which have hitherto been explained with 
the aid of classical mechanics by postulating arbitrary deviations 
from the inverse square law, may now receive an explanation with 
the aid of the wave mechanics and the inverse square law alone. 
If other forces connected with the structure of the nucleus, such 
as polarisation or magnetic forces, have to be taken into account, 
their effect may complicate, but cannot in general be expected to 
mask, the diffraction scattering due to the inverse square law alone. 

Since the product e,e, but not the mass m enters into (11), 
the limits of Tial scattering of electrons by electrons will be 
given by this same condition. When the field is attractive, as in 
the scattering of electrons by nuclei, the condition for classical 
scattering will still be of the form (11) but &,, will have a different 
value. 

The dimensional part A/a œ hv/e,e, of (11) can be obtained 
from considerations of dimensions alone. This method also applies 
when the law of force is of the general type ur”. From the 
analogy with optics the required condition is that the ratio A/L 
should be small, where L is a length playing the part of the size 
of the diffracting centre. The only dimensional quantities on which 
L can depend are u, m and v. It must therefore be of the form 

. (p/moryln?, 
vee eee nae 
We have therefore A/L æ hvm! m*-! pl” occ cee es (12). 
For n= 2, 4 =e,e, and A/L is proportional to hv/e,e,, in agreement 
with (11). When the forces vary inversely as the cube of the 
distance, n = 3 and A/L is proportional to 


himp). 
Here the velocity does not enter into the expression for A/L and so 
the limits of normal scattering should be independent of the velocity. 


* Chadwick and Bieler, Phil. Mag., vol. xu11 (1921), p. 923. 
t Rutherford and Chadwick, Phil. Mag., vol. u (1925), p. 889. 
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When the forces vary inversely as a high power of the distance 
we approximate to the case of the scattering by a rigid body. 
Then we have L= const. and A/L æ h/mv. The deviations from 
normal scattering now occur when v is small, instead of when ¢ 
is large, as for the inverse square law. This is due to the fact that 
in the latter case the effective size of the scattering centre of force 
is proportional to a, and therefore to 1/v?, while in the former case 
the effective size is constant. 

Elsasser* has suggested that the long free path of very slow 
electrons observed by Ramsauer can be associated with the 
decrease of scattering by a rigid obstacle as the wave-length of 
the scattered wave is increased. Why this effect should only 
appear with atoms of high symmetry appears clearly from the 
dimensional argument given above. Elsasser’s explanation assumes 
a diffracting disc whose size 1s independent of the velocity. This 
is only obtained when n in (12) is Aa that is when the law of 
force outside the atom varies very rapidly with the distance. Large 
values of n can only be expected with the most symmetrical atoms. 

In optics not only is the condition for geometrical optics that 
the ratio of the wave-length to a linear dimension of the object 
should be small, but the intensity in any direction when diffraction 
occurs is a function of the same ratio. In the dynamical case the 
numbers of particles scattered in a given direction should there- 
fore be a function of A/L, that is of the R.H.S. of (12). For the law 
of the inverse square the type of scattering observed should be the 
same for all cases when v/e,e, has the same value. For the inverse 
cube law the type of diffraction pattern should be independent of 
the velocity. This may be the origin of the fixed peak in the 
distribution of scattered electrons from helium, found by Dymondf. 


Note added in Proof. Ina recent paper (Göttinger Nachrichten, 
1927) Born has derived the classical scattering formula as an 
approximate solution of Schrédinger’s wave equations, for the 
scattering of an alpha particle by a neutral hydrogen atom. In 
both Wentzel’s and Born’s results deviations from the inverse 
square law scattering occur for low velocity particles. This appears 
to be connected with the screening effect of the electron in the 
hydrogen atom. That normal scattering by a naked nucleus must 
occur for slow particles, seems certain in view of the occurrence 
of the product Av in (11) above and in the quantity z, in equation 
(32) of Born’s paper. Since we must obtain classical scattering 
when h = 0, we must also obtain classical scattering as v approaches 
zero. 


* Elsasser, Naturwissenschaften, vol. x111 (1925), p. 711. 
t Dymond, Nature, vol. cxvrir (1926), p. 336. 
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On Herschel’s Condition and the Optical Cosine Law. By 
Mr G. C. STEWARD, Gonville and Caius College. 


[Received 11 February, read 28 February 1927.] 


§ 1. Sir John Herschel gave the condition which must be 
satisfied in order that a symmetrical optical system, free from 
spherical aberration for two conjugate axial points, may also be 
free from spherical aberration for two neighbouring and conjugate 
points upon the axis of the system; but Herschel’s condition 
applies only to first order aberration, i.e. to aberration depending 
upon the cube of the inclination of the ray to the axis. Abbe 
shewed, later, that this condition could be included in a wider 
result, viz. that the spherical aberration, supposed zero, is stationary 
for axial variations provided that the incident and emergent rays 
for two conjugate axial points, associated with modified magniti- 
cation m, satisfy the relation 


m sin (0/2) = sin (0/2)*, nae (1) 


where 0 and @ are their initial and final inclinations to the axis ; 
and by ‘modified’? magnification is meant the ratio of the reduced 
sizes of the image and object. 

The form of the condition expressed by (1) brings to mind the 
well-known sine-condition; which, expressed in the preceding 
notation, 1s 

msn@=sinO*;  ——oaveee (2) 


and the satisfaction of this condition for two conjugate axial points, 
free from spherical aberration, ensures a good image of a small 
two-dimensional object placed normal to the axis of the system, 
at either of the points. In other words, (2) implies the absence 
of circular coma of all orders for this pair of points; and not 
merely of first order comat: this has been investigated in pre- 
ceding papers, where also is considered the precise meaning of a 
given departure from condition (2). It is desired to investigate 
here, in a similar way, the meaning of Herschel’s condition, ex- 
pressed by (1); and also the meaning of a given departure from it: 
and the method adopted depends upon the use of some type of 
‘characteristic’ function associated with the name of Hamilton. 


* See also a very elegant proof of these two conditions given by C. Hockin, 
J. R. Mic. Soc. (2), 1v (1884). 

t “The Aberrations of a Symmetrical Optical System,” Trans. Camb. Phil. Soc. 
1x, 1926; “Aberration Diffraction Effects,” Phil. Trans. Roy. Soc. A, 225, Part IT, 
§ 21. 
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It will be observed that in the application both of Herschel s 
condition and of the sine-condition we have assumed the existence 
of two conjugate axial points which are free from spherical aber- 
ration; but it will appear, in the sequel, that these two conditions, 
and other conditions also, are themselves included in a much 
wider result, the ‘Optical Cosine Law’®; which contemplates 
the presence of spherical aberration or indeed of any other type 
of aberration. 


§ 2. Consider a symmetrical optical system, and take parallel 
rectangular axes of co-ordinates O (x, y, 2) and E (2’, y’, 2’) in the 
object space and in the image space respectively, the axes of x 
and of 2’ being coincident with the axis of symmetry; and let O 
and £’ be axial points associated respectively with reduced magnifi- 
cations m and s. Let a ray, incident and emergent, intersect the 
planes y, 2 and y’, 2’ in P(y, z) and Q(y’, 2’); then the reduced 
path, V(PQ), from P to Q, measured along the ray, will be a 
function of the four variables y, z, y’ and 2’: from the symmetry 
of the system these may be replaced by the three variables 0, } 
and y, given by the relations 


Od? = y? + 27, dd? =2 (yy + 22’) and wd? =y +2", (1) 


where d is the distance from Æ’ to the point, upon the axis, con- 
jugate to O, i.e. d=s—m. Hered is the ‘modified’ and reduced 
distance, i.e. the reduced distance multiplied by the modified 
power J (= K/pu’) of the system, u and w’ being the indices of 
the end media and K the customary power of the system. 

For a system giving perfect definition over the conjugate 
normal planes associated with magnification m, the reduced path 
from the point P to its conjugate Br measured along a ray passing 
through both points, would depend only upon the position of P (or 
of P’), i.e. would depend only upon the variable 6; so that V, the 
reduced path from P to Q’, would be given by 


V=f(Q)-dVl+u, sae (2) 


where u=@0—gG+~w and f(@) is an arbitrary function of the 
variable 0. Any deviation from this result will imply the presence 
of aberrations for the conjugate planes under consideration; so 
that if, in any particular case, we have 


V=f(O)—dVl+utF, sae (3) 


F will be a function of the variables 0, @ and wy, and will give all 
the aberrations of the system, and will depend upon these aber- 
rations alone: # may therefore be named the ‘aberration function.’ 


* T. Smith, ‘“ The Optical Cosine Law,” Trans. Opt. Soc. Vol. xxtv (1922-23), 
No. 1. 
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The form of the function f (0), so far arbitrary, may be chosen to 
satisfy certain other conditions; which usually will be the absence 
of spherical aberration of all orders for the pair of conjugate axial 
points associated with magnification s; and these then may be 
taken as the axial points of the pupil planes. A system is only to 
be regarded as fully corrected when aberrations are absent for the 
magnification m and also this latter condition is satisfied for the 
entrance and exit pupils. Moreover, very frequently, in cases of 
practical importance, we may write s = 1. 

F is a function of 0, ¢ and y, the lowest terms in these vari- 
ables being of the second degree, since the aberrations of the 
system are essentially of higher order than the first in 0, @ and 
a; also for an axial object point 0 =¢ =0, so that the various 
orders of spherical aberration (in the restricted sense of avial 
aberration)* will depend only upon the terms in wy, and corre- 
sponding to these aberrations we shall have terms in F of the 


form 
Aca $$. “ieee (4) 
where n is a positive integer greater than unity. 


=- §3. Let now L, M, N and L’, M’, N’ respectively be the 
direction cosines of an incident ray and the corresponding emergent 
ray; then from the essential property of the characteristic function 


V we have 
oV 
oE’ 


where & is a (reduced) variation, in the object space, parallel to 
the z-axis of co-ordinates, i.e. parallel to the axis of symmetry of 


the optical system. But, if & be the modified and reduced distance 
of O from the first principal focus, 


L=- 


E&=1/m, 
so that L= m ag 
om 


similarly, replacing 1/m by —s, and so considering the image 
space, we have 
; OV 
L=- 56° 


If now x be any one of the variables 0, p and we have 


Ox a 0X = 
ae eX = 9 and > d+2x=0; 


* Cf, Trans. Camb. Phil. Soc. rx, 1926, § 29 et seq. 
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so that, writing A 
F= È Ay" 
in (2) § 2, and using the equation for L and L’, we have 
L= ne (2 ari $ yr (ndn 1 0An 


aA TP om / 0 
and P= ee + > nyp"A, 

V1+ y n=2 | 
since A, is independent of s. In obtaining these results we have 
assumed an axial object point, i.e. 0 =¢ġ=0; and f(O) is inde- 
pendent of s. Indeed, if F, and F, be the principal foci of the 
system and O’ the point conjugate to O, we have 


F,O=1/m and F,O’ = — m, 


so that f (9) = 00 

= FF,- F\0 + FO’, 
L.e. f (0) = FF- 1/m- m; 
and . j 7 =1/m?-1 


Thus from (1) above 


i re 1-(/V1+y)+24+2' 2) 
L’—1 Pair eked — 7 


where Yes nyp"A, and 2’= È we ee If now the conjugate 


axial naO and O’ be free from spherical aberration, A, =O for 
all values of n and therefore }=0; so that from (2), 0 and 6’ 
being the initial and tinal inclinations of the ray to the axis, 


sin (0/2) _ {i+ ee < 
sin (0/2) 1-(1l+y)73 
oA 


It is clear therefore that if = 0 for all values of n, i.e. if I'= 0, 


then the condition 
sin (0/2) = m sin (6,2) 
is satisfied for all rays; and conversely by the expansion of Se it 


= 0 
ne 
for all values of n. Thus Herschel’s condition, applied to two con- 
jugate axial points free from spherical aberration, implies that 
neighbouring axial points are free from spherical aberration of all 
orders; and conversely. 


follows that if this condition be satisfied for all rays, then - 


and the optical cosine law 707 


In order to estimate the meaning of a given departure from 
Herschel’s condition, let us write 


1 sin (0/2)\?__ 
(= I) =] Gh re fe (4) | 
for any particular ray; then by comparison with (3) we have 

S Any" : 

n=2 1. } , 

= > - =(l4+h4+/J/1]14+ (2 Án D, 
tamar ate ttt (2, 4Y 
where the dash denotes differentiation with respect to m; so that 
e=2A,'p'? + (BGA; + 2A) yH... 


Considering, therefore, only a first approximation, if the magni- 
fication as calculated from Herschel’s condition applied to a 
marginal ray be m(l +n), we have 


pı being the radius of the exit pupil; and this gives a measure of 
the spherical aberration introduced by a slight axial movement 
of the object plane. 


§ 4. The two conditions discussed in the preceding paragraphs 
are concerned with the attempt to secure point-to-point imagery ; 
it is assumed that we have a pencil of rays, diverging from a 
point, which after refraction through the optical system converge 
to a point in the image space: and the condition is sought which 
will ensure this point-to-point correspondence in the neighbour- 
hood of the base points considered. Two cases have been taken, 
the base points being upon the axis of the system; we have found 
the condition that neighbouring axial points should be represented 
accurately, 1.e. Herschel’s condition; and we have indicated the 
condition, the sine-condition, that near points in a plane normal 
to the axis should be represented perfectly. It is naturally sug- 
gested that we attempt to find the condition for perfect repre- 
sentation of any given neighbouring point; but this appears more 
readily, perhaps, from a general theorem to be considered presently. 
Meanwhile it may be observed that the two conditions already 
found are, in general, incompatible, i.e. unless m=+1; so that 
it is impossible to secure the perfect representation of a three- 
dimensional space element. Moreover, three neighbouring points 
cannot be represented perfectly unless either they lie in a straight 
line or else upon a plane normal to the axis of the optical system. 
In the preceding we have omitted, as without practical importance, 
the one case in which perfect point-to-point correspondence is 


708 Mr Steward, On Herschel’s condition 


possible for all points, viz. that in which the optical system is a 
plane mirror. 

A wave surface implies a caustic surface—the corresponding 
surface of centres; and hitherto the caustic surfaces considered 
have degenerated into points, so that the corresponding wave 
surfaces were concentric spheres. And if these wave surfaces are 
distorted by the presence of ‘aberrations,’ the conditions discussed 
can no longer be employed; the caustic surface ceases to be a 

oint. Quite recently a very general theorem has been given by 

. Smith under the name of the ‘Optical Cosine Law’* ; and this 
law includes as special cases both Herschel’s condition and also 
the sine-condition, as well as other optical laws. The proof given 
is an analytical one involving the Eikonal of Bruns; the following 
proof, depending directly upon the ‘principle of stationary path, 
18 given as an alternative. We proceed to prove a necessary 
lemma. 


Lemma. Let P (a, y, 2) be a point upon a surface F (x, y, z) = 0 
and let l, m, n be the direction cosines of some fixed direction: if 
L, M, N be the direction cosines of the normal at P to the surface, 


we have 
oF oF oF OF\? /eF\? | (eF\? 
AL = a AM = ay’ AN = ae where X = (=) + (a) + (=) i 
Let Q (E, n, €) be a point upon the normal at P to the surface and 
such that 
PQ = p cos 0, 


p being a small constant quantity and @ the inclination of the 
normal to the direction l, m, n; so that 


cos 0 = Ll + Mm + Nn. 
The equation of the locus of Q is therefore 

F (E — Lp cos 0, n — Mp cos 0, & — Np cos 6) = 0, 
i.e. to the first approximation it is 

F (E, n, £) — pcos 0 (Loe + M E+ ve) =0. ...(1) 
Again, if Q’ (E, n’, ¢’) be a point distant p’ from P in the direction 
l, m, n, p’ being small, the equation of the locus of Q’ is 

F(E —lp’, n — mp’, &' — np’) = 0, 
i.e. to the first approximation it is 
oF oF ð 


"4 ’ r ? pie F a 
F(E, n, C')—p (i - +ms tna) =0. vevsee(2) 


* T. Smith, loc. cit. 


Se ee ee 
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Equations (1) and (2) will represent the same surface if 
Ap cos 0 = Ap’ cos 6’, 
i.e. if p=p. 
Thus the locus of Q is the surface F displaced bodily, without 


rotation and without distortion, through a small distance p parallel 
to the fixed direction J, m, n. 


§ 5. The Optical Cosine Law. | 


Fig. 1. 


Let F be an incident wave surface in a medium of index p 
and let F’ be any position of the corresponding emergent wave in 
a medium of index pw’; let P and P’ be corresponding points upon 
these two surfaces respectively, the reduced path between them 
being C,, so that the normals at P and P’ are corresponding ‘rays.’ 
Suppose the surface F moved, without rotation or distortion, to G 
through a small distance p parallel to some fixed direction inclined 
at an angle @ to the normal at P, Q being the new position of P; 
and let G’ be a position of the emergent wave surface corre- 
sponding to G, the reduced path between them being Ca; let Q 
be the point upon G” corresponding to Q. Then, if the normal at 
P’ intersect G’ in T and the normal at P intersect G in S, we have, 
in the notation of § 2, 


V (QQ) =V (ST) 
= V (PP) — up cos 6 + p’'P’T; 
i.e., u'PT= pp cos 8+V (QQ)-V(PP'), 
or wP'T=ppcos6+C,-C,, kas, (1) 
correct to small quantities of the first order. 
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Suppose now that for all rays we have 

cosO@=acos0°+B, auans (2) 
a and 8 being constants and 6’ the inclination of the emergent 
ray P'T (or normal to the emergent wave surface) to some fixed | 
direction in the image space, we may compare (2) with (1), which 
may be written 


l 
0 = — (Ww P’T-C,4+0C,). 
cos ae (u 2 ) 


Since C, is arbitrary, we may write 
Cı — C= Bup; 
(2) is satisfied for all rays and therefore 
p' P'T = app cos 6". 
By the lemma of the preceding paragraph, therefore, the locus 
of T, i.e. the surface G’, is merely a bodily displacement of the 


surface F’, without rotation or distortion, through a small distance 
p’ parallel to the fixed direction in the image space; and 

p'p' = apup. 
And inasmuch as a wave surface implies a corresponding caustic 
surface, we have the result : 

If two systems of corresponding rays, touching two caustic 
surfaces, satisfy the condition cos 0 = acos # + P, 0 and & being 
the inclinations of a ray to two fixed directions, the one in the 
image space and the other in the object space, and a and B being 
constants, then corresponding to a small displacement of either 
caustic surface, without rotation or distortion, parallel to the fixed 
direction associated with it, there will be a small displacement, 
unthout rotation or distortion, of the corresponding caustic surface 
parallel to the other fixed direction; and, if the displacements be 
respectively p and p’ in media of indices p and p', p'p' = app. 

This result constitutes the ‘Optical Cosine Law’; and it is to 
be noticed that the fixed directions chosen are any whatever, and 
not necessarily optically corresponding ones. Moreover, the general 
caustic surface 1s considered so that the law contemplates the 
presence of any combination of the geometrical aberrations ; and, 
further, it is not assumed that the optical system is in any way 
symmetrical, for the only principle saploved: is that of the ‘re- 


duced path.’ 


§ 6. It has been pointed out by the author of the Optical 
Cosine Law* that this law embodies a number of well-known 
results; we proceed to indicate some of them here. 


* T. Smith, loc. cit. 
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Ci) Let us consider a single refracting, or reflecting, surface as 
the optical system, and let one caustic degenerate to a point upon 
this surface; then the second caustic degenerates to the same 
point, and if the two fixed directions, chosen in accordance with 
the Cosine Law, coincide with any one tangent to the optical 
surface, the law of refraction, or of reflection, follows at once. 

Cii) Consider now the general symmetrical optical system and 
assume two conjugate axial points, free from spherical aberration, 
so that the caustic surfaces degenerate again into these points: 
take parallel lines through them perpendicular to the axis of 
symmetry as the fixed directions. Then the condition associated 
with the Cosine Law is 


sin 0 = asin & + 8, 


0 and 6’ being the inclinations of a ray with the axis of the system: 
and, since a ray coincides with the axis, i.e. 0=@=0 must satisfy 
the condition, it follows that 8=0. Moreover, a being the factor 
of proportionality, and m the reduced magnification, 


a=m, 
so that sin ĝ = m sin @, 


i.e. the sine-condition. A slight movement of one point perpendi- 
cular to the axis of the system implies a slight parallel movement 
of the corresponding caustic surface, which remains a point, i.e. 
implies the absence of circular coma of all orders. But it is to 
be noticed that the Cosine Law is valid even in the presence 
of spherical aberration, and in this case also it will imply the 
absence of circular coma of all orders. 

(iii) The argument of (ii) may be repeated, except that the 
axis itself may be taken as defining the two fixed directions; then 
with a similar notation, we have 


cos 0 =a cos 0’ + £. 


Again 0 = 0'=0 defines a ray, coincident with the axis, leading to 
the relation 

l=a-+ B, 
so that sin (0/2) = Va. sin (6/2). 

Here, however, by Maxwell’s elongation formula, a being again 
the factor of proportionality of corresponding small displacements 
a=m; 

whence we have 
sin (6/2) = m sin (6’/2), 
i.e. Herschel’s condition. Under this condition, therefore, the caustic 


surfaces, being initially points, remain points, i.e. the spherical 
aberration is stationary at zero value for small axial displacements, 
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(iv) Consider now the conditions implied by perfect definition 


over the conjugate planes associated with reduced magnification m: 


here again the caustic surfaces will degenerate into points and we 
may take as our fixed directions any two lines lying in the normal 
planes considered, so that, as in (11), a=m. In the notation ther- 
fore of § 2, L, M, N and L’, M’, N’ being the direction cosines of a 
ray referred to parallel axes, the Cosine Law leads to the result 


M — mM’ =B, 
and 8 is a constant depending upon the object point, or image 
point, chosen, i.e. we have the cosine-condition 
M — mM’ = constant ; 
and similarly N — mN’ = constant. 


These results are a generalisation of the sine-condition, applicable 
to non-axial points; they are the ‘cosine conditions,’ applicable to 
the outer parts of the field. 
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The effect of the orbital velocity of the electrons in heavy atoms 
on their stopping of a-particles. By L. H. Tuomas, B.A., Trinity 
College. 


[Read 31 January, received 11 February 1927.] 


Henderson* proposed a theory of the stopping of swift 
a-particles by matter. He treated the electrons in the atoms as 
free and at rest and ignored all collisions of the a-particle with 
them except those in which the electron would on that assump- 
tion gain sufficient energy to leave the atom. Fowlert has shown 
that Henderson’s theory gives stopping-powers only of about 
60 °/, of those observed. Fowler? also made a calculation of the 
stopping-power of hydrogen by combining the effects of close 
collisions treating the electron as free and slight collisions as per- 
turbations of the electron’s motion in a circular orbit. He obtained 
much better agreement. This method is, of course, the natural 
extension of Bohr’s§ original theory to that model. 

The following paper contains the results of some calculations 
of the stopping-powers of neon, argon, krypton and xenon. The 
electrons are supposed to be moving in orbits as calculated by 
Hartree!| to fit X-ray and optical data for sodium, potassium, 
rubidinm and caesium. Following Henderson the electrons are 
treated as free and collisions are ignored unless the transfer of 
energy is sufficient to remove the electron from the atom, but the 
speed of the electron in its orbit is taken into account. Slighter 
collisions are neglected because the calculation of the perturba- 
tions involved would be very long. Their inclusion would probably 
not greatly increase the results. 

The stopping-powers so calculated are compared with Gurney’s4 
experimental values with which they are in fair general agree- 
ment. It is not claimed that these calculations have much im- 
portance; they merely show that a correct quantum theory cal- 
culation has not to explain any large numerical discrepancy. 


l. The formulae used for calculating the stopping-power. 


Suppose that an a-particle of charge Æ and mass M moves 
with velocity V through a cloud of N electrons per unit volume of 


* Henderson, Phil. Mag., vol. xi1v (1922), p. 680. 

+ Fowler, Proc. Camb. Phil. Soc., vol. xx1 (1923), p. 521. 

ł Ibid., vol. xxu (1925), p. 792. 

§ Bohr, Phil. Mag., vol. xxv (1913), p. 10, vol. xxx (1915), p. 581. 

|| Hartree, Proc. Camb. Phil. Soc., voh xx1 (1923), p. 625. I am indebted to 
Mr Hartree for his kindness in giving me unpublished numerical values for these 
fields and orbits. 

{ Gurney, Proc. Roy. Soc. A. 107 (1925), pp. 332, 340. 
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charge e and mass m moving with velocity v in equal numbers in 
all directions. The chance of a collision in time dt in which ¢ 
makes angle in range dy about y with V, the perpendicular dis- 
tance of the electron from the line of relative motion of the 
particle lies in range dp about p, and the angle between the plane 
of the relative orbit and the (vV )-plane lies in range de, is 


Ntdcosy pdpdeudt, 


where u is the relative velocity before the collision*. By changing 
the variables and integrating over the relevant domain it follows 
that the chance of a collision in time dt in which the transference 
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of energy from the particle to the electron lies in range dg about 
q and of momentum in range ds about s is 


4n Nek? 
Eo ddsdg areoso (1), 


if such a collision is possible at all. If V’, v' are the velocities of 
the particle and electron after the collision, so that 


g= $m (v?- v7) =4M(V?- V%)>0, 
the conditions that such a collision 1s possible are 
m (v =v) <s<m(v +), 
M(V-V')<s<M(V+P"). 
* Cf. Jeans, The Dynamical Theory of Gases, p. 209. 
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Now suppose M >> m, so that the conditions are practically 
m(v —v)<s< m(v' +v), 
m (v? — v?) 
zy <$ 
Integrating (1) over possible values of s, the chance of a collision 
in time dt in which the transference of energy is between q and 
q + dq ìs 


4 nNeE Edt (v +v? -— (v-— vY da f ve , 
3 mivV O q tor a <v-—v 
4 n NeE:dt (2 y} — (v = uy d f ; l y? pa ye , 
3 è mV -rP qOr ene y SE 
, y? — y? 
and 0 for v+v< y 
EPET IEE (2). 


The mean loss of energy by the particle in those collisions for 
which q >j is found by integrating the product of q and (2), 
writing for brevity 


k = 4mv’, 
w= tmV?, 
Dr Ne? Edt 4(w—-k) 4k]* 
to be | =p tog Heeg] 
for 4 {w —/(wk)} >j, 


Irn Ne Edt [4 w/w? wi) swt 
N HH +log f1 E | - F 


+ log 2 — log }1 + (1 +4) 573(25- 1) i(i + i). 1} 
for 4 {w+/(wk)} >J >4'!w- y(wk), 
and 0 for BSE NW HNW). oseese. (3). 
2. The numerical results. 


It is convenient to compare with experiment the coefficient in 


the V‘-law, or rather the stopping-power S as defined by Fowler, 
which is given by 


dis mM 

* The extra term 4k/3j in this expression when the velocity of the electron is 
taken into account depends on limiting the collisions by a restriction on q. In 
Fowler’s calculation (loc. cit.) for hydrogen the close collisions are in effect 
separated from the others at a value of p. The only alteration that taking the 
velocity in close collisions into account makes in his result is to replace V3 in the 
numerator of the argument of the logarithin in his formula ((1), p. 794, loc. cit.) by 
V2 (V2 — 93, 


S, 
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where V is the velocity of the particle at distance J along its 
path, and N is the number of atoms per unit volume of the matter 
traversed. 

In accordance with the assumptions stated above values of 5 
were calculated to ten-inch slide-rule accuracy by summing over 
the electrons in an atom the time averages with respect to k over 
their respective orbits of the expressions in square brackets in (3), 
j being replaced by the energy required for ionisation. The results 
are given in the following table and are compared with Gurnev's 
experiments in the accompanying graph. ‘q’ is the energy of the 
a-particle in ‘electron-volts, i.e. the number of volts through 
which an electron must fall to attain the velocity of the a-particle. 

For argon and xenon there is very good agreement. For neon 
the theoretical results are too large at small speeds. However, 
Hartree’s field for sodium used in the calculation is itself less 
accurate than the other fields (for K, Rb and Cs) and would be 
expected to differ more from that for neon than the others do from 
those for the corresponding inert gases. The theoretical values for 
krypton are too large at high velocities, for which, however, the 
bulk of the stopping is done by the ten electrons in 3, orbits. 
Near these orbits Hartree’s field for rubidium is nearly an inverse 
cube field, and a small difference between the fields for rubidium 
and krypton might mean a large difference in the velocity of an 
electron in a 3, orbit and so a large difference in the calculated 
stopping-power. 


TABLE. Calculated values of S. 
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The Absolute Intensities of the y-Rays of Radium B and 
Radium C. By C. D. ELuis, Ph.D., Trinity College, and W. A. 
Wooster, B.A., Peterhouse. 


[Received 18 February, read 14 March 1927.] 


Introduction, 


Considerable advances have been made in recent years in 
our knowledge of the y-ray emission of radioactive bodies, It 
has been established quite definitely that series of definite fre- 
quencies are emitted, forming a characteristic line spectrum of 
the nucleus, and methods of measuring the frequencies have been 
devised so that at present the y-ray spectra of most of the radio- 
active bodies are well known. 

Recently the centre of interest has moved rather away from 
the numerical values of the frequencies, since so far little progress 
has been made in finding any series formula, and more attention 
is being directed to the intensities. Estimates of the intensities 
of the y-rays of radium B and C have been made independently 
by Ahmad® and Kohlrauschf, and one interesting result is that 
these authors find difficulty in accounting for all the observed 
effects of absorption and scattering. using the distribution of 
intensities that they deduce, so that among other possibilities 
they are led to consider the emission of continuous y-radiation 
as well as the characteristic line spectrum. If this were to be 
true it would have important and fundamental bearing on our 
picture of the 8-ray disintegration, but it is our opinion that it 
is too early to say anything with certainty. It is with this point 
in view that we wish to discuss an alternative method of esti- 
mating the intensities which brings out clearly the exact points 
of uncertainty in our present knowledge, and indicates how they 
can be removed. We think it is undesirable to attempt to settle 
an important question like the existence or non-existence of the 
continuous y-ray spectrum on insufficient evidence, especially as 
there is a reasonable hope that experiment can soon give an 
unambiguous answer. However, until this is carried out, we must 
depend on estimates of the intensities, and a further object of 
this paper is to describe an estimate of the intensities of the 
y-rays, which is both more accurate and more detailed than any 
previously given. 


* Ahmad, Proc. Roy. Soc. 109, p. 207. 1925. 
t Kohlrausch, Phys. Zeit. 28, p. 1. 1927. 
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General Discussion of Method. 


The method that was used by Ahmad® was to make measure- 
ments of the absorption of the complex radiation from radium B 
and C after it had passed through various filters, and then, as- 
suming laws for the absorption of the individual constituents of 
the beam, he deduced what must be the relative intensities 
of these constituents in order to give the observed results. In 
a somewhat similar manner Kohlrauscht, making use of Thi- 
baud’st estimated intensities of the groups of electrons ejected by 
the y-rays from ordinary matter, deduces values for the relative 
intensities of the different frequencies, and then checks his results 
by comparison with known absorption and scattering experiments. 

e will not refer to the results of these two authors in more 
detail, since at this stage it is sufficient to point out that both 
depend on the laws of absorption and scattering of high frequency 
radiation. There is very little of a definite nature known about 
these laws, the best that can be done is to extrapolate the X-ray 
results, und it is therefore of great interest to form an estimate 
of the y-ray intensities by a method which does not depend on 
these laws. 

The general principle of our method is as follows. The homo- 
geneous groups in the §-ray spectra are due to the conversion of 
the y-rays, and the intensities of these groups depend not only 
on the intensities of the y-rays but also on the extent to which 
they are converted, that is the magnitude of the internal conversion 
coefficient. Conversely if the value of the internal conversion co- 
efficient is known for all the different y-ray frequencies, then we 
have only to divide the- intensities of the @-ray groups by these 
coefficients in order to obtain the intensities, If we are only con- 
cerned with relative intensities of the y-rays, then it would be 
sufficient to use relative intensities of the @-ray groups and to 
know the rate of the variation with frequency of the internal 
conversion coefficient without troubling about the actual values. 
However the absolute intensities of the y-rays are far more in- 
teresting, and by these we mean the actual number of quanta of 
the different frequencies emitted in, say, a thousand disintegrations, 
and to obtain these we require to know the number of electrons 
in the 8-ray groups from a known number of disintegrations and 
also the actual values of the internal conversion coetticient. We 
have recently published values for what may be called the absolute 
intensities of the 8-ray groups, and so the problem that remains 
to be settled is to find values of the internal conversion coeffi- 
cient. We hope soon to measure these experimentally, but in this 


* Loc. cit. t Loc. cit. 
+ Thibaud, Journ. de Phys. 34, p. 807. 1925. 
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paper we deduce them by comparison with measurements of the 
total energy of the y-rays, and further with the total number of 
quanta emitted*. It is easy to see in a general way how this is 
possible. Supposing it be assumed that the internal conversion 
coefficient varies only slowly with the frequency, then the inten- 
sities of the y-rays will not differ greatly from the intensities of the 
8-ray groups, and since we know that the low energy @-ray groups 
are most intense, this will result in a concentration of the y-ray 
energy in the low frequencies. Then to account for the large 
amount of energy emitted as y-rays, we shall require a great 
number of quanta of these low frequencies, more in fact than 
are found by direct counting experiments. If, on the other hand, 
we assume a very rapid decrease of the internal conversion co- 
efficient, then we find we can account for the total energy with 
fewer quanta than are actually found. 

In this way we are able to choose a definite rate of variation 
with frequency, and definite absolute values for the internal 
conversion coefficient, and then combining this result with the 
intensities of the -ray groups, we obtain the intensities of the 
ry-Tays. 

Since energy and counting measurements have been made for 
both radium B and C, and since it is reasonable to assume the 
same rate of variation of the internal conversion coefficient for 
both bodies, it is possible to obtain a check on our results. It is 
strong evidence in support of our method that the separate calcu- 
Jations all lead to the same results. 


Theory of the Method of Estimation. 


Consider a single radioactive body which emits n homogeneous 
radiations whose frequencies (and therefore also the energies of 
individual quanta), measured in volts, are 


V, V;, V; -ee Vy: 


All of these frequencies are not emitted at each disintegration, 
on the contrary we must associate with each frequency a prob- 
ability p, so that out of a very large number N of disintegrations 
there will be emitted Np, quanta of frequency V,, Vp, of frequency 
V,, and so on. The quantities p,, p>, ete. will be called the abso- 
lute intensities of the y-rays. We shall use these intensities p to 
denote the probabilities of emission of the y-rays from the nucleus, 
they will not represent, except approximately, the intensities of 
the y-rays that finally emerge from the atom because some of the 
y-Tays are converted in the parent atom, giving rise to the groups 

* It will be seen later that, while advantageous, it is not necessary to depend 


on the counting measurements, but the method is most easily explained by referring 
to them. 
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of the natural 8-ray spectrum. We must take into consideration 
that the probability a of this internal conversion varies with the 
frequency and the level, K, L, M, etc., in which the conversion 
occurs. Using an obvious notation we write 


K L,%> woe By... 
for these coefficients. 
We can now write down expressions for the total y-ray energy 
emitted from the nucleus per disintegrating atom 


n 
P ucisa = = Pr V, 2 O OOOO O OORRUA ( l) 


The amount of y-ray energy not converted in the A level is 
pV (1 — xa), and continuing this we find for the total y-ray energy 
finally emerging from the atom 


E= = pV, (1 — gar) (1 — 1,%r) 0 CL — apr). veer (2) 


It is this last quantity which is determined by experiment, 
and with which we shall have to deal. It is frequently referred 
to as the heating effect of the y-rays. 

It is known that the coefficients of internal conversion are 
small, that due to the K level (,a,) being in general less than 4}, 
whereas the L and M coetticients are much smaller. We can there- 
fore write 


B= p,V, [1 — (kar +L ar +--+ sr...) Saad ee (3) 


with sufficient accuracy, and then further, making use of a result 
that we have established recently *. that to a sufficient approxi- 
mation, independent of the frequency 


Lat ya = 022,a, 
we have finally 


E= 3 p, V, (= 122ga) eee (4) 
1 


In a similar manner the number N of quanta emitted clear of the 
atom is given by 


N=9p, (1 -122pa) n. (5) 
1 


This number has been measured by counting the separate y-ray 
impulses with an electrical counter. 

These two equations, (4) and (5), are clearly not sufficient by 
themselves to determine the probabilities of emission p, but this 


* Ellis and Wooster, Proc. Roy. Soc., March, 1927, 
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can be achieved by considering the intensities of the 8-ray groups. 
If we denote by n0,, n0:, nOz, ..., the number of electrons in the 
different groups from a large number n of disintegrating atoms 
due to the conversion of the y-rays of frequency Vi, Va, Vs, ... in 
the & level, then we may write 


0, = DK, 0, = z KM, esse jj. minuperes (6) 
Values for the quantities 0, the intensities of the B-ray groups, 
have been obtained in the case of radium B and C*. 

It is now only a question of manipulating equations (+), (5) 
and (6) so as to obtain the p’s, the y-ray intensities. Instead of 
doing this directly, we fix our attention first on the internal con- 
version coefficient a. We assume that this varies smoothly with 
frequency in a manner represented by f(V). It is convenient 
to write g for the value at a standard frequency (actually 
V = 3:54 x 10° volts, the strongest radium B y-ray) so that, for 
this value of V, f (V) is equal to unity, then at any other frequency 
the internal conversion coefficient in the K level will be gf (V). 

The intensities of the -ray groups 0 may now be written 


6,=9f(V,) pr. (r=1,2,3...n) (7) 
Returning to the equations (4) and (5) we substitute 0,, 0z, ... 
for the products p, xa, ..., according to equation (6), and further 
6,/af (V,) for p,, according to equation (7). 
This gives the two final equations 


12 6,V, 


E+12236V,=-5 ee 8 

alae IIF.) (8) 

N+122%6,=13 hase (9) 
1 g91f(V;) 


Now in these equations experimental values can be assigned to 
the frequencies of the y-rays (V), the intensities of the 8-ray 
groups (6), the total energy of the emitted y-rays (E), and the total 
number of emitted y-rays N. The whole problem is to make such 
a choice of the value of g, and the form of the function f(V), that 
these two equations may both be satisfied. Once this is carried 
out, equation (7) gives the required intensities of the y-rays. 

It will always be possible to find values for g and f(V) so 
that equations (8) and (9) are satisfied within the experimental 
error, but a very important check on the correctness of our point 
of view may be obtained by considering different radioactive bodies. 
The value of g, the conversion coefficient for a fixed frequency, might 
be expected to show a variation with atomic number, but since 
we are only going to apply these calculations to radium B and 


* Ellis and Wooster, loc. cit. 
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radium C (atomic numbers when the y-rays are emitted 83 
and 84), there will be only a change of 1°2 per cent. in the atomic 
number. The external absorption coetiicient, with which we might 
compare the internal conversion coefficient, would only change by 
5 per cent. in this case, so that it will be quite sufficient, in view 
of the other inaccuracies, if we anticipate a small increase in g for 
Ra C and write 
JRac = 1:03 9RaB- 

The function f(V) depending only on the frequencies of the 
y-rays should be the same for all radioactive bodies. 

Thus finally we obtain a check on our hypotheses by demanding 
that we account for the energies and numbers of the y-rays from 
both radium B and radium © with the same function f (V) and 
values of g differing only by about 3 per cent. 


Estimation of the Internal Conversion Coefficient and its Variation 
with Frequency from measurements of the total energy and total 
number of emitted y-rays. 


We will first describe shortly the experimental material on 
which we are basing our estimate. This all refers to radium B 
and C, and consists of measurements of the total number of y-rays, 
the total energy of the y-rays, the frequencies of the y-rays and 
the intensities of the @-ray groups. 

The total number of y-ray impulses emitted by a known quan- 
tity of radium B and radium C has been measured by Kovarik * 
using an electrical counter. Two series of measurements were 
carried out, in one the radioactive material was only covered by 
thin glass, and all the y-rays of radium B and C, except the 
softest of radium B, were counted. In the second case the source 
was covered by 15 mm. of lead, so that only the hard y-rays of 
radium C were able to penetrate. This latter measurement, 
when corrected for absorption, will give an approximation to 
the number of hard y-rays emitted by radium C These results, 
giving VV’ = 2:14 y-impulses from 1 atom of Ra B and 1 of RaC, 
and further n = 1°63 y-impulses from 1 atom of radium C, should 
be correct to about 5°/ t. 

The present authorst have measured, by means of its heating 
effect, the total energy emitted in y-ray form during the disin- 
tegration of one atom of radium B and one of radium C, and 
have found the value 

E’ = 18:4 x 10 volts. 

* Kovarik, Phys. Rev. [5], p. 559. 1924. See also footnote to equations (10) 
and (11) later. 

t Assuming 3'4 x 10’ atoms disintegrate per sec. from 1 mg. This figure is used 
throughout this paper; any variation in this figure will only affect the value of ‘‘g” 


and not f (V). 
t Ellis and Wooster, Phil. Mag. [6] L, p. 521 (1925). 
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This figure should also be correct to about 5°/,. 

The division of this energy between radium B and radium C 
has been estimated by various means, either using the relative 
absorption coefficients, or the relative numbers of ions formed in 
air. Combining the values of J. Szmidt*, Moseley and Robinson f, 
Moseley and Makowert, Ellis and Wooster§, we think 


e' = Energy Ra B/Energy Ra C = 0:0853 


is the best value, and is probably correct to 10 °/,. 

It would be possible to include all the known y-rays of 
radium B and C, but we think it sufficient in this preliminary 
estimate to include only seven from each. The frequencies mea- 
sured in volts are shown in Table I, and also in the third 
column the corresponding values of 0, the intensities of the 
-ray groups due to conversion of the corresponding y-ray in 
the K level. These intensities give directly the number of 
electrons per disintegrating atom. The values of the frequencies 
are well known and probably accurate to one part in 300; the 
intensities of the 8-ray groups are taken from the authors’ recent 
measurements, and may be in error from 5 to 10°/,. We do not 
include the lowest frequency y-ray of radium B because, on the 
one hand, it contributes little to the total energy, and, on the other 
hand, it was probably not measured by Kovarik. 


TABLE I. Data of y-ray Frequencies and Intensities of B-ray 
groups used in Calculations. 


Frequency in Intensity of 8-ray group due 
Number Of Volts to A-conversion of y-ray 
-R 
y- thay V 0 


/1 2°43 x 10 0-0314 
2 2°60 0:0038 
| 3 2°76 0:0019 
Radium B 4 2:97 l 0:0435 
5 354 9:0550 
6 4°71 0-0008 
\ 7 4°82 0-0008 
78 612 0:00396 
9 9°41 0:00047 
| 10 11°30 0°00107 
Radium C ¢ 11 12°48 0:00044 
12 14:26 0:00223 
|13 17:78 0:00046 
\14 22°19 000011 
* Phil. Mag. [6] xxviii, p. 527 (1914). + Ib, [6] xxv, p. 312 (1913). 


+ Ib. [6] xxmm, p. 302 (1912). § Ib. [6] L, p. 521 (1925). 
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We have now collected all the necessary material in order to 
estimate the value “g” of the internal conversion coefficient for 
our standard frequency and its variation f(V) with frequency F. 
and we may now insert the numerical values in the equations of 
the last paragraph. 

Applying equation (9) to the total number of y-rays from radium 
B and C*# 


SL er N’+1-22 3 6,] =2-32 
2 AE aT, ge , 6 | = 2829. ... 
1 (V,) 103 5 f(V,) Jl j 1 | ” ve 


Appying the same equation for the number of y-rays from 


— i 03g | n t 1 22 > 6, | 1 i 9g. eero oo’ 


Applying equation (8) to the total energy of the y-rays from 
radium B and C 
7 6,V, I ugry, 
5 Sr Pit sos aca 
l I ( V,) 1:03 8 f< V) J 
Using equation (8) to give the ratio of the energy of the y-rays 
from radium B and C l 


14 
E + 1:22 3 6, v, | =191g. (12) 
1 


7 ope , 7 

È A) 1 tO Bay, 

So n > — = 0-11 (2), ...(13) 
0, V, 103 b21L+e) a y 


9 1, e ie ld 

In these four equations the various values of 6 and V are of 
course known and may be taken from Table I. The entire problem 
consists in choosing a value for g and a form of the function f( V) 
valid between V=2:0x 10° and 250 x 10° with value unity at 
V = 3°54 x 10°, so that these four equations are satisfied. 

Perhaps the easiest way of finding a solution is to choose 
arbitrarily some form for f(V); this may be at once checked on 
equation (4), and also used to find values for “g” from each of the 
equations (10), (11) and (12). If it is possible to find a f(V) 
satisfying (13) and leading to the same values of “g” in equations 
(10), (11) and (12), then with some confidence this may be used to 
deduce the intensities of the y-rays from the intensities of the 
B-ray groupst. This point will be most easily understood by 

* The frequent appearance of the factor 1:03 in these equations is due to the 
slightly larger values of the internal conversion coefficients for radium C. It will be 
noted that the above equations give simply the energies and numbers of the y-rays 
emitted from the nucleus before conversion takes place. 

t It is generally recognised that the counting of y-rays is an extremely difficult 


experiment, and so our results based on these measurements might appear to be 
open to doubt. It has been suggested that Kovarik’s figure might be too large, owing 


the y-rays of radium B and radium C 725 


reference to the next table which shows the result of trying a 


variation of the internal conversion coefficient with the inverse 
2:5, 2°6, 2°65, 2°7 and 2°75 power of the frequency. 


TABLE II. Correlation of y-Ray Heating and y-Ray Counting 
Meusurements by means of different rates of variation of the 
Internal Conversion Cueficient. 


Internal Conversion 
Coetticient varying as 


]°—2-5 V-2-6 V-2 65 V-?-7 ]7-2-75 


Value of “g” deduced from 
1. Number of y-rays emit- 
ted by radium B and C 11:0 11:8 12-4 13°] 14:0 
2. Number of y-rays emit- 


ted by radium C see 8'9 19:2 11:0 11:8 12°8 
3. meats of yee emit- 
ted by radium B and C 79 9°7 12°6 16:9 243 
Ratio Calculated 


Energy y-rays of radium B 
Energy y-rays of radium U 
Exper. 0°11 ... 0:27 0:21 0:16 0:11 0:045 


The criterion of a correct choice of the rate of variation would be 
that the values of g shown by the first three figures in any vertical 
column should be identical, and further the figure in the last row 
should be 0'11. It will be seen that a rate of variation between 
V-** and V-*® would satisfy the first three criteria but that the 
ratio of the energy of the radium B y-rays to those of radium C 
favours definitely the larger value of the exponent. It would be no 
doubt possible to find other methods of variation of the internal 
conversion coefficient which would give closer agreement, but 
although they might differ greatly in the algebraic form used to 
represent them they would not differ much in the numerical values 
over the range considered, and as a basis for a provisional estimate 
we shall take the internal conversion coefficient to vary as the 


inverse 2°65 power of the frequency and to have the value 0°12 at 
a frequency 3°54 x 105 volts *. 


to a high speed photo-electron giving rise, by collision, to another fast electron. We 
do not share this view, and consider Kovarik’s experiments may be used with safety, 
but it is most important to note that, in point of fact, we could dispense with these 
measurements altogether. Using equations (12) and (13) we could deduce values of 
‘*g” and f(V), which we should then have to justify on general grounds. Then 
with these values we could use equations (10) and (11) to calculate the number of 
y-rays emitted. 

* Were we to leave out the counting measurements we should decide on a 
variation with the 2:7 power and a value for g of 0- 17. This would put still more 
energy in the high frequencies. 
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It is a very striking point that these values are in excellent accord 
with what we should expect on general considerations. On the one 
hand, it has long been anne that the value of the coefficient for 
the radium B y-rays was of this general order of magnitude; on 
the other hand, Gurney deduced that for the strongest y-ray of 
thorium B (V =2-41 x 105) the conversion coefficient must be 
greater than 0:25 in order to account for the @-ray groups with 
not more than one quantum emitted at each disintegration. 

Now as we have already stated it seems probable that the 
internal conversion coefficient will depend, apart from the frequency 
of the y-ray, only on the electronic structure where the conversion 
takes place, and therefore should be the same for thorium B as for 
radium B. 

If we extrapolate our value of 0°12 back to the thorium B 
frequency according to an inverse 2'65 power, we obtain a value 
0:33 which it is very satisfactory to note is greater than the lower 
limit 0°25 assigned on general grounds above. 

As regards the rate of variation according to the inverse 2°65 
power of the frequency, we may note that this is another point in 
favour of the general conclusion that internal and external absorp- 
tion are essentially similar. It is well known that the ordinary 
absorption varies approximately as the inverse third power of the 
frequency, and if anything slightly less rapidly. Recent theoretical 
investigations have in fact suggested a variation for absorption in 
the K level according to the inverse 25th power; but without 
entering into further detail, it is clear that to a first approximation 
the internal and external absorption coefficients vary in the same 
general manner. 


Values of the Intensities of the y- Rays. 


The next table shows the intensities of the y-rays obtained by 
dividing the intensities of the -ray groups (see Table I) by the 
value of the internal conversion coefficient. For the reasons given 
in the last paragraph this has been taken to have the value 0:12 
at a frequency V =3°54 x 10° volts and to vary as the inverse 2°65 
power of the frequency. 

It should be noted that these are not only relative intensities 
but actually give the average number of quanta (less than unity) 
of the particular frequency emitted at each disintegration. 

The most powerful y-ray is one of 1-4 million volts from radium 
C, a quantum of which is emitted three times out of four disinte- 
grations, but yet owing to the low value of the internal conversion 
coefficient at this frequency the resulting S-ray line is actually less 
intense than that resulting from the first y-ray of radium B, one 
quantum of which is emitted in every ten disintegrations. 
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TABLE lII. Intensities of the y-rays of Radium B and 


Radium C. 
Intensity 
ibe Average number of 
in volts quanta emitted per 
disintegration 
Rapium B 
ae 0014 
2°76 0:008 
2:97 | 0:228 
2o 0'458 
Rl 0014 
482 0:015 
Rapitm C 
6:12 0:140 
9:41 0-051 
14°26 0:748 
22:19 0-119 


These intensities are, only preliminary estimates and it would 
be unwise to base any detailed deductions on them but, considered 
as an illustration, we think our present values bring out the great 
interest of the method in that it gives the absolute intensities. It 
promises to provide a far deeper insight into the mechanism of 
the y-ray emission, since we can follow in detail the emission of the 
different quanta at each disintegration and further, if the evidence 
about stationary states 1n the nucleus be accepted as conclusive, 
we can follow the actual transitions occurring at the disintegration. 

Previous estimates of the y-ray intensities have only given 
relative values. For instance Ahmad* found that to account for 
the absorption and scattering of y-rays, using extrapolated X-ray 
laws, it was necessary to assume relative intensities which made 
the first y-ray of radium C six times stronger than the 1-4 million 
y-ray. We find exactly the opposite, the 14 million y-ray being 
five times stronger than the lower frequency y-ray. This is a large 
and striking disagreement, and there seems little doubt that, making 
all possible allowances for uncertainty in data, the explanation lies 
in the inapplicability of the X-ray laws of absorption and scattering 
to these high frequency radiations. The necessary alteration will 


* Ahmad, loc. cit. 
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be in the direction of a less rapid variation with wave-length of 
the photo-electric absorption, a result already suggested on theo- 
retical grounds independently by Oppenheimer and Wentzel. 

The recent careful analysis by Kohlrausch* of the absorption 
and scattering results lays down clearly the method to be followed 
and shows the valuable information that can be obtained if instead 
of attempting to deduce the intensities from the absorption results, 
the method 1s reversed, and the intensities, obtained for instance 
as in this paper, are used to predict the absorption and scattering 
that would be obtained on any particular laws. 

As Kohlrausch points out, he had no reliable estimates of the 
y-ray intensities from which to start, but to illustrate his method he 
made use of some visual estimates of 8-ray photographs published 
by Thibaud. Kohlrausch’s assumed relative intensities are not 
greatly different from those published here as regards general 
order of magnitude, although undoubtedly he has overestimated 
the intensities of the high frequency radiations. However, modi- 
fying his results to take this into account his conclusion that the 
absorption laws are in error is still valid. A development of this 
method, based on accurate data, promises to yield definite and 
precise information about the behaviour of high-frequency radiation. 


Conclusion. 


The object of this paper has been to show how the heating 
effect of the y-rays, the total number of the quanta emitted, and 
lastly the intensities of the -ray groups may all be correlated in 
terms of the absolute intensities of the y-rays. 

The chief point of the method is that the correlation of these 
experimental measurements depends only on the value and rate 
of variation with frequency of the interval conversion coefficient of 
the y-rays, and once this has been ascertained the intensities of the 
-rays follow at once from the intensities of the -ray groups. It 
is of great interest that the values of the internal conversion co- 
efficient, which are found to be necessary in order to connect both 
the total energy and number of the y-rays with the measurements 
of the intensities of the -ray groups, are in entire agreement with 
previous estimates based on gencral considerations. 

This provides considerable evidence in favour of the correctness 
of the al alano and the values of the y-ray intensities given in 
this paper represent in our opinion the best estimates that can be 
made at present. 

The whole problem would be placed on a much firmer footing 
if independent measurements could be made of the rate of variation 


* Loc. cit. 


the y-rays of radium Band radium C 729 


of the internal conversion coefficient, so that instead of having to 
deduce its values so as to be able to account for the total energy 
and number of the y-rays, we could use the measured values of the 
conversion coefficient and ascertain whether the known mono- 
chromatic y-rays were present in sufficient intensity to account for 
the total output of energy. This would appear to be the most 
promising way of finding out whether continuous y-rays are emitted 
or not. If more y-ray energy is given out than can be accounted for 
by the monochromatic y-rays, then there is no alternative but to 
assume the existence of a continuous spectrum, but if on the 
contrary there is no surplus of energy, then, quite definitely, there 
can be no continuous y-rays emitted. 

We feel that it is very dangerous to deduce anything about 
the existence of continuous y-rays from the non-agreement of 
theoretical expectations with the result of absorption experiments, 
since it is just as likely that our knowledge of the absorption of 
high-frequency radiation is at fault. It would appear much safer to 
decide the problem of the possible existence of the continuous 
spectrum of y-rays by the method we propose, involving essentially 
a measurement of the rate of variation of the internal conversion 
coefficient. 

We hope soon to obtain some information on this point, but 
even now it is permissible to point out, that since we have accounted 
for the total energy output with what is certainly a reasonable 
value for the conversion coefficient, the balance of evidence is 
already distinctly against the existence of a continuous y-ray 
spectrum. 


VOL. XXIII. PART VI. 48 


730 Mr Taylor, An experiment on the stability of 


An Experiment on the Stability of Superposed Streams of 
Fluid. By Mr G. I. Tay or, Trinity College. 


[Read 14 March 1927.] 


It is well known that the calm which commonly comes on a cold 
clear night is due to the cooling effect of the ground on the lowest 
layers of the atmosphere. It frequently happens that the wind at 
a height of a few hundred feet does not die down at all at night; 
in fact observations taken at the top of the Eiffel tower show that 
there is frequently a slight increase in wind at that height. The 
cooling of the air near the ground makes the lower layers heavier 
than the higher layers and thus tends to prevent the formation of 
turbulence at the earth’s surface. Since it 1s only through the 
medium of turbulence that the higher layers are able to drag 
the lowest layers over the ground the surface air stops moving. 

The experiment here described was designed to illustrate the 
stabilising effect of a density distribution similar to that which 
occurs in the air near the ground at night. The apparatus, which 
is designed so that the experiment can be shown by means of a 
lantern, is illustrated in Fig. 1. 
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Fig. 1. 


Two glass plates 6 cm. x 50 cm. are separated by two pieces of 
wood 6 mm. thick, the four components being stuck together with 
wax. The channel thus formed is used to convey water from the 
entrance chamber A (Fig. 1) to the exit chamber B. The entrance 
to this channel is staged so that the converging stream of water 
passes smoothly from the entrance chamber A to the parallel part 
D of the channel. In order to damp down any large eddies which 
might be formed by the fluid on entering the converging space C 
three pieces of brass gauze Æ are fitted across the channel close to 
the entrance. Into the converging part is fitted a small capillary 
tube F bent at right angles at the lower end. Eocene is made to 
flow through this, and at low speeds when the flow is stream line 
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the colouring matter lies in a thin thread as in Osborne Reynolds’ 
well-known experiment, down the middle of the channel. If the 
speed is increased the appearance of this thread of colouring 
matter is unaltered till turbulence sets in, when it spreads out, 
the colouring matter being diffused across the tube nearly to the 
walls. 

After passing through 14 cm. of uniform cross-section the 
stream passes over a section containing brine. The coloured 
brine is led in through the pipe H to the bottom of a shallow 
trough G (Fig. 1), which is formed by a local increase in depth of 
the channel. 

At low speeds of flow the surface of separation between the 
brine and the water is quite distinct, but there is a tendency for 
the stream to carry the brine out with it towards the exit, and 
this is partially counteracted by tilting the apparatus slightly so 
that the surface of separation is parallel to the centre line of the 
channel. Some of the brine is continually being removed by 
viscous drag however, and this is replaced by a slow continuous 
tlow of brine delivered at H. 

At slow speeds the flow is stream line and the surface of 
separation at the top of the brine is quite distinct. When the 
speed increases so that the upper part becomes turbulent the 
surface of separation still remains distinct, till, at a certain speed, 
instability sets in and all the brine, except a small quantity close 
to the place where the upper stream first comes into contact with 
it, is suddenly carried out of the channel. 

If the same experiment is tried, using coloured water instead 
of brine, the appearance at slow speeds is similar to that just 
described. Soon after turbulence sets in, however, the lower 
liquid begins to mix with the upper one. The surface of separa- 
tion remains distinct close to the place where the upper stream 
first encounters the lower coloured fluid, but mixture begins at a 
short distance down stream and continues with greater and greater 
intensity till the exit is reached. 

The experiment may perhaps be regarded as an illustration of 
the way in which a cold and frequently misty patch of air lying in 


a hollow is suddenly blown away by a gradually rising wind in the 
higher layers. 
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The Stopping Power of Hydrogen Atoms for a-Particles 
according to the New Quantum Theory. By J. A. GAUNT, B.A. 
Trinity College. (Communicated by Mr R. H. FOWLER.) 


[Received 2 March, read 14 March 1927.] 
1. Introduction. 


An a-particle passing through a gas loses velocity because it 
gives up energy to the gaseous atoms. If we can calculate the 
average energy transferred to an atom, the Toppar power of the 
gas follows immediately. The earlier theories, by Thomson * and 
Darwint, took account of only the close collisions, in which the 
a-particle actually passes through the atom. Bohr}, however, in 
1913, took into account the transfers of energy to atoms at distances 
from the track considerably larger than atomic dimensions. His 
calculation was purely classical, and dealt with an atomic model 
in which the electrons were capable of simple harmonic motions. 
The result was in very satisfactory agreement with experiment. 
For atoms containing each a single electron, with mass yp, charge e, 
and natural period w, Bohr’s formula is 


dT 4arNE*e? ye 

i ae log QaEeo (1-0), 
where — dT /dx is the rate of loss of energy by an a-particle whose 
charge is E, and velocity v; N is the number of atoms per c.c.; 
and y = 1'123. 

The calculation was repeated by Fowler§ in 1925, with the 
usual planetary model of the hydrogen atom, instead of a harmonic 
oscillator. In its undisturbed state, the electron rotated in a 
circular orbit (the lowest orbit of the old quantum theory) with 
frequency w. The same formula, (1:0), was obtained, with the 
difference that y = 2°42, 

These classical calculations, however, were entirely upset by the 
old quantum theory. For in the case of an atom at some distance 
from the track of the a-particle, the transfer of energy is less than 
the energy of iomsation, and must have certain discrete values, 
namely the differences between the energies of the various quantum 
orbits. Henderson|| suggested that when the classical transfer lies 
between two of the discrete values, the actual transfer must be 
taken to be the smaller of these. The result was, naturally, a smaller 
stopping power than before, not more than half the experimental 
value. 

* Thomson, Conduction of Electricity through Gases, pp. 370-382. 
+ Darwin, Phil. Mag. xxu, p. 901 (1912). 

* Bohr, Phil. Mag. xxv, p. 10 (1913). 

§ Fowler, Proc. Camb. Phil. Soc. xxii, p. 793 (1925). 


|| Henderson, Phil. Mag. xLIv, p. 680 (1922). 
T See Fowler, Proc. Camb. Phil. Soc. xx1, p. 521 (1923). 
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The present paper contains a rough application of the new 
quantum theory to the less close collisions. It does not treat the 
a-particle as part of the dynamical system, nor replace it by 
de Broglie waves; but represents it by a point moving with con- 
stant velocity in a straight line, and forming the centre of a 
Coulomb field. The distance of the track from the atomic nucleus 
(supposed fixed) is large compared with atomic dimensions. The 
effect on the atom can then be found by perturbation theory, 
which must be carried to the second order, since the first order 
gives a zero result. 

The new quantum theory deals in statistical averages, and gives 
a mean energy transfer without any hypothesis about individual 
jumps. The surplus energy over the energy of a jump is therefore 
not wasted as in Henderson’s theory.: On taking over from the 
previous theories the transfer by close .collisions, which has not 
yet been computed on the new theory, we arrive again at the 
formula (1:0), with the following modifications: 

y has Bohr’s value 1°123, 

w = 1'10w’, where w’ is the frequency of the head of the Lyman 
series. 

Thus we may write 


—-—— e a r 
— 


dx pu? 8 Dara Be 


where y = 1:02. 

This is the formula for monatomic hydrogen, for which, of course, 
no experimental data exist. For comparison with observation, it 
is necessary to extend the formulae (1:0), (1:1) to the case of 
hydrogen molecules and helium. In Bohr's theory the formula 
for such gases 1s 


- = = am oc aescennvenees 1-2). 

dx pv? °8 Qarew re) 
Fowler * takes over this formula, and assumes that the w’s for 
various molecules are proportional to their ionisation potentials. 


He shows that the best empirical value for y is about 1. If we 
make a similar modification of (1:1), 


dT 8&rNReé ry’ we? l 
T log Jro Re UUvenn (1:3), 
w is now the frequency corresponding to the ionisation potential 
of H, or He, and is half the w of (1:2). The optimum value of y is 
therefore 4, and not 1:02, as in (1:1). If we retain the value 
y = 1:02, the stopping power of H, at N.T.P. for v= 198.10 
cm. sec.™ is 6°16. 10%, Gurney’st experimental value is 5-4. 10%. 
* Fowler, Proc. Camb, Phil. Soc. xx, p. 794 (1925). 
t Gurney, Proc. Roy. Soc. A, cvil, pp. 332, 340 (1925). 
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The ratio of the stopping powers of H, and He at this velocity 
is 1:17, instead of 1:19. 

However, the step from (1:1) to (1'3) is a long and uncertain 
one. It will be seen that the present theory gives y’ in a very 
complicated manner, and there seems to be no reason to believe 
that it will have the same value for H, and He as for H, though 
we may be fairly confident of the form of (1:3). 

The point which this paper is intended to bring out is that on 
the new quantum theory, as on the classical theory, there is an 
average transfer of energy from the a-particle to atoms at all 
distances, and that of nearly the classical amount; so that the 
difficulties in the theory of the stopping of a-particles are no 
longer fundamental, as in the old quantum theory, but are mere 
complications of algebra. 


2. General Theory*. 


We have to deal with a special case of the following general 
problem : a number of equivalent dynamical systems (atoms) have 
initially a known energy-distribution; what will be the energy- 
distribution after a small variable perturbing potential has 
acted upon each for a given time? In our special case, the 
dynamical systems are H-atoms, initially all in their normal state; 
the perturbing field is that of the a-particle; and we require 
the proportion of the atoms with any given energy after the 
encounter. 

We start with Schrédinger’s equation in the form 


[H (2 2 2y = : J E EE (200), 


where the unperturbed Hamiltonian is supposed independent of 
the time and À is Planck’s constant divided by 27. 
For the unperturbed system we may put 


AF 


yaue h* E (2:01), 
where u is independent of ¢, and satisfies 
h ð 
E (17 5,)-¥ | u=0 Nose (2-02) 


The condition that u is single-valued and continuous intro- 
duces quantum conditions in the well-known manner. In general, 
W will have a set of discrete characteristic values, and also a 
continuous range of values, which satisfy the condition. We shall 
suppose that the discrete characteristic values are expressed in 


* All this section is parallel to Dirac, Proc. Roy. Soe. A, cxin, pp. 673-677. 
See also Born, Zeitschrift siir Physik, 40, p. 167. 


———— lll [es Cl, ee eed 
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terms of quantum numbers (n, k, m...), which also specify the 
corresponding functions u; and that in the continuous range the 
functions u are specified by W and by quantum numbers (k, m...). 

The functions u(n, k, m...) are normalised in the ordinary 


sense of the word by the choice of suitable constant multipliers. 
That is 


fu (n, k, m see) u* (n,k md’ ad= ifn=n ; k=K, MEM nee 


0 otherwise 


where dr is a generalised volume element of the configuration- 
space, over the whole of which the integral is taken, and u* is the 
conjugate complex number to u. 

The functions u ( W, k, m ...) must also be multiplied by a suit- 
able factor. But they are not normalised in the sense of (2:1). 
The factor is chosen so that an arbitrary function f of the g’s 
can be expanded in the formt 


f= = y(n, k, m...)u(n, ky mm...) 
N, ky amo. 


+| E y(W km...) u(W, bm) 53, ---(220), 
o k, Mma 7 


where the f is taken over the continuous range of characteristics, 
y(n, k, m...)=ffu* (n, k, mm...) dr oee. (2°21), 
and? 


W,k im {ff uecWk all 
y CW, ymin s [ff u* (W, m.n) Sh T...(2°22) 


= fut CW tints) AT iaeia (2°23), 
if this integral is uniformly convergent. 
We shall replace such equations as (2°20) by 
SH (Za +f) y(s)u(s) ccccecseeeccees (2°24), 
where s summarises the parameters (n, k, m...) or (W, k,m...). 
We shall suppose such conditions of convergence in our sums 
and integrals that (2°23) is valid, and that the orders of sums and 
integrals and differentiations can be inverted. 
Initially, our set of dynamical systems has the wave-function 
Wo = (Sa +f) (S) Y (S) oeer (2:30), 
where c (s) is constant, and + (s) is given by (2:01). 
For the discrete characteristics, Dirac has shown that 
ASV SCS eT S aior (2°31) 


+ See Oppenheimer, Proc. Camb. Phil. Soc. xxi, p. 422 (1926). 
t See Fues, Ann. der Physik, pxxx1, 19, pp. 295-303 (1926). 
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is the proportion of the dynamical ‘systems which are in the state 
denoted by s. It is natural to extend (231) to the continuous 
range of W, with the following interpretation of P: 

The proportion of systems with energies between W and 
W+dW, and with quantum numbers (k, m...), is 


PCW, bm...) AW /2ath 0... ccc cece (2°32). 


This interpretation is in harmony with Oppenheimer’s paper; 
also it will be seen later that (2, + f) È (s) remains constant (namely 
unity) in spite of perturbations. 

We now introduce a perturbing potential A (t) which is a 
function of the time as well as of the coordinates, and is supposed 
to be small. Schrödinger’s equation becomes 


h ð h o = 
JH (a7 x)+4O-75|¥=0 ere ee (2°40). 
By (2°24), at any given time T, y can be expressed in the 
form 
y= (StS) ¥(s, T) u(s), 


where y is constant for given s, T. 
Evidently we may write in general 


=(Se+f) a(S, t) (8) oenen. (2°41), 
where a (s, t) depends on the time and not on the coordinates. 
The variable proportion of systems in a given state is then 
given by 
P (8;:t)= 0 (8,4) @? (8,1) vsccesinectias (2°42 
(see (2°31)). 
The P’s, which give the energy-distribution of the dynamical 
systems, are therefore determined by the a’s. 
Now substitute from (2°41) in (2°40), remembering that ¥ (s) 
satisfies (2°00), 


(2, +f) A(t) a(s, Nv) - Bt al, t) y (s)=0 ...(2°50). 


Let A (sr; t)=fA (t) u(s) u* (r) dr.........05. (2°51), 
the integral being taken over the whole configuration-space. 

Then by (2°21), (2:23) and (2°24): 

A (t)u(s)=(2, +f) A (sr; thu(r) aoeeoe. (2°52). 
Substitute in (2°50) | 
W (8) 
E, +S) ($+ f)a(s, t) A (sr; thu(rye r ' 
IF (8) 

—(2,+f) ta (s, t) u (s) e` “nh =O. 


ee ee $a ee = 
JERE 42 SEES T E E O S EE LEE NEL SN TEST 
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Interchanging the pair of (2+/)’s, we have a series of the 


form (2°24) equated to 0. Its coefficients may be presumed to 
vanish: 


(t-+f)a(r, t) A (rs; the h —7a(s, the h =0, 
Oe, 
i.e. a(S, th=5(2pt fya(r, t) A (rs; the h (2:53). 


Write, for brevity, 
W (r)- W (s) 
A' (rs; t)= A (rs; the i ™ eatowerss (2°54). 


Then ú (s, t)= i (Ep +f) a(r, t) A! (18; t) cee (2°55). 


This equation determines the a’s, since their initial values are 
known: 


at t=, (S168) rctee E (2°56). 

The right-hand side of (2°55) is proportional to the perturbing 
potential, and is therefore small. We solve the equation by 
successive approximations, going as far as the second. 


Let a(s, t)=c(s)+ a, (s, t) + a(s, t), 


where a, a are small quantities of the first and second orders 
respectively. The first approximation is given by 


án (8, t) =f (E, + f) c (r) A’ (rs; ' 
a, (s, t) =0 | 
therefore a(s, t) = 4 (3, +f) (7) | A’ (rs; 6) d0...(2°60). 
For the second approximation, 
a(s, t) = ; (x, +f) ; (Sutf)e wf A’ (ur; 6) d0.A’ (rs; i 


a(s, t) = 0 
therefore 


ti t 

il, pes (S, + eE, +f) f di | d0 A' (ur; 0) A’ (rs; t) 
é ty ty 

Write, for brevity, 


ti 
a(rs)= z f A' (rs; 6) dé 


i de ...(2°62), 
BaD- pE] at | d0 A’ (ur; @) A’ (rs; t) 
to to 


so that a, 8 are of the first and second orders respectively. 
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Then 


a (s, t) =c (s) + a, (8, ti) + a(S, ty) 
=c (s) +(X, + f) c(r)a(rs)+ (Èu + f) c (u) B (us)...(2°63). 
Substitute in (242), neglecting small quantities of order 
higher than the second, 


P (s, t) = a(s, t) a* (s, t) 
= c (s) c* (s) + (È, +f) [c (s)c* (r)a* (rs) + c* (s)e (r)a (rs)] 
+ (Sr +f) (Su +f) c(r) c® (u) a (rs) a* (us) 
+ (2, + f) [c (s) c* (u) B¥ (us) + c* (s) c (u) B(us)] 
cee (2°70). 


This expresses P (s, t,) in terms of the c’s; but the c’s are not 
completely determined by the initial values of the P’s. As can 
be seen from (2°31), the argument of c (s) is quite unknown. We 
assume therefore that all arguments (phases) occur with equal 
frequency, and average over all their values. This can be done by 
substituting c(s)e' for c(s) and integrating with respect to 
the y's. The result is to leave only terms of the form c (s) c* (s), 
which can be replaced by the initial P’s. After averaging, 


P (s, t,) = P (s, t) + P (s, to) [a* (ss) + a (ss)] 
+ (%,+/) P(r, to) a (rs) a* (rs) + P (s, to) [B* (ss) + B (ss)] 


iin (2°71) 
Now, by (2°51) and (2°54), 
A'* (rs; t) = A’ (sr; t), 
therefore, by (2°62), a* (rs) =—a(sr), 
therefore a* (ss) + a(ss)=0 (272 
AE E ee 2 
Again, 8* (ss) + B (ss) 


l t, t i , 
= -p (žr +S) f dtf ao (rs, 0) A’ (sr, t) 
t à ft 
+ [ at | dé A’ (sr, 0) A’ (rs, J 
Ste Jh 


1 rf t 
=-p +| A’(rs, oat [" a’ (sr, t)dt 
. to ~ b 
SADR arar). e A (2°73). 
Writing AP(s) for P(s, t,) — P (s, t), 
P (s) for P(s, ta), 
(2°71) becomes 


AP (s) = 7, ($ +J)[P (r) - P (8) 


f" Aler; t) dt (274). 
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This gives the required answer. Note that a first approxi- 
mation alone gives a zero result, owing to the first equation of 


(2°72). Also that 
(Set [YAP (8) = Oesen (2°8), 


showing that our physical interpretation of P is plausible. 


3. The Reaction between an a-Particle and a Hydrogen Atom. 


The nucleus of the atom is supposed fixed at the origin of 
coordinates. 

— e, p are the charge and mass of the electron. 

a, = h?/we?, the radius of the innermost orbit in Bohr’s theory. 

The a-particle is supposed to move with a constant velocity v 
in a straight track, whose distance p from the nucleus is large 
compared with a,; and to give rise to an electric potential E/R, 
where E is the charge on the a-particle, and R the distance from 
its instantaneous position. 

The atom is initially in its normal state. 

We use spherical polar coordinates (r, 0, $), the axis, 0 =0, 
being perpendicular to the plane containing the nucleus and the 
track, and the plane ¢ = 0 perpendicular to the track. The origin 
of time is the instant at which the a-particle crosses the plane 

= 0. 
ý For the unperturbed hydrogen atom, Schrödinger’s* equation 
(2:02) becomes 


The characteristic values of W form a discrete set of negative 
values, and the whole range of positive numbers. The discrete 
values are given by 

4 3 
Kose aos estas 3 
wD 2h? n? 2, n? (3°01), 
where n must be a positive integer. 

In the continuous range, we shall have occasion to use a 
number n’ given by 

We = 4 2”, (3:02) 
= +ga t Jana ce 
where n’ is positive, but not necessarily integral. 

The normalised solutions of (3:00) for the negative values of W 
(elliptic orbits) aret 

u(nkm) = C(nkm) e™* Py (cos 0) a e-*? L* +? (a). ..(3:03), 


nt+k 


* Schrédinger, Ann. der Physik, LXXIX, p. 361 (1926). 
t See Schrödinger, loc. cit. 
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where k is a positive integer less than n, or zero, ! 
m is an integer numerically < k, 

d ™ i 

P, (cos 0 | 

(d cos Se w Pe ) 


P,” (cos 6) = sin'™: 0 —— 
(P,(x) is a Legendre polynomial), 


d*+t ; 
L (a) = da+ Larr (a) | 


(La+ (a) is a Laguerre polynomial), | 
aa, | 
C (nkm) is a normalising factor J 
Sees (3°04). 
The solutions of (3°00) for positive W, normalised in the sense 
of (2°20), are* 


u(Wkm) 
= C( Whkm) e Py (cos 0) rå | er (2—y)* He +y} dz 
(-y. y) 
ee (3-03), 
where + is any positive integer, or zero, 1 


m is an integer numerically g k, 
the complex integral is taken along a double loop en- 
closing — y, Y, 
a=k+1l— w, a=k+1+uan’, Y = aa, | 
+, [2k+1(k—m)! $ 
C (Wkm)= |" a ee 

3r 

Jt 2p ayi Ebe? 


<1 ne — D(a) Ica.) | 


a (3-06) 
The perturbing potential is 
A(t)=-— - T ee (3°10) 
We shall denote the normal state of the atom by a ‘1.’ The 
initial proportions (at t = — œ ) are 
P(1)=1 
P (s) =0 for other iia! lei (2an) 
Hence, if in (2°74) s denotes a state other than the normal state, 
2 
AP (s)= > : | A’ (s1;t) dt. cess. (321). 


* See Oppenheimer, loc. cit. The second half of C (Wkm) was communicated to 
me by Dr Oppenheimer, by letter. 
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AP (1) can be found, if required, from (2°8), which shows that 
the loss to the normal state is equal to the gain to the other 
states. 

We have now to evaluate A’ (s1; t) separately for the cases in 
which the state s has a negative energy (excitation), and for those 
in which it has a positive energy (ionisation). 

4. Excitation, 

The normal state has quantum numbers (1, 0, 0). 

Let the state s have quantum numbers (n, k, m). 

By (2°54) and (2°51), and (3:10), 

A’ (s1; t) = A’ (nkm; 100) 

WO-WO, op 
=e h as (nkm) u* (100) dr ...(4°00), 


where dr = r’sin Odrd@ddq, and the integral is taken through all 
space. 
Substituting from (3°03), 
: W (n) - W (1) i 
A'(nkm; 100) = EeC (nkm) C (100)e h 


n+l 
mo m = “gq * 2k+1 
x ff P,” (cos 0) e -ae (a) dT (4-01), 
R 
where a= J 
NAy 
for Pè (cos 0)=1, L; (=) =-], 
0 


- Now the integral in (4°01) is the electrostatic or gravitational 
potential at the position of the a-particle of a volume density 
represented oy the numerator; that is, the value at this point of 
a potential V which vanishes at infinity, is everywhere twice 
differentiable, and satisfies the equation 


n+l. 

VeV = — dre Py" (cos Oe? ak LEH (a)...(402). 
Such a potential V can be found without difficulty. 
Put V = — dre? Py (cos 0) f (a) ("0 E9] PO (4:03). 
Then 

1 
d 2d _k(k+1) -Ta ake 
feted ER | rws. ak Larp (0) 
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The equation (4°04) has the following solution : 
n+] 


=l 2 -5r ; 
LA) = pry G |, e 7 erii @) de 
a rtl, 
+ azin f e 2 nla a (x) da |.. (x08) 
0 
which behaves like a* at the origin, and like a—*+” at infinity. 
The integral in (4°01) is thus 
NAy\? ptut a 24/( p? + t) 
Ee (z) o 5) Ps OF (2 a) 
TERN (4°06). 
Write pat , us Wa) W)p Eae (4:10). 
p h v 
Then, by (4:01), (4:06), 
| A’ (nk; 100) dt 
= — EeC (nkm) C (100) 4r (St) Pe" (0) 
" nz (Luz \™ , (2 tee 
«Je (Gates) FE pee) Bae.) 
If m > 0, this may be written 


| A' (n, k, m; 100) dt 


=—EeC (nkm) C (100) År (F) P,” 0E (1 (1+ +2)" 


freee 


— ora 
Similarly 


A’ (n, k, — m; 100) dt 


=n 


= — Ee€ (nkm) C (100) 4r 6) P,™ (0) ( 

| ou p (FP v1 +2) sp | 
J- rays 
iene, (4°12), | 


ers 
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It is now necessary to consider the relative magnitudes of the 
various terms in the integral in (4°12). 
f (a) contains some terms or the form 
n+ 
constantaze 2 : (-—k-l<q<n)...... (4°20), 
and a single term containing no exponent, which may be shewn to be 
kn (nk)! 2**4(n — 1) 


ote cel E a E NE EE | . 
2k +1 (n—k-—1)! (n+1)+*t Aea eh) 
The term in the integral arising from (4°20) is proportional to 
o eae 
arf (l+2*) ? gle (LE Ue sarees (4°22), 
where A= E Up : 
Ny 


Since A is large, the integrand of (4°22) is negligible except for 
small z*; thus (4°22) may be replaced by 

A 
emana | e 2 í dz 


- 0 


a00 


(since the integrand is regular, and vanishes rapidly at œ between 
the two paths of integration) 


2 
= ah ar | e ? dz 
-%0 


The term in the integral arising from (4°21) is 
k (n+ k)!? 25+: nkt (n — 1)n-*-2 (=) | = e"? dz 


2k+1 (n—k—-1)! (n + 1t p k+m+1 
(1+2) 2 
T (4°24). 
The last integral is expressible in terms of a Bessel function f, 
k+m 
miu 2 Kk+m(u) 
~ e"? dz 2 
a e E 2 — (£25). 
k+m+1 kim ; | 
Por 2 2 2 p (SERET) cog tt y 


* This approximation may break down when u is nearly as large as A. If 80, 
we must use the fact that u/A is, in practice, small—see the text following 
equation (4°28). 

+ Watson, Theory of Bessel Functions, Camb. Univ. Press, 1922, p. 185. 
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Also*, as u > œ, 
w\i  k+m l 
A a ~ (=) CN COS = Tv eeeee eee (4°26). 
It follows that as p —> x, (4°24) behaves like 7 
W (n) — WW (1) 
e 7 hv P 
k-m+3 ” 
p 2 
and sincé m cannot be greater than k, the states for which m = k 
have a much stronger excitation than the rest. For such states 
(4°24) becomes 
k (n + k) 12 Qk +4 pkt: (n = 1); 
9k+1(n—-k—1)! (n+l) tees 
a*t! /W(n)— W(1)\* K, (u) , 
p ( hy ) (—) (2k — 1)! oeveces (4 27). 
Having regard to (4°26), (4°27) is larger than (4.23), since 
(u—2r)? 
2A 


u? 
N+ gy sUutrt 


Thus (4:23) may be neglected. 
What remains of (4°12) is 


>u+4r. 


A'(n, k, + k; 100)dt = — EeC (nkk)C (100) 4r (“sy (ok n? | 
x (1 4 A Kiu) (<r) ok  (n+k)}? | 
* Gu) CF Ëk-1)!\p/ 2k+1m-k-1)! 
Dk-+4 k+ (n = 1)"-#2 
(n+ lyre ee ee 
The expression (4°28) contains the term 


(=) (e W (1) : 

pa ne (ei eS a 

p hv 

Now for reasonable values of v, nearing 2 x 10° cms. sec.™', 
W(n)-W(1) 
ma a (ly 

The rest of the factors in (428) vary little from one value to 


another of k, except that the expression vanishes when /=0. 
Thus its value for k=1 is roughly 20 times that for k = 2, and 


-1 


< = a, = about 0:055. 


* Watson, p. 202. 
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so on. Since (4°28) is to be squared for insertion in (3°21), we 
_ need retain only the states for which k=1. - 


r A’ (n, 1, +1; 100) dt = — EeC (n11) C (100) 4r (7)? 


8) uK, (u) (aù? 1 (n +1)! Bn (n -10 
x (125,) 4 46 (n + 1y"*8 


In this expression 


(13 <) uK, (u) = u[K, (u) F K,(u)] ......(430). 
By (3:03) and (3°04) 


] 2r z , , l 
aa f dọ l [P,' (cos 0)}’ sin 649 T atem [Ln (a) adr 


4 /na, 


8 
= 20.5 (F) Qn! (n?—1)(m+1)!28* vce. (431). 
Therefore 


C (n11) = l 


(n +1)! /{%2ra,? n° (n? —1)} 
= -["a "sin 48 |" e-trin red 
C* (100) $j sin ; e r 


0 
a,\* 
= Qn .2. (5) E EE E ET (432), 
1 
C (100) = — —.,. 
(aR V(Ta”) 
Substituting in (4°29), 
» , _ 24/2 Eeayn? (n—1)"~4 
A (n,1, + r: 100)dt = A3 “w (n +1+? u [K, (u) + K,(u)] 
bags (4°33) 
Substituting in (3°21), 
_%/Eea\ n (n1) , E . 
AP (n, 1, +1)= 3 a) (nei u? [K, (u) F Ko (u)]F 


Owing to the degeneracy of the hydrogen atom these quantities 
separately have no physical importance. Their sum, however, is 
the proportion of atoms which acquire an energy corresponding to 
the total quantum number n. 

2° ae) n’(n—1)"5 


AP =g (ak) a FT UKE) + Ke) 


* See Schrödinger, Zeit. f. Phys. Lxxx, p. 437 (1926), Mathematischer Anhang. 
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5. ILonisation. 


Let the state s have positive energy W, and quantum numbers 
k, m. 


Corresponding to (4'00), we have 
A'(s1; t)= A’ (Wkm; 100) 


ee er. ae 
ee | - Ff u (Wkm) u* (100) dr ...(500), 


where dr =r’sin Odrd6d¢, and the integral is taken through all 
space. 
Substituting from (3°05), 

W -W (1) 
A'(Wkm; 100) =EeC (Wkm)C(100)e" h 


| e™ P,™ (cos 0) ré e—"/4 J e (z — y)! (z +y)! dz 
x (—y, y! 


P dr 
E (501) 
If we choose the path of the complex integral so that on it 
AE I E E ET (5-02), 


we may invert the two integrals; for the space-integral so obtained 
is uniformly convergent for the path of the complex integral. 
Thus 
W -W (1) t 


A'(Wkm; 100) = EeC(Wkm)O(100)e h 


umd m — r (1/a9= 2) 
7 | | lia LS a is ll PO TE OTT 
(=Y, y) R 


The space-integral in (5°03) is evaluated in the same way as 
in the last section. It is the value at the position of the a-particle 
of a potential function V, which vanishes at infinity, is twice dif- 
ferentiable everywhere, and satisfies 


Vay = — 47re'" P” (cos 8) rée-? 40-2) .,.... (5°04). 
The solution of (5°04) 1s 
V = — 4rre'™ P” (cos 0) 9 (1, 2) eces (5°05), 


where 


T , 
g (r, 2) = I4 i [ | e—a ody + roe f e- aar pikti de 


r 
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Thus the integral in (5:03) is 
p+it \™ 
— 4r | —*- --- P” (0 2 4 72/7), 

e x (2—y)2 (z +y) dz...(5°07). 
Write ga u 

P 

Then, by (5:03), (5'07), 
| © A’ (Wkm; 100) dt = — 4r Ee C (Wkm) C (100) Px” (0) 


Â | Ka (sim) lo „9 (PVA +O) 2) 


x (z — yy (z + y) dz P AO orinni a (5'11). 


With the proviso (5°02), the order of integration may be 
inverted, and if m >0 we may write 


j A' (W, k, +m; 100) dt = — 4r Ee C ( Wkm) C (100) Px (0) Ë 


0 \™ = 69 (p (1 + &),2z) 
Tr af Se 


x (z =y) (z Hy dz co eccccceecserereeceneeeees (5°12). 


As before, we consider the magnitude of the various terms 
arising from g. 

With the proviso (5°02), the terms containing exponential 
factors may again be neglected. The remaining term in (5'06) is 


o 1l (2k +2)! 
2k +1 (1,4, — zt 


Its contribution to the inner integral in (5:12) is 


us 
OOO (bea)! ft as 
2k + 1 (l,a z> p] (1+6) 2 
k + m 274 Kis m(u) 
1 (2k+2)' u 2 2 
~ 2k +1 (1 a, zp p kom 
22 I 


k—i 


_k+m+i k+m 
—- — -)m- .-- 
\ 2 2 

ere (5°20). 


47-2 


n 
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As before, the states for which k =m are more prominent than 
the others. By substitution of (5°20) in (5:12), 


is A’ (W, k, +h; 100) dt = 4r EeC (Wkk) C (100) ? 


2. (2k +2)! a 
FED | ti) p pen Kao) 


xf (lfa 2) 9 (2-9) (z +y} dz 


bd (—Y, y) 


By taking W large enough, L may be made as large as we 


like ; so that our previous argument for retaining only the smallest 
e values of k breaks down for large energies. In these cases, 

owever, u being large, K,(u) is very small, by (4'26); so that 
such energies may be left out of account entirely. 


For k = 0, the complex integral vanishes. The important terms 
are those for which k= 1, 


F A'(W,1,41; 100) 
= -arr = C(W11)0 (100) u (K, (u) F K, (u)) 


x | _ Alig 20° (z = 7} tae ds... (52) 


using (4°30). 
We now evaluate the complex integral. By (3:06), for k=1, 
a=2-—en', = +n, y =n a. 
The integral is 


Having regard to (5:02), a suitable path of integration is that 
drawn in the figure, partly in full line and partly dotted, namely 
ABCDBACBDA. The curved parts ideally coincide on a circle 
whose radius tends to infinity. The horizontal lines coincide, and 
pass between the real axis and +y; the vertical lines coincide 
and pass between the imaginary axis ‘and 1 [2dp. 
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We compare the integral (5°30) with a second integral, whose 
imtegrand is the same, but whose path of integration consists of the 


full and dashed parts of the figure, namely ABCE DBAECBDEA. 


The contribution to this second integral of the circular parts 
of the path of integration vanishes as the radius of the circle 
tends to infinity. The integrals along BAE and EAB cancel each 
other. For in passing from one of these parts of the path to the 
other, each of the points y, —¥ is encircled once; so that the in- 
tegrand is altered in the ratio 


e": (1—in’) e2me (1+en’) = ei: = l. 


That is, the integrand is the same in both cases, while the line is 
described in opposite senses. 

The integral, then, over the full and dashed path vanishes; so 
that (5°30) is equal to its excess over that integral. This 1s equiva- 
lent to the integral of the same expression over the three dotted 
and dashed circuits ACH A, AEDA, ADECA. 

Inside the first circuit the integrand is regular; inside the 
other two there is a singularity at l/a. The second circuit is 
clockwise, the third counter-clockwise. Also in passing from a 


point on AE DA toa point on A DECA, along the original path of 
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integration, y is encircled once clockwise, and — y not at all ; 
that the ratio of the integrands is 


Le oo Grew 21. 
Hence the integral (5°30) is equal to 
(1 — e™) 2m x residue at 1/u,............ (5°31) 


for that branch of the integrand which corresponds to CAD. 
The residue is found to be 


na? 


—2n! (x+cot-! n’) 32 
-2 (n? + (n? + 1° PRD T NE (5°32), 
where 0 < cot™in’ < 7/2. 
From (3°06) 
Su ( 2 ) ae 
darth \n' a, 
OWN) = Taye =) POL my Gea 
aenn (5:33), 
and r(2— in) (2 + in’) 
=(1 — en’) 1 (1 en’). (1 + en’) on’ T (un') 
= in’ (n” + 1) sas ue aot (n a 1) 
sın in T a a 
therefore 
3r 
3a’ Žž n e3" 
C(Wil a= Waa ooo ee (5:34). 
( ) Sir he y(n a 1) (e”" = en's)? (5 ) 
From (4°32) 
C(100)=-—-. an. 5°35 
(100) = ror 4) (5°35). 
Substituting (5°31), (5°32), (5:34), (5°35) a PeR 
© roD , 25 wa eee c/s e— 2n' cot — in 
A'(W, 1, +1; 100) = —;— 
E ( y= oa (1 — e") 


xX u a (u) F Ky (u)]...... (5:40). 
Substituting in (3°21), 


AP(W, 1, +1) 
21097 Kea, La? n'e ' ein “cot—tn’ 4 
o 3 ta h (n? +1 Teor ele) SCY, 
L (5-41), 
an 


911 E a A," n "10 ean cotin’ 
AP (W= a (er) E GA Peper t [E (u) + Ea (o) 
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It 1s worth noticing that, on the border-line between excitation 
and ionisation, the equations (4'4) and (5:42) are equivalent. For 
as W —-—0, n — œ by (3:01); as W —> + 0, n + œ by (3:02). 

Now (4:4) gives, for the proportion of atoms in states with 
energies between W and W + dW, in the limit when n is large, 


AP (n) = dW 
_ 2” (Eea\? n (n — 1)” rya í h?n? 
= 5 (ph) “ripe “Ke u) Kaoa a 
(by (3:01)) 
910 E 2 h? 
x ey fa A [KS (u) + Ke (u)] AW ..(5°50), 
while (5°52) gives, by (2°32), 
dW 
AP (W)s— 
= = (=) prie e-tu? (Ky? (u) + Ky) (u)] dW...(5°51). 


The value of u in each of these two expressions is (by (4°10) 
and (5°10)) 
a. Ue 
h v’ 
and by the definition of a, (beginning of § 3), 
ua’ h2 


h ped’ 
so that (5:50) and (5°51) are equal for equal ranges of energy. 


6. The Calculation of the Stopping Power. 


The mean energy lost by an a-particle in passing a hydrogen 
atom at a distance p large compared with atomic dimensions is 
~AT=(2,+f) 4P(s)[W (s)— W(1)]...... (6:00), 


where AP is given approximately by (4'4) and (5:42). 
The question arises whether this expression can be fitted on to 
the formula for close collisions (small p), 


_. 2h 
pe? (p? +A?) 
Te Ee 


where = — 
pv" 
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This formula was calculated by Thomson* on the assumption 
that for close collisions the electron could be treated as free. It 
has figured in every subsequent theory, and can probably be taken 
over into this one. 

Now as p => 0, or v-> œ , u —> 0, and u?[K,?(u) + K2(u)]— 1. 

Thus the limiting value of (6:00) is 

© /Bea.\2 2) n? (n — ])-5 
= Sf) e See n)— 
AT—> >: ea 3 (n +1) [W (n) W(1)] 
œ Kea, 2 pa? Dar n° gin’ cot~! n’ dW 
I, (pot) E E FI Tame FW — W O 55 
B 2E 9 æ në (n— D isa 98 œ n’ e~n cot~1 n° : 
pip? : = í 


n=2 


3 aaa (n+ LH $ 3Jo (n? +15 1-e™" i 


using the definition of as, (3:01) and (3:02). 
I have calculated numerically the bracket in (602), and 
obtained the result 0°992. I have little doubt that the exact 
value is unity. If that be so, (6'00) and (6:01) agree when v -> æ; 
and (6°00) for small values of p merges into (6°01) for (com- 
paratively) large values of p. Following Bohr, we shall assume that 
the whole range can be covered with a good approximation by 


~AT= ree (3, +f) AP(s)[W(s)— W(1)] ..-(603). 
This reduces to (6°01) for small p, and to (6°00) for large p. 


Now if there are N atoms per unit volume in the gas, the 
number which the a-particle will pass in unit length of its track 
at a distance between p and p+ dp is 


N . 2rpdp. 
So the rate of loss of energy per unit length of track is 
dT [° p _ 
-f ph ys Get DAPCLW (8) — WON. 2mpap 


We can integrate under the (2+f). The terms in AP(s) 
containing p are, by (44) and (5°42), 
Fe [A,?(u) + K? (u)], 
where, by (4°10) and (5°10), | 


W— W(1) p 
h oy 


* Thomson, loc. cit. 


u = 
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Thus we require 


| we PHO) + Keo) pep 


= f eal E O A N (6-11), 
wher y= SE = SE W (1)). 


A’ is small, so that (6°11) may be split into two integrals, which 
are approximately 


ih rat p [Ki (u)+ Kè (u)judu ...... (Ste 


where 7 is small, but large compared with W. 
Also [Ke (+K) =- [uK, (0) K (W), 
therefore (6°12) is 
log» — log A — fuk, (u) K, (| ee (6°13). 
Now, since 7 is small*, 


nK,(n)~1, Ky(n)~— (log $n + 05772), 
therefore (6'13) is approximately 


es Ee W— W(1) 
SOn tiog aloe Ne log glen amg 7, 
sibi (6:14), 
where y= 1:123 nearly. 
Thus the integral (6:11) is nearly 
yuh W- W (1) l 
log Be WU Slog =e Way “oe (6°15). 


Substituting in (6°10), and reducing in the same way as for 
(6:02), 


dT _4rNE e vh 28 2 në (n — 1)” 
SEE EN (aA eee a N 

de pv? 5 Be W(1)| 3 n=22 (n+1)™*4 

98 l n's gon cotin’ dn 2° æ në (n xo] jn lo ni—] 

3 Jo (n’? +1) + 1) 1 = eam ý 3 Die 2 ie + yat 8 


"3 —4in'cot7!n’ 
+l oe i an’ | veas.(6°20). 


n? 


(0) 
(n?+ 1y + ly 1 = en 4 
* Watson, p. 80. 
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The second square bracket in (6:20) was also evaluated 
numerically, giving 0°10, = log 1°10, nearly. Thus 


dT 47NE*e yuu 
— dr = pe log Qa Kew eevececscoecce (6 21), 
aay WO) 
where w =— 1:10 Əmh EEEE (6 22). 
; W(1). 
Since 27h is Planck’s constant, — och 8 the frequency of 


the head of the spectral series associated with the normal state; 
or in other words, the frequency corresponding to the ionisation 
potential. If we call this w’, and put 


y= a EAE T (6:23), 
(6:21) becomes 
df ANE e g TEY 


“de pe 8 Iro Ee 


This is the formula (1'1) discussed in the introduction. 


I should like to thank Mr R. H. Fowler for suggesting this 
problem, and for his indispensable advice at all stages. 
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1. A Fourier integral is said to be of finite type* if its 
generating function vanishes for all sufficiently large values of |æ]. 
Because the coefficient functions are defined by integrals over a 
finite range, the behaviour of such a Fourier integral usually 
resembles closely that of the corresponding series. 

It may be shewn that when k >1 the necessary and sufficient 
conditions for the summability (C, k) of a Denjoy-Fourier integral 
of finite type are exactly the same as those for the corresponding 
series. When &<1 this is no longer the case, and the integral 
may be summable while the series is not. Indeed, it is possible 
to give an example of a function whose series is summable (C, k) 
for 0<k<kK<1 almost nowhere in the interval (—7, m), while 
the integral is summable for all k >0 everywhere in the interval. 

This result is due to the fact that for the coefficients of a 
Denjoy-Fourier series the most that can generally be stated is 

dn=o(n), b,=0(n), 
so that the series is, in general, at most summable (C, 1), whereas 
the corresponding integral is not necessarily so restricted by the 
behaviour of the coefficients. 

To make matters quite definite, let f(z) be zero outside 
(— 7, 7) and integrable in the general Denjoy sense in (— 7, r). 
Then f(x) has a Poner series 


(1:1) sa, + È (a, cos ng + b, sin nz), 
n=1 
where 
1:2 ae F f(t) cos ntdt, b a 
( ) Un = T ae ’ n T. 


R 


f(t) sin ntdt 
"(1 =0, 1, 2, ss), 


and it has a Fourier integral of finite type 

(1:3) F (d, cos sx + b, sin sx) ds, 

where i 

(114) a= J f(t) cos stdt, b,= 2 i F(t) sin stdt (s20). 


* §. Pollard, Proc. Camb. Phil. Soc., 23 (1926), 373—382, 


VOL. XXIII. PART VII. 50 
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For a particular value of k>1 the summability (C, k) at a 
point x in —7<a<~7 of either the integral or the series implies 
that of the other, and the sums are the same. For other values 
of k the conditions differ in quite a marked degree. 


2. In a consideration of the summability of the integral (1:3) 
we are led to investigate the behaviour of 


(2:1) I, (@) = f (1 — 3) (a, cos sx + b, sin sx) ds 


as Ww > ©. 
The corresponding expression for the series (1:1) is 


k 
(2:2) ol@)=ża+ È (a — =) (a, cos nz + bp sin nz). 
len<aw w 


The final form of the criteria for summability of the integral 
depends essentially upon the possibility of changing the order of 
integration in a repeated integral, and is in some respects easier 
to obtain than the corresponding form for the series. 

It will be noticed that J; (w) does not exist, in general, unless 
k>—1. In what follows this will be assumed throughout, and 
other restrictions on & will be introduced as required. 

For the purpose of comparison we consider a generating 
function f(x) which vanishes outside the interval (— m, m). It 
will be evident, however, that the results of paragraphs 3 and 5 
are quite general, and can be established in exactly the same way 
for a function which is integrable in the general Denjoy sense in 
any finite interval (p, q) and vanishes outside this interval. 


3. THEOREM I. [fk >—1, then 


(3:1) I,(o)=2]"" fe+t)y (wt) de, 
where 

1 
(3-2) y= Í, E cos tudu, 


It immediately appears that 


o k 
wy (wt) = i} (1 — =) cos tudu 


so that (3'1) is equivalent to 


I,(o) = z J at f(a +t) | : (1 ? zy cos tsds\ 
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Moreover, by (1:4) and (2°1), 
Ilw) =z f ds (1 2) f" S(t) coss (t — x) dt 


(3:3) == [as (i-< d ii t) cos stdt 
go) z) age Oe ) cos stadt, 


Thus the result to be established is equivalent to the possibility 
of inverting the order of integration in (3:3). 


Write g (x) =f (x) — $u, 
so that, by (1:2), | i g (t)dt=0. 
If G(a)=[" g(t) dt, 
then G(—7)=G (7r)=0. 


By integration by parts, which is justified since cos st is of 
bounded variation in any finite interval, 


m=zr 


i g (x + t) cos stdt = [e (x + t) cos t| 


+s J G (x +t) sin stdt 


-yp ~ 


=$ 7 G (x +t) sin stdt. 


-r -7 


Thus (3:3) becomes 


Qo 


w S k frer 
I (w) = Onn j ds (1 — z) = cos stdt 


1 w S k T-T 5 
$ =| dss (1 — z) | G (x+t)sin stdt. 
T Jo w n—Z 


Now G(z+t) is continuous, and so |G (s+ t)| has a finite 
upper bound M in (— m — x<, r—z). If we replace the integrands 
in the above integrals by their absolute values, the result 1s not 
greater than 


w 8 k w 8 k 
a | (1-3) ds + 20M | tE ds < œ 
0 w 0 @ 


since k>- l. 


50—2 
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By de la Vallée Poussin’s theorem we may change the order 
of integration and write 


I, (w) = 5* p d |" (1- ey cos tsds 


l tr w s\F . 
sa dt G (« + t) f S (1 — z) sin tsds. 


e -r-z 


Now 


r _dtg(z+ f (1-2) costsds 


= [e (vc +t) E (1 -5) cos tsds |" 


—Rr-X 


r-z w k 
+ ae ete s(1-=) sin tsds 


= i 


-m=z 


teert f” s(1-5) sin tsds, 


the integration by parts being allowed since 


od S k 
| (1 - z) cos tsds 
0 w 
regarded as a function of ¢ is of bounded variation in any finite 
interval. 


Thus 
1 lrer 
Ty(w) =~ | that get) | (1-2) cos tsds 


== [7 fæi y (wt) dt, 


Tois 


which establishes the theorem. 


1 
4. For k >-—1, | (1—u)* du 
0 
is absolutely convergent. 
© „ (uty 
- > 
Also cos tu = = (-)" (ny! 


the series being, for each t, uniformly convergent in u in (0, 1), 


and Fourier series | ert 
Thus by (3:2) 
y(t) = = hers ani |, (1— wt um du 
- i», oe 
(2n)! T(2n+k + 2) 
_T(k+]) 3 2 tep 


tkt 


pr+tk+ 


T (2n +k + 2) 


N(k+1 
PEED G, (o 

ptn 
r(p+2rn+1) 


This last function has in investigated in detail* and many 
of its properties are well known. 


For t>0 and 0<p<2, C, (t) is bounded, while for p > 2 


where C (t) = = (—)" 


OM) ee i 
Ti (p +1) +1) 
ast~>n. 
It follows that 
A 
(4:1) Olsa (-1<k<1) 
k 
(4:2) y (t)~ 7 (k >1), 


where here, and in subsequent contexts, A is constant relative to 
the function considered. 


Now C, (t) is defined as above for p > —1, and it is clear that 


tP 
Cp (t) = T(p+D) | Cte (t). 
Thus C, (t) is bounded for t> 1 and — 1 < p <2. 


Moreover é Cpa (t) = Cp (t), 
andso pph eR t 
whence, for t21, 


(43) iy (t)i< 
where a= min (k, 2). 


(hk >—1) 


"F lta 
| t i 


* W. H. Young, Quart. Journal of Maths., 43 (1912), 161—177. 
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For stnall values of t, y(t) and all its differential eceticients 
are bounded, since 
“1 
YOA = | A- uw cos tude (r=0,1, 2....), 
-0 


and therefore 
-1 
y” (t) < | (l-—u}Fu’du =B(k +1, r+l1). 
0 


This may be written 
(4°4) y(t) <A, 
From (43) and (4'4) it immediately appears that 


| iy (t), dt < œ 
0 


provided that k >0. That is, y(t) is of bounded variation in (0, x ) 
ifk>0. 

It is also evident from (4'4) that y(t) is of bounded variation 
in any finite range for allk>—1. 


5. When k > —1 the limits of I, (œw) are identical with those of 


@ 


w—-zZ 
ef f (ett) y (ot) dt. 
T J -r-z 

If now 7 is any positive number less than both w—zx and 
TET, 


r-z r-r 
” » 


(5'1) | f(x +t) wy (ot) dt = E (a + t) wy (ot) | 


= [T Fret œ y' (wt) dt, 


where F(t) is an indefinite integral of f(t), the integration by 
pars being justified since y(¢) 1s of bounded variation in any 
nite range. 
In the range of integration 


A 
| wy (wt) | < oF yeh (-1l<k<1) 


< = (k>1) 
wn 
by (4°1) and (42). 
Take now k > 0, and consider the right-hand side of (5'1). The 
term between limits tends to zero with wy (œt) as w => 2». 


and Fourier series 


For the integral, if (à, u) be any interval in (7, m — æ), 


| a y (wt) dt = wy (ot) | = 0, 


so that, since F (x+ t) is continuous, by the Riemann-Lebesgue 


convergence theorem 


[T Fe +t) w’ y (wt) dt => 0 
n 


as w >o. 
Thus SFe + t) wy (wt) dt -> 0. 
In like manner 
[2 f+ oy (at) dto, 


and the limits of I, (w), for k > 0, are the same as those of 


w |" 
ef f (a+ t) wy (ot) dt. 
It is known that 
1l œo 
(5-2) f yitdt= 4°. 
Thus, as w > œ, SKOLER: 
0 


If then we write 


b(th=f(wtt)+f(e—t)— 2s 


the necessary and sufficient condition for summability (C, k) of the 


integral (1:3) to the sum s at æ takes the form 


J (t) y (wt) dt => 0. 


By what appears above the limits of this last integral are 


independent of 7, and the condition may be written 


(53) lim Tina | oo f’ $ (t) 7 (wt) at | = 0 (k > 0). 
n=) wr - 0 
Write now ® (t)= [ dh (u) du. 


* W. H. Young, Quart. Journal of Maths., 43 (1912), 166, 170. 
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Integration by parts gives 
n J "d (© y (wt) dt = |o% (t) (at) |'— a | "@ (t) y (wt) dt 
0 0 0 


= wf (n) y (wn) — w° K (t) y (wt) dt. 
0 
By (41) and (4°2), since k > 0, 
wy (wn) > 0 as w > 2. 


Hence another form of the necessary and sufficient condition of 
summability to s at æ 18 


-— n 
(5'4) lim lim |w’ f ® (t) y (ot) dt =0 (k>0). 
y->0 w- pn 

6. For the purposes of investigation of the Fourier series of 
f(z) we define a function f(a) which is periodic in 27, and 
coincides with f(z) in the interval (— m, m). Clearly the two 
functions have, relative to (— m, 7), the same Fourier series. 

We proceed to examine the behaviour of o;,(w), the partial 
Rieszian sum of this series, as œ —> ©. 


Write A, (x) = an cos nz + bn sin na. 


Then by (22) or(w)=ła+ = (1-2) A, (2). 


len<w 


THEOREM IT. Jfk>0, 


(6:1) o, (w) — $a = SN P (5) y (t) dt, 
where p(t) =f, (+t) +f, (a —t) — a. 
Then, since * ke y (t) dt = 3, 


o;(w) will have the limit s, for k >0, if, and only if, 


K d, (a) (t) dt —> 0, 


or, what is equivalent, 


o f d, (t) y (wt) dt —> 0, 
0 


where h) =f, (a+t) +fi (4 —t) — 2s. 
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7. It is readily verified that y,(¢) is periodic in 27, even, and 
such that 


Ir wi (t) dt =0, 


t 

so that Y, (t) = | y(u) du 
“0 

is a continuous function, periodic in 27. 


Now let v(t) be any function of bounded variation in (0, œ) 
which tends to zero as t—— œ. Then 


| i Ya (t) v(t) dt = lim r y (t) v (t) dt 
= lim ihe (t)v of — j YP, (t) dv (0! 


=- [| ¥.@d©, 


since Y, (t), being continuous and periodic, is bounded in (0, æ ). 


If S, (¢) is the nth partial Cesàro sum of the Fourier series of 
Y, (t), 


Sa (t) > V, (t) 


uniformly in (0, æ ) by the above property of F, (t), and it follows 
immediately that 


(71) lim | -Od O=- | rAd | OA dt 
n>. 0 - 0 ~ 0 
The Denjoy-Fourier series of 4, (t) proves to be 


lo a] 
> c, cos nt 


n=] 


where Ca = 2A, (£), 
and it may be verified that 
o icl m 
(7-2) | ~S,(t)dv(t)= S (1 = H) em Pm 
0 m=1 
, À 
where Um = lim [ v (t) cos mt dt. 
Aa. 0) 


This limit clearly exists. 
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8. By (41) and (42), 7(t)—0 as t-» œ. It is moreover of 
bounded variation in (0, æ ) for k >0. Thus we may replace v(t) 
by ~ qy (wt), and the coefficients are found to be 


a +1) | - Cass “ee cos médt 


_TA+1) ae: m 
: Ea “ti cos = tdt 
1 m\* 
=5(1-2) (nso), 
= 0 (m >) 
for k >0*, 
The series S Cin Um 
m=1 


is therefore actually finite, and its sum by any positive Cesaro 
mean coincides with the actual sum. In view of (7:1), for the 
particular function v(t) we have chosen, (7'2) now becomes 


= ae ” ay (t) v(t) dt 
or = (1-2) An wef wr, (t) y (wt) dt 


lsn<w 


=f w(E)r@ae 


- Hence (6'1) holds if & >0, and Theorem II is ene 

The result established may be expressed as follows. 

For k>0, the necessary and sufficient condition that the 
Denjoy-Fourier series (1'1) should be summable (C, k) to s ata 
point æ in (— 7, m) is that 


(8:1) of d, (t) y (wt) dt —> 0 
as œw -> æ. 


9. Write (8:1) in the equivalent form 


ef Wr, (t) y (wt) dt =s — $a, 


or, using (7:1), since y(t) is of bounded variation in (0, æ ) when 
k >0, 


-2f W, (t) y (wt) dt > s — 4a (k>0). 
- 0 


* W. H. Young, Quart. Journal of Maths., 43 (1912), 166. 
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If n is any fixed positive number, w >=, and M is the upper 
bound of | Y, (¢)|, 


w? | ” W, (t) y (wt) dt 


n 


<M | air 
_ MA f dt 


pr 


dt (a=min fk, 2}) 


wT a 
-> 0 when k> l1. 


If k= 1, the above shews that we may choose X such that 


w? f WV, (t) y (ot) dt 
JX 


< €, 


where e is any previously assigned positive number. 
And then, with the argument used in § 5, it may be shewn 
by Lebesgue’s theorem that 


X 
w | YV, (t) y (wt) d| 0 
" 


as wn. 
Thus, when k >1, the condition (8'1) becomes 


— =|, (t) y (wt) dt > s — $a, 


for fixed positive 7. 
Moreover, 


[ey (edt = lim f ty’ (t) dt 
0 Ao J 0) 


=n foo], -Lr0 


mT 


by (41), (+2) and (5:2), and the final form of the condition for 
summability of the series is 


(9:1) iala J "D, (t) y (wt) dt 
n=) wn 0 


Now ¢, (t) coincides with ¢ (t) for z +t, x— t in (— m, m). Thus 
(9:1) is equivalent to 


(9:2) lim lim 


Ae) w -=> æ 


s0 (k21). 


w? [o (t) y’ (wt) at =0 (k>1). 
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10. It is convenient at this stage to collect the results 
established. (5:3) and (5:4), (8°1) and (9:2) shew that for k>1 
the necessary and sufficient condition that the Denjoy- Fourier 
series and the Denjoy-Fourier integral of f(x) shall be summable 
(C, k) to 8 at x is 


(10:1) lim lim 


n= w => 


w? BETO y (wt)dt | = 0. 
0 


If 0<k<1 the necessary and sufficient condition of sum- 
mability of the integral is still (10:1), or it may be written in the 
equivalent form 


(10:2) lim lim 
Re ore 


J $ (0) y (at) dt| = 0, 


whereas the condition for the series can in general take no more 
simple a form than 


(10:3) lim w p h, (t) y (wt) dt = 0. 


That (10°3) cannot always be reduced to (10:2), Le. that the 
series and the integral are not summable (C, k) in the same way 
for k< 1, is best shewn by an example. 


11. Ifthe series 


a0 
$a + È (a, cos ng + b, sin na) 
n=1 


is summable (C, k), where & > 0, at all points of a set of positive 
measure, then, since at these points 
a, cos nz + b, sin nx 
nk 
> 


nk n* 


=> 0, 


it follows that 


as n—> o *, 


b 


aa 
Thus, if —', — do not converge to zero, 
nk? nk 


a, cos nx + b, sin NE 
l nk 


can only converge to zero at points of a set of measure zero. In 
other words, unless 
dn =0(n*), by = 0 (n*) 
xX . 
the series Lugt+ X (an cos nr + basin ne) 
n=1 
is summable (C, k) almost nowhere in any interval. 
* E. W. Hobson, Theory of functions of a real variable, Vol. 2, 682. 
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; 
12. Titchmarsh has shewn* that if A(n) be positive and de- 
! crease steadily to zero as n-» œ, then however slowly A (n)—> 0 
there is a function whose Fourier coefficients are such that 


an ofna (n)}, baxo{nrA(n)}. 


To construct such a function we proceed as follows. 
Let T(x) vanish outside the interval (— 7, rm). In the interval 
write 


. T T 
T (x) = pP np A (Np) sin Ny x PE < s<7), 
where p=1, 2, 3, ... and n, is an integer, depending on p, which 
tends to 2 so rapidly that np > 2n,_, and Èp’ A (np) is convergent, 


T (0) = 0 
T (-x)=-T (x). 


T (æ) has a single point of non-summability in (— r, 7), namely 
the origin. It is Denjoy integrable in (— 7, 7). 
As Titchmarsh shews, 


= ZF Tia) sin nxdax +o {nà (n)}. 


Thus, for any k, 0< k< 1, we can so arrange A (n) as to make 


bn + 0 (n*), 

and the Denjoy-Fourier series of T(x) will be summable (C, k), 
0 < k <k, almost nowhere in the interval (— 7, m). The origin is 
an exceptional point where the series vanishes. 

On the other hand, if k >0, the Denjoy-Fourier integral of 
T (x) is summable (C, k) everywhere in the interval. For it is 
easily seen that, unless æ= 0, by a classical argument, since T (æ) 
is absolutely integrable in any interval to which the origin is 
exterior, 

lim lim 

n=l) wre 


w | (T (w+ t) +T (=t) 2) y (wt) di =0 (k>0), 
0 

_T(@+0)+T(e-0) 

= J , 


where 


and at the origin the integral is convergent to zero. 


* E. C. Titchmarsh, Proc. Lond. Math. Soc., 22 (1924), Records XXV. 
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Wave Propagation in Strings with Continuous and Concentrated 
Loads. By Mr HAROLD JEFFREYS, St John’s College. 


[Received 28 April, read 2 May, 1927.] 


1:0. The normal modes of a stretched string, with equal masses 
attached at equal intervals along it, are well known. But the 
method of normal coordinates is not often a very convenient 
way of treating the motion of systems when started off by impulses 
or displacements at definite points, unless the number of degrees 
of freedom is very small, and the most useful in practice is the 
operational method of Heaviside or the equivalent method of 
Bromwich depending on the use of complex integrals. Apart from 
its intrinsic interest, the motion of a loaded string disturbed in 
this way serves to illustrate several other questions. 

First, if the length, total mass, and tension of the string are 
kept constant, but the individual particles and the distance between 
them are made very small, we approach in the limit the problem of 
the uniform heavy string. Now the justification of the operational 
method is complete for systems with a finite number of degrees 
of freedom. Starting by defining o to mean the operation of 
integrating with regard to t from 0 to t, it can be shown without 
appeal to complex integration that any operator is intelligible if, 
when we regard ø temporarily as a complex variable, the operator 
is regular near o'=0 or =œ. It can also be shown that all 
the operators arising in the discussion of systems with a finite 
number of degrees of freedom satisfy this condition*. We may 
remark that o is not defined explicitly: only powers of o~ occur 
in the operational solution. The operational solution can therefore 
be completely justified for light strings loaded at a finite number 
of points. 

But when the operational method is applied to continuous 
systems the solution is found to involve such operators as e—?*<, 
where h is positive and independent of t. This is not regular near 
o3=0, a a new rule of interpretation is needed. The rule 
adopted is that 

eed (th=¢ ( _ =) E ats (1). 
This rule has been considered a symbolical form of Taylor’s theorem ; 
but it gives the correct answer when @¢ or some of its derivatives 
are discontinuous between ¢ and ¢—/h/c, when Taylor’s theorem is 
untrue. If it is interpreted by means of compiex integrals it is 


* Cambridge Math. Tracts (in the press). 
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found to be equivalent, in ordinary cases, to Fourier’s theorem. 
If we approach the continuous system as the limit of a finite one 
we may hope to find out how the exponential arises and obtain 
some light on the reason for its interpretation. 

Second, the nature of the propagation of a disturbance in a 
string loaded discontinuously proves to be more complicated than 
in the continuous string, and dispersion occurs. 


2'0. Consider a light string under tension, free to execute 
either transverse or longitudinal vibrations. Particles of mass pl are 
attached to it at intervals l. If Ys, Yı, y,... are the displacements of 
the particles, the kinetic energy is given by 


2T = pl (ye + yet Y? + wie’) Peer rere re re ee (1) 
and the potential energy by 
2V = pel“ (J — Yr + (Yo- YF + sa Ceecccces (2). 


For transverse vibrations pc? is the tension; for longitudinal ones 
it is the sum of Hooke’s constant and the tension. The equations 
of motion are of the form 


c? 
Yr = P (2y, — Up Yr+i) eee c ecco esvccce (3). 


If we make l approach zero while p and c remain constant, the 
system approaches the continuous string with line density p, and 
c becomes the velocity of propagation of waves. If further the 
quantity on the right of (3) tends to a detinite limit we put 


BU SW ease E E E E (4), 
and the equation reduces to the ordinary form 
Y ay 
oe == c? Ou? Cevereresesecerseneveceee (5). 


Suppose now that the system starts from rest, that the particle 
corresponding to Ym is kept fixed, and that y, is made to vary with 
the time in some prescribed manner. By our rules we replace the 
general equation of motion by 

g?l? 


S a Ur = Zij; = Yr- m Yr+ı Tere eee re er (6), 
subject to y, being given, so that the first equation of type (6) to 
arise Involves a?y,. Also 

U O dcsadotseaea ton aoemnceeeta se (7). 


In obtaining the operational solution of these equations we must 
treat o as a constant and carry through the operations as for 
equations of finite differences. We find that if 


Up AO DD sipas (8), 
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all the equations for r= 1 to m — 1 become identities provided that 
me. CEO” aaen (9), 
where cosh A= 1 PLE eee eee eee es (10), 
al 
or sinh tA =, E E E AN, (11). 


The conditions for r=0 and r= m determine A and B, and our 
operational solution is easily found to be 


OG nna (12). 


sinh MA 


r 


Now sinh maA/sinh A is a polynomial in sinh $A of degree 2 (m — 1), 
the term of highest degree being (2 sinh $A)?("— or (l/c. 
As was to be expected, the operator is therefore a regular function 
of o near o!=0, and its first term is (ol/c)-” or (c/la). It 
follows at once that the further a particle is from the disturbed 
end the more gradually it will begin to move. 

If we take y, to be unity for all positive values of the time the 
first term in y, 18 ET (5) . Ifris great we can approximate to 
this by Stirling’s formula and find 


n= (Gen) Ga) 


l \* ect\2! 
2 P (5 4 EA (13). 


If then x is greater than łect, y, will tend to zero when / is made 
to` tend to zero. Similar considerations will apply to the later 
terms in the expansion of the operator, and the fact that in a 
continuous string it takes a finite time for a disturbance at z= 0 
to produce any motion at all at a given distance from the end 
therefore becomes intelligible. This proposition is untrue for the 
string carrying discrete particles. 

Still taking y, to be unity when ¢ is positive, and using the 
complex integral interpretation, we have 


js L sinh (m — r) ene 
2reJ, sinh mà y 


where the integral is to be taken along a line parallel to the 
imaginary axis and on the positive side of it, and A 1s defined now by 
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subject to à and y being real and positive at the same time. Then 
on the path of integration 


POUL ieeteeisencomenss (16), 


and we can expand in powers of e~?™, The wave-expansion method 
that occurs so frequently in the operational treatment of continuous 
systems is therefore applicable to the string with discrete particles. 
The first term 1s 

dry 


1 
— > yt—rà ee eee eee eee eee eee | 9 
Zr = 5 v ; (17) 
and the rest follow at once. The first term gives the direct wave, 
the others the waves reflected at the ends. In operational form 
we can write 


ZOE: | A sear E (18) 
(ol /o?l? 4) —2r 
= 150+ (Get) soe (19). 


We can evaluate the integral (17) by the method of steepest 
descents. For given values of ¢ and r there is a saddle point where 


E a 
dy’ 


that is, cosh $A = rl/ct = z/ct = E say seese (20). 


If £ > 1, this makes à, and therefore y, real and positive. If E< 1, 
there are two saddle points on the imaginary axis, which both 
contribute to the integral. 

If x > ct, y at the saddle point is equal to (2c/l) ((@-— 1). Near 
this point 

6b. lt (#—1)3 
yt—rh= T E-D- pohn + FOE yy (2D), 

and the line of steepest descent is there perpendicular to the real 
axis. We find by the usual formula 


l/l y E 2ct a g } 
When & is great this approximates to (13). 
If x <ct, X at the saddle points will be +7, where 


7A | 
cos ġu = É; y= 7 isin dy S (23). 
But it is found that the line of steepest descent through + cp is 
in the direction 4r and goes to — œ ; that through — tp 1s in the 
direction $7 and also goes to — œ. These lines are therefore not 
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together equivalent to the line L, because they pass the origin, 
which 1s a pole, on the negative real side. A loop from — œ around 
the oom must be added. This makes a contribution unity, and | 
we have 


L\t E 2ct : 
Z ~l (= G-E cos | 7 {(1 — &) — E cos™ &} + | (24). 

Considering now how (22) and (24) behave when ¿ is made 
small, we see that in front of the point where æ = ct the displace- 
ment falls off rapidly, and that at all such points it tends to zero 
with J. Behind this point the displacement is unity except fora 
rapidly alternating portion, whose wave-length and amplitude both 
tend to zero with l. The solution for the continuous string is 
therefore zero displacement for x >ct and unit displacement when 
x< ct. This corresponds to the function H (t — x/c), which is the 
solution obtained by direct operational methods. 

The part of the solution we have just estimated is 


” 


4 = 
—rr = <a) 5 al) a ae 
e-^ H(t) = 1 +I) tet HO eee (25). 
The operator is regular near o~'=0. If, however, we make / tend 
to zero, the operator tends (formally) to exp (— o7l/c) or. exp (— oz/c). 
The rule that 


exp(—oa/c)H(t)=H(t-a/c)  ............ (26), 
is therefore justified provided that we define exp(—ox/c) as meaning 
: obli ol- P 
Hani (2 +) taj Pe ete aN (27). 


In this way the exponential operator is defined in terms of the 
fundamental concept of definite integration. Further, since any 
function of t can be built up out of the function H (t), this result 
is immediately generalized to any function. 


30. Consider next a string whose fixed ends correspond to 


r=m and r=—m’. Initially y and y are zero for all particles, 
except that ye = u and y,=v. For positive values of r we still have 


_ sinh(m—r)a 


Yr sinha V veveveees (1), 
and for negative values, if r=—7", 
sinh (m — r’) A 
-r= hn T Yo eeeeeenen (2). 


The subsidiary equation for y, is now 


2/2 2 
(2 + — ) Yo — A — Yn = “(at Hov) sses. (3), 
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whence, with the same meaning of A as in the last section, 


sinh mA sinh m’X 


[? 

Yo z (ou + ov) sinh (m +m’) X sinh À sive seben (4), 
CO sinh m’A sinh (m — r) à 

Y= GOUT?) sink (mm) rena nO) 


If we expand y, by the wave-expansion method, we find that the 
first wave is given by 


2 
2,= a (ou +ov)e™™jsinh A sssssssessss. (6). 


If the string is infinite in length, with the same masses and spacing 
of the particles, the reflected waves do not arise, and this expression 
is the complete solution. 


3'1. The problem just solved operationally is not of immediate 
interest, but has important extensions. Suppose first that y_, and 
y_y are initially equal to u and v for all values of r’. Then each 
initial disturbance makes its contribution to y, and z,, and we 
have 

_Pou+ov 
ĉr = Qsinhr 

_ P (ou+ ov)e™ 7 

FEI n ea Poke es (7). 


But by 2:0 (11) this can be written 


—(r-$)A 
2, = (u + z} E Tn Tn (8) 


o) 2cosh 3X 


1 v ess yt-rÀ dy 
= yer |, (v + 2 2 cosh $x e m Tree ek (9), 


à being now redefined as in 2°0 (15), and the saddle points are as 
in 20. If «>ct, we can obtain the solution from 20 (22) by 


multiplying by the value of 4 (u +v/y) et^ sech $X at the saddle point 


er(l+er+e +...) 


2 
y=F(P-D! ee ere (10). 
The factor required is found to be 
ul (£— 1)! 
ae E 
4 fu + Jg ^ (E? D} f + Ẹ | ATE (11), 


and the disturbance when æ >ct is again insignificant if t is small. 
When «<ct the contribution from the saddle points 2°0 (23) is 
again multiplied by a finite factor and therefore is comparable with 


5I—2 
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its value when y, is constrained to be unity. But the contribution 
from the loop round the origin is altered in form, since the origin 
is now a double pole. We find that this portion is 


gu tgo ilt—(r— s)U/e} oo... eee eee (12), 
or practically 
hu + gu {t — z/o} = $ (u + v/o) H(—2/c) ......... (13). 


By making l small and superposing motions due to assigned initial 
disturbances we can easily obtain the D’Alembert solution for a 
continuous string 


y = hu(2+ct)+4u(a—ct)+ E Es v(z)dx ...(14), 


© z2- 
where u and v are now functions of z. 


32. Let us return now to the case where only particle number 0 
is disturbed initially. Using 3:0 (6) we have 
_ bt cut+v _, . 
Žr = 30 each ir ° Vuliwae Sawa C iN eeee E (15) 


l out+v 


=e al g?l? bryg 
150+ (Ge +3) | (Ge +! 


Since the operational form of the Bessel functions is 


ojk 


© /a 4) 079 3 
(e+ (G+) te +) 
Zr— Zp and 2, can be expressed explicitly in terms of Bessel 
functions of integral order and their derivatives, as has been found 
otherwise by Schrédinger *. 

Consider the case where z=rl<ct, and interpret (15) as a 
complex integral. Near a saddle point we have 

Qict 1 ilt (1 — €2)3 
FT WAED- eos gl 4 GOT ED (yy (18), 


Jn (Kt) = 


yt—rvA= 
and we find the approximation 
l lL \3 3 . (2ct , 
=e -() a- usin STWA- &) Ecos) + in| 
ly (2ct i S 
+ yE) cos IT (v(1 — &?) — E cos™ £) + i} | (19). 


* Ann. d. Phys, 44, 1914, 916-934. 
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When € is small, the argument of the periodic terms is nearly 
Z (1 — job) the variable part of which is —rw. Thus the dis- 


placements of consecutive particles differ in phase by m. As & 
increases the difference of phase between consecutive particles 
diminishes, and tends to zero as -> 1. The amplitude at the same 
_ time increases steadily. But when £ is nearly unity the argument 


of the periodic term is nearly ay 2(1—£)? a and the difference of 


phase between consecutive particles is comparable with (1 -— £). 
Also the actual displacements vary only slowly from one particle 
to the next. It can be shown that analogous relations hold for the 
velocities. 

To estimate z, and 2,—2,_, explicitly the easiest way is to 
return to the expressions for them as complex integrals. For the 
former we find l 


z(a -ei [esin Pe va — E- Eem) ttr 


mct 
+ Fa gh woos FF (v=) Foo &) + Ar} | 0), 


and the average kinetic energy of a given particle over a few 
oscillations 1s 


5 Pl [flan = 4 PG (— B) H+ A - ey wh (21) 


The average potential energy is the same. It can be verified by 
integration that the total energy is equal to the initial energy. 


4'0. It follows easily from the foregoing discussion that the 
system has no property analogous to heat conduction. Suppose in 
fact that n consecutive particles are initially given velocities dis- 
tributed in frequency according to the error law. If the mean 
square of these velocities is $, we can regard s as the initial velocity 
of agitation of the disturbed region and s? as proportional to the 
temperature. By 3:2 (20) the velocity of agitation s, of a particle 
distant rl from the end of the disturbed region is given by 


sf = F[vsin OHIPA ESTE aana. (1), 


and since by hypothesis the v’s are distributed at random they are 
not correlated with the harmonic factors, and we have 


Pr PLLA, et ee (2), 


r Qarct 
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where € is to be given a value between rl/ct and (r+n)l/ct. If 
r/n is large we can ignore the difference and say that (2) gives 
the distribution of temperature after time t. 

This expression bears no resemblance to the solution of the 
corresponding problem in heat-conduction. If in one-dimensional 
flow a short stretch of the region 1s heated and the remainder left 
at uniform temperature, the temperature at distance z from the 
heated place after time ¢ is proportional to ¢~ $ exp (—2*/4h°t), 
where A? is the thermometric conductivity. The factor ¢~ È instead 
of ¢ alone is enough to indicate a fundamental difference: the 
extent of the region containing a given fraction of the energy 
originally supplied increases in proportion to ¢ in our present 
problem, instead of t# as in the thermal case *, 


5:0. In consequence of the failure to find any phenomenon 
resembling conduction in a string loaded with equal particles 
equally spaced, it 1s desirable to investigate whether it can occur 
when the particles are unequal and their masses are distributed 
at random. The restriction that they are equally spaced is retained. 
An operational solution can be obtained without much difticulty, 
apart from the writing down of large determinants and their 
expansion in series. Unfortunately, however, no satisfactory way of 
evaluating the resulting solution has been found. The nature of 
the solution can be seen more simply by considering a simpler 
system. Suppose that y is given, that the string is infinite in the 
positive direction, and that all the particles have mass pl except 
one, which has mass pl (1 +a). Let its displacement be yx. Then 
the waves reaching it are given by 


Ur = erry, Coe rerecccccccceccsccccccee (1 ), 


and the effect of the exceptional mass is to reflect part of the 
disturbance. We assume therefore 


jr e P f FPA ENA PEN riitaa (2), 
yp eT ER A POW eerie (3). 

But y, must reduce to yẹ when r= k, and therefore 
E a T. E ETE eea). 

The equation of motion for this particle is 
212 ` 

— Yk- + f2 +l + ah Ye Yen =O... (5), 
whence, with = SIMS. reprae (6), 


* A general discussion of the related problem of thermal conduction in solids, 
with references, is given by M. Born, Atomtheorie des festen Zustandes, 1923, 708. 
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enka 
we find Yk = 1+ tanh 4a Yo cococooosodoosoeceooo (7), 
and Yr =e" yy — eas CAG PRE Seen (8), 
1 
a oe e 
Je ~Teatanhgay 7” ce, 


Considering (9) now, we see that & does not appear explicitly. The 
effect of a particle of abnormal mass upon the transmitted wave is 
the same whichever it may be. Also, if y, is found by the method 
of steepest descents, the situation of the saddle points is unaffected, 
and we can estimate the transmitted wave at once. If there is a 
pole at the origin, where A is zero, its contribution is therefore 
unaffected. This was to be expected, because in the limit when 
the particles become indefinitely numerous this part of the solution 
reduces to the solution for a continuous string, which is obviously 
unaffected by increasing the mass of an indefinitely short piece by 
a finite fraction of itself. But the saddle points are at 


cosh $A = E= rljet asserere. (10), 


. . (1 — &))7 : 
and we must introduce a factor 41 + cnr ae . This factor 


is complex and therefore gives a shift of phase as well as a change 
of amplitude. The amplitude is multiplied by 


fi +u? : FY E SURE (11). 


When € is nearly unity, corresponding to the arrival of the first 
pulse, the amplitude is therefore hardly atfected. But as time goes 
on and & decreases, this factor also decreases, and when € is small 
it approximates to &/a,. The energy is at the same time multiplied 
by (E/ax/. | 

This result shows that irregular distribution of mass must 
have a very marked effect on the propagation of the waves produced 
by a given initial disturbance. We have here considered such 
irregularity in its mildest form, where only one particle has a mass 
differing from the average, and we have found that it reflects the 
shortest waves almost completely. If many particles have abnormal 
masses, the smal] transmission factor will be raised to a high power. 
A certain fraction of the energy will therefore be concentrated near 
the region disturbed originally, and will not spread out according 
to the laws of dispersion. The longest waves, on the other hand, 
including those that travel fastest, are not much affected by the 
irregularity. We may say that the effect of irregularity will be to 
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destroy the tail of the train of waves spreading out, and to retain 
its energy in the form of irregular movement near the origin of the 
disturbance. Irregularity in the coefiicients of (y,— Yr—¥} in the 
potential energy has also been found to give internal reflexion of 
similar type. 

The effect is very marked. If for instance sinh 4A = $i, corre- 
sponding to X%= $7 and a wave length 6l, & is 4/73 and the 
group velocity is 0°866c. But if the irregularity is as great as in 
an ordinary glass we may suppose a,’ on an average > qp and the 
transmission by a single particle is under (1,4,)—. If then the atomic 
spacing is 10-*cm. the energy is reduced as the wave travels 1 cm. 
to e~ 55x! of its initial value. Yet a long wave travels with velocity 
c without loss. Most of the energy supplied in such a case must 
therefore be regarded as converted into thermal agitation by 
internal reflexion. 


Summary. 


The motion of a light string loaded with equal masses at 
regular intervals has been discussed by operational methods. It 
is found that the system, though possessing only a finite number 
of degrees of freedom, shows most of the characteristic features 
of dispersion. The operator e~?** that occurs in the discussion of 
uniform continuous strings is found to arise as the limit of an 
operator defined wholly in terms of definite integration, and its 
interpretation involves a theorem analogous to Taylor’s theorem, 
but apparently more general. There is no phenomenon analogous 
to the conduction of heat. Any irregularity in the distribution of 
mass, however, produces strong internal reflexion of the shortest 
waves, and may provide a mechanism for conduction. 


| 
| 
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On the Fifth Book of Euclid’s Elements. (Second Addendum 
to Fifth Paper*.) Proof of Euclid v, 19. By Dr M. J. M. HILL, 
Peterhouse. 


[Received 5 March, read 14 March, 1927.] 


There are in the Fifth Book of Euclid’s Elements twelve propositions, the 
object of which is to prove the equality of two ratios. 

Euclid deduces five of these, Nos. 4, 7, 11, 12 and 17, directly from the 
Fifth Definition without using any other property of ratio. He uses the 
12th proposition in proving the 15th, but a slight change in the form of 
the proof will make it independent of the 12th. 

Simson has given a proof of the same kind of the 18th aoao This 
form of proof seems to me the standard form of proof for all propositions, the 
object of which is to show that some two ratios are equal. 

But Euclid’s proofs of the remaining five propositions of this group of 
twelve, Nos. 16, 19, 22, 23 and 24, are of a very different character. They 
depend on the Seventh Definition (the Test for distinguishing the greater 
from the smaller of two uneguul ratios), on the 8th, lOth and 13th pro- 
positions, which are concerned with unequal ratios, as well as on other 
propositions, It is very dithcult to know wh ich of these should be chosen at 
any stage of the proof of a proposition in this group. 

When I began the K of this subject in 1897 (my first paper was in 
Vol. xvi of the Transactions) I took Euclid’s Fifth Definition in the following 


form: 
(4: B)=(C: D) 


if, r, 8 being any integers whatever, 


and if 1.1 >8B, then must alsorC>8D ooo... ccc ecc eevee (1), 

if rA<sB, then must also rC<8D 00... cece ccc ees (ii), 

if rC>sD, then must also rA >8B..... ccc cece eens (iii), 

if rC<sD, then must also 7A <8B.... cece cence es (iv). 
From these it follows by a reductio ad absurdum 

that if rA=8B, then must also 7C=sD ........ccc ce eee eee (v), 

if rC=sD, then must also rd =8B.........ccccceeceees (vi). 


So that Euclid’s conditions are certainly satisfied. 

I was not aware at that time that Stolz had shown in 1885 (Vorlesungen 
über allyemeine Arithmetik, Theil 1, p. 87) that if the sets of conditions 
marked (i) and (ii) hold good, then the set marked (v) would follow as a 
consequence t. 

Stolz’s aaa is printed in my fourth paper, Vol. XXII, p. 188, and also a 
much simpler proof on p. 189, due to Professor A. C. Dixon and Mr E. Budden. 

Thus the two sets of conditions marked (i) and (ii) are equivalent to 
Euclid’s Fifth Definition, and may be treated as a simplified form of that 
Definition. 


* The first paper of this set is in the Transactions, Vol. xvi, the second in 
Vol. xix, the third, fourth and fifth in Vol. xxu. There is an addendum to the 
fifth paper in Vol. xxr of the Proceedings. 

+ This proposition was known to De Morgan, see my fourth paper, p. 185. 
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There is also contained in the text of Euc. v, 8, of which it forms the 
greater part, an Important proposition, viz. : 

“If 4, B.C be magnitudes of the same kind, and if A be greater than B. 
then integers n, ¢ exist, such that 

nA >tC>nB.” 

Euclid’s proof is long and cumbrous. A short proof is given in my fifth 
paper, Vol. Xxm, p. 462. 

It depends on Archimedes’ Axiom, and so far as the Fifth Book is cvn- 
cerned, this is the only place in which that Axiom is employed. This 
proposition does not involve any property of ratio. 

This proposition contains all that is effective in the Seventh Definition 
and in Propositions 8, 10 and 13 for the proof of properties of equal ratios; 
and if it be taken in conjunction with the simplified form of the Fifth 
Denuition, referred to above, it is possible to reduce Propositions 16, 22 and 
23 to the standard form without ditticulty. 

Proposition 24 and its Corollaries can likewise be so reduced, though 
these are more ditheult. (Trunsuctions, Vol. XXII, p. 460, and Proceedings 
Vol XIR p 474.) 

This leaves only Proposition 19 out of the group of twelve Propositions 
over, I have given proofs of it (Vol. xIx, p. 166, and Vol. XXL, p. 94) of which 
the first is very complicated, and the second though less complicated, is 
hanily a straightforward proof. The proof given below is a better one. 

Euclid’s proofs of 19 and 24 depend on other properties of ratio and are 
not straightforward applications of the Fifth Definition. 


It is required to prove that if A, B, C, D are four magnitudes 
of the same kind, and if 
(A: B)=(C:D), 
and if A>C, 
then (4 -—-C:B—D)=(A:B). 

Using the simplified form of the Fifth Definition, it is enough 

to consider the alternatives 

(i) (A:B)>s'r, 
and (qi) (A: B)<s/r, 
where r, s are any positive integers whatever. 

It will be supposed that the ratios are incommensurable. If 
they are commensurable there is no difficulty in proving the 
proposition, 

(1) Suppose that (A: B) > s/r, 


then rd >sB, 
and since (41: B)=(C:D), 
rC > sD. 


It has to be proved that 
r(A- C)>s(B- D). 


Since A >C, the left-hand side of the inequality is positive, 
and so it is necessary only to consider the case B > D. 
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It is necessary to replace 


rA >sB 
by mrA >msB 


so as to obtain a greater difference between the two sides of the 
inequality. 

Let us choose m so large that this difference exceeds (k + 1) B, 
where k is an integer to be chosen presently, 


then m(rA —sB)>(k+1)B, 
and mrA >(ms tk +1) B....cccccceeceeeeees (I). 
Now it is always possible to choose the integer ¢ so that 
tB<mrA<(t+1)B ....cccccceeee eee (IL), 


since A, B are supposed incommensurable. 


Further since (A : B) =(C: D) it follows from (II) that 


tD<mrO<(t+1)D sssr (IIT). 
From (II) and (III) | 
mrA +(t+1)D>tB+mrC, 
hence mr(A—C)>t(B—-D)—D............ (IV). 


From (II) and (I) it follows that 
(¢+1)B>mrA >(ms+k+1)B, 
hence t >(ms + k). 
Using this value of ¢ in (IV) 
mr (A - C) >(ms + k)(B -D)-— D, 
hence mr (A — C) > ms (B — D) + [k (B — D) - D). 
Now k may be chosen as large as we please. 
Let it be chosen so that 


RUB = Dye vinccanemusmoaceswerses (V). 
Then it follows that 


mr (A — C) > ms(B — D), 
hence (A —C: B- D)>s/r. 


The whole of the work is an algebraic consequence of the 
inequalities I, II, II and V. 


The difficulty is of course to construct them. 
(2) Suppose that (A: B)< s/r, 

then rÅ <sB, 

and consequently r< sD. 
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It has to be proved that 
r(A —C)< s(B- D). 
In this case I will begin by writing down the inequality corre- 
sponding to (V) in the former case. 
It is always possible to choose the integers k, m, t so that 


KA = C) > 6 eneus eeina (1). 

m(sB—rA)>(K4+1)A wu... 22. cece eee (II), 

td<msB< (+1) A ....c.ccc cece eee III). 

Consequently tC<msD <(t+1)C ...............0-- (IV). 


The remainder of the work is an algebraic consequence of the 
four inequalities (I), (II), (III) and (IV). 
From (IIT) and (IV) 


msB+(t+1)C>tA + msD, 


hence ms(B—D)>t(A—-C)—C........... 0. (V). 
From (II) msB >(mr +k +1) oo... cccce cece cece. (VI). 
From (IIT) (t+1)A >msB nudists: (VII). 


From (VI) and (VII) 

(t+1)A >(mr+k4+1)A, 
hence t>mrt+h. 

Using this value of t in (V) 

ms(B-— D)>mr(A4—C)+[k(A-C)—C]. 

Then from (I) it follows that 

ms(B—D)>mr(A—C), | 
hence (A -C:B-—D) <s/r. | 

(3) Hence it has been shown that if 

(A :B)><s/r, then (A-—C:B—-—D)> 8/1, | 
if (A: B)<s'r, then (A — C:B—D)<s/r. 

Hence s'r, which represents any rational fraction whuterer, 
cannot he between the ratios 

(A: B) and (A — C: B- D), 
therefore (A —C:B—D)=(A:B). 

This proof is of the same kind as those previously given for 
Propositions Nos. 16, 22, 23 and 24, it being based on the Simpli- 
fied form of the Fifth Definition and the earlier part of the 8th 
proposition referred to above, which earlier part is not concerned 


with ratios. Archimedes’ Axiom is involved. No other properties 
of Proportion are employed, as in Euclid’s proof. 
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Some Measurements on the Absorption of X-Rays of Long 
Wave-length. By L. H. Martin, MSc.,* Trinity College. (Com- 
municated by Prof. Sir E. RUTHERFORD.) 


[Read 14 March 1927.] 
§ 1. Introduction. 


An account is given here of the measurements of the mass ab- 
sorption coefficients of iron, nickel, copper and aluminium over a 
wave-length range 0°705 A.U. to 1'932 A.U. 

As these measurements were made primarily for use in another 
experiment, described elsewhere, in connection with which a high 
degree of accuracy was not necessary, they can only be regarded 
as preliminary. The results, however, show some interesting 
features which seem to justify their publication. 

Measurements in this range of wave-lengths possess a par- 
ticular interest, as, in virtue of the magnitude of the “ total” mass 
absorption coefficient, the uncertain quantity representing the 
“ scattering” absorption can be neglected in the investigation of 
the relationship between the “true” or “fluorescent” mass ab- 
sorption coefficient, and the wave-length of the absorbed radia- 
tion. The precise investigation of this relationship has lately ac- 
quired an added interest, as the form of the relation deduced in a 
recent paper by Wentzelt making use of the methods of Schrö- 
dinger’s wave mechanics, differs somewhat from the well-known 
forms given by de Broglie}, deduced semi-empirically, and by 
Kramers§, deduced from Correspondence Principle considerations. 

Measurements have been made previously by Barkla and 
Sadler|| for these elements over this range of wave-lengths. As 
sources of radiation, Barkla and Sadler used the K characteristic 
radiations excited in a series of radiators extending from silver 
to chromium, but as the constituents of such beams differ greatly 
in wave-length, the absorption coefficients determined differ con- 
siderably from the values corresponding to the wave-length of the 
Ka radiation. 

As the mean absorption coefficient for a heterogeneous beam 
of X-rays 1s a function of the thickness of the absorbing material 
used in their experiments, it is not possible to assign with any 
certainty “mean” wave-lengths to the series of radiations used. 


* These measurements were made during the period of an International 
Education Board Fellowship beld by the writer. 


+ Wentzel, Zeit. f. Phys. 40, 1926, p. 575. 

+ de Broglie, Journ. de Phys. 3, 1922, p. 33. 

§ Kramers, Phil. Mag. 46, 1923, p. 836. 

|| Barkla and Sadler, Phil. Mag. 14, 1909, p. 739. 
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Hewlett* carried his measurements for aluminium and irm 
down to 1:006 A.v. 

In the present experiments, the usual direct method for the 
determination of absorption coefficients has been emploved. 
Homogeneous beams were obtained in the ordinary manner br 
crystal reflection, and in the case of the longer wave-lengths, 
suitable targets were vis ie ha in the X-ray tube to give cha- 
racteristic radiations of high intensity. A method was devised 
which made it possible to employ the same metal foil for absorp- 
tion measurements on each side of a K discontinuity. 

In the case of Fe, Ni and Cu, it was found that when the 
X-rays absorbed lie in the range on the short wave-length side of 
the respective K absorption discontinuities, the mass absorption 
coefficients are represented with good approximation by a relation 
of the form 

fi) = CONGUE DAY arira NE (1). 


On the long wave-length side of the X discontinuities and in 
the case of aluminium throughout the entire wave-length range 
the absorption coefficients are represented with good approxima- 
tion by 

pjp = const. A? oi cicou pti deiolooswnt (2). 


Recently S. J. Allent has published an account of experiments 
in which he has been able to extend considerably his previous 
measurements of the absorption coefficients of a number of 
elements from carbon to uranium from A =0709 A.U. to 40 ALU. 
The results of the present paper are later compared with those of 
Allen, and discussed in relation to the different expressions which 
have been deduced theoretically relating p/p with the atomic 
number Z and the wave-length A of the absorbed radiation. 


§ 2. Experimental details. 


As intense beams of X-rays of long wave-length were required, 
it was necessary to use an X-ray tube provided with a thin alu- 
minium window. Different types, including gas tubes, were tried, 
but the one shown in Fig. 1 was found to be the most satisfactory. 
This is of the hot cathode type. The electrodes can be withdrawn 
easily and replaced by the ground-glass joints provided at each 
end of the tube. The electrodes are surrounded by a brass tube 
3 cms. in diameter which is earthed. This protects the glass walls 
of the X-ray tube from local heating due to scattered electrons. 
and also has the effect of causing the tube to run “hard.” (With 
the Hyvac alone pumping and the filament off there was no sign 
of a discharge at 00—75 K.V.) The tube is exhausted continuously 


* Hewlett, Phys. Rev. 17, 1921, p. 284. 
t S.J. Allen, Phys. Rev. 28, 1926, p. 907. 
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by a Crawford mercury sis ies jet pump (Western Electric Co. 
pattern) and runs quite steadily when the current is not greater than 
5 milliamps. In these experiments the cathode was earthed, and 
it may be remarked that filaments (5 amp. tungsten wire) then 
last six months or longer, even with practically continuous 
running. 

A measure of the intensity of the X-ray beam issuing from the 
tube was obtained by placing a small ionisation chamber between 
the collimator slits of the spectrometer, and measuring the ionisa- 
tion produced by means of a Dolezalek electrometer. Since this 
ionisation chamber measures the total intensity of the beam, it is 
important to maintain a constant potential across the X-ray tube 
in order to keep constant the distribution of relative intensities 
among the various wave-lengths. To this end a voltmeter was 
placed across the primary of the transformer, and the primary 
voltage controlled by means of rheostats in series with the pri- 
mary windings. The tungsten filament was heated from accumu- 
lators. The spot from the Dolezalek electrometer, and also that 
from a Compton electrometer connected with the spectrometer 


dG > U 
= = {Ease gu ee SE 
CE BER G = 
(ame 
Fig. 1. 


ionisation chamber, were arranged to pass across two scales 
placed one immediately above the other. 

For wave-lengths near to and on the short wave-length side of 
the K absorption oer of the metals used, a special difficulty 
arises in obtaining foils which are at once thin enough to transmit 
a useful percentage of the incident radiation, and sufficiently uni- 
form to justify the determination of the mass per unit area from 
measurements made on a piece of foil of the order 1 sq. inch in 
area. (The half value thickness for Cu Kaa, in iron is approx. 
0:0003 cm.) 

Foils of this effective thickness were produced by mounting a 
thicker foil on the moving arm of a divided circuit. The intensity 
is measured first with the foil perpendicular to the X-ray beam, and 
then when the foil is turned through a known angle 0. The 
decrease in intensity is equivalent to that caused by a foil of 
thickness 

d = D(sec 0 — 1), 
where D is the actual thickness of foil used. 
A typical set of readings is shown in Table 1. 
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TABLE 1. 
IRON foil. 00117 gun. cm.~? A= 1 -537 i.t. 
e€ective mass per unit area 00117 (sec 30° — 1) =0-00180 gm. cm. -~?. 


Intensities 
Ty I, Ia 
8 = 30° 0=0° 0 = 30° 
2-50 4:31 2-20 
2-42 424 2-29 
2°23 4:10 2-14 
2°38 4°13 2°44 


This method of realising thin foils can be of use only when 

the initial radiations are of high intensity. In the present expen- 
Ment, intense homogeneous beams were obtained by reflecting 
rom a calcite crystal the characteristic radiations emitted from 
different targets placed on the anticathode of the X-ray tube. 
Quite wide slits may then be used, as the intensity of the general 
radiation is negligible compared with that of the characteristic 
radiations. The potential of the tube was controlled so that no 
second order radiation was reflected. In the case of copper, it was 
not possible to obtain measurements near the K limit on the short 
wave-length side, as the intensity of the general radiation from 
the platinum target excited at the low potentials necessary to 
prevent second order reflection was-too small to permit of the 
method described above for obtaining thin foils. Foils of the 
required thickness could not be obtained sufficiently uniform. 

Jn order to eliminate as far as possible lack of uniformity in 
the metal foils, small foils approximately one inch square were 
used in the determination of the mass per unit area, and in the 
absorption experiments, different sections of the absorber were 
placed in turn in the path of the X-ray beam. 

The accuracy of the following results is determined by the 
degree of steadiness which could be maintained in the tube, but 
principally by the extent of the elimination of lack of uniformity 
of the foils. In most cases the error is estimated at 3°/,, but may 
be greater for values near to and on the short wave-length side of 
a K discontinuity. 


§ 3. Results. 


The results are collected in Fig. 2, where log jp is plotted 
against log A and from which the following relations are deduced. 

The only results available for comparison are the recent 
measurements of Allen, and the much earlier ones of Barkla and 
Sadler. Table 3 shows the different values of u/p found for the 
Kaa, radiations of the targets Fe, Ni, Cu and Zn. 
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ALUMINIUM foils. Mass per unit area 0°1222 gm. cm.~ 2? 
» 99 99 9 009152 gm. cm.~?, 
Values corrected for 0°31 °/, iron content. 


Wave-length Slit width 


R.v. mm. alp 
0:705 "15 4:98 
0:799 15 717 
0:965 15 12:1 
1:100 15 18°2 
1:293 08 30:3 
1:433 08 40°4 
1°537 08 51°4 
1:655 ‘08 63:9 
1:932 08 91°8 


Iron foil, obtained by electrolytic deposition, 
Mass per unit area 0°0117 gm. cm.~-2 


Wave-length Slit width 


A.U. mm. ulp 
0:705 "15 36:7 
0:799 15 53°1 
0:965 15 87°1 
1:100 "20 130 
1:293 ‘35 200 
1:433 30 265 
1:537 ‘3O 316 
1:655 30 416 
1:932 08 68°8 


NIcKEL foil, obtained by electrolytic deposition. 
Mass per unit area 0°01362 gm. cm.-?2 
» 9 9 9, 001142 gm, cm.-?2 


Wave-length Slit width 


A.U. mm. nlp 
0:705 °15 42°1 
0°799 15 58:8 
0:965 °15 103 
1:100 ‘20 145 
1:389 °30 272 
1°432 ‘08 298 
1:537 ‘08 43°9 
1:655 "08 53:8 
1:932 "08 87°8 


Copper foils. Mass per unit area 0°01508 gm. cm.~? 
” ” ” » 001252 gm. cm. ~? 


Wave-length Slit width 


A.U. mm. ul p 
0°705 15 49°6 
0°799 15 72°4 
0°965 "15 118 
1°432 ‘08 418 
1:537 ‘08 90°1 
1°655 "08 62°4 
1°932 08 95°3 
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"705 A. U. =À K \K > 1:932 4.0. 
Element 


S (K+L+..) SE+M+..) 


98A 2-30 

110A?-73 

1302-30 
PREL a) 


13°9A2-98 


Absorber 


Observer 


Radiation 
Fe Kaa; || §8°5 940 91°8| 661 71 688| 838 90 87:8] 95:1 99 95 

Ni Kaa || 59-1 61°5 63°9/314 430 416 | 563 60 538 |618 64 62-4 
Cu Kaya, || 47:7 48°5 51°4/268 330 316 | (62:7) 475 43°9 | 530 50 501 
Zn Kaya, || 39°4 40°3 40°4|221 290 265 | 265 323 298 | (55-5) 42-0 41°8 


Those readings of Barkla and Sadler which are enclosed in 
brackets refer to cases in which the 8, constituents of the K 
radiations are of shorter wave-length than the K limit of the 
absorbing material, and therefore lead to values of u/p which are 
too high. 

In the case of aluminium, the agreement shown is quite satis- 
factory. The smaller values of Barkla and Sadler would be 
expected as the weak short wave components K8, are present ip 
the beams of X-rays used by them. The agreement between the 
values of Allen and those given here for aluminium persists 
throughout the whole range of wave-lengths, and indeed, Allen 
finds that in the wave-length range 0°08 A.U. to X40 A.U. the 
absorption coetticients of aluminium are given with some accuracy 


by the formula 
u/p =(13'95 + 0:05) >” + (0°16 + 0°02), 


a relation to which that given here (Table 2) is equivalent within 
the limits of experimental error, 


52—2 
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A satisfactory agreement is found too in the case of Fe (see 
Table 3) and Cu, but in the case of Ni, the values found here are 
in general from 5 °/, to 10°/, smaller than those given by Allen. 

It is difficult to account for this discrepancy, particularly as 
the general variation of p/p with à is the same in both experi- 
ments. With regard to the present experiments possible errors 
introduced by lack of uniformity of the foil used or even in the 
determination of the mass per unit area would be reduced to a 
minimum by the use of two separate specimens of nickel. As 
mentioned above, care was taken to prevent any second order 
radiation being present. 

The following values were found for the A jump, i.e. the ratio 
of the absorption coefficient on the short wave-length side to that on 
the long wave-length side at the K limit. It must be pointed out 
that the higher value refers to X=0°7 A.U. and is deduced on the 
assumption that the L absorption obeys a ^’ law over the range, 
Ax O07 Au. Allen finds as the result of his more extensive 
measurements that the K jump for these elements reaches its 
maximum value in the neighbourhood of A = 0'6 A.U., when the 
exponent of à for the K absorption approximates to that for the 
L absorption on the long wave-length side of the K limit. 

The smaller value given for the K jump is its value at the K 
limit. 


TABLE 4. 
K jumps. 
Map H 
PIK+L+.) /2(L+ M+...) 
Element Allen Martin 
Fe 9°5-—10 9°2—10 
Ni 8:8 — 9°8 8:5— 9'6 
Cu 9:1— 9'8 8-6—10 


§ 4. Discussion of results. 

Several expressions have been deduced theoretically relating 
the “ fluorescent” absorption coefficient + with the fundamental 
quantities Z, the atomic number of the absorbing element, and A, 
the wave-length of the absorbed radiation. 
°” De Broglie assumes that the laws of black body radiation 
can be extended to the case of X-ray absorption, and deduces 
semi-empirically the following expression for the atomic absorp- 


tion coetticient 
b 
T,= const. YE — 
A Ree, 
where 6, is the number of electrons in the n quantum group and 
An is the wave-length of the corresponding absorption discon- 
tinuity. 
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Kramers, by means of the application of the Correspondence 
Principle to a “ hydrogen-like” atom, deduced the following ex- 
pression 


T,= const. assy Pa ET (2), 
n An 
where a, is the statistical weight of the electrons in the n 
quantum group. 

In both (1) and (2) the summation is to be extended only 
over those groups of electrons whose critical frequency is less than 
that of the radiation considered. Recently Bothe* has considered 
the effect of those electron groups which correspond to critical 
frequencies which are greater than that of the absorbed radiation. 
He finds the following relation for the atomic absorption coefficient 
when \<An 
_ 2p? o On 
Cy aerate x Zaa TEE (3). 


When À >A, the ratio of the absorption coefficient un to that 
at A, on the short wave-length side of the discontinuity, p,°, is 


given by 


Bn _3TAx10[2r-1] 2, r 
ie he a an Pes 
where 
Tr=A/Ay. 


As such an absorption cannot be associated with the ejection 
of photoelectrons, Bothe concludes that at any discontinuity a 
large increase in the scattering coefficient should be found on the 
long wave-length side. 

In the present experiments the scattering coefficient 1s so small 
compared with the fluorescent coefficient, that even an increase 
in the scattering to several times its normal value would have 
sans detection. 

ecently Wentzel (l.c.) has applied the methods of Schré- 
dinger’s wave mechanics for a “ hydrogen-like” atom to obtain an 
expression for the K absorption coefficient which differs consider- 
ably from equations (1), (2) and (3), viz. 


5/2 
K 4 = 1-82 x 10" (>) [3(A) N2 + (B)à pP ...(4), 
P Ax 
or, replacing Ax by a constant multiple of Z—-, 
Asaz NE RADE ETAR (5), 


* W. Bothe, Zeit. f. Phys. 1927, p. 653. 
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ft has already been pointed out that the 4% law holds for aluminium 
inn range of wave-lengths O'L A.U. to 1932 A.U. 


* Richtineyer and Warburton, Phys. Rev. 22, 1923, p. 539. 
+ Allon, Phys., Rev. March 1926, p. 266. 
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A somewhat similar breakdown in the A? law near a K limit 
has been observed by Richtmeyer in the case of Mo, and by Stoner 
and Martin in the case of Sn, Ag and Pd. Stoner and Martin 
found that from A = 0'3 A.U. to the K jump, the rate of increase of 
a/p with wave-length is slightly greater than 5, while on the 
long wave-length side of the K limit, the A’ law was found to 
hold with good approximation. | 

These results, however, are in complete disagreement with 
some precise measurements made recently by Richtmeyer and 
Bishop* near the K absorption limit of silver. They find that 
after correcting for the finite width of the slits, the A’ law holds 
on each side of the A limit. 

In the present experiments, however, it must be mentioned 
that although wide slits have been used near the K limit, no 
appreciable error can have entered on this account, because the 
radiations used are homogeneous and of high intensity relative to 
the general radiation. These experiments show that in the case of 
iron, nickel and copper, there is a definite departure from the ^’ 

law near the K limits. 


The extent to which the Z‘ law holds is shown in the follow- 
ing table: 


TABLE 6. 
i 4 

Absorber (+m Tos Relative values of n/p x Atomic weight 

A\=1-932 A. 0. A=°965 1.0. 
Allen Martin Allen Martin 

Fe 1 1 1 1 1 
Ni 1°35 1°37 1°38 1°27 1:28 
Cu -L55 1°50 1°50 1°43 1°46 


Table 6 indicates the existence of a considerable departure from a 
Z* relation on the short wave-length side of the A limit, and it 
would appear that a generalised expression similar to equation (5) 
in which the factors a, b and c are functions of Z and A seems 
necessary to represent the values of w/p in an extended wave- 
length range. Wentzel points out that a depends ultimately on A 
and Z and it is possible that when, as a result of the development 


of wave mechanics, a can be evaluated, a form of (5) will be found 
` to fit experimental results. 


In conclusion, the author wishes to express his gratitude to 
Professor Sir Ernest Rutherford for the continued advice and 
assistance received from him during the course of this experiment. 


* Richtmeyer and Bishop, Phys. Rev. 27, 1926, p. 294. 
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The tetal energy of binding of a heavy atom. By Mr E. A. MILNE 
Trinity College. 


[ Received 4 May, read 25 July, 1927.] | 


1. Ina recent important paper*, L. H. Thomas has originated 

a method for calculating approximately the field in the interior of 

a heavy atom. His main assumption is that the electrons are dis- 

tributed uniformly in the six-dimensional phase space for the 

motion of an electron at the rate of two for each A’ of 6-volume. 
On this assumption, Poisson’s equation 
VV =— 4rp 


is found to lead to an equation of the form 


l d at) _ a i 
TAG ig) aoe OEE 
where ¢ is proportional to the potential V and Ẹ is proportional 
to the radial distance r. 

To an astrophysicist, the form of (1) immediately suggests that 
of Emden’s* ditterential equation 


rele EA A seven) 


which describes the gravitational equilibrium of a spherical mass 
of perfect gas of polytropic index n. Here ġ may be considered to 
be either the gravitational potential or the temperature. Emden’s 
solution of (2) with n =3 is the basis of Eddington’s famous theory 
of the internal constitution of the stars. The methods used by 
Thomas for discussing (1) are similar to those used by Emden for 
discussing (2). 

Amongst Emden’s results, perhaps the most notable is that 
which shows that once (2) has been solved, the total gravitational 
potential energy (or the mean temperature)? can be calculated 
without further quadrature. The object of the present note is to 
apply Emden’s method to determine the total electrostatic poten- 
tial energy of an atom built on Thomas’s model, and so the total 
binding energy of the electrons. 


2. Evaluation of an integral. We consider first a generalised 
form of Thomas’s equation, 


l d d 
oe (£ JE) n IEA (3) 
EdE” dE 

* « The calculation of atomic fields,” Proc. Camb. Phil. Soc., 23, 1927, 542. 
t Emden, Gaskugeln, Leipzig, 1907. 

t This adaptation is due to Eddington. 
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From the mode of derivation of the equation, the charge density p 
is proportional to $”, whilst V œ ġ, and the total electrostatic energy 
4 fp Vdr thus involves the evaluation of a definite integral 


Ib=[ pnpa. 
Substituting for 4 from (3) and integrating by parts, this gives 


t= |e6@|,-[.(a) (ag) % 


where the new integrand has been re-arranged as a product of two 
factors. Integrating again 3 parts and then substituting for 


ae (© ae) 
from (3), we find 


r= e650 + © (H-2 e (op) a 


On integrating the last integral by parts (treating ¢"dd/dé as the 
perfect differential), we obtain an integrated part together with a 
multiple of the original — la: a we ae 


b ntl (5 3) - hi 
ire 5 [EOE dg +? \ae “rere 
This is, essentially, the analogue for equation (3) of Emden’s result 
for (2). 
Applying to Thomas's case and extending the integration from 
O to 2 we find 


f sterag—? lim & SP (# +8 SF). 


For an atomic field, ¢ g a singularity at the origin, its 
behaviour being of the form 


o~ = +a 
for £ small. We find then 


J. p EdE =- 3 aya, APEE EE E EN (+) 


3. The electrostatic potential energy. Thomas’s equation for the 
atomic field V at distance r 1s 


lad dV = 
z T G A = — 4p, osocoesoooooooooos (5) 


4 
with p=-—e ae (2me)! >> N (6) 
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and the solution V for r small behaves like 
V ~ ae + %, 
r 


where N is the atomic number and v, is the self-potential at the 
origin of the distribution p. Now the system of charges consists 
of + Ne at r = 0 together with the distribution p. Let the latter 
give rise to a field of potential v (r). Then 


V= = +v(r). 
r 
The electrostatic energy is then W = 42eV 


or W=} | pVdr +4 S, (7) 


Thomas makes the substitutions 
ha 
o= Ë Treme’ 
9r? 4ar? mee 
"= ia he ® 
so that for E small, the behaviour of ¢ is 


$~ Ona Et Om oocoocoaooosooossesooaoe (8) 


say. With these substitutions, (5) reduces to (1), the integral in (7) 
reduces to a multiple of (4), and (7) itself reduces to 
Orr? Qar? met N 5 
“237 p Ha 1}, 
where in the [] we have shown separately the contributions corre- 
sponding to the two terms in (7). 
We shall put 


= 27? met 
T fr? 


tle ionisation potential of the normal hydrogen atom. 

By the theorem of the virial, since the atomic cluster of electrons 
is in a steady state, the average kinetic energy is equal to one-half 
the average potential energy taken with negative sign. Conse- 
quently the total energy Æ of the system of moving charged masses 
—itself a negative quantity—is one-half expression (9), or 


It remains to evaluate w, 
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4. Value of œ. Suppose that by any means whatever we 
Rh ave found a solution of (1) which near & = 0 is of the form 


$~ t+ Dis: aE E (11) 
Make the substitution E=a%,, 6=8d¢,. Then 
1 d „dQ mR? 
LAST A 
zand, near £ = 0, 
bm H 
aE B' 
It follows that if we choose a and £ so that 
a? 8? = 1, 
b, _ 128 
aB Oar? 
then ¢, is precisely the ¢ of equation (8), and accordingly 
by 
a = -5 . 
Solving for a and 8 we find 
128 N\8 
w,=b, (a F) EEEE EPEE TN (12) 
Now Thomas has tabulated* a function yy, given by 
_ 97 
Y= ing ® 
(where ¢ satisfies (1)) and having the behaviour near Ẹ = 0, 
55 
Po ~ E F Cis 
Thus we know a solution in which 
128 `. 128 
by = 94-55, b= 93% 
128 /N\5 
Hence w, = On? (5) 19 
and thus by (10) 
-E XAF iim (y- =) SETET (13) 
=r 553 0 E 


* We have replaced Thomas’s p throughout by é, to avoid confusion with our use 
p for charge-density. 


798 Mr Milne, The total energy of binding of a heavy atom 


5. Numerical values. The last five entries in Thomas’s table 
yield values of y, — 55/€ as follows: 


We have a well-defined value c, = lim (W. — 55/&) = — 300. 
Inserting this in (13) we get 


B= 128 yNE oi ccesseesereeees (14) 
or in volts, putting y = 13°54, and omitting the minus sign, 
E =17N5 volts. ..s...cseeeeeeeeees (15) 


N 
This should be equal to the sum È y, of the successive ionisation 


1 

potentials of the atom. Estimates of the successive ionisation 
otentials of oxygen (N =8), iron (N =26) and silver (N = 47) 

have been tabulated by Hartreet. The totals, and the values of 

E given by (15) are shown in the following table, to which hydrogen 

(N = 1) and helium (N = 2) have also been added : 


The agreement is quite satisfactory. Since Thomas's theory 
holds only for atoms with a comparatively large number of electrons, 
we should expect Sx,/N* to tend to a limit with increasing N. 
This appears to be confirmed by the last column in the table. 

This constant c,, which we have determined as the difference 
between two large numbers, could be found more accurately by 


* Corrected value, kindly supplied by Mr Thomas. 
t Proc. Camb. Phil. Soc., 22, 473, 1924. 
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integration if necessary. For the constant b, of (11) is proportional 
to vp, 1.e. to the self-potential of the distribution p at the origin, 
and so must be proportional to 


P 2dr. 


o r 


We readily find in fact that 
| gt Ede = — lim ($ +E) =-4, 
0 §—0 dE 


6. Summary. Thomas’s differential equation for the average 
field inside a heavy atom is analogous to Emden’s equation for the 
polytropic equilibrium of a star. Emden’s result that the total 
gravitational potential energy of a star is calculable once the 
differential equation has been solved is adapted to give the total 
electrostatic energy, and hence the total energy of binding, of an 
atom built on Thomas’s model. This should be equal to the sum 
of the successive ionisation potentials. The total energy is found 
to be proportional to N$, where N is the atomic number. The 
values found agree with Hartree’s calculations of the successive 
ionisation potentials of certain atoms. 
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The Hall effect in Single Crystals of Iron. By Dr W. L. 
WEBsTER, Trinity College. (Communicated by Dr Kapitza.) 


[Recerved 20 May, read 25 July, 1927.] 


Introduction. 


In this paper the results of some measurements of the Hall 
effect in single crystals of iron are described. This work was under- 
taken to determine whether the Hall coefficient varied with the 
direction in the crystal for which it was measured. Such a varia- 
tion had been observed in other magneto-electric phenomena—the 
change of resistance in longitudinal* and transverse + magnetic 
fields—and had thrown some light on the nature of these ettects. 
It was thought possible, therefore, that the study of the Hall effect 
in single crystals might yield some fresh light on this unexplained 
phenomenon. 

The results show that the Hall coefficient is independent of the 
direction in the crystal, and that the effect is similar to that 
observed in ordinary soft iron. 


Measurements. 


The Hall potential was measured as a function of the magnetic 
field in thin rectangular plates cut from single crystals. Copper 
leads were soldered to the ends and middle points of the sides of 
the plate. A steady current of one ampere was passed through 
longitudinally, and the Hall potential ditference of the side elec- 
trodes due to the magnetic field measured by a potentiometer null 
method. As it was not possible to fasten the side electrodes exactly 
opposite each other, there was always a small potential ditference 
due to the drop in potential along the plate. This was compensated 
by the potentiometer, the magnetic field was then applied and the 
change in the setting of the potentiometer necessary to restore 
balance was measured; finally the field was removed and the initial 
setting checked. This process was repeated several times. In this 
way values of the Hall potential were found for both directions of 
the ficld and of the primary current. The four figures obtained 
usually showed a systematic variation of about 5°/,; their average 
was taken as giving the correct value, the probable error being 
about 2°/,. (To record the balance, a galvanometer with a voltage 
sensitivity of 20 mms. per micro-volt was used.) 


* Proc. Roy. Soc., vol. 113, p. 196 (1926). 
t Proc. Roy. Soc., vol. 114, p. 611 (1927). 
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The variation of the four values of the Hall potential was 
probably due to the change of resistance of the iron caused by the 
magnetic field; as this potential change does not change sign with 
the magnetic field the error is eliminated by the averaging. No 
attempt was made to eliminate the Ettinghausen effect, as it did 
not seem possible that it could mask a variation of the Hall 
coefficient. 

To prevent distortion of the plate by the magnetic field it was 
clamped between two plates of ebonite which were in turn wedged 
between the pole-faces of the magnet. The electro-magnet used 
had pole-faces 1°8 cms. in diameter and 0'6 cm. apart, and gave 
fields up to 22,800 gauss. 

The .plates used were cut out from the surface of some large 
crystals which were available. Plates of the required size about 
4 mm. thick were cut out and then ground down on gradually finer 
emery paper to a thickness of about 0:17 mm. Finally they were 
etched in nitric acid to remove any disturbed surface layers. The 
ratio of the length to the width of the plates was made greater than 
3 : 2 to avoid any variation in the Hall coefficient * due merely to the 
use of plates that were too short in comparison with their lengths. 
The plates used were about 1°3 cms. long and 0°7 cm. in width. 


Results. 


The crystals from which the plates were cut were chosen to have 
their faces nearly parallel to a (100), (110), or (111) crystal plane, 
and the plates were cut out so that the directions of the primary 
current and the Hall potential should be as close as possible to the 
simple crystallographic axes of these planes. 


; ' Length | Width | Thickness | Normal to Short Axis | Long Axis Hall 

late (cms.) (cms.) | (mm.) Plate of Plate of Plate Coetticient 

A 1°40 0°85 0:185 (100) — 6° (100) ~6° (100) — 6° +0°97 x 10-2 
B 1°35 0:70 O17 (110)— 8°) (110)—7° | (100)—1° | +4+0°98x 10-2 
C 125 | 065 0-110 |(110)— 8° (100)—1° | (110)=7° | (41-14 x 10-2) 
D 130 | 085 | O165 | (111)—10° (110)-1° | (112)-6° | 4097x1072 

| | 
Soft | 


l . “I, —2 
iron | +113 x 10 


In the table are given the linear dimensions of the plates, and 
the crystal directions nearest the principal axes of the plates, the 


* Campbell, Galranomagnetic Phenomena, p. 31. 
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deviation beinz shown. In the last column are the values of the 
Hall cwetiicient in absolute units calculated from the formula 


Ed 

1H’ 

where È is the Hall potential, d the thickness of the plate, 1 the 
total current through the plate, and H the magnetic field. The 


probable error of these values is about 3°,,. The value of the cœ- 
efficient for soft 1ron* is also given. 


R= 


-5 
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The curves showing the relation between the Hall potential 
and the magnetic field were much the same for all the plates, and 
only that for A is given. The potential increases linearly with the 
field up to about 21,000 gauss and then remains constant, the bend 
at the saturation point being sharper than in soft iron. 


Discussion. 
The results show that there can be no large variation of the 


Hall effect in sing!e crystals. The values obtained for the ditferent 
plates are constant within the experimental error; plate C, which 


* Campbell, loc. cit., p. 122. 


Dr Webster, The Hall effect in single crystals of tron 803 


gives a rather high value, was the first plate cut out and was badly 
strained in the process, so that this value cannot be trusted. It is 
interesting to note that the Hall coefficient given by this plate is 
in agreement with the value for soft iron. 

The curves are very similar to those obtained for soft iron, the 
main difference being the sharper bend at the saturation point. 
This probably results from a more uniform intensity of magnetisa- 
tion in the single crystals, the Hall potential being proportional 
to the intensity of magnetisation and not to the internal magnetic 
field. 

No connection is apparent between this effect and the change 
of resistance of iron crystals in a magnetic field, so that it seems 
that the two phenomena must be quite different in origin. 


My thanks are due to Prof. Sir Ernest Rutherford and Dr 
Kapitza for their interest in this work. 
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Excitation by High Velocity Electrons. By Mr E. G. Dymonp, 
Fellow of St John’s College. 


[Received 20 May, read 25 July, 1927.] 


Much attention has been focused on the excitation of atomic 
spectra by electrons whose velocities do not greatly exceed the 
critical value, and it is now possible to form a rough idea of the 
behaviour of the “ excitation function,” or probability that an elec- 
tron of given velocity shall excite on impact, when the energy of 
the electron is only slightly greater than that required for excita- 
tion. But the form of this excitation function for much higher 
velocities is still in considerable doubt. 

The most valuable work in this direction is that of Hughes and 
Lowe*, who investigated the variation in intensity of the various 
spectrum lines of helium, when bombarded by electrons of given 
velocities, Their method may however be objected to on two 
counts. It is necessary to assume that the light observed 1s caused 
only by impacts of electrons of the known impressed velocity, 
and that all secondary ettects are excluded. The form of their 
apparatus was such that excitation by secondary causes, such as 
electrons reflected from the walls of the apparatus, was observed 
simultaneously with the primary effect. 

Secondly, 1t is necessary that not only the current should remain 
constant throughout the course of the experiment, but that the 
current density also should not vary in the space in which observa- 
tions are made. Within a certain region of velocities this last 
condition appears impossible to fulfil, at least without extreme 
additional complications, and it 1s unfortunate that this region 1s 
precisely that in which Hughes and Lowe worked. 


Fig. 1. 


Accordingly it was decided to repeat these experiments with a 
form of apparatus as little open to objection from these quarters as 
possible. The tungsten filament as source of electrons was replaced 
by an oxide-coated platinum strip, F (Fig. 1), about 10mm. x 10mm. 


* Proc. Roy, Soc. 104, p. 480 (1923). 
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in size. To reduce the current necessary to heat it and to localise 
the heating effect two fine V-shaped slits were cut in the centre, 
reducing the effective width at this point to 5mm. Immediately 
opposite the strip and 1 mm. from it was placed a nickel disc, A, 
pierced with a 5 mm. hole covered with fine nickel gauze. The disc 
formed one end of a nickel cylinder, C, 5cm. long and 2cm. in 
diameter. A hole, B, in the wall allowed of observation of the 
interior. 

With this type of source it.is found that when a potential 1s 
applied between F and A the electrons proceed outward normally 
from the strip, and owing to the localisation of the heating, form a 
sharply defined beam proceeding downwards into the cylinder. 
This effect is no doubt partly due to the uniform direction of the 
field imposed by the geometrical arrangement, but also, in the 
presence of a gas, to the positive space charge “sheath” formed by 
the positive ions, in which all the potential drop occurs. Where a 
gas is present at low pressure this beam is visible as a luminous 
streak with sharp edges, surrounded by a weak diffuse glow which 
seems to fill the whole cylinder. This glow is to be ascribed to 
excitation by secondary causes; but if the slit of the observing 
spectrograph is placed so that it is perpendicular to the direction 
of the beam, a line is obtained on the plate which is strong in the 
centre and weak at the edges. By taking the difference in intensity 
between the outer and inner portions, the effect of the secondary 
excitation can be eliminated. 

The form of the beam undergoes changes with varying im- 
pressed velocities. It is at first very diffuse. In helium with 50 
volts between anode and cathode, it forms a cone of not very wide 
angle, which narrows to a parallel beain at 100 volts, and maintains 
this form unaltered in dimensions to 1800 volts, the highest poten- 
tial applied. It is this alteration in the form of the beam, and 
consequent variation in the current density, which makes measure- 
ments of intensity below 100 volts unreliable, It should be possible 
by integrating the intensity over the width of the beam to carry 
the measurements to considerably lower velocities, but this so far 
has not been attempted. The constant form of the beam above this 
limit, however, allows one to hope that the results here may have 
some real meaning. 

A difficulty inseparable from the use of an oxide-coated source, 
especially at high voltages, is the inconstancy of the emission. The 
bombardment of the source by high velocity positive ions has a 
sensitising effect, and the emission, if not kept constant by reducing 
the heating current, increases enormously. The magnitude of 
this effect may be gauged from the fact that at the start of 
a run at, say, 500 volts, the filament was glowing bright red. In 
the course of 2 hours it was necessary to reduce the heating 


53—2 
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current to such an extent that the source was at the end only 
just visible to dark-adapted eyes. The variation in the emission 
current was kept within 2 per cent. by control of the heating 
current, a variation below the errors arising from the photometry 
of the plates. 

The gas used was helium and was purified in the usual way 
over heated copper oxide and charcoal cooled in liquid air; all the 
metal parts were glowed to a red heat in vacuum before assemblv, 
and the whole apparatus, with the exclusion of a ground glass 
joint which supported the electron source, was thoroughly baked 
to 450°C. before a run was made. A wide tube filled with char- 
coal cooled in liquid air was in immediate communication with the 
apparatus and served to remove traces of foreign gases evolved 
during the course of a run. That these precautions for assuring 
pure helium were adequate may be seen from the fact that no 
trace of any lines foreign to helium was ever found, even with the 
longest exposures. 

The gas peu varied in different exposures from 0-09 to 
0'05 mm., and the total current between anode and cathode was 
900 microamperes. 

A Hilger constant deviation spectrograph with glass prism was 
used for observing the radiation, which was consequently limited 
to the visible region. In order to facilitate the measurement of the 
blackening of the plates, after each exposure at a definite electron 
velocity, the drum rotating the prism was turned by a small amount, 
so that several images of the same line appeared side by side, each 
due to excitation at a different velocity. It is fortunate that the 
spectrum of helium allows this to be done without overlapping of 
the images of different lines. By this means all the data for a 
single line are collected together in a small area of the plate and 
may be obtained by one setting of the photometer. 

There was photographed on the same plate the spectrum of 
helium from a Geissler tube excited by a transformer from an 
alternating supply which was maintained constant during the 
exposure. Images of varying intensity were recorded in the same 
way as described above, the intensity being controlled by means of 
wire screens, kept in continuous motion by pendulums, interposed 
in the path of the light. The absorbing power of the screens was 
measured directly on a photometer. 

In all, three photometers were used in the research. The first 
was a photographically recording thermocouple instrument at 
Bryn Mawr Collee, Pennsylvania, constructed by Prof. James 
Barnes, the second a non-recording thermocouple instrument at 
the Palmer Laboratory, Princeton, New Jersey, and the third a 
null-method photoelectric cell instrument of the Dobson type, in 
which the blackening is directly compared with a wedge, at the 
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Cavendish Laboratory, Cambridge*. The plates used were Ilford 
special rapid panchromatics and the time of exposure was usually 
14 hours. 


Discussion of Results. 


The variation in intensity of the various visible lines of the 
helium spectrum is shown in Fig. 2. Each line is plotted against 


O 300 400 500 


Electron velocity in volts 
Fig. 2. 


a standard intensity of 100 at 100 volts exciting velocity. Except 
for qualitative purposes comparison between the intensities of the 
various lines is useless unless the variation of sensitivity of the 
plate with wave length is known. The voltage of the exciting 
electron is plotted on a logarithmic scale for the sake of con- 
venience. The curve marked f,(c) is the theoretical curve for the 
efficiency of excitation of atomic hydrogent derived by Born}. 


* Iam deeply indebted to Prof. Barnes for his courtesy in allowing me to use 
his instrument and also to Mr C. Thomas for his help in measuring some of the 
plates on the Princeton photometer. 

+ In conversation with Prof. Born I have gathered that he expects no great 
change in the form of the function when applied to atoms other than hydrogen. 

ł Born, “Zur Wellenmechanik der Stossvorgainge,” Göttinger Nachrichten, 
p. 146 (1926). 
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The following lines have been investigated : 


Wave Length Series Notation 


6678 A. 2 1P—3 1D 
4922 21P—41D 
4388 21P—51D 
5875 2 3P—3 3D 
4713 2 3P—4 39 
4472 —C 2 3P—4 3D 


No systematic difference in behaviour between the lines of the 
single and triplet systems is to be noticed, which does not confirm 
the observations of Hughes and Lowe, in the region of lower velo- 
cities, that the lines of the triplet (ortho-helium) system fall off in 
intensity more rapidly. The line 4713 is to be excepted. This 
line reduces in intensity with far greater rapidity, and at the higher 
voltages is not found at all. Further it is to be noticed that over 
a large range the curves for the various lines are linear and run 
parallel, indicating that their excitation functions are the same 
except for a numerical factor affecting the velocity. The theoreti- 
cal curve of Born gives the general tendency of the function, but 
cannot be said to give a very satisfactory fit. 

The similarity in behaviour of the two systems of lines is sur- 
prising when one considers that for the excitation of the ortho- 
helium spectrum the atom has to undergo a transition forbidden 
most stringently alike by the old correspondence principle and by 
the new view of Heisenberg*. An inspection of the plate shows 
further no very marked difference in intensity between the lines of 
the two series. At 1800 volts, the relative blackening of 16678 
and 25875, two lines of the same notation in the two series, 1s 
25:1. The relative sensitivity of the plate to these two wave 
lengths is unknown but should favour the yellow rather than the 
red line. For another pair, 44922 and 4472, the blackening is 
nearly the same. 

Now it is possible to obtain information as to the relative 
efficiencies of excitation of the two series from a completely differ- 
ent angle. By a development of the electron collision method the 
author t has been able to study the loss of energy of electrons of pre- 
determined velocity on making a single collision with a helium atom. 

Each energy state of the atom gives rise to a sharp peak in the 
curve (Fig. 2 of “Electron Scattering”), the height of that peak 
giving the number of electrons which in collision have lost energy 
of that particular amount. Now for an initial velocity of 49 volts 


* Zeit. f. Phys. 28, p. 411 (1926). 
+ Dymond, Physical Review, 29, p. 433 (1927); this will be referred to as 
‘ Electron Scattering.” 
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the principal energy loss results in excitation to the 21S state of 
the singlet system, while excitation to the triplet state, represented 
by 23S, is only just detectable. For higher velocities, and the 
investigation was carried up to 600 volts, no trace of excitation to 
the 23S state is detectable. The resolution of the apparatus was not 
such as tu distinguish higher triplet from singlet states, but it is 
highly unlikely that the higher members of the series should be 
excited so much more strongly than the first member. It should 
be remembered that for energies close to the critical potential it is 
the 21S state which is most excited. This behaviour of the two 
types of excitation 1s in fact explicable on the new resonance theory 
of Heisenberg*. On this view, when the two electrons composing 
the helium atom are perfectly equivalent, no transition whatever 
between the two series of states is possible, and such transitions are 
only possible when the equality of the two electrons is disturbed. 
Now Heisenberg assumes that the axes of the electrons shall either 
be parallel or antiparallel. The approach of an outside electron 
introduces an interaction between it and the electrons of the atom, 
which will in general render their axes no longer parallel. The 
equivalence of the two electrons is now disturbed and a transition 
from the singlet to the triplet system of states can take place. But 
the faster the colliding electron the less time do the perturbing 
forces have to play, and the smaller will be the distortion of the 
axes, and the smaller the probability of transition from one system 
to the other. 

We may consequently draw the conclusion from the experimen- 
tal evidence presented in “Electron Scattering” that the excitation 
of the triplet system of states decreases very rapidly with increas- 
ing velocity of the colliding electrons, with respect to that of the 
singlet system, and in fact for velocities of 100 volts or over is 
entirely negligible. And yet it is found that the light emitted, due 
to transition within the triplet system, is of the same order of 
intensity as that of the singlet system, and that the two systems 
of lines behave in approximately the same way. 

It is possible to explain this paradox however, if we assume 
that the radiation emitted when an atom is struck by a fast 
electron, is not due to quantised excitation in the ordinary sense 
of the word, but is of the nature of a radiation of recombination, 
during the act of ionisationt. According to this view, there is no 


* Loc. cit. 

+ I am deeply indebted to Professor Franck for pointing out to me the possi- 
bility of this type of excitation of light. In the course of correspondence he has 
very kindly informed me of the possibility of recombination of a positive ion with 
the electron which has been removed to form it, before that electron has had time 
to recede from the sphere of influence of the ion. This of course is a radically 
different process from the recombination of an ion with a ‘‘free” electron, for 
which no sound experimental evidence has been adduced. 
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a priori reason why the electron on recombining should fall rather 
into the par- than into the ortho-helium configuration, and we 
should expect roughly equal intensities for the two series, as 13 
found. It is not necessary to assume that this type of excitation 
is favoured by high velocity of the original electron, but it appears 
to become noticeable rather by the cessation of the normal quantised 
process, which at lower velocities contributes the bulk of the 
radiation. 

Reference to the results shown in “Electron Scattering ” raises 
however a doubt as to this interpretation. It is shown there that 
for higher initial velocities a group of electrons appears which has 
lost on collision an indeterminate amount of energy, exceeding 
that required for excitation. For an initial velocity of 400 volts. 
this group seems to start at an energy loss of 23 volts and 1s 
appreciable to some 200 volts loss. It is possible, though unlikely, 
that the resolving power of the apparatus was insufficient to 
distinguish a 23 volts loss from one of 25 volts, that required for 
ionisation, and that this “continuum” is to be ascribed to ionisa- 
tion. Other points are raised in “Electron Scattering” which do 
not favour this view. Further experiments are under way, which 
it is hoped will decide the exact point where this continuum begins. 

If we adhere to the view that continuous loss of energy begins 
at a point below the ionisation potential, we are forced to conclude 
that when the time of collision is very short compared with the 
natural frequencies associated with the motions in the normal 
helium atom, as is the case here, the atom may not assume 
immediately one of the normal series of states, but may do so, 
cascade fashion, from one of a continuous series. The intensity 
relations of the two normal series when excited in this manner 
are naturally obscure, but it seems conceivable that a way to 
explain the anomalies at higher voltages of excitation may be 
found in this direction, if the results on the energy losses given 
in “Electron Scattering” are upheld. 

If we accept either of these explanations of the behaviour of 
the intensities it is not surprising that the theoretical curves of 
Born do not fit more closely the experimental results, as he con- 
siders only the case of direct excitation to the upper state. It 
should be noted that his curve lies below those of all the lines, 
which is in agreement with the view that another process is also 
taking place. 


I am much indebted to Prof. Karl T. Compton for extending 
to me the privilege of working in the Palmer Laboratory of Prince- 
ton University, where this work was carried out, and also to the 
International Education Board for their support by a Fellowship. 
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A Valve Amplifier for Ionisation Currents. By C. E. WYNN- 
Wiliams, Trinity College. (Communicated by Prof. Sir E. 
RUTHERFORD.) 


[Received 20 May, read 25 July, 1927.] 


Attempts have often been made, by means of valve amplifiers, 
to magnify small ionisation currents so that they can be measured 
by galvanometers of comparatively low sensitivity. The instabili- 
ties in the amplifying system, generally due to fluctuations in the 
voltage of the batteries supplying the valve currents, cause erratic 
changes in the position of the zero of the galvanometer, rendering 
accurate working impossible. Consequently such methods have 
not come into general use. But yet the advantages arising from 
the substitution of a low sensitivity, short period galvanometer 
for a high sensitivity electrometer having a long time of swing, or 
a high sensitivity galvanometer, are so self-evident that any method 
of making a valve amplifier more reliable from the point of view 
of a steady zero is of interest. 

In the present paper, a system of “compensation,” involving 
the use of only two valves, is described, by which the trouble of an 
unsteady zero is overcome to such an extent that it is possible to 
measure ionisation currents of the order of 107! to 107" amperes 
by means of a galvanometer of low sensitivity. If desired, a table 
or recording instrument may be used for special work. The current 
amplification factor for the apparatus is of the order of 10°. 

While the advantages of the system are discussed later, 1t may 
here be said that besides enabling a high sensitivity instrument to 
be replaced by a more robust and easily adjusted low sensitivity 
galvanometer, the compactness of the apparatus enables it to be 
moved from place to place, and quickly set up when required. It 
is thus specially suitable for lecture demonstrations, it being easily 
possible to illustrate with it such phenomena as the relative 
degrees of ionisation produced by a, 8 and y rays, stopping powers, 
Bragg curves, decay curves, etc. The principle of compensation 
can also be applied to other valve apparatus where great steadiness 
of zero is required. . 

In addition to describing the actual methods of obtaining a 
steady zero, the characteristics of the apparatus are included in 
the account as a guide to any who desire to use this method for 
measuring lonisation currents. 


Old Methods. 


Valve methods of measuring ionisation currents generally 
depend upon the relaying action of the thermionic valve. The 
small current to be measured is sent through a high resistance, 
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and the difference of potential set up across the latter is applied 
to the grid and earth terminals of a voltage amplifier. Alternatively, 
the ionisation current may be driven on to the insulated grid of a 
three-electrode valve, gradually raising its potential (in virtue of 
its small capacity) until the ionisation current is in equilibrium 
with the leakage current from the grid. In either case, the final 
result is the same—the change in grid potential causes the plate 
current in the valve to change, the increase or decrease (read by 
means of a galvanometer) being used to measure the ionisation 
current. A eee of one volt in the grid potential usually results 
in a change in the plate current of the order of a milli-am pere. 

The alternative method (in which the insulated grid 1s used) 
is the more sensitive, although this is only a particular case of the 
other method, for a certain amount of Fegan, Aa is always 
present, and may be regarded as the high resistance through which 
the ionisation current is being driven when a state of equilibrium 
has been established between the ionisation current and the leakage 
current. 


(a) (b) (c) 
(ancompengated) (uncompensated) (compensated) 
In each case, the grid of valve D is connected to the ionisation chamber, 
while that of C is free. 


Fig. 1. 


The usual circuit employed is shown in Fig. l(a). In series 
with the plate D of a valve is placed a resistance R,, of the order 
of 10,000 ohms, while two other variable resistances, R, and R,, are 
connected in series across the high tension battery H.T., suppiyin 
the plate current. The ionisation chamber is connected to the mall 
and the negative pole of the low tension battery L.T., supplying 
the filament heating current, is usually connected to earth. The 
galvanometer, G, is connected between the anode and the junction 
of R, and R}. 
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Denoting the currents in R, and R, by J, and J,, the galvano- 
meter will be undeflected if the relation R,J, = R,J, is satisfied. 
Alternatively, denoting the impedance of the valve to the plate 
current by X,, and regarding the system as a Wheatstone bridge, 
balance will be obtained when &,/R,= X,/R;= I/I. Any change 
in the potential of the grid (produced by the ionisation current) 
alters the value of J, (or of X,) and so throws the system out of 
balance, giving rise to a galvanometer deflection which, it can be 
shown, is proportional to the change of grid potential *. 

While such a system may have a large current amplification 
factor, an early limit is set to the minimum current that can be 
measured by it by the unsteadiness of the zero, and no advantage 
is to be gained by using an extremely sensitive galvanometer unless 
the system can be stabilised. 

The unsteadiness of the zero is mainly due to the small changes 
of the plate current J, produced by small fluctuations of the voltage 
of the L.T. or H.T. batteries. In other words, the impedance X, of 
the valve is not constant, but a function of the L.T. and H.T. battery 
voltages. Hence, if &,, R; and R, [Fig. 1(@)] are constant, any 
change in X,, produced by battery voltage fluctuations, will result 
in the system becoming unbalanced. 

This unsteadiness can be overcome to a certain extent by using 
another valve [Fig. 1(b)] similar to the first, and of impedance X,, 
to replace R, [of Fig. 1(a)]. The first valve only is used as an 
amplifier, the second being idle. With two perfectly matched 
valves, the debalancing effects produced by battery voltage fluctua- 
tions would cancel out. No two valves, however, have characteristics 
sufficiently similar to give perfect compensation in this manner, al- 
though this circuit is an improvement on the one shown in Fig. 1(a). 


Compensated System. 


The foregoing will have made it clear why valve methods of 
measurement, while they have been regarded with great interest 
as laboratory experiments, have not seriously been considered as 
possible rivals to the quadrant electrometer or high sensitivity 
galvanometer. 

By means of the method described in subsequent pages, a valve 
bridge similar to the type shown in Fig. 1(b) can be changed from 
what might perhaps be regarded as a wireless toy, whose action 
was always accompanied by a considerable degree of uncertainty, 
to a physical measuring instrument, capable of giving useful and 
consistent results for a variety of purposes where an electrometer 
would normally be used. 

d 


* Provided that the valve is operated on a suitable portion of its triode characteristic. 
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The necessary modification seems at first sight to be so super- 
ficial as to render such a claim absurd, it consisting of merely 
30 cm. of Eureka wire, EF, connected to the filaments of the 
valves [see Fig. 1(c)]. But a consideration of the theoretical side of 
the question shows that this is not the case, the inclusion of the 
slide wire EF being the most natural and simplest way of enabling 
certain theoretical conditions to be realised experimentally, and 
not a haphazard addition to an existing older circuit. 

It may be wondered why, if the circuit is so simple, it has nut 
been already tried in the past. But again, even if it had been 
tried, the full advantages of it are only realised when it is properly 
adjusted in accordance with theoretical considerations. In other 
circumstances, little or no advantage will be gained over the older 
circuit of Fig. 1 (b). 

Fortunately, these adjustments, while very necessary, are 
extremely simple to carry out, and when once made, do not have 
to be altered except on rare occasions. As in the older circuit of 
Fig. 1(b), one valve only is used to amplify, the other being employed 
to make the system symmetrical. Any slight ditferences in the 
characteristics of the two valves are compensated for over a small, 
though sufficient range of working voltages, so enabling the 
advantages of a pair of perfectly matched valves to be realised 
experimentally. 

As so much depends upon the theoretical considerations, a full 
discussion is given in the next sections. Meanwhile, in passing, 
attention is directed to the curves of Figs. 4(6), 4(c) and 4(d). These 
are records showing the degree of steadiness of zero attained for 
three systems; Fig. 4(6), a compensated system as described here 
[Fig. 1(c)], and Figs. 4(c) and 4(d), uncompensated systems similar 
to those shown in Figs. 1(a@) and 1(6). The advantage of this method 
of using valves is well brought out by a comparison of the curves. 


Compensation for Low-tenston Battery Voltage Fluctuations. 


Assuming that the H.T. voltage is constant, the effects of small 
changes produced in the filament currents by a change in the low 
tension battery voltage is to alter the electronic emission of the 
filaments, and thus give rise to changes in the plate currents 
(J, and Z). If the filament circuit can be so arranged that while 
I, and J, vary, their ratio 1s always kept constant during these 
changes, the galvanometer deflection will remain undisturbed by 
small L.T. battery voltage fluctuations. 

For J,/J, to be constant, we have 


ldi _ ld, . 
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where v is the L.T. battery voltage. That is, the percentage changes 
in the plate currents must be equal. The two filament currents 
being denoted by ñ, and 2, the above condition may be written: 


1dhdi,_ 1 dled 
I,di,dv I di, dv’ 
While the first two factors of each side of the equation 
(dil/D di or dl; di) 


depend upon the characteristics of the valves, and the experimental 
conditions, the last (di,/duv or di,/dv) can be varied at will by a 
suitable adjustment of resistance in series* with the filaments 
(i.e. the slide wire EF). 

For any given experimental conditions, dI,/Z,dù and dJ,/I,di, 
will have definite values. If, therefore, the values of di,/duv and 
dz,/dv can be adjusted by means of the slide wire, until the ratio 
ey le is equal to the ratio AL Teh 
dv/ dv" “3 I, di,/ I, di’ 
effected, and L.T. battery voltage fluctuations will not upset the 
balance. 


That this adjustment of the ratio of on / A is possible may be 


compensation will be 


Plate currents l, & l, 


o = T RUS 
Filament currents 7, and iz. H.T. voltage V. 


(a) (b) 


Note. These curves are illustrative only, and do not refer to specific conditions. 
Fig. 2. 


* In this paper the filaments are assumed to be connected in parallel. By using 
shunt resistances, compensation can also be effected when the filaments are connected 
in series. 
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seen by considering the form of the emission curves for the valves. 
Fig. 2(a) shows the general form of the curves for two valves of the 
type employed in this apparatus, the plate current being plotted 
as a function of the filament current, and the H.T. voltage being 
assumed constant. 3 

The shapes of the curves depend upon the type of valve 
employed, and the value of the H.T. voltage, etc. If two precisely 
similar valves were employed, the curves AO and BO would be 
coincident. Actually, they lie very close together, but are shown 
well separated in the figure to avoid confusion. 

Let P and Q be two points on the curves, corresponding to the 
values of the filament current and plate current of the two valves 
under a given set of conditions. The perpendiculars PR, QS 
represent J, and Z, while the slopes of the tangents PT, QU to 
the curves at P and Q will be measures of d/,/di, and dJ,/di;, 
(i.e. d1,/di, = PR/TR and dI,/dr, = QS/US). Hence 


1dl,_ 1 PR_ 1 
Idi, PRTR TR 
ldl, 1Q8 1 


—— ooo eC CU 


and I, di, QS UST US’ 


. ldl,/idl, ., dù /dr 
so that the ratio Ldi i La. (to which dold must be made equal 
for compensation to be effected) is represented in the figure by the 
ratio TR/US. 

This fraction, TR/US, can obviously have values ranging from 
zero to infinity, depending upon the positions of P and Q. In 
practice, it is endeavoured to operate the valves at points situated 
on fairly straight portions of their respective emission curves, as 
the compensation then holds over a greater range of L.T. voltage 
fluctuation. For a pair of similar valves the straight portions of 
the curves will lie close together, so that P and Q occupy approxi- 
mately similar positions on their respective curves. Under these 
conditions, the value of the ratio TR/US is usually very close to 


unity. Pa 
The adjustment of / - to this value is effected—as described 


in the next section—by altering the position of the slider B on 
the slide wire EF [see Fig. 1(c)]. Assuming the resistances of the 
filaments to be constant, and equal to r, and r3, and of the portions 
of the slide wire in series with each to be respectively r, and r,, it 
is clear that 

. v ; v 

= , e EE 
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(v being the L.T. battery voltage), so that 


E 
dt, /dig_ T2+%_ Ta Ta 
dv/ dv n+n n 4” ‘ 
n 
Thus, by altering the position of the slider on the wire, the 
ratio of r, to r, may be varied until = -i is of the value required 


for compensation to be effected. 


Practical Method of Compensating. 


In effecting compensation it is not necessary to draw the 
characteristic curves for the valves and to determine from them 
the most suitable position of the slider B on the wire, and the 
value of the filament voltage, etc. A simple method of trial and 
error suffices, and is more convenient. In the first experiments, 
however, in order to investigate the matter properly, the charac- 
teristic curves were obtained. 

Referring to the diagram of Fig. 1(c), the procedure of com- 
pensating is as follows*. The slider B (which divides the wire 
into the two resistances r, and r,) is placed at the centre of the 
wire, and the voltage across AB is raised, by cutting out some of 
the resistance K, until it is near the normal working voltage of the 
valves (i.e. about 1°8 volts for dull-emitter valves). R, and R, are then 
adjusted until the system is balanced (i.e. until &,/R, = J,//,), as 
shown by zero deflection of the galvanometer. (For this part of the 
work a table galvanometer, of sensitivity about 1 or 2 divisions per 
micro-ampere, is preferable to a reflecting galvanometer.) A small 
definite change of a few per cent. is then made in the voltage 
across AB, and the amount of debalancing, i.e. the number of 
divisions of the galvanometer deflection, observed. Bis then moved 
to one end of the wire, and the operation of balancing and ob- 
serving the galvanometer deflection for a given change in the 


* While in this method, the value of a af r ? is adjusted to equal the existing 


value of — 1 alij! en , the converse method is also possible, and sometimes more 


I, di, | 1, di, 
di 
convenient. The ratio of a gi is fixed by clamping down the slider B in one 


position, and the characteristic curves are searched by raising the voltage across 
lal, /1 af, 


AB until a pair of points P and Q are found for which the ratio — —— is 
ladis L di, 


di 
equal to the predetermined ratio mti al —“, indicated by a reversal in the galvano- 


meter deflection. 
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voltage across AB is repeated. The same procedure is followed 
with B at the other end of the wire. 

It may be found that at one end of the wire the galvanometer 
deflection for a given change in voltage across AB is tncreased, 
while at the other end it is either decreased or reversed. Should 
a reversal be obtained at one end, a point may be found (by tria? 
and error) between that end and the centre of the wire, at which 
no debalancing occurs for a small change in the voltage across A B, 
(i.e. at which the system is compensated). Should a reversal not 
be obtained at either end of the wire, the operation should be 
repeated with values of the filament voltage above or below the 


normal one, | 


Degree of Compensation Obtuinable. 


The degree of compensation obtainable, that is, the range of 
L.T. voltage fluctuation which produces no appreciable debalancing. 
depends on what portions of the emission curves P and Q lie 
upon. It is clear that if they lie on comparatively straight — 
portions of the curves, for which dJ,/d1, and dJ,/d1, are constant, | 
a larger L.T. voltage fluctuation can be compensated for than 
otherwise. By a suitable manipulation of the slider B and the 
rheostat K, it is possible to move P and Q along their respective 
curves, while still keeping the system compensated, until the 
optimum position is found, the relative degree of compensation 
in each case being measured by the ratio of the change 1n voltage 
applied to AB, to the amount of debalancing it produces. 

To convey some idea of the results obtainable, it may be said 
that with the valves used in this apparatus, no difficulty should 
be experienced in compensating the system so that a change of 
about 0°05 volt across AB, in a mean value of between 1°60 and 
1:90 volts, produces a change of less than 0°25 micro-ampere in 
the galvanometer current. This means that the ratio of J,/J, is 
kept constant to about one part in ten thousand for a 2°5 per cent. 
change in the voltage of the low tension battery. 


Compensation for H.T. Battery Voltage Fluctuations. 


An investigation of the conditions for compensation for small 
fluctuations of the H.T. battery voltage results in a simular 
expression to the one relating to the LT. battery voltage, 


1.€. hie i = v being now the H.T. voltage, the L.T. voltage 
being assumed constant. 

On plotting the relation between J, or J, and v under normal 
working conditions, curves of the form shown in Fig. 2(), 
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similar to the well-known diode emission curves, are obtained. 
Since both valves are operated at the same H.T. voltage, the two 
points P and Q on the curves, at which the valves are operated, 
must lie on the same perpendicular PQR. Subject to this con- 


dition, it may be shown that the relation ee A only holds 
1 2 
if the two tangents PS, QS, to the curves at the points P and Q 


d 


PQ w 
qa 
Q ð 
S= — 
S 
= 
Q 
2 
z 
a 
Upper surface A 
(15 valve) Prs tae 
Lower surface ARENA 
(2°¢ valve) Zy sa 


UNO 
“aS i \ 
ANN 


i i 
Filament currents i, &i, 


Note. The surfaces may or may not intersect. Here, for clearness, they are 
_ shown separate. Fig. 2 (a) represents a section perpendicular to the axis of V, 
and Fig. 2(b) one perpendicular to the axis of i; and iz. 


Fig. 3. 


intersect at some point S on the axis of v. Whether such a pair 
of points P and Q, having a common point of intersection of ei 
tangents on the axis of v, exists depends upon the shapes of the 
curves. If it does, H.T. battery voltage compensation is theoretically 
possible, although the value of v in such a case may not be suitable 
for practical purposes. The shape of the curves can be modified 
to some extent by altering the values of R, and R, while still 
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keeping their ratio R,/R, constant, which may or may not so alter 
the positions of P and Q as to make the corresponding value ot r 
a suitable one for practical purposes. 

Since the plate currents J, and J, are functions of both the H.T. 
and L.T. battery voltages, the curves shown in Figs. 2(a) and 2(6) 
must be regarded as perpendicular sections of two surfaces in 
three dimensions—one surface relating to each valve—similar to 
those shown in Fig. 3. While therefore individual compensation 
for either L.T. or H.T. voltage fluctuations may be separately 
effected, simultaneous compensation * for both these effects, which 
would mean exploring the surfaces of Fig. 3 for suitable working 
points, would be a, very difficult and tedious process. 

In practice, the debalancing produced by H.T. battery voltage 
fluctuation is not so serious as that produced by fluctuations in 
the L.T. voltage, and may generally be ignored if a rather larger 
capacity accumulator than 1s usual is employed for the A.T. battery. 
Under such conditions, low tension battery voltage compensation 
alone renders the zero sufficiently steady for currents of the order 
of 10-" or 107" amperes to be dealt with. 


Choice of Valves. 


The first consideration in the choice of valves is the degree of 
amplification obtainable. It is assumed for simplicity that the 
total capacity and insulation of the ionisation chamber and grid 
is approximately the same whatever type of valve is employed, so 
that a given ionisation current causes the same change of grid 
potential in various cases. It may be shown that a change of grid 
potential Æ produces a change of galvanometer current equal to 


u, X, R, and G being respectively the voltage amplification factor 
and impedance of the valves, the anode resistances, and the 
galvanometer resistance. (For simplicity, the system 1s assumed 
symmetrical.) If, as is usually the case, G is small compared with 


* Where great steadiness of zero is required, and a large capacity B.T. battery 
is available, simultaneous compensation may be effected by using a common L.T. 
and H.T. battery. The slider B [Fig. 1(c)] should be connected through a resistance 
of about 150 to 300 ohms to the positive pole of the H.T. battery. As before, com- 
pensation is effected by varying the position of the slider B on EF until a small 
change in the voltage of the battery produces no debalancing. In this case, the 
characteristic curves on which P and Q lie are represented by a diagonal section of 
the surfaces of Fig. 3, the L.T. and H.T. being both represented proportionally on the 
horizontal axis. With this system, the size of the common 60 volt battery required 
to supply a tilament current about a hundred times the value of the plate current 
is rather a drawback. 
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X, this may be written Hyu/2X. The greatest current magnifica- 
tion will therefore be given by a valve having a large value of 
|X, or mutual conductance: a power valve. 

Another consideration is the type of filament employed. Dull 
emitter valves, operating at comparatively low filament tempera- 
tures, are obviously more suitable than the old bright emitter 
valves, not only on account of the smaller heating current required, 
but also owing to the fact that the smaller changes in the 
temperature produced by changes of filament current give rise 
to much smaller changes in the resistance of the filament, thus 
approximating more nearly to the assumption made on p. 816 
that the resistance was constant. 

Valves which give good results are the “ Marconi 215” and 
“ Osram 215,” which normally require a filament voltage of 1:8, 
and a filament current of 0°15 ampere per valve. A two-volt ac- 
cumulator of at least 30 ampere-hours capacity should be used 
for the L.T. battery. For the H.T. battery, a 60 volt 2°5 ampere- 
hour accumulator, preferably of the “block” type, is suitable. 
While the H.T. voltage may be increased to 120 with these valves, 
no advantage is gained unless large changes of grid potential, of 
the order of volts, have to be dealt with. 

The average values of u and X for the valves are 6°25 and 
6:250 ohms. When a galvanometer of 50 ohms resistance, and 
10,000 ohms anode resistances were employed, a milli-volt change 
in the grid potential gave rise to a galvanometer current of 1/315 
micro-ampere, a good agreement with the value of approximately 
4 micro-ampere as calculated from the makers’ average data. 


Arrangement of Apparatus. 


It is found convenient to have as much as possible of the 
apparatus mounted on a baseboard. Compensation then being 
once effected, the apparatus will remain in that state, and can be 
conveniently carried trom place to place and quickly connected up 
as required. 

The two valves fit into holders on an ebonite panel in an earthed 
metal box, screened leads to the grids of either valve being brought 
into the box by metal tubes. Connections to the anode resistances, 
batteries, etc. which are situated outside the box, are made with 
ordinary insulated wire. While such a high degree of insulation 
as is usual with electrometers is not required in this case, care 
should be taken that the insulation of the grid is not unduly lowered 
by poor quality ebonite, etc. 

The slide wire EF consists of about 30 cms. of Eureka wire 
No. 28, having a resistance of between 1 and 1:5 ohms, and the 
sliding contact B is so arranged that it can be secured to the base- 
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board with wax when compensation has been effected. A scale under 
the wire is a convenience. 

The anode resistances consist of two resistance boxes, each of 
10,000 ohms, and a 500 ohm variable rheostat. The sliding contact 
of the latter serves as the common junction of the anode resistances, 
connected to the positive pole of the H.T. battery, while the two ends 
of the resistance are connected, through the 10,000 ohm boxes, to the 
anode terminals of the valves. By this means, the boxes being ad- 
justed to the nearest 500 ohms, the system may be rapidly balanced 
by moving the sliding contact on the variable rheostat. This gives 
a convenient method of controlling the position of the zero of the 
galvanometer. 

Most of the loose components (i.e. resistance boxes, voltmeters, 
etc.) can be conveniently situated on the baseboard and connected 
to appropriate terminals on the latter. The earth terminal should 
be connected to the point A [Fig. 1(c)] and also to the metal box 
surrounding the valves. 


Precautions to be observed. 


The zero of a new pair of valves, even after compensation has 
been effected, is very unsteady for some time. This is due to the 
fact that, the filaments being “ thoriated,” a state of equilibrium 
has to be established at their surfaces. -After the system has 
been in operation for about 50 hours under normal conditions, 
the zero will be found to be very much steadier. A slight change in 
the position of the slider B on EF may be necessary during the 
first 50 or 100 hours, but finally it may be secured to the base- 
board, and need only be altered if other valves are used, ete. 

The valves should not be interchanged, used alone or together 
for any other purpose, or operated at values of the H.T. voltage 
other than the normal one employed during compensation, or the 
state of equilibrium will be disturbed. The L.T. battery should 
therefore be connected last and disconnected first, and the apparatus 
not operated if the H.T. circuit is broken by the omission of one or 
both of the anode resistances. 

Trouble arising from electrostatic effects can be largely elimi- 
nated if it is observed that, as far as possible, the earth terminal 
of the apparatus is connected to the same earth wire as any other 
apparatus (i.e. ionisation chamber, battery, etc.) employed with it, 
and that if water, or other safety resistances are employed, they 
are placed near the ionisation chamber, and not in the earth lead. 


Steadiness of the Zero. 


In order to investigate the steadiness of the zero of the system, 
and to sl ak it with those of other systems, a recording galvano- 
meter, kindly lent by Dr C. D. Ellis, was used in place of the 
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ordinary one. This instrument, which gave a full scale deflection 
for 25 micro-amperes, enabled a great deal of information to be 


15 


(a) Curve for compensated system [Fig. 1 (c)] before temperature equilibrium 
has been established. 


Deflections in micro-amperes. 


(c) Curve for uncompensated system [Fig. 1 (a)] under normal conditions, 
[Compare with (b) above. ] 
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(d) Curve for uncompensated system [Fig. 1 (b)] under normal conditions. 
[Compare with (b) above.] 


Fig. 4. 


obtained which might otherwise have been overlooked.» '- rroatly 
facilitated the investigation. 
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The recorder, arranged to take readings every half minute, was 
started immediately after the valves had been switched on and the 
ssa balanced, the grids being left unconnected. Except during 
the first few days, during which the system was establishing its 
state of equilibrium as previously explained, the curve traced by 
the recorder was of the form shown in Fig. 4(a), the same form 
being obtained on repetition. For the first half hour or hour, the 
zero drifts to a new position, the amount of drift in this case being 
about 12 micro-amperes. This drift is due to the fact that a tem- 
perature equilibrium has to be established between the various 
electrodes within the valve. If the system be re-balanced at the 
end of an hour after switching on, the zero is very steady, though 
a very small drift is almost always present, even after the system 
has been in operation for several hours. Generally, this does not 
exceed 4 to 1 micro-ampere per hour, and takes place at a steady 
rate, so that allowance may be made for it by taking the initial and 
final zero positions during an experiment. 

This residual drift is probably due, not to imperfect compen- 
sation, but to the fact that the physical conditions of the two 
filaments change slowly when in use, at slightly different rates. 
The drift is shown in the record of Fig. 4(b), taken several hours 
after first switching on. It will be observed how regular this effect 
is, there being little trace of any other disturbance present. 

For comparison, two curves, Figs. 4(c) and 4(d), were obtained, 
when the recorder was connected to a single valve uncompensated 
system [Fig. 1(a)] and a double valve uncompensated systern 
[Fig. 1(6)]. These curves were taken under the same conditions as 
the curve of Fig. 4(b), with which they should be compared. The 
superiority of the compensated system as a physical instrument is 
self-evident. 


Characteristics of the System. 


The behaviour of the instrument is very similar to that of a 
quadrant electrometer used in conjunction with a leak across the 
quadrants, the ionisation current in both cases being measured by 
the steady deflection it gives rise to, the leak in the case of the 
valve system being the natural grid leakage*. It will therefore 
be convenient and useful to effect a comparison between the two 
types of instruments, and to refer to the characteristics of the 
system (e.g. capacity, insulation, etc.) as if it were an electrometer 
used with a leak. 

* The similarity is carried further by the fact that the perfectly insulated grid 
of a hard valve would retain a negative charge indefinitely. In such a case, a 
negative ionisation current to the grid would result in a steady increase in the 
potential of the latter, giving rise to a regular movement of the galvanometer. The 
current could, in this way, be measured in a similar manner to that employed for 


an electrometer without a leak. Such a system might, however, be unstable without 
a leak to earth of some sort. 
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Capacity. The electrostatic capacity of the grid on open 
circuit is usually of the order of a few centimetres, the system in 
this respect corresponding to an electrometer of low capacity. 

Voltage sensitivity and uniformity of scale. By applying various 
potentials to the grid by means of a potentiometer connected to the 
negative end of the filament (and hence, to earth), and observing 
the galvanometer deflections, it was established that the deflection 
was proportional to the change in grid potential*. A change of 
grid potential of one milli-volt gave rise to a galvanometer current 
of 1/3°15 micro-ampere. Used in conjunction with a galvanometer 
of sensitivity 200 mm. per micro-ampere, the system has therefore 
a voltage sensitivity of 6350 mm. per volt. The normal “floating” 
potential of the grid was found to be slightly negative. This 
corresponds to contact potential in the electrometer. 

Current sensitivity and uniformity of scale. For the purpose of 
determining the current sensitivity of the system, a direct com- 
parison was made with a quadrant electrometer and leak. Various 
positive and negative ionisation currents were driven, in turn, to 
the electrometer, and on to one of the grids, and the deflections 
of the two instruments were compared. The deflections caused by 
currents up to 3°5 x 10—-” amperes were measured quantitatively, 
while the effect on the system of currents greater than these was 
determined qualitatively. 

It was found that, in general, a given negative ionisation 
current produced a slightly larger deflection than a positive one 
of equal amount. The current amplification factor ancreuses with 
increasing negative grid potential, and decreases with increusing 
positive grid potential. The increase in magnification becomes 
very large for large negative ionisation currents—a fact which can 
be utilised to exaggerate phenomena in lecture demonstrations. 
With the particular valves used, the current amplification factor 
for positive ionisation currents up to 3°5 x 107? amperes was found 
to be almost constant, and of the order of 1°13 x 10°F. 

The reason for the variation of the current amplification factor 
for positive and negative currents lies in the difference in the rate 
of leakage from the grid of positive and negative charges. Grid 
leakage is due to (1) imperfect insulation of the grid, and (2) the 
emission current between the grid and the filament. While the 
grid current due to the former is a linear function of the grid 
potential—the insulation resistance of the grid being constant— 


* This shows that the valve is operated on a suitable portion of its triode 
characteristic curve. 

¢ As one of the two valves employed is sometimes found to be more sensitive 
than the other for current amplification, it is advisable to try both in turn and 
observe which is the better. The small differences in grid current characteristics 
and hardness, which affect the sensitivity, are not usually apparent in the tests to 
which valves are subjected by the makers, 
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the emission current increases with increasing positive grid 
potential, and decreases, tending to zero, with increasing negative 
grid potential. The grid leakage is therefore greater for a positive 
charge on the grid than for a negative, so that a given negative 
ionisation current raises the grid to a numerically higher potential 
than does a positive one of equal amount. The presence of a trace 
of gas in the valve, i.e. the valve not being perfectly hard, results 
in an increase of both positive and negative leakage currents. 
which tends to make the current amplification factor more nearly 
uniform for positive and negative ionisation currents. 

Leak. A distinction must be made between the insulation 
resistance of the grid when the filament is cold, and the resistance 
between the grid and filament when the latter is emitting electrons. 

The former, determined in the usual way for high resistances, 
i.e. condenser discharge, was found to be of the order of 70,000 to 
85,000 megohms*. 

The latter, which corresponds to the leak used with an electro- 
meter to obtain steady deflections, was estimated by calculating, 
from the results of the two preceding sections, the rise of grid 
potential produced by unit ionisation current. This gave a value 
of 360 megohms, very much smaller than the cold insulation re- 
sistance. While therefore good insulation of the ionisation chamber 
is desirable, it is evidently not necessary to have such a high degree 
of insulation as when working with an electrometer, a very im- 
portant advantage. 


The Apparatus considered as an Electrometer. 


Collecting the data given in the preceding section, it may be 
said that, in conjunction with a galvanometer of sensitivity 200 mm. 
per micro-ampere, the system can be regarded as equivalent to an 
electrometer of small capacity, having a voltage sensitivity of 
6350 mm. per volt, and shunted by a leak of 360 megohms. The 
resistance of the leak increases with increasing negative current, 
and decreases with increasing positive current. In addition, it has 
the advantages of portability, compactness, and ease of erection 
and operation. The lower time of swing, dependent only upon the 
type of galvanometer employed, is also an advantage. 

The lower limit to the minimum current that can be measured 
by the apparatus is governed by the steadiness of the zero. In 
spite of careful screening, it is almost impossible to eliminate 
completely small fluctuations of the galvanometer zero, due, not 
to imperfect compensation, but to electrical disturbances from 
induction coils, etc., which are picked up by the apparatus. For 
this particular apparatus, the lower limit appeared to lie between 


* This includes leakage of the valve cap and valve holder, ete. 
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10—* and 10-” amperes, the deflections produced by currents less 
than 10-* amperes being of the same order as the galvanometer 
zero fluctuations, Increasing the sensitivity of the galvanometer 
beyond a certain limit does not therefore extend the range. The 
current amplification factor could, of course,.be increased, by giving 
to the grid a suitable negative bias through an ionisation leak’, 
but this would probably result in increased unsteadiness of the 
zero also. 

The explanation of the unsteadiness caused by electrical dis- 
turbances is interesting. When an inductive circuit is broken, as 
when an induction coil is operated near the apparatus, an electric 
wave is set up, which induces an electric oscillation in the leads 
connected to the grid. The alternations of potential on the grid 
are rectified, in virtue of the dissymmetry of the grid leakage for 
positive and negative grid potentials, so that the grid acquires a 
mean negative potential, causing a reduction of the plate current. 
The characteristics of the two valves being different, a nett change 
takes place in the galvanometer current, resulting in a kick for 
each wave train picked up by the apparatus. Balance is restored 
as the grids recover their normal Hoating potential. 

The similarity between this effect and the grid condenser and 
leak method of rectification suggests the possibility of using the 
apparatus as a sensitive wireless detector f. 

The use of the instrument is not confined to the measurement 
of ionisation currents. By connecting a high resistance between the 
grid and earth, it can be used in the usual way for amplifying other 
small currents, provided that the circuit contains sufficient potential 
to drive the current through the high resistance. This will be the 
case when the other resistances in the circuit are large compared 
to the auxiliary resistance connected between the grid and earth. 
The current amplification factor for such a system is given by 


ps 


2X+G(1+5) 


S being the auxiliary resistance. When used for measuring ion- 
isation currents, S takes the form of the natural grid leakage, viz. 
360 megohms, corresponding to a value for the factor equal to 
1°15 x 10°. 

With a comparatively low value of S, which might have to be 


* An ionisation or other saturation leak would have to be used to smooth out 
fluctuations of the bias battery voltage. 

t This type of apparatus has been tried by Mr J. A. Ratcliffe for signal-strength 
measurements, and found to be very useful for this type of work, being superior 
to an ordinary valve detector on account of its steady zero, and less troublesome 
than a crystal rectifier. 
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used in certain circumstances, the value of the factor would be 
considerably reduced, a large current magnification only being 
obtained with an insulated grid. , 

In conclusion, it may be said that the method of compensation 
can be applied to other valve apparatus where a Be e zero is 
required. By omitting the galvanometer G [Fig. 1(c)] the system 
becomes a voltage amplifier. A change Æ in the grid potential 
gives rise to a potential difference equal to Eu R/(X + R) between 
the two anodes, the value of the factor being as large as 30 or 40 
when suitable “resistance-capacity” valves, having a large value 
of u, are used in conjunction with anode resistances of the order 
of 10° ohms, 

If either or both of the grids are to be earthed, through tuning 
coils, transformers, etc., compensation should be effected under the 
conditions under which the apparatus will be operated, and not with 
the grids insulated, as the characteristic curves (Fig. 2) are different 
in the two cases. 


Summary. 


A method of using a valve for amplifying ionisation currents 
100,000 times is described, which avoids the instabilities usually 
associated with such apparatus. The necessary conditions to be 
satisfied, while extremely simple, are based on theoretical conditions 
which are discussed in full. Used in conjunction with a galvano- 
meter of sensitivity 200 mm. per micro-ampere, the system behaves 
in a similar manner to a low capacity quadrant electrometer of 
sensitivity 6350 mm. per volt, shunted by a leak of 360 megohms, 
the value of the latter being slightly greater for negative currents 
than for positive. In addition, it has the advantages of portability, 
compactness, and ease and rapidity of erection and operation, 
being specially suitable for lecture demonstrations. 

The method of compensation can also be applied to other valve 
circuits, resulting in a much steadier zero. 


The experimental work in connection with the above was 
carried out at the Cavendish Laboratory, Cambridge, and the 
writer desires to thank Sir Ernest Rutherford for his encouragement, 
and for providing facilities for it. 

He also desires to express his sincere thanks to Dr C. D. Ellis, 
for his interest in the work, and for valuable suggestions and 
advice tendered during the course of it. In particular, he is in- 
debted to him for the temporary loan of a recording galvanometer, 
bought with a Government grant from the Royal Institution, which 
proved of great value. 
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The production of characteristic X-rays by electronic impact. 
By L. H. Tuomas, B.A., Trinity College. 


[Received 23 May, read 25 July, 1927.] 


Rosseland proposed a theory of the production of characteristic 
X -rays*. He calculated the number of atoms from which on the 
average an electron with definite energy will remove an electron 
from a particular core orbit, but neglected the velocity of the core 
electron in its orbit and the increased velocity of the impinging 
electron due to the atomic field. Taking these into account con- 
siderably alters his formula. 

Suppose that an electrén, charge e and mass m, moves with 
velocity V through a cloud of N electrons per unit volume moving in 
random directions with velocity v. Then it can be shown that the 
chance of a collision in time dt in which the first electron loses 
energy between q' and g’+dq’ and momentum between s and 
s+ds is 


4or Ne j 

Vs" dt ds dq E (1), 
if such a collision is possible at allt. If V’, v are the velocities 
after the collision, so that 


q =4m(v?—-v)=4m(V?-V") a... (2), 
the conditions that such a collision is possible are 
m|v —v| <s<m(v' +»), 
m|V—-V'i<s<m(V+V’). 
Now suppose g >0 and V’ >», so that, from (2), V >v and the 
limits for s are m (v — v) and m (v +v). Hence, writing 4mv?=k,, 


and we Sioa (1) between these limits, the chance that the first 
electron loses energy between g and g’ + dq’ is 


2r Net 1 4 k, , 4 
mV È 3 d dq dt seacais (3)f. 


Now consider the removal from an atom of an electron with 
kinetic energy in its orbit k, and ionisation energy w, by an electron 
with kinetic energy q,. In order to approach the former, the latter 
must gain kinetic energy from the atomic field, and just before 
collision will have kinetic energy kı =q, + w+ k, Formula (8) 
can be applied, noting that dt is to be replaced by dz/V, where 


* Rosseland, Phil. Mag., Vol. xiv (1923), p. 65. 

+ Cf. Proc. Camb. Phil. Soc., Vol. xxi (1927), p. 714. 

t Cf. Williams, Manchester Memoirs, Vol. Lxxt (1927), p. 38, where the same 
formula for this chance is obtained. 
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$m V? = k, and dz represents distance travelled by the first electron 
(dt should really be replaced by dz/v,, where mv? = q,, but the 
chance so obtained must be decreased in the ratio v,/V as the 
space-density of electrons with given energy is decreased in this 
way when a field increases their velocity). Hence the chance that 
in path distance dz an electron with energy q, will lose energy q’ 
to an atomic electron with ionisation energy w and kinetic energy 
k,—there being N such electrons per unit volume—is 
Nre'dx È 4 d da’ 
(qtwt+k)|g? 3q” 1 
For the application to the excitation of X-rays, suppose that 
the material (metal of the anti-cathode) has known stopping-power 
S for electrons, defined by 


Sages (5). 


d (v$) _ 82rNet 
dx m? 
The largest part of S is due to collisions with electrons of small w, 
and varies nearly as log q, so long as q, is large, while it is only for 
large q, that an electron can be removed from a core orbit at all. 
Thus, if the excess voltage of the impinging electrons over the 
critical voltage is not large compared with the latter, S may be 
considered constant in fiuding the total number removed. For 

path length dx the number will be 
Nre'dz "|3 +53] ; 
(qtwtk)Jolg? 3q” 1 


MOTRE E 
~~ (QqMtwth)lw q 3w 3¢q,7]" 
From (5), dx = — a , 


so that the total number of electrons removed from such a level by 
one impinging electron of original energy q is 


1 q qhi 1 1 2 ka 2 a 

= ~I- -+5 =-->- d 

aa FE g Bu 3 q? ” 
-1 Qk, 3 2k 9 (2w + he) | 
l.e. 33 (@-) (sp +2) TAR log | 3) 


(ky +w) © lw(g+w+hy) 
, 2k, 3 qtw+h, 
_ ‘3 + (ky +w) (= + =) log j a | a (6). 
The expression (6) multiplied by S should replace the expression 
| fee clea” (7) 
a ee 


in Rosseland’s paper*, where #,, W correspond to q, w. 


* P, 78, loc. cit. 
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In the following graph the variations in the intensity of X-rays 
with applied voltage calculated from (6) and (7) are compared with 
those found by Wooten* for the Ka line of molybdenum. For the 
K-level of molybdenum, w= 19:2 kilovolts, k,/w=1197. The 
absolute values were adjusted to fit at intensity 480 for q = 48 
kilovolts. 
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In conclusion I wish to thank Dr Nishina and Dr Ray for sug- 
gesting this calculation, and Professor Bohr for his encouragement 


and help. 
* Wooten, Phys. Rev., Vol. xin (1919), p. 76. 
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On the Effect of Continued Small Additions of Poisonous Sub- 
stances on the Velocity of Gaseous Catalytic Reaction in Closed 
Vessels. By Dr F. HURN CONSTABLE, Fellow of St John’s College. 


[Received and read 2 May 1927.] 


The Langmuir-Frenkel theory of surface action has been shown 
to involve a simple relation between the partial pressure of the cata- 
lyst poison, and the reduction in reaction velocity which results *. 
Very interesting observations have been made by Beebe t showing 
that the heat of adsorption of carbon monoxide on a reduced copper 
catalyst falls considerably and reaches a limiting value as the 
surface approaches saturation. Pease and Stewart{ have shown 
that the presence of less than one per cent. of the total carbon 
monoxide that a given copper catalyst can adsorb will reduce the 
reaction velocity of the combination of hydrogen and ethylene at 
the surface of the copper by 88 per cent. 

It is interesting to note that there are a number of explanations 
of the phenomenon noticed by Beebe, and that 1t would be expected 
to occur to some extent even with a homogeneous surface. 

(a) As the surface becomes increasingly covered by the adsorbed 
molecules the work of desorption falls, because the external fields 
from the surface are weakened§. 

(b) The portions of the surface with the most intense fields 
adsorb gas at pressures low enough for the remainder of the surface 
to be inactive as an adsorbent. 

(c) Multimolecular films may be formed, the work of desorption 
being very much greater for the first unimolecular film, and falling 
to a limiting value as the number increases. 

(d) Clusters of gas molecules may adhere to particular spots on 
the surface; thus though the surface may adsorb far less gas than 
would be required to form a complete unimolecular layer, it behaves 
as if unimolecular layers had been formed. | 

(e) The surface is covered with unimolecular layers interspersed 
with portions of the surface that are bare; thus the whole surface 
is incapable of holding gas in the adsorbed state. 


* Constable, Proc. Camb. Phil. Soc., vol. 23, pp. 172-182 (1926), “On the 
behaviour of the centres of activity of saturated surfaces during the initial stages 
of unimolecular reactions”; pp. 593-606 (1926), ‘‘Surface adsorption and the 
velocity of chemical action at gas solid interfaces.” 

t J. Phys. Chem., vol. 30, pp. 1538-1044 (1926). 

+ J. Amer. Chem. Soc., vol. 47, p. 1235 (1925). 

§ Becker, Phys. Rev., vol. 28, pp. 341-361, has shown by direct experiment 
with caesium films on tungsten that the work necessary to remove an atom of 
caesium decreases as the fraction of the surface covered increases; but that the work 
done in removing a caesium ion increases under similar conditions. 
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The observations of Pease and Stewart show that the same 
small quantity of poison added to a closed vessel in which catalysis 
is occurring has a vastly greater effect initially than when the 
pressure of the poison has become considerable. The theory of 
centres of activity developed by Pease, Taylor, and Constable im- 
plies that there is a distribution of centres of all degrees of activity 
over the catalyst surface, and it is interesting to examine the data 
of Pease and Stewart to see whether any information can be 
obtained from their results as to the type of distribution present. 

The direct result of the Langimuir-Frenkel theory is that satu- 
rated surfaces over which there is no variation of the activity of 
the individual centres should be much more sensitive to the first 
small quantities of poison than to the amounts which follow; and 
the purpose of this paper is to show the nature of this variation in 
the case of uni- and bi-molecular reactions. It can then be seen 
that the data on the poisoning of the hydrogenation of ethylene by 
increasing quantities of carbon monoxide show definitely that the 
mean life of the carbon monoxide molecule is very much greater 
on the centres which are most active in hydrogenation than on the 
rest of the surface, thus bringing forward additional evidence in 
favour of the enhanced fields on the most active spots on the 
surface. 


The Initial Stages of the Poisoning of Unimolecular and 
Bimolecular Gas Reactions in Closed Vessels. 


In these cases it is experimentally convenient to keep the 
pressure of the reactants constant, and measure the decrease in the 
initial catalytic activity as the absolute pressure of the poison 
increases. The initial rate of bimolecular reaction can conveniently 
be measured by the initial rate of fall of pressure in the closed 
vessel. Let the reaction be 


A+B—>C, 


and let a =the initial pressure of the reactant A, 

b =the initial pressure of the reactant B, 

x = the pressure of the poison. 
Then, following the method of calculation given by the author*, 
the fraction of any time interval during which the centres of 
activity that activate A are occupied by A is 


BaT,ad 
HaTaa + fPytpO + poTor + E’ 


* Nature, vol. 117, p. 230 (1926). The symbols are defined here. 
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where £ is the fraction of any time interval that the centres hold- 
ing A are left free, 


: 1 i 
ag (MET i 
and 7, is the mean life of the molecule L on the centre. Similarly, 
the fraction of any period of time that the second series of centres 
are occupied by B is 
fipTp b 
HaTa Ot HpgTg b+Ugtg +E" 


for the surface fields of force holding and activating the molecules B 
need not be the same as those holding A. _ 

Bimolecular reaction is impossible while the reactants are 
separated"; thus the velocity 1s proportional to the probability 
that the reactants should be present side by side simultaneously 
on the centres of activity capable of activating both. The rate of 
reaction, conveniently measured by the initial rate of fall of pressure, 
is given by 
da_ HaTa Mate ab 
di (p4T4a + pgtgb + pe Te® + &) (Mata a + Paty b+ Mote Z+E') 
The fractional reaction velocity is given by the ratio of the initial 


velocity, when the pressure of poison is æ, to the initial rate of 
reaction in the absence of poison. 


Therefore 
1 1 
"steel ae ere 
1+ 4—--———_--_, (1 ota ) 
( bn mo 7) "I KaTa Otpgtz b+€ fz 
r v= Le ae 
e ~ (14,2) (14242) ' 


In some bimolecular reactions the poison may only have an appreci- 
able mean life on one type of centre; thus the expression obtained 
for the reduction of the rate of the initial stages of the combination 
is the same as would be obtained for a unimolecular reaction, i.e., 


Gp rt (2). 
MyaT 4+ pyTpb + &| 


* Larmor, Proc, Lit. Phil. Soc. Manchester, vol. 52 (No. 10), p. 28 (1908), bas 
pointed out the possibilities arising from this principle in connection with gas 
reactions. 
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The Efficiency of Continued Small Additions of Poison in Reducing 
the Reaction Velocity in the Initial Stages of Catalysis in 
Closed Vessels. 


The percentage reduction in the initial rate of reaction due to 
the addition of poison at pressure æ is given by 1008v/v; and a 
measure of the effectiveness of the next increment 6z in the pres- 
sure of the poison is the value of òv/v dx. 

For bimolecular reaction 


f * a1 + a0 + Bo’ r EREE (3), 
where a rT: Saey p ath 
p j 
md 8 Gaara t DOE 
therefore eee 14E R A 
1+2(a+ Bx) 
For unimolecular reaction 
L =] + az, 
T 
as A raat haal FE 
thus 1Y a at pepe. (5). 


Since a is the sum of à, and A,, while 8 is the product N, ^3, the 
: lov. i : 
maximum value of F s> is —a and this value falls considerably 


as x increases* since the multiplying factor becomes continuously 
1+ Pi 14 ZAA 
* N te that See E = Paes |e ’ 
> 1+ z(a + Bz) 


Er 
Lez(mtet S 


and is always less than unity provided that 


Ay Ag 2X1 Ag 
Al + u~ a Ay + Ng : 
i.e. (Ay + Ag)? + Ay T > 2A M, 

Ay? + Ag? + AMT > O, 
which is always satisfied by a molecule which has a positive mean life on the centres 
of activity. The variation in ¢ with x has been neglected, but such variation would 
only intensify the effect already predicted. The variation is absent with saturated 


centres, and it seems probable that the ‘centres of activity’ in many cases are 
always covered by adsorbed molecules. 


(Ay + AQ) + 
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smaller; thus equation (4) shows that for bimolecular reaction the 
efficiency of a catalyst poison, on a catalyst composed of a uniform 
distribution of centres of activity, falls off as the pressure of the 
poison increases. Such evidence alone is thus valueless to show the 
presence of a distribution of centres of activity. The relation tor 
unimolecular reaction shows the fall in the efficiency still more 
plainly, and it is probable that quite a number of bimolecular 
reactions follow this simple law. 

Thus, in the simple unimolecular formula (2), unless 1t be shown 
definitely that à is variable with x, it cannot be deduced from 
evidence of this type that there is a distribution of centres of cata- 
lytic activity over the surface. 

Pease and Stewart have made deductions of this nature from 
observations of the pressure of carbon monoxide and the corre- 
sponding reduction in the rate of hydrogenation of ethylene by 
copper in a closed vessel. Their results show that A is variable in 
formula (2). 


TABLE I. Showing the variation of > with x. 


| 
Volume of carbon 
monoxide in catalyst 
bulb, i.e. kr where 
k is constant 


activity of 


=1/kx 
catalyst 


Fractional 1/v-1 
x 


0:05 0-108 

0-08 0-092 

0°33 0-084 

0°69 0-077 

1:97 0-050 | 

9-14 0013 | 
| 


mean life of the carbon monoxide molecule relative to the reactants 

is many times greater on the most active centres than it is on the 
least active. If 1/v be plotted against x, these data give a straight 
line which cuts the v axis at a value of  =0°88. The behaviour 

of the surface therefore approximates to that of a homogeneous 
distribution of centres once the most active portions of the surface 
are covered. The results below are calculated assuming the initial —_, 
activity to be 0'12. They show an agreement with the values tobe 
expected for homogeneous distribution which is good considering 
the experimental errors in the measurement of the pressure of the | 
poison. 


The interpretation to be placed on the variation in A is that the | 
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TABLE II. Showing the approximate ey of à when the 
most active centres are poisoned. 


Fractional Calculated fractional 
reaction reaction velocity from 
velocity 1/v=1+0°88r 


1:00 
0:96 
0°93 
0:79 
0°62 
0°36 
011 


The ratio of the greatest value of kA in Table I (165) to the 
value in Table II (0°88) shows that the carbon monoxide molecule 
occupies the most active centres very much longer than the react- 
ing gases; while on the less active centres the mean life of the 
carbon monoxide molecules is comparable with that of the reactive 
gases. The observations of Pease and Stewart thus show clearly 
that a great difference exists between the surface fields of force on 
the centres of activity involved in the two cases. 
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A Mathematical Theory of Natural and Artificial Selection, 


Part V: Selection and Mutation. By Mr J. B. S. HALDANE, 
Trinity College. 


[Received 21 May, read 25 J uly, 1927.] 


New factors arise in a species by the process of mutation. The 
frequency of mutation is generally small, but it seems probable that 
it can sometimes be increased by changes in the environment (1, 2). 
On the whole mutants recessive to the normal type occur ae 
commonly than dominants. The frequency of a given type of muta- 
tion varies, but for some factors in Droanphila it must be less than 
10-*, and is much less in some human cases. We shall first consider 
initial conditions, when only a few of the new type exist as the 
result of a single mutation; and then the course of events in a 
Po a where the new factor is present in such numbers as to 

e in no danger of extinction by mere bad luck. In the first 
section the treatment of Fisher (3) is followed. 

In a large population let p, be the chance that a factor present 
in a zygote at a given stage in the life-cycle will appear in r of its 
children in the next generation. If the individual considered is 
homozygous, this is the chance of leaving r children, if mutation 


is neglected. Let 3 Pr a’ =f (x). Therefore f (1)= 1, f (0) = po, the 


probability of the factor disappearing, while f’ (1) = È TPr, 2.€., 


the probable number of individuals possessing the factor in the 
next generation. The probability of m individuals one one each 
of the factors considered leaving r descendants 1s clearly the co- 
efficient of a” in [ f(x)]”, if we neglect the possibility of a mating 
between two such individuals, which we may legitimately do if m 
is small compared with the total number of the population. If 
then the probability of the factor being present in r zygotes of the 
nth generation be the coefficient of æ” in F (æ), the corresponding 
Fr) in the (n +.1)th generation is the same coefficient in 

(x)]. Hence if a single factor appears in one zygote, the 
A of its presence in r zygotes after n generations is the 


coefficient of æ” in S; (æ), i.e. f(f(f.. Jf («)...)), the operation being 


repeated n times. The probability of its disappearance 1 is therefore 
Lt S;(0). By Koenigs’ theorem (4) this is the root of x = f(z) 


in the neighbourhood of zero. 
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Now in the case of a dominant factor appearing in a population 
in equilibrium, and conferring an advantage measured by &, as in 
Part I (5), f (1)=1 +k. Since f'(x) and f” (x) are positive 
when 2 is positive, and f (0) is positive, x =f (<) has two and only 
two real positive roots, one equal to unity, the other lying between 
O and 1, but near the latter value if k be small. Hence any advan- 
tageous dominant factor which has once appeared has a finite 
chance of survival, however large the total population may be. 

If a large number of offspring is possible, as in most organisms, 
the series p, approximates to a Poisson series, provided that adult 
organisms are counted, and since f’ (1) =1+4, f(x) = ethem, 
Hence the probability of extinction 1 — y is given by 


Hence (1 + k)y =—log (1 — y) ....... csc ceees (1:0), 
ee gree 
and k= ota tates 


and if k be small, y = 2k approximately. Hence an advantageous 
dominant gene has a probability 2k of survival after only a single 
appearance in an adult zygote, and if in the whole history of a 


species it appears more than n Bee times it will probably spread 
through the species. But, however iarge k may be, the factor may 
be extinguished after a single appearance. Thus if k= 1, so that 
the new type probably leaves twice as many offspring as the normal, 
the probability of its extinction is still ‘203. If in any generation 
there are m dominant individuals the probability of extinction is 
reduced to y™, where y is the smaller positive root of x = f(z). 
When k is small this reduces to (1 — 2k)™. Hence if in any 
log, 2 
2k 
probably spread through the whole population. 

On the other hand a recessive factor whose phenotype is advan- 
tageous has a quite negligible advantage in a random mating 
population provided that the number of its bearers is small com- 
pared with the syuare root of the total population. This is best 
seen by considering the case of a hermaphrodite: ina dioecious 
organism the argument, though similar, 1s more complicated. 
Let N be the fixed number of the population, and z, the number 
of heterozygotes plus double the number of recessives for the 
factor A in the nth generation. It therefore produces gametes in 
the ratio (2N — 2,) A : zaa. If now the recessives have a small 
advantage measured by k, the probabilities of production of each 
genotype in the next generation are 


(2N —z,)?AA : 22,(2N —z,)Aa: (1 + k)zŻ aa. 


generation more than adult dominants exist, the factor will 
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Hence if, as above, f(z) be the function defining the probable 
number of offspring of a dominant, so that f’ (1) =1, the proba- 
bility of r heterozygotes in the (n + 1)th generation is the coefficient 


of r in 2N2 (2N — z,) 


it) ees 


that of r recessives the same coefficient in 


N(1 + k)z,” 
[f(a] 40" * Bm", 
Hence the probability of 2,4, in the next generation is the co- 
efficient of x7n+1 in 2N z (2N + ke,) 


[ f(2)] A&N? + kz,2 
or, approximately, if z, be small compared with N, in 
kz 
n Etin 
roy Et) 


The corresponding expression for a dominant factor is 


[Ft 


Hence provided that z„ is small the probability of escaping 
extinction is much smaller than k. I have been unable to evaluate it 
exactly, but 1t seems from a comparison with the case of a dominant 
factor, that the value of z, such that the factor is as likely to survive 


7 \i 
as to be extinguished, is of the order of (3) , ue. generally >. 


So if N is sufficiently large the probability of a single mutation 
leading to the establishment of a recessive factor is negligible. 

When the population is wholly self-fertilized or inbred by 
brother-sister mating, on the other hand, a recessive factor has 
almost as good a chance of survival as a dominant. With partial 
self-fertilization or inbreeding it can be shown by methods similar 
to those of Part II (6) that an advantageous recessive factor has a 
finite chance of establishment after one appearance, however large 
be the population. 

If mutation occurs with a finite frequency any advantageous 
or not too disadvantageous factor will certainly be established. 
Consider a random mating population in which, in each generation, 
a proportion p of the A genes mutate to a, a proportion g of the 
a genes to A, and the coefficient of selection is k. Let u, be the 
gametic ratio of the nth generation. But for mutation we should 
have 

_ unlun +1), 
“at = pp HIE’ 


and artificial selection 841 


allowing for mutation 


(1 — p) (un? + Un) + q (Un + 1 —k) 


ka (1—q) (unt 1 — k) + pun? + un) ` 
_ ku, — pun (Un + 1% + q (Un + 1) (un + 1—k) 2-0 
aa rs ee ral aes beer (een kes 
cue. — Pin (Un +1) +g (Un +1) serere. (2'1) 


ün t+ l 
approximately, if p, q, and k are small, as is generally the case. It 


is clear that u, must lie between = and r , t.e. between — 


and q approximately, and that when near these values it alters 
rapidly. But as p and q may be less than 10~° these limits are very 
wide. The population 1s in equilibrium when 


pu’ + (2p — q)u?+ (p—2q—k+kq)u-—q+hq=0. 
There is always one real positive root since p and q are positive 
and less than unity. If k be positive there is only one such root, 


defining a stable condition towards which the population tends 
when dominants have the advantage. If k or q be large compared 


: i ; à 
with p this root approximates to k or Žas the case may be, 


i.e. recessives nearly disappear. If p be of the same order of mag- 
nitude as the larger of k and q, u has a moderate value and the 
population is dimorphic. If p be much larger than k or q, u 18 


small and approximates to 1 i.e. dominants are rare. 
If k be negative all the roots are positive if they are real, 


: , S 
provided q >'2p and — k (1 — q) >2q—p. They are real if 31 l.e. 


Alp +g) +[-27pP+18p(p+9)-9)+(p+g}-9y]k+4pA -9) k 
is positive, that is to say, when q is small, if 
4pk? + (— 8p? + 20pqt+-q?)k+4(p+q) 

is positive. All these three conditions can rarely be fulfilled, but 
such cases may presumably occur. Thus if p=-000,001, q = 0004, 
k = — 008; u’ — 398u? + 7197°8u—403°2=0. Therefore u= ‘057, - 
18:93, or 379:0, giving 89:5 °/ „ 0°252 °/„ or '000,693°/, of re- 
cessives. In such a case the middle root defines an unstable 
equilibrium, the other two equilibria being stable. Thus the 
above considered population would be stable with only about 


seven recessives per million, the small tendency of dominant genes 
to mutate to recessive being balanced by reverse mutation. But if 
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a group containing more than one recessive gene in twenty were 
isolated from it, selection would be effective, and it would pass into 
a condition where only 10°5 °/, were dominants, this number being 
kept up by mutation. . 

Usually when k is negative there is only one real root. If p or — k 
be large compared with q, it is small and approximates to 1 or =! 
as the case may be, so that dominants are rare. If q be of the same 
order of magnitude as the larger of p and —k, the root has a 
moderate value and the population is dimorphic. If q be larger 


than p or —k, u is large and approximates to > so that recessives 


are few. 
The rate of approach to equilibrium is given by 
dun kun 5.6 
Omn = — Pup (Un +1) +9 (Unt 1) ...... 2:2), 
dn = ugg 1 7 Pin (tn + 1) + gCua + 1) (22) 


provided that the constants are small. The exact expression for n in 
terms of u, depends on the nature of the roots and the side from 
which an equilibrium is being approached, but it always contains 
logarithmic terms. Hence the numbers of the rarer type of the 
population in succeeding generations always lie between two 
geometric series until equilibrium is nearly reached. That is to 
say, the march of events 1s comparatively rapid. 
In a self-fertilizing population we can similarly show that 


Aun = kün — pun (Un +1) +q (Un + 1) EAEE (2:3). 


Only one equilibrium is possible, and the course of events can 
readily be calculated in any given case. Similarly for a sex-linked 
factor 
_ kun(tn+3) 
~ 3(unt+ 1) 
In this case if k be negative, three equilibria are sometimes found, 
and selection is more effective than in the autosomal case when 
recessives are rare. 

To sum up, if selection acts against mutation, it is ineffective 
provided that the rate of mutation is greater than the coefficient of 
selection. Moreover, mutation is quite effective where selection 1s 
not, namely in causing an increase of recessives where these are 
rare. It is also more effective than selection in weeding out rare 
recessives provided that it is not balanced by back mutation of 
dominants. Mutation therefore determines the course of evolution 
as regards factors of negligible advantage or disadvantage to the 
species. It can only lead to results of importance when its frequency 
becomes large. 


Aun — Pn (Un +1) + q(tn + 1)... (2'4). 
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Addendum. Equilibrium and selection in Sciara and similar 
animals. 

In Part I of this series all the then known types of single-factor 
Mendelian inheritance were discussed. Since ee Metz (7) has 
discovered a new type in Sciara which is here treated on the lines 
of Part I. Gametogenesis is normal in the female, but spermatozoa 
are formed from maternal chromatin only. Hence there are two 
types of heterozygous male, which may be symbolized by A(a) 
and (A)a according as the A is received from the mother or father. 
They yield A and a spermatozoa respectively, the other genotypes 
behaving normally. 

In the absence of selection let eggs and spermatozoa be pro- 
duced by the mth generation in the proportions um A: la and 
v,,A : la, respectively. The next generation is therefore : 


F UntnAA : (Un t+ V,,) Aa : laa. 
Í UinVmAA : Un AA): ¥,(A)a : laa. 
Hence a yA) ae Um + Um + Un 
Umt = Ui + Um $2 | caeveeessceeees (3:0), 


Unt = Un 


which is the same as equation (6'0) of Part I (5). Hence, as in the 


above equation, we find, if Ym be the proportion of recessives in the 
mth generation, 


—]\™ — ]\2-1 
Ym = Van 7 ( >) ci yt + (=) C acess (3'1), 


where c is a constant depending on the initial conditions. Hence 
equilibrium is rapidly approached, the values in successive gene- 
rations being alternately greater and less than the final value. 

If selection occurs with a coefficient k in 9s, / in ¢'s, then 


u = Unn HUn il 
n+ = Un + Vn + 2-2k 3-9 
De PON (3-2). 
n+ 7 Un + l a l 


If the population is nearly in equilibrium apart from selection 
and & and / are small, so that un and v, are nearly equal, 


lity 
Av, = Un — Un + cae both approximately. 
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2e+l up 
Hence Au, = sa al 
2k +1 Un 
and z N= Un — Uy + log, (=) eiemeaes (3:3), 


approximately. Selection therefore occurs much as with a normally 
inherited autosomal factor. 
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A theorem of Dr P. Zeeman. By Mr J. H. Grace, Peterhouse. 
[Received 23 May, read 25 July 1927.] 


1. The following theorem, first enunciated by Dr Zeeman in 
1899 *, has attracted the attention of several writers: 

If five points A, B,C, D, E in three dimensions are such that the 
feet of the perpendiculars from E on the faces of the tetrahedron 
ABCD are coplanar the relation between the five points is sym- 
metrical, 

It appears to me nevertheless that the true basis of the theorem 
has perhaps not been reached and that possibly the ensuing remarks 
may have some interest. 

To begin with, it may be well to observe that the theorem 
belongs essentially to Euclidean space, though it is true in any 
number of dimensions, as is established in an elaborate investigation 
by Dr W. F. Meyer. I have therefore for the most part not troubled 
with general projective space. In the course of a proof of the theorem 
Dr W. Mantel showed by elementary reasoning that if we introduce 
five other points A’, B’,C’, D’, E’ such that #, Æ’, for example, are 
foci of a quadric of revolution inscribed in the tetrahedron ABCD, 
then D’, £’ are images in the plane ABC*. This theorem, from 
which Zeeman’s can be readily deduced, is true for projective 
space, as will be seen (§ 6). Finally I must refer to a paper by 
Mr Richmond wherein it is proved that, if A,B,C, D,E are any 
five points on a twisted cubic which cuts the plane at infinity in 
three points forming a triangle circumscribed to the imaginary 
circle at infinity, these points have what may be called the Zeeman 
property; he also establishes a converse theorem and extends the 
whole to n dimensions. | 

I shall work throughout in three dimensions, though putting 
the argument in such a form that it is readily extended to any 
number. For convenience Mr Richmond’s theorem mentioned 
above is first established independently of Zeeman’s result. 

It may be as well to state that my main thesis is to establish 
the following theorem: 

The section of the space figure A BCDE by the plane at infinity 
is a system of ten points and ten lines arising from two triangles 

* Wiskundige Opgaben, 1899-1902. Other references may be found in Mr Rich- 
mond's paper from which I take this. 

+ Proc. C.P.S., vol. xxn, 1923, p. 34. The analogue of Mantel’s theorem in two 
dimensions was known earlier and occurs in graphical statics. Obscurities in the 


present exposition will be partially removed if the reader will construct the 
corresponding argument in two dimensions. 
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in perspective; a conic J, exists such that each of the points is the 
pe of one of the lines and the five original points have the 

eeman property if X is so related to the imaginary circle at 
infinity I’ that triangles can be inscribed in & which are self- 
conjugate for T. 


2. Suppose that a twisted cubic through five points A, B, C, D, E 
cuts the plane at infinity in three points P, Q, R forming a triangle 
whose ae touch T, then I say that the feet of the perpendiculars 
from Æ on the faces of the tetrahedron ABCD lie in a plane. 

To prove this we have to see that Æ is the focus of a paraboloid 
of revolution inscribed in ABCD, i.e. that the quadric which is 
inscribed in the tetrahedron ABCD and also in the cone Æ (T) 
touches the plane at infinity PQR. The eight vertices of the two 
tetrahedra A BCD, EPQR, being on atwisted cubic, are such that any 
quadric through seven of them passes through the remaining one. 
It follows that the two tetrahedra are self-conjugate for the same 
quadric and hence, by reciprocation, that their eight faces are such 
that any quadric ons seven of them will touch the remaining 
one; the quadric inscribed in A BCD and in the cone Æ (LT) touches 
all the faces but PQR, accordingly it touches the other face PQR 
and Mr Richmond’s theorem is proved *. 


3. I have now to make it clear that when a point # has a 
pedal plane for a tetrahedron ABCD it is the centre of a rect- 
angular hyperboloid S having A BCD for self-conjugate tetrahedron. 

The epithet rectangular implies that the linear (metrical) 
invariant of the quadric S is nul, i.e. that, if its equation in rect- 
angular Cartesian coordinates 1s 


ax? + by? + cz? + 2fyz + 2gzx + 2hry + 2a'x + 2b’y + 2c’'2+d =O, 
then at+b+c=0. 


The quadric has triads of perpendicular generators. 
The circle at infinity I being given tangentially by 


2+ m+n? =0, 


the quadric S is apolar to I’, the first taken in points and the 
second in planes—the lineo-linear invariant of the two equations 
is nul ft. 

The section ø of S by the plane at infinity is apolar to T; 
there are triangles inscribed in ø which are self-conjugate for I or 
what is the same thing there are triangles circumscribed to T 
which are self-conjugate for ø. 

* The reader will see that the reasoning is a natural extension of what might 


be used to establish the corresponding property of four concyclic points. 
+ The argument can be alternatively expressed in quadriplanar coordinates. 
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Writing Q=0 as the tangential equation of the absolute, 
A=0( as the tangential equation of the point A and so on, 
if P, P’ are foci of a quadric of revolution inscribed in ABCD 
(isogonal conjugates for this tetrahedron) there is an identity 
of the type 


APP’ +0Q=aBl+ BCA +yAB+a’AD+ B'BD +y4'CD, 


the coefficients A, a, etc. being constants. 

It follows that a quadric S, apolar to the six point-pairs such as 
(B,C) and to ©, is apolar to the point-pair P, P’,1.e. any rectangular 
hyperboloid having ABCD for self-conjugate tetrahedron has P, P’ 
for conjugate points. If P has a pedal plane for ABCD, P’ is at 
infinity and one of the rectangular hyperboloids having ABCD for 
self-conjugate tetrahedron will have the plane at infinity as polar 
plane of P, that is, P will be its centre. Conversely, if P is the centre 
of such a quadric its isogonal conjugate is at infinity and it has a 
pedal plane for the tetrahedron ABCD. 


4. When so much has been safely laid down, progress is easy. 
Suppose for a moment that the coordinates of A, B, C, D, E are 
Tis Yı 21, ete, then 


A = le, + my, +nz+r, 


and we can choose the constants A, w, v, p,e uniquely so that the 
expression 


AA+ uB + v0? + pDi+cH=y 


contains no terms in 7, i.e. so that 2 is homogeneous and of the 
second degree in l, m,n and &=0 represents a conic at infinity. 
We must in fact take A, u, v, p,o to be in the ratios 


Vii Vat VeVi Vz 


where V, is the volume of the tetrahedron BODE, ete. 
Clearly any quadric whose tangential equation is of the type 


VA? + uB? + vO? + pD?+ ck? =0 


is such that the pole of the plane ABC lies on the line DE, and so 
on; if then the line DE cuts the plane at infinity in the point (de) 
and the plane ABC cuts it in the line (abc), we have the familiar 
figure of ten points and ten lines, each point lying on three of the 
lines and each line containing three of the points, viz.: the line 
(abc) contains the points (bc), (ca), (ab), and further the pole of the 
line (abc) with respect to the conic È is the line (de). The conic £ 
is thus completely and symmetrically determined from the plane 
configuration, i.e. from the points A,B,C, D,E and the plane at 
infinity. 


56—2 
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The quadric whose equation is 
VA? + uB? + vC? + pD?=0, 
or ok*?—>=0 


has ABCD for self-conjugate triangle, Æ for centre and È for 
section at infinity. If Æ has a pedal plane for the tetrahedron th: 
quadric is a rectangular eyelet and the conic = taken in 
points is apolar to ite imaginary circle at infinity I taken in lines: 
the deduction being symmetrical in statement and logically re- 
versible, the theorem of Zeeman follows at once. 


5. Let any twisted cubic through A, B, C, D, E cut the plane 
at infinity in the points P, Q, R; as already remarked (§ 2) the 
eight points mentioned are such that all quadrics through seven 
of them pass through the remaining one, so that there must be an 
identity of the type 


NA? + wB?2 + v0? + pD?+ cH? + aP? + BQ? + yR?=0. 


The equation 
aP? + BQ + yR?=0 


denotes a conic in the plane at infinity with PQR for a self- 
conjugate triangle; on account of the uniqueness of 2 we must 


have 
aP?+ BY?+yR?=—-%, 


and À, y, v, p,o must have the same meanings as before. 

We thus have the following theorem: 

Any twisted cubic through five points A, B,C, D, E cuts the plane 
at infinity in three points forming a self-conjugate triangle for a 
fixed conic È, and the necessary and sufficient condition that the five 
points should have the Zeeman property is that there should be 
triangles inscribed in % which are self-conjugate for the imaginary 
circle at infinity. 

The first part is of course well known. 

If the triangle PQR is circumscribed to I’ there are triangles 
at once self-conjugate for 2 and circumscribing [ and consequently 
triangles self-conjugate for I and inscribed in & This implies 
that the five points A,B,C, D, E have the Zeeman property and 
we have Mr Richmond’s theorem of § 2. 


6. As regards the converse; suppose that a twisted cubic is such 
that any five points on it have the Zeeman property (i.e. the feet 
of the perpendiculars from one of them on the faces of the tetra- 
hedron formed by the other four are coplanar), then the points 
P,Q, R in which the cubic cuts the plane at infinity form a triangle 
circumscribed to I’. 


wa 
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To prove this take D,E to be fixed on the cubic and A, B,C 
to be variable; the conic Æ at infinity determined from the five 
Points as above has the line (abc), which is arbitrary, for pole of (de), 
which is fixed, it has PQR for self-conjugate triangle and it is 
apolar to T in virtue of the Zeeman relation. This clearly amounts 
to saying that any conic having PQR for self-conjugate triangle 
is apolar to I and thence it follows immediately that must be 
inscribed in the triangle PQR, as was to be proved. 


The modifications required for higher dimensions are scarcely 
more than verbal. 


7. The analytical condition that the five points should have 
the Zeeman property can be easily deduced. 


Suppose that the equation of the cone joining the conic & to 
the origin is 


ax? + by? + c2 + 2fyz + 2gzx + 2hay =0, 


and that the five points are 2, Yı, 2, etc., the coordinates as usual 
being rectangular and Cartesian. 
The tangential equation of T is 


?+m?+n?=0, 
and the Zeeman condition is 
a+b+c=0. 
ae tangential equation of the conic $, or the cone above is 
S VA? + wB? + vO? +pD’+0E=0, 
where A = V,, ete. 
Writing this 
a'l + b'm? + cn? + 2f’mn + 2g/nl + 2h'lm = 0, 
we have 
a’ = Vise + Viz + Vr + Vice + Virè, 
f= Viger t+ Viyezi + Vays2st+ Viyazi + Vs ys2s, 
and a=b'c'— f". 
The condition being 
a+b+c=0, 
we readily deduce the formula 


> V.V,Ors'=0; 1r,s=1,2,3,4,5, 


where Ors denotes the area of the triangle formed by the origin 
O and the points 2, Y,2,, £sYs2s. 
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Taking one of the points z,y,2,, we have the equation of the 
pedal surface of the tetrahedron formed by the others. 

The presence of the arbitrary point O in the condition need 
cause no surprise; it would occur in the corresponding condition 
in two dimensions which of course represents the fact that four 
points are concyclic. 


8. I now pass to Mantel’s theorem .(§ 1), which I shall prove 
for general space. 

Sipe that A,B,C, D,E are five points and that Q=0 is 
the absolute quadric defined tangentially; the tangential equation 
of Ais ` | 


læ, + my, +n2z,+rw,=0 or A=0, 
where 2, Y, 21, w, are its coordinates, here supposed homogeneous; 
E and Æ’ are foci of a quadric of revolution inscribed in ABCD, 
which now means a quadric inscribed in the tangent cones from 
E and E’ to Q and also touching the faces of ABCD. The complete 
set A’, B’,C’, D’, E’ being defined in this way, we are to prove that 
D' and E’ are images in the plane ABC, which now means that 
the pole of the plane ABC for the point-pair D’, E’ is the same as 
its ne for the absolute quadric Q. 
o see this, observe that between the ten products of the type 
BC and Q regarded as quadratics in l,m, n,r, there must be a 
relation of the type 
aBC + BCA +yAB+aAD+ P’BD+4'CD 
+°~AL+ pBE+0CE + pDE=Q_ ...(I), 

the coefficients being constants. 

The two quadrics 

aBC + BCA +yAB+aAD+ P/BD+y'CD=0 
and (AA + pB+0 + pD) E=O, 
being the same, this quadric is inscribed in ABCD and in the 
tangent cones from Æ and the point given by 
NA + pB+v0+ pD=0 
to the quadric ©. It follows now that the last point must be Æ, 
and we may write 
E’=rA + pB+ vC+ pD, 
Similarly, D=dA+BB+9'C+pE. 
If we write these equations in the form 
D’ =p E + D”, 
E’ = pD + pe. 
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the original identity becomes 
aBC + BCA +yAB+ DD’ + EE” + pDE=Q, 


whence 
(pE + D”) (pD +E”) +p(aBC + BCA + yAB)=pQ+ D" E", 
oF DE =p0 + Q, 


where Q is a homogeneous quadratic function of A, B, C. 

From this form of the identity we see at once that the pole 
of the plane ABC for the point pair D’, F’ is the same as its pole 
for 0; this is Mantel’s theorem in its general form and the proof 
for any number of dimensions is exactly the same. 

I now wish to make some deductions from the identity (I) in 
the case of Euclidean space; the coordinate w is replaced by unity 
and the form © is independent of r. On differentiation of both 
sides with respect to r there follows 


a(B+C)+8(C+A)+7(4 + B)+a'(A4+D)+6'(B+D) 
+y (C+ D)4+r0A(44+ 4£)4+ (B+ 4L)4+7(C+4L)4+p(D+4F)=0, 


or 
(B+ytat+rvAAt(ytat+h +p) B+(at+B+y+r)C 
++ +y'+p)D+(Atutvt+p)#H=0 (ID). 
This being the identical relation connecting the tangential equations 
of A,B,C, D, E, the coefficients in the equation must be proportional 
to the volumes of the tetrahedra BCDE, etc. 
Now in virtue of the equations determining the points 

A’, B’, C’, DE’, viz. 

E=dA + pB+rC + pD, 

A'=yB+BC+aD+X8, 


etc., we also have from (II) the same identity with A’, B’, C’, D’, E” 
in place of A, B,C, D, E respectively. 

It follows that on passage from the one system of points to the 
other corresponding volumes remain unaltered in ratio; in other 
words, there being always an affine transformation (a linear one 
leaving the plane at infinity invariant) which changes A, B, C, D 
into A’, BY, C, D’, the same will also change E into Æ’, or the two 
sets can be deduced from each other by an affine transformation. 


9. I shall now prove that the finite invariant planes are 
mutually at nga angles. 

It will suffice to establish this for the tetrahedra ABCD, 
A’BC’D and I begin by observing that the perpendiculars from 
the vertices of the second on the faces of the first meet in a point, 
namely Æ’, as follows from Mantel’s theorem. 
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Suppose now that two tetrahedra M, N are so related to a 
quadric Q that M and the poar tetrahedron NV’ of N with respect 
to © are in perspective; there will be a second quadric Q’ such 
that M and N are polar tetrahedra with respect to Q’ and we can 
pass from M to N by successive reciprocations with respect to 1’ 
and Q. Together these amount to a linear transformation having 
for invariant tetrahedron the common self-conjugate of Q and Q’. 

Proceeding to the limit when Q is the imaginary circle at 
infinity l, we see that perane from ABCD to A'B'CD can be 
effected by a linear transtormation having for invariant tetrahedron 
a self-conjugate of I; this is an affine transformation of which the 
three finite invariant planes are mutually at right angles, and the 
theorem is proved. 


10. The result of § 9 can be extended as follows: 

If two tetrahedra are such that the perpendiculars from the 
vertices of the first on the faces of the second belong to a regulus, 
the relation is reciprocal and the affine transformation which 
converts one tetrahedron into the other has its three finite in- 
variant planes mutually at right angles. a 

Such tetrahedra have been called orthologic and the first part 
of the above statement (familiar enough) is originally due, I 
believe, to Steiner; the second part is easily established by an 
argument like that used in the simpler case of § 9. 
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The Pedal Planes of a Tetrahedron. By Mr J. H. GRACE, 
Peterhouse. 


[Received 23 May, read 25 July 1927.] 


1. The locus of a point the feet of the perpendiculars from which 
on the faces of a tetrahedron are coplanar is known to be a cubic 
surface having nodes at the corners*: the pedal planes, by which 
I mean planes containing the feet of four perpendiculars, do not 
seem to have been much discussed. I propose to prove two theorems 
concerning them and make some remarks on their envelope. 

What follows may be made clearer if I begin by citing some 
well-known results in elementary plane geometry. 

The locus of a point the feet of the perpendiculars from which 
on the sides of a triangle lie on a straight line is the circumcircle 
of the triangle; there are thus two points P, Q on any line g, 
which possesses pedal lines for the triangle. 

(1) If the pedal lines of P, Q are at right angles, g passes 
through a fixed point, namely the circumcentre. 

(ii) In the same case if lines are drawn through P, Q parallel 
to their respective pedal lines the locus of their common point is 
the circumcircle. 

(iii) The envelope of the pedal lines of a triangle is a three- 
cusped hypocycloid. 


2. For a tetrahedron there are three points P, Q, R on any 
line g which have pedal planes. I shall establish the following 
results: 

(i) If the pedal planes of P, Q, R are mutually at right 
angles, the line g, in general, belongs to a fixed regulus. The. 
general case is that in which no pair of opposite edges of the 
tetrahedron are at right angles. 

(ii) In the same case if planes are drawn through P, Q, R 
parallel to their respective pedal planes the locus of their common 
point is the curve common to the pedal locus of the tetrahedron 
and the quadric containing its perpendiculars. 


3. I begin by recalling the fact that when a point P has a 
pedal Sep for a tetrahedron it is the finite focus of an inscribed 
paraboloid of revolution; the focus at infinity is the point P' in 
the direction perpendicular to the pedal plane of P, for this is the 
direction of the axis of the paraboloid. P and P’ are thus isogonal 
conjugates for the tetrahedron : the quadriplanar coordinates being 
a, B, y, ô; @’, B’, y', & we have 


* See, for example, Richmond, Camb. Phil. Soc. Proc., Vol. xxm. p. 35. 
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Now suppose that the pedal planes of three points P, Q, R ona 
line g are mutually at right angles and apply to g the transformation 


a, 8, Y, ò —> l/a, 1/8, 1/y, 1/6; 


the line g becomes a twisted cubic ø through the vertices A, B, C, D 
of the fundamental tetrahedron and the points P’, Q’, R’ derived 
from P,Q, R as above, i.e., it proceeds to infinity in three directions 
mutually at right angles, since the pedal planes of P, Q, R have 
this property: it follows that all quadrics through the cubic ø are 
rectangular hyperboloids*. 

Let Æ be any point on o and let F be another point on it such 
that the planes A BC, DE Fare perpendicular. There are four linearly 
independent quadrics through the six points A, B, C, D, E, F and 
such a tetrad may be taken to consist of three quadrics through 
the cubic o and the pair of planes mentioned. All these have the 
rectangular hyperboloid property, and hence every quadric through 
the six points possess it also; in particular, the plane joining any 
three of the points is perpendicular to the plane joining the other 
three. 

The plane AEF, for example, being perpendicular to BCD 
must contain the perpendicular from A on the face BCD, so that the 
line ÆF intersects one, and similarly all four, perpendiculars of the 
tetrahedron ABCD. The line HF must therefore be a generator of 
the quadric containing the perpendiculars, and, the point Æ being 
arbitrarily chosen on the cubic øg, it follows that o must lie entirely 
on the quadric of the perpendiculars. : 

Applying the transformation 


a, B, y, è—> 1/a, 1/8, 1/y, 1/8 


to this result, we see that the line g is a generator of the quadric 
that results from the quadric of the perpendiculars under this 
transformation. There is no difficulty in seeing that g belongs to 
a definite regulus on its quadric. 

To determine this regulus let planes through BC, CA, AB, 
perpendicular respectively to the, faces, meet in D’ and so on for 
A’, B’,C’. The lines AA’, BB’, CC’, DD’ belong to our regulus. 
In fact for the line DD’ two of the points P, Q, R coincide in D, 
the pedal plane of which is any plane containing the perpendicular 
from D on the face ABC, and the other is D’, the pedal plane of 
which is ABC: the conditions laid down for g are saints by the 
line DD’. 


4. The first theorem thus established I pass to the second. 
Since the pedal planes of P, Q, R are mutually at right angles and 


* Cf. the preceding paper § 3. The quadric has triads of perpendicular gene- 
rators and its linear metrical invariant vanishes. 
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the point P’, for example, is at infinity in the direction perpen- 
dicular to the pedal plane of P, the planes through P, Q, R 
Parallel to their respective pedal planes are the planes PQ’R’, 
QR'P’, PUR'*. 
These three planes meet in the point L, the locus of which is 
desired: L’ is the point at infinity on the line PQR or g. 
Consider the rectangular hyperboloids that have ABCD for 
self-conjugate tetrahedron: one of them has its centre at P, one 
at Q and one at Rt. I call these S,, S3, Ss. In regard to S,, for 
example, the polar plane of P is the plane at infinity, so that the 
gues line of g with respect to S, is at infinity. Since Q, Q’ and R, R’, 
eing isogonal conjugates for the tetrahedron, are conjugate pairs 
for the whole set of rectangular hyperboloids in hand, the polar 
line of g mentioned must pass through Q’ and R’ and so must be 
the line Q’R’. The polar plane of L’ with respect to S, must there- 
fore pass through Q’, R and also through P, since L’ is at infinity 
and P is the centre of S,; this polar plane is accordingly PQ’R’. 
It follows that Z and L’ are conjugate points for S, aad similarly 
for S, and S,; they are consequently conjugate points for all the 
rectangular hyperboloids of our system and isogonal conjugates for 
the tetrahedron A BCD. 
When g varies the locus of L’ is the section by the plane at 
infinity of the quadric containing the line g: applying the trans- 


formation 
a, B, y, 6—> l/a, 1/8, 1/y, 1/6, 


we deduce that the locus of L is the intersection of the pedal 
locus of the tetrahedron and the quadric containing its perpen- 
diculars, as was to be proved. 

It is clear also that L has a pedal plane which is perpendicular 
to the line g, since L’ is at infinity on g. There is an analogous 
result in two dimensions. 


5. So much for the general tetrahedron: the special cases, 
which arise when one or more pairs of opposite edges are at right 
angles, will now be briefly discussed. These cases present special 
features solely on account of the degeneration of the quadric of the 

erpendiculars, which can only occur when some of these lines 
intersect each other. If the A and D perpendiculars meet then so 
do the B and C and the edges AD, BC are at right angles; this is 
called case (a): if, in addition, the B and D perpendiculars meet 
it is easy to see that the four perpendiculars meet in a point and 
each pair of opposite edges is at right angles; this case is (£). 


* The argument will be made clear by considering the analogy in two 
dimensions. 
t Cf. § 3 of the preceding paper. 
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6. Case (a). One pair of opposite edges, say AD, BC are at 
right angles, the A and D perpendiculars meet in X and the B and 
Cin Y. The argument of § 3, depending as it does on the line g 
not meeting an edge, now breaks down. It will suffice to remark 
that the line g instead of belonging to a regulus now belongs to 
one or other of two plane pencils, and that the locus of L consists 
of two plane sections of the pedal locus. 


7. Case (8). This is more interesting. The perpendiculars of 
the tetrahedron now meet in a point H and the quadric of the per- 
endiculars is illusory, since any line through H intersects all four. 
he properly (and easily) modified argument of § 3 leads to the 
conclusion that the twisted cubic which is the transformation of g 
asses always through the point H, the orthocentre of the tetra- 
edron. The line g consequently passes through a fixed point K 
which is the isogonal conjugate of H ; it is worth while mentioning 
that the feet of the perpendiculars from K on the faces of the 
tetrahedron are the centroids of the faces, a familiar property of 
this species of tetrahedron, and of course the lines AA’, BB’, CC”, 
DD’ of § 3 now meet in the point K. As regards the second 
theorem, the point Z’ is now anywhere at infinity and the locus 
of L is the pedal locus. 

A further fact in this connexion is worth notice. When the 
perpendiculars of a tetrahedron meet in a point H, it is self-conju- 
gate for a sphere 2 whose centre is H, and the director sphere of 
any inscribed quadric cuts È at right angles. If P is any point on 
the pedal locus it is the focus of an inscribed paraboloid of revolu- 
tion, the director-plane of which must pass through H ; the tangent 
at the vertex which is the pedal plane of P is one-third the distance 
of the director-plane from P a | we readily deduce that the locus 
of the intersection of the pedal planes of three collinear points (in 
case they are mutually at right angles) is a surface homothetic 
with the pedal locus and of two-thirds its dimensions, the centre of 
similitude being the orthocentre H. 


8. As regards case (8) the following alternative argument, 
though incomplete, may be worth notice. 

I say that if the perpendiculars of a tetrahedron ABCD meet 
in a point H the perpendiculars to the faces of their centroids 
meet in a point K, and any line through K cuts the pedal locus 
in three points, the pedal planes of which are mutuali at right 
angles. 

in that four points a, 8, y, move along four lines in space 
so as to describe homographic ranges on them, the same suffixes to 
the symbols indicating corresponding positions of the points. There 
are four positions of the points for which they lie ın a plane v, 
and a tetrahedron a,8,,6, can be transformed into any other 
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a, 8,725, by a linear transformation having the tetrahedron formed 
by the planes 7 as invariant. 

Now let g be any line and X a moving point on it, and take for 
a, B, y, 6 the projections of X on the faces of a tetrahedron; when 
X varies the points describe homographic ranges on the projections 
of the line g on the faces and the four planes r above are the plane 
at infinity and the pedal planes of the three points P, Q, R in 
which the line g cuts the pedal locus of the tetrahedron. It follows 
that the pedal tetrahedron of any one point on the line g can be 
changed into that of any other by an affine transformation having 
for finite invariant planes the pedal planes of the points P, Q, R. 
Apply this towards the theorem enunciated above. Let a, Bo, Yo, 5o 
be the centroids of the faces of ABCD, i.e. the feet of the perpen- 
diculars from the point K, and a,8,¥7,6 the feet of the a a 
from any point X on the line g. The perpendiculars from a, 8, y, ò 
on the faces of the tetrahedron a8,7,5) meet in the point X, 
for these faces are parallel to those of ABCD; referring to § 9 of 
the preceding paper we see that the affine transformation which 
converts aBy5 into a 8o75 has its three finite invariant planes 
mutually at right sa te and these planes being, as stated, the 
pedal planes of P, Q, R the theorem is proved. 


9. I pass now to the envelope of the pedal planes, treating 
only the general case. 

To find the equation of the envelope suppose that 7 is a pedal 
plane and that its equation in rectangular ce is 


le+my+nz+r=0; 


the planes drawn through the lines in which ~ cuts the faces of 
the tetrahedron and perpendicular to those respective faces must 
meet in a point, namely, that to which the pedal plane belongs. 
There is no difficulty in seeing that the required equation is of 


the form 
U+rV=0, 


where U is of order four and V of order three in l, m, n. The 
envelope is thus a surface of class four having the plane at infinity 
for a tangent plane of the third order, i.e. touching it along a curve 
of class three given by 

V=0; 


there is thus, in general, only one pedal plane in a given direction. 

The surface is the reciprocal of the type of Quartic Surface 
(those with a triple point) classified by Rohn* and following him 
I regard it as fundamental to find the generators of the surface. 


* Rohn, Math. Ann. vol. 24 (1884), p. 55. 
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There must be twelve at infinity, i.e. the common tangents of 


the curves 
U=0, V=0; 


any finite generator must meet the plane at infinity where three 
of the above twelve co-intersect. 

Now it is quite clear that the perpendiculars of the tetrahedron 
are all generators, the various pedal planes through them belonging 
to the vertices: also any plane perpendicular to an edge is a tangent 
pens and belongs to a point on the opposite edge, so that the six 

ines at infinity in planes perpendicular to the six edges of the 
tetrahedron are generators of the envelope. These six generators at 
infinity form a quadrangle and the four finite generators mentioned 
pass one through each corner. 

Again the envelope (of class four) and the quadric of the per- 
pendiculars have four generators in common, hence they have four 
others in common which belong to the opposite system on the 
quadric. 

It may be shewn that these other finite generators are the 
perpendiculars of a second tetrahedron and that the remaining six 
generators at infinity form a second quadrangle there, through the 
corners of which these four new finite generators pass. 

Though the two tetrahedra have much in common as regards 
their relations with the envelope, the same envelope does not (in 
general anyhow) arise from the second. It is easy to see that there 
are no finite generators of the envelope beyond the eight found. 

The envelope of the plane cheough a point parallel to its pedal 
plane is of the same type as above. 


10. No excuse has been given, and I think none is necessary, 
for confining the discussion to Euclidean space. The theory of the 
edal plane is quite different in general projective space, the root 
of the matter being that in our argument the plane at infinity, as 
well as the absolute, plays an essential rôle. 
In general space the pedal locus and the pedal envelope are 
reciprocals with respect to the absolute as is easily proved *, whereas 
in flat space the former surface is degenerate. 


* Cf. Somerville, Proc. International Congress, Cambridge, 1912. 


Mr Grace, An illustration of the space representation of circles 859 


An Illustration of the Space Representation of Circles. By 
Mr J. H. Grace, Peterhouse. 
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1. The circles in a plane can be represented by the points of 
space of three dimensions in such a way that the points (point 
circles) of the plane correspond to the points of a quadric Q in space 
and two orthogonal circles in the plane correspond to two points 
conjugate with respect to Q*. An œ? system ø of circles in the 
plane corresponds to a surface S in space and the reciprocal S’ of S 
with respect to Q corresponds to a system o’ of circles in the plane 
closely and reciprocally related to the system ø. So far as I know 
only trivial examples of such systems ø and ø’ have hitherto been 
noticed+ and my object is to direct attention to an illustration 
drawn from the modern geometry of the triangle which is less 
simple and perhaps more interesting. 


2. Suppose that ABC is a triangle, P any point in its plane, 
L, M, N the feet of the perpendiculars from P on the sides; the 
circle LMN is called the pedal circle of P, it is of course the aux- 
iliary circle of the conic which has P for focus and touches the 
sides of the triangle and so is also the pedal circle of the second 
focus P’ of the conic. The points P, P’ are called isogonal conju- 
gates of the triangle and if (a, B, y), (a’, 8’, y’) are their trilinear 


coordinates 
ad = BB’ = yy’. 


It is a well-known theorem (originally stated by Lemoyne) that 
if the point P lies on a fixed line g its pedal circle is orthogonal to 
a fixed circle, which I shall here call the Lemoyne circle of the line g 
for the triangle; my point is that the œ? pedal circles of a triangle 
and the œ? Lemoyne circles form two such reciprocal systems as 
ao and o’ mentioned above, i.e. they are represented in space by two 
surfaces S, S’ reciprocal with respect to the fundamental quadric Q. 
The pedal circles are in fact represented by a cubic surface with 
four nodes, which correspond to the circles touching the sides of the 
triangle, and the Lemoyne circles are represented by a Steiner 
Quartic. 


3. I begin with some general remarks relating to reciprocal (or 
conjugate) systems o and a. 


* The equation of a circle contains four coefficients and we take these or linear 
functions of them as coordinates of the corresponding point in space. The condition 
for a point circle is the vanishing of a quadratic form Q in the coefficients and two 
circles are orthogonal if the two sets of coefficients satisfy the conjugacy condition 
in regard to Q. 

+ The reader may refer to the treatise of Coolidge. 
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Let P’ be any point of the surface S’; its polar plane m with 
respect to the fundamental quadric Q will touch the surface S, say 
in P: pand p’ are the circles of the systems ø and o’ which cor- 
respond to the points P and P of the surfaces S and S’ that 
represent these systems in space. The question arises, Given the 
system o in the plane what characterises the members of the 
system g’? 

The plane m which contains the space points conjugate to P 
differs from a general plane in that it touches the surface S, 1.e. it 
cuts S in a curve having a double point (or an extra double point) 
and thus the set of circles of o that are orthogonal to a member 
of o differs from the set orthogonal to a general circle in having a 
double element (or an extra double element), j.e. a circle that is 
counted twice. This is one characteristic of the system ø’. 

Again the point P’ of S’ is conjugate not only to P but to all 
points of S consecutive to P, so the member p’ of o” is orthogonal 
not only to the element p of ø but to all consecutive elements of ø. 
In general the element p’ is thus uniquely determined, and this is 
a second characteristic of the system a’. 

The first will be more immediately useful. 


4. It is natural then to seek for the set of pedal circles that 
are orthogonal to a fixed circle. 

Suppose that P, P’, whose trilinear coordinates are (a, 8, 7), 
(l/a, 1/8, 1/7), are the foci of a conic È inscribed in the triangle 
ABC. The director circle of % cuts the self-polar circle of ABC 
at right angles. So if the pedal circle of P (or P’) which is the 
auxiliary circle of £ cuts a fixed circle at right angles the circle 
on PP’ as diameter will cut another fixed circle at right angles 
and conversely. [This is a matter of elementary geometrical deduc- 
tion from the fact that the square of the nadie of the auxiliary 
circle is the arithmetic mean of the squares of the radii of the 
director circle and of the circle having PP’, the line joining the 
foci, as diameter, the three circles being of course concentric. ] 

It follows that if the pedal circle of P and P” cuts a fixed circle 
at right angles the circle on PP” as diameter cuts a fixed circle at 
right angles, and conversely, i.e. P and P’ are conjugate points 
for this latter circle. It suffices to set down the condition for a 
general conic because the points P, P’ are always conjugate for 
the pencil of rectangular hyperbolas having ABU for self conju- 
gate triangle and from the pencil and a general conic one circle 
can be compounded linearly. The condition is consequently of the 


type 

pa (8? + 7) + gB (y? + a?) + ry (a? + 8?) + 2kaBy=0 ...(1) 
and represents the equation of the locus of the point P when its 
pedal circle is orthogonal to a fixed circle. 
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5. If this fixed orthogonal circle belongs to the system conju- 
gate to the pedal circles, the set of pedal circles derived from the 
points on the curve defined by (I) must contain a double element 
and the curve (I) must have a double point. Since it 1s made up, 
however, of pairs of isogonal conjugates for the triangle ABC there 
will be two double points isogonally conjugate* and the cubic 
curve must degenerate into a line 


la+ m8 + ny = 0, 
and a conic lBy + mya + naB = 0, 


the total equation being unaffected by changing a, £, y into their 
reciprocals. This means that the fixed circle must be chosen so as 
to be orthogonal to the pedal circles of all points on a line, i.e. it 
must be the Lemoyne circle of that line. Thus the relation of re- 
ciprocal character between the pedal circles and the Lemoyne 
circles is clear, and incidentally we have proved Lemoyne’s theorem, 
for we can choose equation (1) such that an arbitrary factor 


la + mB + ny 
appears in the left-hand side. 


6. The condition that two circles should be orthogonal is 
homogeneous and linear in the coefficients of each, and referring 
to equation (I) we infer that the quantities 


A=a(H+y), Y=B +a’), Z=y(@ +p), W=2apy, 
are linear functions of the coefficients of the equation of the pedal 
circle of the point a, 8, y. They may therefore be taken to be the 
coordinates of the point in space that represents this pedal circle. 

The system of pedal circles in toto is represented by the surface 


whose equation is 
W(X? + Y24+ Z*)—-2XYZ= W>, 

found by eliminating a, £8, y. 

This cubic surface has nodes at the points 

(1,1,1,1), (1,—1,—1,1), (-1,1,-1,1), (-1-1,1,1), 
corresponding to the values of a, B, y 

(1,1,1), (-1,1,1), (l,—1, 1), (1, 1, -1), 

and thus the nodes of the surface correspond to the four circles 
touching the side of the triangle t. 


* We may ignore the case of coincident isogonal conjugates for it must be 
possible to make an arbitrary pedal circle the double element. It may be noted 
that all curves of type (I) that pass through the incentre have a double point there 
and the same is true for the excentres. Cf. § 6 infra. 

+ Cf. preceding footnote. 
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For any æ? set of circles it is natural to enquire as to the con- 
tained coaxal sets. They correspond to the lines lying on the 
representing surface. Our cubic surface contains nine lines, 
namely the six joining the nodes in pairs and the edges 


BC, CA, AB, 


of the tetrahedron of reference in our chosen coordinates X, Y, Z, W. 
The pedal circles of a triangle therefore include nine coaxal 
systems. 

Six of them are the coaxal systems to which belong the various 
pairs of circles touching the sides. They arise from the points on 
the six lines bisecting the angles of the triangle. The other three 
(there being only three) arise from the points on the various sides 
of the triangle. The fact that the corresponding lines on the 
surface lie in a plane ( W =0) indicates that these three sets 
of coaxal circles have a common orthogonal circle; this is 
the circle for which the triangle is self conjugate. The organic 
structure of the system of pedal circles thus appears in broad 
outline: for closer study we should have to consider the inter- 
relations of the four-nodal cubic surface with the fundamental 


quadric Q. 


7. In case the fixed orthogonal circle, the existence of which 
leads to equation (I), is the Lemoyne circle of a line l, m, n, that 
equation must be identical with 


(la+ mB + ny) (LBy + mya + nag) = 0, 


and since the coefficients in (I) are linear functions of those of the 
Lemoyne circle we may take the point representing the latter 
circle in space to be 


X=mn, Yenl, Z=lm W= t w+, 


though the coordinate system is, of course, not the same as that 
for the pedal circles. 
The representing surface has for equation 


YZ + 2X24 XY = XYZW 


and accordingly it is a Steiner Quartic, as it should be, for it is 
the reciprocal of the four-nodal cubic above with respect to the 
fundamental quadric Q. 


8. If the Lemoyne circle of a line l, m, n cuts a fixed circle at 
right angles the line envelopes a conic whose tangential equation 
is of the type 


umn + onl + wlm +t (C++ n?)=0, 


meee Lele 
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i.e. a conic confocal with one inscribed in the triangle ABC. When 
the fixed circle is a pedal circle the envelope becomes the pair of 
points to which the pedal circle belongs, for any line through 
either satisfies the conditions: Lemoyne circles orthogonal to a 
pedal circle thus break up into two distinct systems and, since 
they are represented in space as the section of a Steiner Quartic 
by a tangent plane, this corresponds to the well-known result that 
such a section consists of two conics. 


9. A coaxal set of pedal circles ought, at first sight, to give rise 
to the conjugate set in the reciprocal or Lemoyne system, but 
regarded as consisting of points the Steiner Quartic (§ 7) has only 
three generators, viz. those given by 

Y=0,Z2=0; Z=0,X=0; X=0, Y=0, 
and these correspond to the triad of lines on the cubic, The line 
joining two nodes on the latter surface does not yield a generator 
on the reciprocal because the tangent plane is the same at all 
points of it. The line 8 =y, whieh is one of six giving rise to 
coaxal sets of pedal circles, occurs as a part of an infinite number 
of loci of type 


pa (B+ 4%) + gB (F +0) + ry (al + B) + 2kaBy = 0, 


viz. when 
q+r=0,p+k=0 (cf.§6), 


but the other part is a conic through B, C and the centres of the 
inscribed circle and the escribed circle opposite A. The factorisa- 
tion being different, these circles orthogonal to a coaxal pedal set 
do not occur in the Lemoyne system as described previously. 


10. A word may now be said as to the relations of the cubic 
surface and the Steiner Quartic with the fundamental quadric Q 
which represents the points of the plane. 

To find the common part of the cubic surface and Q we need 
the pedal circles which reduce to points; the condition for a point 
circle being of degree two in the coordinates of the circle and these 
latter being of degree three in (a, 8, y), the locus of the point P in 
case of degeneration is of degree six and, in fact, the locus consists 
of the six lines joining A, B, C to I and J. The point pedal circles 
are the points on the lines joining the mid-points of the sides of the 
triangle. 

It follows that the section of the cubic surface by Q consists of 
three conics. 

The envelope of a line whose Lemoyne circle reduces to a 
point is of class four. Part of it is well known to be the circum- 
centre of the triangle, the remaining part consists of the points at 
infinity in the directions perpendicular to the sides. The Lemoyne 
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circles that arise from the lines of this envelope are the points of 
the nine-point circle and the points of the sides of the triangle. 

Thus the section of the Steiner Quartic by @ consists of four 
conics. 

11. Another pair of systems of circles in a plane reciprocal in 
the sense laid down may be alluded to. 

If P, P are the foci of an inscribed conic the coordinates of the 
circle on PP’ as diameter may be taken to be 


a (+y) B+E), y(att+ p), Zaby 


($8 4, 6). So this system o is represented likewise by a four-nodal 
cubic, but the nodes now correspond to the centres of the circles 
touching the sides and so are on the fundamental quadric Q. 

When the point a, 8, y moves on a fixed line g the circle on 
PP’ as diameter is orthogonal to a fixed circle; varying g we get 
an œ? system of circles o’ reciprocal to the former and of course 
represented by a Steiner Quartic. This system o’ can be described 
more readily, in fact, than the Lemoyne system. 

Let S and S’ be two rectangular hyperbolas having ABC for 
self conjugate triangle; the pair P, P are conjugate for all conics 


of the system 
AS + uS + vg? = 0; 


when P is on the line g, there is one circle included and this, being 
orthogonal to the circle on PP’ as diameter, is a member of the 
system øg’. The latter system thus consists of the circles bitangent 
to the rectangular hyperbolas having ABC for self conjugate 
triangle. 

It may be mentioned that the Lemoyne system consists of the 
circles bitangent to the parabolas with the same property. 
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On the generalizations of the theorems of Parseval and Riesz- 
Fischer. By Mr S. PoLLARD, Trinity College. 


[Received 14 June, read 25 July 1927.] 


1, Any two real numbers p and q will be called conjugate if 
ty ta, 
P 1 
In what follows it is supposed that p>1. This implies q> 1 
and either p =q = 2 or p and q are separated by 2. 
The theorems in question are: 


A. Ifp22 and 
(1:1) F |f (£) da <o, 
th % |P 5 P |b|? 
en 2 + Z (lan +|bn|?) < 0, 


where, for n =0, 1, 2,..., 


Wa Wa | 
ty = = | " f(t) cosntdt, by == | " f(® sin ntdt, 
1 


1 x 
and (|S + Èa +|” < FS roede]. 
n=1 -r 

B. If p<? and 
: “i 

then there is a function g(x) such that 
[i lg@I|t<e, 

and, for n = 0, 1, 2, ..., 


(1:3) an= -{" g(t) cos nt dt, b= |" g(t) sin nt dt. 


Moreover 


(1:4) l 2 


Theorem A generalizes Parseval’s theorem and theorem B that 
of Riesz-Fischer *. 


* E. W. Hobson, Theory of Functions of a Real Variable, 2 (1926), 599-606. 


+ & (lan? +b?) < o, 


Ay 
a 


"Eanes ary] > E | ZOK isl" 
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It will be observed that a distinction is drawn between the 
function which appears in the enunciation of B and that which 
appears in the enunciation of A. The two functions should not be 
confused. 


2. As is well known these two theorems are of different types. 
Theorem A is of “function” type, Le. is a direct theorem about the 
Fourier series of a given function; while theorem B is of “coefii- 
cient” type, Le. is a theorem about trigonometrical series whose 
terms are given. It will be observed that, when the coefficients in 
theorem B are the Fourier coefficients of a given function /(z), 
there is nothing in the theorem which allows us to identify this 
function with the function g(x) given by the theorem. It is 
certainly true that f(x) and g(x) are essentially the same, but this 
is because of a special property of the trigonometrical orthogonal 
system which it does not share with all orthogonal systems. 

The object of this note is to obtain a single theorem of 
“function” type which covers as much as possible of the ground 
covered by theorems A and B. It does not cover all the ground, but 
requires only to be supplemented by part of the ordinary Riesz- 
Fischer theorem, i.e. by the consequences of the usual theory of 
convergence on the mean. 

It should be observed that the single theorem is designed in 
such a way that its hypothesis is as free as possible from restrictions. 
The only assumption made is that of integrability in the general 
Denjoy sense. 


3. Consider: 
C. If f(x) rs integrable in the general Denjoy sense in (— m, m) and, 
for n=), I, 2, ..., 


an = ={" FO cos ntdt, bn = IFO sin nt dt, 
then E J OL z 


bears to | 


Ao 
y2 
the same relation of inequality that p bears to 2 in the sense that 


a 1 
+ È (lanl? + [bal] 


e Ef fede]? 


| 


ajm 


Qo 


V2 


"+ Š (lanl? +|bnl°)|" (p22) 
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e» [firo mi 


1 
<| Go|? 4S (agl? + onl?) |” (p<2). 
y2 n=1 = 
D. If | 
(33) 7 had + È (ay? +b) < o0 


then the equations 
a, = =T g(t) cos ntdt, bn = =|" g (t) sin nt dt (n= 0, 1, 2...) 


have a solution g (t) which is integrable. 
Of these D is part of the ungeneralized Riesz-Fischer theorem, 
and C is the proposed direct theorem. 


4. LEMMA. If f(x) and g(a) are integrable in (—r, m) in the 
general Denjoy sense and have the same Fourier coefficients, then * 
(41) f(z) ~ g(x) (-msegsr). 

Write 

F()=[" (f@-taja, G@)=[ 


{g (t) — ła} dt, 


so that F (—r), F (r), G(—7), G (a) all vanish and integration by 
parts shows that F' (x) and G (x) have the same Fourier coefficients. 
Now F(x) and G(x) are continuous functions and therefore, 
by Fejér’s theorem, can be obtained from their Fourier series by 
the process of summation by arithmetic means. Since the Fourier 
series are the same it follows that F(x) and G (x) are the same. 
Denjoy and others have, however, shown that a function which 
is inte ble in the general Denjoy sense can be obtained almost 
everywhere from its indefinite integral by the process of asymptotic 
differentiation. Thus, provided that a function cannot have at a 
given point two different asymptotic differential coefficients, 


f(t)-4aq~g(z)-4q (mses), 


v 
r 


which is (4'1). 

To investigate the point just raised suppose that, if possible, 
F(x) has at a point & two different asymptotic differential co- 
efficients A,, A,. Then there are sets #,, E, of unit density at & 
such that 


~> A, (x => Fin E3). 


* By (4'1) is to be understood that f(x)=g(z) throughout -r<gx¢w except 
possibly at the points of a set of measure zero. 
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Since Æ, and Æ, are of unit density at £, corresponding to each 
positive number e there is a positive number 7 such that 


mE,I, mE, >(l—e)mI 
for all intervals J enclosing ¢ of length not greater than 7. Thus 
mE, EI > (1 — 2e) ml, 


which shows that Æ, E, has unit density at £. 
This is impossible unless £ is a limit point of £, Z,, and we now 


have ae) — (6) tending to both A, and A, as a->€ in E, E.. 


which cannot be the case. 


5. Suppose p> 2. Then unless (1:1) holds, (3'1) goes without 
saying, and if (1:1) holds, (3'1) is a consequence of A. 

Now suppose p<2. Unless (1'2) holds, (3'2) goes without 
saying. If(1‘2) holds, then there isa function g (x) such that (1:3) 
holds. The functions f(x) and g(x) have the same Fourier co- 
efficients and, by the lemma, must coincide almost everywhere. 
And now (3:2) follows from (1:4). 

Theorem C is thus completely established. 

It will be observed that, as (1'2) with p < 2 implies (3:3), the 
special case D of B is sufficient to establish the existence of the 
function g (7). 

6. It is easily seen that C and D are in effect A and B 
together with the equivalence of f(x) and g(x). So that C and D 
state a little more than A and B 

In view of this a certain amount of care has to be exercised. 
For C and D do not extend to the case of an arbitrary orthogonal 
system in the same way that A and B do. 

The difference is most easily illustrated in the case p = 2, when 
A and B are known to hold, with appropriate modifications, for all 
complete systems of normalized orthogonal functions. The same is 
true of D, but not of C. 

For, with the aid of a construction due to Banach*, it is 
possible, given any integrable function f (x) such that 


b b 
| fi(t)dt =o, [ seae+o, 
to obtain a complete system of normalized orthogonal functions 


(6'1) $ (x), a(x), ..., hn (S), <, 


* B. Banach, Proc. London Math. Soc. (2) a1 (1923), 95-97. Banach assumes 
that f (x) is positive and so absolutely integrable. It is interesting to verify that his 
construction can be extended to the case of conditionally integrable functions, 


| 
| 


= T 
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with (a, b) as basic interval, such that, if 
b 
n= | f(t) bn (that 


then, for every n, 
(6:2) Cn = 0, 
so that the analogue of (3'2) cannot hold. 
7. Let f(x) be as described and write 
b 
| y=| de 
so that y # 0. i 


Take p (a) = (5 i 


a 


Wor (£) = ia cos (2rr i 4 5 


Pary (£) = (; - T sin (2rm 5 — 2) (r>1), 


so that the functions y,(«) are the trigonometrical orthogonal 
system adjusted to the interval (a, b) and normalized. 

Since each y,(x) is of bounded variation, the product 
SF (@) Yn (2) is integrable. Write 


b 
ws [ FO Wn (t) dt, 
so that, by theorem C, 


(71) È mof Odio. 
Take now Xn (£) = Yan (£) — = 
so that ; f f 
aD |SOxOda=| FOWOa-T | fod 


= Yn — Yn = 0. 
If possible, let the functions y,(x) form an incomplete system, 
so that there is a normalized function F (æ) such that 


[ Fo xn (t) dt =0 


for every n. 
This gives 


(7:3) T, = [ Fo Wa (t) dt = = J ” F(t) dt 
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Now, by theorem C, 
° œ 6 
(T4) $ m= | F (i) dt =1. 


n=1 a 


Thus, by (1:3) 
{[ FO ar} È yn =ø, 


which is impossible, in view of (7'1), as 
b 
| F(t)dt+£0, 


for otherwise, by (7°3), all the coefficients [,, would vanish, in 
defiance of (7:4). 
It follows that no function such as F(a) can exist and the 
system [xn (t); must be complete, but not necessarily orthogonal. 
The first function y, (x) 1s easily seen to vanish, since 


no-t- (i) -iroa 


(E) -a io 


but for all the others 
b b Zyn fÈ Yn? f 
| x (t) dt = | pad- | Ya(t) dt +2 | ldt 


y2 
=1+(b—a) "2 +0, 
and the system 
Xal), Xs (T), -> Xn (T), «-- 

can be converted, in the usual way, into a complete normalized 
orthogonal system (6'1). 

Since ¢,(z) is a finite linear combination of the functions 
Xn (x), Cn vanishes in view of (7:2). Thus (6'2) holds, as had to 

e proved. 

t may be observed that, since the system yp (x) is complete it 
must contain functions whose norm relative to (a,b) does not 
vanish and so is capable of yielding a normalized orthogonal 
system. The analysis given, however, shows that y, (x) is the only 
function whose norm vanishes. 
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Summation of the integral conjugate to the Fourier integral of 
finite type. By MARGARET ELEANOR GRIMSHAW, Newnham College. 
(Communicated by Mr S. POLLARD.) 


[Received 14 June, read 25 July 1927.] 


1. The complete Denjoy-Fourier integral is of the form 


(1:1) j (a, cos sx + b, sin sz) ds, 


where 
(12) a a p f(t) cos stdé, b s] F f(t) sin stdt 
8 mla ’ 8 wT! x , 


the generating function f(t) being integrable in the general 
Denjoy sense in every finite interval, and the integrals (1:2) being 
interpreted as principal values or in some other suitable way. 

It is ible to avoid many of the complications due to the 
use of the Denjoy integral by restricting f(t) to some finite 
interval (p, q) outside which it vanishes. This is equivalent to 
replacing (1:1) by 


, 1ıif S r 
(1:3) u=- fro cos stdt, b, = =| O sin stdt. 


When this is the case, the integral (1'1) is said to be of finite type. 
The integral conjugate to the Denjoy-Fourier integral of finite 
type is 
(1:4) J K COs S£ — Q, Sin sx) ds, 
0 
where a, and b, are defined by (1:3), f (t) being restricted in the 
way described. It is the object of this paper to discuss the Cesaro 


summation of the integral (1:4) at a point x in p<a<q. Thus we 
examine the behaviour, as w —> 0, of 


o s\* 
Tilo) =| (1 -=) (b, cos sz — a, sin sx) ds, 


where & is some prescribed index of summability. We assume 
throughout that k > —1, so that 


m k 
0 @ 
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2. Ifk>—1, then 
(21) To) = | f+ 94 (wt) dt, 
where g(t) = f 'a —u)sin tudu. 
The method of proof is exactly similar to that used in a pre- 


vious paper*, with the sine and cosine functions interchanged. 
It is often convenient to write 


(2:2) Ju(a)=2[" fw +t) ge(ot) ae 
= = k X (t) 94 (wt) dt, 
where x (t) = f(x +t) —f (x —1). 


These forms are equivalent to (2'1) in virtue of the special pro- 
erty of f (t). The infinite limit of integration in (2°2) can always 
be replaced by any finite number greater than v — p and q- zx. 


3. For k > —1, 
1 
| (1—u¥du 
J0 
is absolutely convergent, and 
(turti 
(2n +1)! 


the series, considered as a ae of u, being uniformly con- 
vergent in (0, 1). a follows pa 


sin tu = 2 La yP 


GD  gO= 3 -Y gi whut du 
on ep aaa T EEL) 
TaN one ea) 
_1 TG +1) § = (-yp f2ntk 
t H a0 IT (2n +k+1)' 
Thus we may write 
(3'2) g(t) =7-37 E 0, 
where 
(33) vox! ®auy 
{ntk 
and C, (t) = 


a (= T(2n+k+1)° 
* Proc. Camb. Phil, Soc., 23 (1927), 755—767. 
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It may easily be shewn that ifk>0 
(3:4) yr (t) = | (1 — u) cos tudu. 
Now it is well known at 
£ Cr+: (t) = Ci (t), 
ICe(t)|<A (O<k<2), 
<4 (k22), 


where A represents some constant, dependent upon the function 
under consideration. Thus 
A 
(3:5) | ye (t) | <j (k > 0), 
where a= min (k, 2), 
By differentiation of (3°3), 


rE yk” (t) = Cre) ape eae znl ) +... 
C: (t) 


+(-yYk(k +1)... (k+r—-1) re 
where r is any positive integer not greater than k; and so 
A 
(3:6) Im" Olsa kr), 


|t |? 
where 8 = min (k, r + 2). 
For small values of t we may use (3°4), which gives 


1 
y” (t) = | (1 — uF ur cos? tudu, 
0 


whence 
(3:7) |y” (t)| <4. 
Also, from (3'1), as t —> 0, 
t 
(3:8) gx (t) ~ (k £1) (42) 


4, The necessary and sufficient condition that the integral 
(1:4) should be summable (C, k) to s is 


ImJ osi 
: w |? 
Write  Ja(o)=? | x (t) g, (ot) dt 


=* [TXO 4 ~ ky, (ot) dt, 


T'o 


by (3'2). 
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It would be very convenient to express J;(w) as the difference 
of the two integrals, but this is not possible in general because 
X() ig not necessarily integrable in an interval including the 


origin. It is indeed a simple matter to shew that if 
| ” XO oy 
o t 


does exist then it is the sum of the conjugate integral by all 
Cesàro means greater than unity, and this will later appear as 
a particular case of a more general result. Otherwise there are 
two distinct methods of attacking the problem. 

One method is to investigate the difference 


(4-1) Ji (w) — Jı (w), 


where J is some other index of summability, and to find conditions 

under which this tends to zero. In this way we obtain two sets 

of points in the interval (p, q), associated respectively with Cesàro 

means greater than 0 and greater than 1, and such that for each 

point of the set there is summability by all such means or by none. 
For the other method we assume that 


[x 


is an integrable function of ¢ in an interval including the origin. 
Then what follows is essentially the reduction of the condition 


(4:2) lim z | j x (t) 94 (wt) dt = 8 
a= 0 
to a neater and more manageable form. 
5. We have written 
X(t) =f (2 +t) — f(a —t). 
-1 [°x™) 
Let $ (t) — T f u du, 


so that ¢ (t) vanishes for ¢>a—p, q- zx. 
By the second mean value theorem 


®© € 
j) LD au =; f x) du (t<Ẹ<s-porg- z), 
and 


(51) $0 =0(3) as t-> 0. 
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Since the integrals used are to be interpreted in the general 


Denjoy sense, (4°2) may be replaced by the exactly equivalent 
condition 


lim lim 2 f x (0 gu (wt) dt =s 
Now 


wt gr (wt) = 1 — by; (wt), 2 {cot 9, (wt)} = — why’ (wt), 
so that i 
F x) wt 9; (wt) dt = wn Tg: (wn) h(n) — wkr fo (t) ye (wt) dt. 


By (3:8) and (5'1) the first term on the right-hand side tends 
to zero with ņ, and (4'2) is now reduced to 


lim lim wk | () yr (wt) dt = —s. 
n 


w-=>0 70 


It is easily seen that 


lim wk | ye’ (wt) dt=—ky,(0)=—-1  (k>0). 
a= 0 


Thus, if k >0, the necessary and sufficient condition that the con- 
jugate integral shall be summable (C, k) to 8 at x is 


(5-2) ime | ” abe (t) yr (wot) dt = 0, 
wen 7>) ” 
where 
(5'3) y= p-s (O0<t<e-porg—x), 
=0 elsewhere. 
6. Now assume that 
(6:1) fy (u) du exists, 
and write Y, (t)= f p (u) du, 


t 
V(t) = | Yiu) de, 


If Ea 


for some integer r, we shall say that 


= XLD du 
TJO u 
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exists (C, r) and has the value s. When r=0 this reduces to 
Z | ” xu) du=s8 
T Jo U j 


Take k >1. If X = max (x — p, q — x), then the necessary and 
sufficient condition (5'2) for summability to s can, by (6'1), be 
written 


x 
lim w | vy (t) yg (wt) dt = 0. 
wo >a 0 
If nw0<&<X, 
x , x x 
o| +O wn (ot) d= [Dow a| -a [WO mw" (wt dt 
Since, in the range of integration, bi (3:6), 


| OY: ' (wt) |< S (w an ’ 


where 8=min(k, 3)>1, the term between the limits tends to 
Zero aS œw => 0. 


Again, if Ẹ<A< u< X, 
M 
T " wyg (wt) dt = | ow (ot) | > 


as w —— œ , by (3°6). Thus, by the convergence theorem, since Y, (t) 
18 continuous, 


x 
w? | ; Y, (t) yr (wt) dt => 0 
as w ->œ , which gives 
x 
ù | b(t) ye (wt) dt > 0 


as w->0, so that the condition for summability becomes, when 
(6:1) holds, 


v [pO w (wt d|=0 (k >1). 
Repeated integration by parts yields 
w [$a (ot) dt= 0, E) mv (wf) — PPE 1" (08) n. 
+) wo Fyr (E) u (@€) 


+- a" | Y, (t) yu (wt) dë. 


(62) lim fim 
->00 w- po 
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If now r is any positive integer less than k + 1, by (3:6), 
ay, ™ (wE) —> 0 (n=1, 2,...,r—1), 
as w —> 20, 80 that (6'2) becomes 


3 
or | V,a (t) y” (wt) dt | =0. 
c0 


7. A sufficient condition for summability to s is 
Ta i 


(6:3) lim lim 


->00 w= 


(7:1) Vn (t) = —> 0 
as t—> 0, where n is the hea next below k—1; or, more 
generally, 
YF, (t) 
pOr ao 


as t->0, where r is any positive integer less than k. 
We have to shew that (6'3) is satisfied. By (8:7) 


1/w L/w 
w” j Vo (© y” (wt) dt| < Ae" Í KARONE, 


< Ay,* (z )+o 
as w->oo. Also 
i | F, (8) | 
W | YOn” (wt) dt| < Aw" S Ue (wt) dt 


by (3°6), where ê= min (k —r, 2) > 0, 
E [Y,a (6) 
S73 w? a) foo prté dt 
A v,* (E) 8 A(1+ a M (E) [= dt 
s w E a SC pre 
where M (E) is the upper bound of (t) in (0, £) and tends to 
zero with £. The first term tends to zero as w-»2c. The second is 
A(1+ 6) M(&) 1 1 
ò (wg) 
and vanishes after the operation lim lim. 
E0 w->o 


Now (7:1) is precisely the condition that 
(7-2) z i “KUO a, 
T Jo u 


should have the value s (C, n). We have thus shewn that if (7:2) 
has the value s in some positive Cesàro sense (C, n), then the con- 
jugate integral ıs summable to s, for k>n+1. 
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It may be noticed that if n is zero, we obtain the result that 
it is sufficient for summability (C, k), where k >1, that (7-2) should 
exist, and its value is the sum: 


8. An interesting sufficient condition is 


(8:1) vr) =0(1), wr? (4) =O (1) 
as t-»> 0, where r< k. 
It has been shewn that for summability it is sufficient to have 


È 
w" | F, (t) y” (wt) dt | =0. 
0 


lim 
w -0 


Now if à is any positive constant 


ÀJ% 
wr | PF, (t) yk” (wt) dt | 
0 


A/ew 
< ort f EO mu" (wt) dt 
0 


wf YOA) Y, (~) | + 


Alw 
<N Ay, (>) +AA’ J yr, (t) | dt 
0 
by (3'7), and each of these terms tends to zero as w-»00. Thus 


E 
w” | F, (t) y” (ot) dt 
J0 


lim 


w- 


= lim 


w- 


£ 
w” | F, (t) y” (wt) dt | 
J Ale 


= lim lim 


A> w-PO 


rē 
or | Yr (t) ye” (wt) dt 
ÀJ% 


? 


since a constant is its own limit. 


As in the preceding paragraph 

è * è 

w” l Y, (t) y” (wt) dt e EH, 4U+IME ft at 
àw 


n w? Ale p: ? 
where ê= min (k —r, 2), and M (Ẹ) is the upper bound of y,* (0 
in (0, £) and is bounded. The first term tends to zero as w -> 2x. 


The second is 
EOLO 1 
aa a mall 


and vanishes after the operation lim lim. 


A> 2 w- 0 


9. We now dispense with the assumption (6:1) and adopt 
the alternative method of attacking our problem. 


— ee _— a ee , Se is, a G. ee ee ne 


conjugate to the Fourier integral of finite type 879 
We shall say that x is an ordinary point if 


(9-1) x)= [x du=o(1), 
and a strictly ordinary point if in addition 

Le 
(9-2) x*()=7 | lx (u)ldu=0() 
as t—> 0. 


It will be shewn that for the set of ordinary points in (p, q) 
the conjugate integral is summable either by all Cesàro means 
greater than unity or by none, while for the strictly ordinary 
points there is aame bilty by all positive Cesàro means or by 
none. Thus we prove that, for an ordinary point and k, / >1, or 
for a strictly ordinary point and k, l >0, the difference (4'1) tends 
to zero. 

Take k >0 and let x be an ordinary point. If à is any positive 
constant, 


w Í 7 x (t) gx (wt) dt = Agr (A) x1 (=) — w? { ty, (t) 9x (wt) dt. 


The first term tends to zero as w -> œ. The second is in absolute 
value not greater than 


àJ% 
Aro | | xa (£) | dt, 
0 


since | gr (t)| <A, and this tends to zero as w -> æ. 
We may take A =1, and then it appears that, as w > œ, 


(9:3) Taw) =2 f" x) got) dt + 0 (1) 


If £ is any positive number less than g — x, æ — p, we can shew 
by the argument of § 6 that 


(9-4) F xD, (wt) dt> 0 


as w -> ©. 


Let />0. We have 
œw |? s w [2 
T E X (t) gk (wt) dt — ju M X (£) gi (wt) dt 
1 {= t 
= Ow (wt) — kyr (wt)} dt, 
T lle t 
and so, by (9:3) and (9'4), 
(9-5) Tm | J, (0) -Ju(w) 


iin | | xi) {lry: (cot) — key (cot)} ct | 


E>) e-n |" 


z 9—2 
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Moreover, 


J if XO yy (wt) dt = [n ni J A 
a a x(O (on (wt) - =P) ae 


The term between limits tends to zero as wœ = œ , by (3:5) and 
(9:1). Further, 


f AP nona] AM(E) [* dt 


wo Jit 
of-a 


by (8-5), where a= min (k, 2), M (E) is the upper bound of | y, (£). 
in (0, £) and tends to zero with &; and the last expression 


vanishes after the operation lim lim. Finally, 
&-»>0 w-»>a 


tat 
wo) 1/w tê 


£ 
ofi Xı (t) yk (wt) dt | < 


by (3'6), where 8 = min (k, 3). 
Assume k > 1, so that 8 >1. Then, exactly as above, this last 


expression vanishes after the operation lim lim. This shews that, 
§>0 ao 


for k, l >l, at an ordinary point 
€ x(t) E y(t) 
| “I yr (wt) dt, | ~ yy (wt) dt —> 0 


and (9°5) therefore gives 
(9:6) Ji (w) = Ji (w) -> 0. 
Now let x be a strictly ordinary - and k,l>0. We have 


Tim | Je(a) —i(w) | = Tim rx XD ty, (wt) — by (wt)} dt 


= lim lim Daaa dt. 
By (3:5), 
XO, (wt) dt <4 © XO) | ap 
A jw V i 


where a = min(2, k) >0, 
* 
Ax* ma" (E) A (a+) fF Xi (t) oy 


wt go wt Na pt 


s- 
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Now, by the arguments employed in § 8, both these expressions 
vanish after the operation lim lim. Thus, at a strictly ordinary 


AO w-P 2 
point, (9°6) holds for k, > 0. 


10. Combining these last results with those of § 7, it appears 
that when z is an ordinary point and 


1 | x (u) diea 
T Jo u 

in any positive Cesàro sense, the conjugate integral is summable 
to s by all Cesàro means greater than unity. If z is also a strictly 


ordinary point there is summability to s by all positive Cesàro 
means. 
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Simplexes and other configurations upon a rational normal 
curve. By Mr F. P. WHITE, St John’s College. 


[Received and read 25 July 1927.] 


The theorem that if two triangles be inscribed in a conic their 
six sides touch another conic 1s, of course, to be found in all the 
text-books ; it is apparently due in the first place to Brianchon *. 
The further remark, that if three triangles be inscribed in a conic 
the three conics obtained from them in pairs have a common 
tangent, is to be found in Taylor's Ancient and Modern Geometry 
of Coniest ; it was made independently by Wakeford. 

The first generalization to the space cubic is due, so far as 
I have been able to discover, to von Staudt}, who shewed that 
if two tetrads of points be taken on a space cubic, the eight faces 
are planes of a cubic developable. This theorem, again, was dis- 
covered independently by Hurwitz§ in 1875; he also pointed out 
that there is then on the cubic a single infinity of tetrads whose 
faces touch the same developable, the tetrads forming, in fact, an 
involution of sets of four points on the cubic curve. Meanwhile 
Cremona|| had considered three n-ads on the cubic curve, and the 
doubly-infinite involution of sets of n points determined there- 


from, and had shewn that their faces, 3 from each n-ad, touch 


a surface of class n—2. Independently, again, Pasch1f had con- 
sidered the particular case n = 4, in which the twelve faces of three 
tetrads touch a quadric. 

In 1882 Emil Weyr**, who was acquainted with the work of 
Cremona, considered his theorem in more detail, shewing that the 
surface of class n— 2 passes through $(n—1)(n—2) chords of 
the cubic curve. For n=5 we get a class-cubic surface and the 
six chords of the cubic curve form half of a double six thereon. 
Weyr was, however, chiefly concerned with involutions on rational 
curves in the plane, and his numerous other paperst+} are not 
much to the point. i 


* Brianchon, Mémoire sur les lignes du second ordre, Paris, 1817, p. 35 (reference 
taken from Encykl. Math. Wiss., 111, C. 1, p. 35, fn. 100). , 
t Cambridge, 1881, p. 360. Taylor refers to H. Picquet, Etude géométrique des 
systèmes ponctuels, Paris, 1872, but this author only gives the converse. 
t Von Staudt, Beitrage zur Geometrie der Lage, 1860, p. 378. 
§ Announced in Math. Ann., 15, 1879, p. 14; proof ibid., 20, 1882, p. 135. 
li Cremona, Rendiconti Lombardo (2), 12, 1879, pp. 347-52; Opera, t. 1, p. 441. 
1 Pasch, Journal für Math., 89, 1880, p. 256. 
** Weyr, Bulletin de Vacad. roy. de Belgique (3), 8, pp. 472-85. 
tt See list in the Royal Society Catalogue of Scientific Papers. 
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Finally W. F. Meyer® gave the general theorem: The faces of 
k n-ads (and of the œ *— n-ads of the involution determined by 
them) upon a rational normal curve of order m in space of m 
dimensions touch a variety of primes of dimension k—1 and 

lass ( o 
j m—k+1 
article on Mehrdimensionale Räumet; with the extension made. 
by F. Deruytst to rational curves of order m in space of less than 
m dimensions we are not here concerned. 

Recently Professor Kubota§ has returned to the matter, ap- 
parently without being aware of the work of Cremona, Weyr and 
Meyer; he has considered in particular the case of pentads upon 
a space cubic curve and has made a notable extension, as follows : 

Taking three pentads upon the curve we get a class-cubic 
surface touched by the 30 faces; four pentads give four such sur- 
faces which have the planes of a cubic developable in common ; 
five pentads give five cubic developables which have one plane in 
common. 

Kubota’s work, like that of all writers on this matter except 
von Staudt, Hurwitz and Wakeford, is algebraical ; and no author 
treats n-ads upon a rational normal curve in what would appear 
to be the natural manner, namely as arising from the prime 
sections of a curve of order n in space of n dimensions, of which 
the given curve is a projection. It therefore seems worth while to 
point out that a large number of the results hitherto obtained, 
including those of Kubota, with generalizations, may be very 
readily seen without any calculation by the help of the gene- 
ration of the rational normal curve of order n from projective 
systems, which is explained in Veronese’s paper “ Princip des 
Projicirens und Schneidens||.” 

For the sake of clearness, a few particular cases will be con- 
sidered, and generalizations will be merely indicated f. 


), (m>k>2). This result is also given in Segre’s 


1. Pentads upon a cubic curve. 


Consider a rational normal quintic curve in space of five di- 
mensions; and take any three chords J, V, W. Then it is clear 
that the trisecant planes of the curve are obtained as the inter- 
sections of corresponding primes of three triply infinite projectively 
related systems of primes through J, l’, Ù” respectively. 


* Meyer, Apolaritiét und rationale Curven, 1883, p. 387. 

t Encykl. Math. Wiss., 111, C 7, p. 896. t See reference in Segre, loc. cit. 

$ Kubota, Science Reports, Tohoku Imperial University, 15, 1926, pp. 39-44; 
Math. Zeits., 26, 1927, pp. 450-6. 

! Veronese, Math. Ann., 19, 1881, pp. 161-234, especially pp. 219-20. 

{| The proof of the theorem on the twelve faces of three tetrads on a space cubic 
curve from four dimensions is indicated in Baker's Principles of Geometry, vol. 1v, 
1925, p. 147. 
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Now take two arbitrary primes meeting in a solid S; a tn- 
secant plane lying in any prime through S meets S ina line. We 
consider then the trisecant planes which meet S in lines. 


Let P be a point of S; join it to J, l’, U” by planes a,, w, €”, 


and let a, w, be the planes through / corresponding to a,’ and 
to w,” in the projectivity mentioned above. As P varies in S we 
. thus get three projectively related triply infinite systems of planes 
through J, and taking the section by an arbitrary solid = we get 
three projectivities of the space X. Three corresponding planes 
@,, S2, ws, passing through J, lie in a prime II through J which, 
with its corresponding primes through I’, l’, gives the trisecant 
plane of the quintic curve which passes through P. This tn- 
secant plane thus projects from / on to È into the plane joining 
three corresponding points in the projectivities of 2. If, however, 
the trisecant plane meets S in a line m, the solid joining it to l 
lies with the solids corresponding to it, in the projectively related 
systems through J, in the prime which projects the trisecant plane, 
and hence in this case the projection is a plane which contains 
three corresponding lines in the projectivities of %. This is the 
dual of the point of concurrence of three corresponding lines in 
three projectivities between the planes of a space of three dimen- 
sions and the locus of such points is known to be a sextic curve 
of genus three, the residual intersection of two cubic surfaces with 
a space cubic curve in common®. es 

Hence we have the result that the trisecant planes of a quintic 
curve in five dimensions which meet a given solid in lines project, 
from a chord of the curve, into the planes of a sextic developable 
of genus three, obtained from two class-cubic surfaces with a cubic 
developable in common. 

On projection the quintic curve gives rise to a cubic curve 
in È, the intersections of primes through S with the quintic give 
an involution of sets of five points upon the cubic, determined by 
any two of the sets, and the ten trisecant planes lying in any such 
prime give the ten faces of the corresponding pentad on the 
cubic. 

Hence the 20 faces of any two pentads on a space cubic curve 
touch a sextic developable, which is touched by the faces of all the 
pentads of the involution which they determine. l 

It is easy to see that the oo! lines in which S is met by tri- 
secant planes are the trisecant chords of the sextic curve (of genus 
three) ın which S meets the sextic three dimensional variety of 
chords of the quintic. 

The case of three pentads upon the cubic curve is rather 
simpler. These clearly arise in a similar way from the intersections 


* Schur, Math. Ann., 18, 1881, pp. 1-32. 


i 
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of the quintic curve with three primes, which meet in a plane w. 
The faces of the pentads of the doubly infinite involution deter- 
mined by the three arise from the trisecant planes which meet a, 
each in a point. Joining w to J, I’, Ù” by primes I, Iy, I,” and 
taking II,, II;, through l, corresponding to II,’, II,” respectively, 
we have three primes through J containing respectively the three 
planes o,, wz, w, arising from any point P in æ. On projection 
we get from Il, II}, H, three planes in È, projectively related, 
and the join of corresponding points in these planes is the 
projection of a trisecant plane of the quintic curve which 
meets w. 

Again we have the dual of a case considered by Schur and 
others, who obtain a cubic surface as the locus of intersections 
of corresponding planes of three projectively related bundles (or 
stars), each with a base point. Moreover, as is well known, there 
are six sets of corresponding planes which meet in lines, giving 
six lines of the cubic surface, the half of a double six. In our case 
we get a class-cubic surface and six lines of it; clearly these six 
lines arise from the chords of the quintic curve which meet a, in 
the six intersections of w with the variety of chords. 

Hence we have the result : 


Three pentads of points on a space cubic curve determine a 
doubly infinite involution of pentads, and the ten faces of each 
pentad touch the same class-cubic surface, which has six chords of 
the curve as half of a double sia. 


The configuration for four pentads is similarly obtained from 
four primes in the space of five dimensions, which have in common 
a line m. The threes of the four pentads determine four planes 
through this line and the planes common to the four class-cubic 
surfaces are obtained from the trisecant planes of the quintic curve 
which meet m. In this case we get three solids through J and 
sets of three planes through J, lying in them and projectively re- 
lated. On projection we get, from the trisecant planes meeting m, 
the planes joining corresponding points of three projectively related 
lines, that is, the planes of a cubic developable. Hence, the four 
class-cubic surfaces touching the faces of threes of four pentuds 
upon the cubic curve have in common a cubic developable. 

Lastly, take five pentads upon the cubic curve. These arise 
from primes through a point P in the five-dimensional space. 
Through this point just one trisecant plane of the quintic can be 
drawn. We have thus the final result: 


The five cubic developables arising from the sets of four pentuds 
taken from the five have one plane in common. 
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2. (2r—1)-ads upon a rational normal curve of order r. 


Precisely the same method applies to sets of 2r—1 points 
upon a curve of order r in space of r dimensions. We eed only 
state the results. 

A set of 2r—1 points in r dimensions gives, by the joins of 


r points, as - primes, which we shall call the faces of the 


(2r —1)-ad. 

The faces of r such (2r —1)-ads upon the curve of order r 
touch a variety of primes of dimension r — 1 and class r, obtained 
from r projectively related primes, say a V’_,. 


The r+1 such V” 


r-l 
(2r —1)-ads have in common a V 


The r +2 such V?""~” arising from the sets of r +1 of r+2 
(r—2) 


arising from the sets of r of r+1 
tr(r-1) 
r-2 °° 


(2r —1)-ads have in common a Vee zy 


The r+ such yi) 


r-k 


arising from the sets of r+k—lofr+k 
(x 
yen), 

The 2r —1 such V, (developables of class r) arising from the 
sets of 2r— 2 of 2r—1 (2r—1)-ads have in common a single 
prime. 

This general statement includes the case of § 1 for r= 3, and 
for r= 2 gives the theorem in conics mentioned in the introduction. 


(2r —1)-ads have in common a 


3. Hexads upon a cubic curve. 


As another example, take the case of three hexads upon a 
space cubic curve. 

These should be considered as arising from three primes and 
a sextic curve in space of six dimensions. The three primes inter- 
sect in a solid, which meets a plane in a prime through it in a 
point. We have thus to consider the trisecant planes of the sextic 
curve which meet a given solid S in points. 

Now the trisecant planes of a rational normal sextic curve 
arise as the intersections of corresponding primes of four pro- 
jectively related triply infinite systems of primes, the base of 
each being a trisecant plane of the curve. ta, B, y, 5 be the 
bases. Then joining a point P to a, B, y, 6 by solids and pro- 
ceeding as before, we get four solids through a. If these lie ina 
prime this prime projects from a a trisecant plane which then 
passes through P. Taking all points of S and projecting from a 
upon a solid 2 we thus get four projectivities of 2, and the tn- 
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secant planes which meet S project into planes which join four 
corresponding and coplanar points in these projectivities. The 
locus of planes in X is thus* a surface of class 4, whose tangential 
equation is given by the vanishing of a determinant of four rows 
and columns—a surface which, following Jessopt, we may call a 
determinant class-quartic surface. 

This surface is, however, not the most general determinant 
class-quartic; it contains 10 lines which are chords of the cubic 
curve, these arising from the 10 chords of the sextic curve which 
meet the solid S. (The locus of chords of the sextic is a variety 
of dimension 3 and of order 10.) Hence the result: 

The 45 faces of three hexads upon a space cubic curve touch a 
surface of class 4 which is the Jacobian of four quadrics, given in 
plane coordinates. 

It is not necessary to do more than state the results for four 
and for five hexads upon the cubic curve. 

Taking four hexads, the four class-quartic surfaces arising from 
the threes thereof have in common the planes of a developable of 
class 6 and of genus 3; taking five hexads, the five sextic de- 
velupables have in common four planest. 

The extension to the rational normal curve of order r is at 
once clear. We take r sets of 2r points upon the curve; the 


r H faces touch a variety of class r+ 1; r+ 1 sets give r+1 


8 : ; +1) - 
such varieties, with the primes of a V?C*® in common, and so 


on, until finally we arrive at 2r — 1 sets of 2r points and r+ 1 
common primes. 

The elementary case in which r = 2 is interesting; the twelve 
sides of two quadrangles inscribed in a conic touch a curve of 
class 3; the three class-cubics arising from three quadrangles have 
three common tangents. 


4. (n+1)-ads upon a rational normal curve of order n. 


Another generalization of the theorem concerning tetrads upon 
a space cubic curve is worth special investigation, particularly as 
Segre§ calls attention to it in a foot-note. This 1s the case of 
simplexes upon a rational normal curve of any order. 


* Schur, loc. cit. 

t Jessop, Quartic Surfaces, Cambridge, 1916, Chap. 1x. 

{ The points P in S through which pass trisecant planes of the sextic curve 
describe a symmetroid, the 10 nodes of which are the points of intersection of S 
with the variety of chords of the sextic. For the four hexads we get a plane in the 
six-dimensional space and on it a quartic curve, through the points of which pass 
trisecant planes; with five hexads we get a straight line and four poiuts of it. The 
symmetroid, the quartic curve and the four points are the intersections of S, tlie 
plane and the line respectively with the variety of trisecant planes of the sextic, 
which is of dimension 5 and order 4. 

8 Segre, loc. cit., p. 896, fn. 375. 
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For this we consider the curve as the projection of a curve 
of order n +1 from a point of itself. As before, a simplex arises 
by projection from the intersections of this curve by a prime, and 
the faces of the simplex from the n-secant spaces of dimension n —1. 
Consider two such simplexes and the corresponding primes, which 
meet in a space S of dimension n—1. In a prime through S a 
oa of dimension » —1 meets S in a space of dimension n — 2. 

e have thus to consider the n-secant spaces of the curve of order 
n +1 which meet S in spaces of dimension n — 2. 

The n-secant spaces arise as the intersections of corresponding 
primes of two related oo” systems whose bases are respectively 
two points A, B of the curve. Taking any point P and joining 
to A, B, and taking the line through A which corresponds to the 
line BP through B, we have two lines through A, and any prime 
through the plane determined by these lines meets the corre- 
sponding prime through B in an n-secant space which passes 
through P. 

Varying P in S and projecting from A upon a prime È we get 
two projectively related primes w, p of È, corresponding points 
arising from the pairs of lines through A, and an n-secant space 
through P projects into a prime in & which contains two cor- 
responding points of the primes a, p. An n-secant space which 
meets S in a space of dimension n — 2 thus gives rise in È to two 
spaces of dimension n—2 in w, p which correspond in the pro- 
jectivity and which lie in a prime of È. 

The dual of all this is, first, a projectivity of the primes through 
two points in a space of n-dimensions, and then two corresponding 
lines in the projectivity which intersect; the locus of such inter- 
sections, as is well known, is a rational normal curve of order n. 

Hence, in our case, the faces of the two simplexes and of the 
simplexes in the involution determined by them are the osculating 
primes of a rational normal curve of order n. 

Three simplexes on the curve of order n arise in a similar way 
from three primes in the space of n + 1 dimensions, which have in 
common a space of dimension n — 2. We have to consider n-secant 
spaces of the curve of order n+1 which meet this in a space of 
dimension n — 3. Projecting from A upon 2 we get two spaces 
a, 8 of dimension n — 2, projectively related, and the faces of the 
simplexes arise from corresponding spaces of dimension n— 3 in 
a, 8 which lie in a prime of È. We thus get a double infinity of 
primes of class n —1*. 

Skipping intermediate cases, which may easily be worked out 
if desired, let us go on to the case of n simplexes. 


* The dual is a surface of order n—1 arising as the locus of intersections 
of eoevondne planes of two projectively related systems of primes through 
two lines. 
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In the space of n +1 dimensions we have n primes, which meet 
in a line l A space of n—1 dimensions in a prime through / 
meets / in a point. We have thus to consider the n-secant spaces 
of the curve of order n+1 which pass through the points of l. 
We clearly get, on projection from A, two lines m,n in È, pro- 
jectively related, two corresponding points M, N upon them arising 
from the same point P of l. Any prime through MN is the pro- 
jection from A of an n-secant space of the curve of order n+1 
which passes through P. The primes through MN are the tangent 
primes of a quadric, which is moreover degenerate tangentially 
into a quadric surface in the three-dimensional space of the 
lines m, n. 

The dual theorem is perhaps easier to state: 

Taking n simplexes, each formed by n osculating primes of a 
rational normal curve of order n, the n(n+1) vertices lie upon 
a quadric cone of which the “vertex” is a space of dimension n — 4*. 

For n+1 simplexes (going back to the original form of the 
theorems), we have to consider the n-secant spaces through a 

oint P, and thus on projection the primes through a line MN. 
Heic the n+1 quadrics arising from the simplexes taken n at a 
time have in common all primes through a line—the dual of the 
statement that quadric cones of the (n— 4)-th kind have a gene- 
rating space of dimension n — 2 in commonf. 


* Cf. Segre, loc. cit. He does not remark that the quadric is degenerate if n> 3. 
For n=3, 2 the cone becomes an ordinary quadric and a conic, respectively. 

+ The result, included in this for n=3, that, for four tetrads on a cubic curve, 
the four quadrics touching the faces of threes have a common generator, was re- 
marked by Mr J. H. Grace. 
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The Specific heat of Carbon Dioxide and the form of the CO; 
molecule. By W. H. MCCrEa, B.A., Trinity College. (Communicated 
by Mr R. H. Fow er.) 


[Received 28 May 1927.] 


Summary. Two alternative forms of the CO, molecule have 
been suggested by various authors who have discussed the band 
spectrum data. The specific heat curves based on these models are 
considered here. It is found that neither is quite satisfactory over 
the whole range of temperature and we discuss the difficulties for 
the low temperature and ae temperature portions separately. 
In order to get agreement for low temperatures we find it necessary 
to introduce a further hypothesis about the molecular model which 
also seems to explain one or two outstanding difficulties in inter- 
preting the fine structure of the bands. This assumption does not 
make any difference at higher temperatures where we show the 
error in one of the curves to be of the order we should expect to 
be accounted for by a centrifugal stretching of the molecule. 


1. The evidence of the infra-red absorption bands of CO, on 
the form of the molecule has been considered by Bjerrum®*, 
Dennison +, Schaefer and Philipps}, and Eucken§. All except the 
last of these authors agree in assigning it the form of an isosceles 
triangle with the carbon nucleus at the vertex, as in Fig. 1 which 
shows the three normal modes of vibration which will be the three 
fundamental frequencies of the bands. The length of the arrows 
gives, roughly, the relative amplitude for each particle]. 

If A, B and C are the principal moments of inertia of the 
system at its centre of gravity, the C-axis being parallel to OU, 
and the B-axis being the symmetry line, then C will be small com- 
pared with A and B, and, to a first approximation, A (= B+C) 
can be taken equal to B. Thus we have the case of a symmetrical 
rotator whose rotational energy levels will bef 


oe /l 1 
Wine gn +Dato) E: (1), 


* Verh. d. D. phys. Ges. xvi, p. 737 (1914). 

+ Phil. Mag. i, p. 195 (1926). . 

+ Ze. f. Phys. 36, p. 641 (1926). 

§ Zs. f. Phys. 37, p. 714 (1926). 

i Bjerrum (l.c.) obtains two solutions to the equations of motion—the present 
one and another—and he could not decide which should be taken. 

T Dennison, Nature, Feb. 26, 1927, p. 316. 
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where j=0,1,2,... 7=4, 3, 8,... 
n=0, 41l, +42,... 4} 9 n=}, tj, 
and, in the present case, o> A 


Using (1) the model predicts a fine structure for the bands in 
excellent general agreement with that observed, and gives 


A S 50 x 10-* gm. cm, 
C = 10— gm. cm.?, 


assuming a gap of one line in the “n” series. 


13 
v 7:05 X 10 c 


tO ae 


v = 10:95 x10" 


e 


2 
y =2-05X10" 


83 


Fig. 1 


Eucken, on the other hand, gives a model in which the three 
nuclei lie in a straight line with the carbon in the middle. His 
fundamental frequencies are 


vy = 6'885 x 10% asymmetrical, 
v; = 3°670 x 10" symmetrical, 
vs = 2'019 x 10" perpendicular to the line of nuclei, 


and he“assigns the fine structure to a departure of the vibrations 
from simple harmonic type. 
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We cannot here go into the details of the spectral evidence. 
which will be found in the papers quoted, for these two forms, 
except to say that, on the whole, it seems decidedly to favour the 
triangular type. It may be well, however, to mention one point 
noticed by Dennison, namely that, where a band is a double 
doublet, Eucken’s explanation of the structure demands that half 
of it should be due to molecules excited one stage further than 
those molecules responsible for the other half in at least one funda- 
mental frequency. This would predict a large ditference of intensity 
instead of the more or less equal intensities actually observed. 

2. We shall now consider the specific heat curves calculated 
on these two models. The former has one more rotational freedoin 
and, giving the rotations their equipartition values, we obtain, in 
the usual manner, for the specific heat at constant volume, 


Cr oaa P (270) + P(2) e (B) o 


R T T T 
C” 5 960 1750 3287 
gt 2P (ar) +P(“g-) +P (=F) ee 
for Dennison’s and Eucken’s models respectively. Here 
e? 


and T is the absolute temperature in degrees Centigrade. 

C, and C,” have been calculated for the range of temperature 
in which C, has been measured and the results are given in the 
following table and the curves in Fig. 2. 

The contribution of the v, vibration to C,’ is only appreciable 
at high temperatures, but it is about twice the value of C, — Cy at 
the end of the range. 

One of Eucken’s chief arguments for his model is that it does 
give a specific heat below 3R at low temperatures in agreement 
with experiment. We see, however, and this was not quite obvious 
from his paper since he was there concerned primarily with the 
low temperature behaviour, that (3) gives too large values at high 
temperatures. Now (2) and (3) both neglect the interaction of 
rotation and vibration, but we should expect a correction to be 
needed on this account, at such temperatures. This has been 
worked out for hydrogen* and increased the values calculated 
from a formula analogous to (2) and (3) and gave good agreement 
with experiment. We shall return to this below, but it is necessary 
to remark here that such a correction will presumably always 
increase the values derived from the crude formula, and, if so, 


* Kemble and van Vleck, Phys. Rev. xxi, p. 653 (1923). 
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TABLE I. 
T Calculated Cateclated Cy C,- 0y 
Absolute from (2) from (3) Observed y 
155 6:12 5'28 5002+04 Donath (quoted by 
Eucken, l.c.) 
197 6:33 5°72 5°83 Heuse 
273 6°75 6°70 6°67 Values given by Part- 
373 7:17 7:76 7:14 ington and Shilling, 
473 7°51 8°63 7:56 The specific heats of 
573 7:83 9°32 796 gases 
673 8°10 9°86 8:34 0°24 
773 8°37 10°36 8°69 0°32 
873 8°64 10°73 9-03 0°39 
973 8°91 11-02 9°35 0°44 
1073 9°15 11°25 9°65 0°50 
1173 9°38 11°46 9°92 0°54 
1273 9°60 11°63 10°18 0:58 
1373 9°79 11°79 10:42 0°63 
1473 9°99 11°93 10°63 0-64 
1573 10°17 12:05 10:83 0-66 
1673 10°33 12°16 11°00 0°67 
1773 10°48 12°26 11°15 0°67 
1873 10°59 12°33 11:29 0°70 
1973 10°69 12°38 11°40 0'71 
2073 10°77 12°43 11°49 0:72 
2173 10:84 12:47 11:57 0:73 
À 2273 10-90 1250 | 11-62 0:72 
c 
12- 
c 
11 C, 
© 
£ 
£10 
© 
es A 
Fo c, 
© 
8 C 
7 h s 
ep 
e ai 
5 os 


40 173 373 573 773 973 1173 1373 1573 1773 1973 


Fig. 2 
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any such formula predicting a value already too large must bk 
impossible. Also, if there were a small amount of dissociation it 
would bring in a correction in the same direction. So it seems 
that Eucken’s formula (3) cannot be accepted. 


3. The next point is to consider whether Dennison’s model 
will in any circumstances give values below 3R. Now it 1s 
well known that in the case of hydrogen, on account of its smal! 
moment of inertia, the rotation does not reach its equipartition 
value until about 300° abs. and it was thought that here also the 
rotation about the small moment might show the same effect. Tu 
try this one proceeds as follows: 


Equation (1) gives 


Wn e e a a 

ET TIGHT AMG creer, (4), 
h ,_ k 1 ae 5-a) and o’ « 
waere 0 = en A "= FT A i 


The corresponding partition function is (j integral) 


@ © j I 
F(o,o)= È (+1) ei $ È (B+ 1) ew 
j=0 j=l n=l 
evil): 


taking the usual weight factors. 
e shall suppose we are dealing with such values of T that a’, 
but not ø, is very small (o’ will be small within a few degrees of 


d 


i 1 
absolute zero). It can be shown that®, for small o’ and a « —=, 
Va 


3 (2j + 1) eiim = ++ OGY), iscissi (6), 
jae 
so that F (o’,c)= = È +2 Eee] +0(1) EE RS: (7). 


The rotational specific heat, for small o’, is therefore approximately 


ig 1 d D aii 
R fa? ,log 5 + o Jalg 142 E¢ J} ...(8). 


The first term is just R,ie. the equipartition rotation about the 


large moments, while the second, Ro? Z log f(c) (say), gives the 


contribution from rotation about the small moment. It is easily 
shown to tend to 4R as e —>0, as it must for equipartition. 


* The second term on the R.#.8. is sometimes given as O ( 3s) » which is 
g 


sufficient, but (6) is, in fact, true. 
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Values of this term have been calculated for different ø; they 
give a curve rising very steeply to a maximum of something like R 
and then approaching its asymptotic value of $2 from above. To fit 
the observed values for 7=155° and 197° on to the curve would 
require far too small a moment of inertia and the maximum would 
be quite contrary to the actual facts. 

In some of the attempts to get a fit for hydrogen it was found 
better to omit the state of no rotation; so the effect of excluding 
all states for which n = 0 was tried here, ie. the first term (unity) 
was omitted from f(c). The resulting curve does not rise so 
steeply as the first. But even in this case C would have to be 
0:14 x 10™ gm. cm? (approx.) to get agreement and we cannot 
reconcile this with the values from spectral evidence, especially 
since, if n can never be zero, the estimate of 10- above would 
have to be replaced by about 1°5x10-*. Also the curve still 
pe a maximum, though, indeed, it is now only about 0:56 R. 

ennison (Nature, l.c.) has shown that half quantum numbers may 
be used in (1) even in the solution to the problem on the Wave 
Mechanics, so this was tried here. It did, indeed, give a curve 
rising asymptotically to 42 without a maximum, but required C 
to be about 0°1 x 10—* as against 10-“ from the spectrum. (Here 


F(a,0’)=2 3 È Yereis+-om, 
j=} n=} 


leading finally to f(e)= > en inte), 
m=0 


Lastly, in a strict application of the Wave Mechanics to the 
present case of a molecule which repeats itself for every half- 
revolution about the B-axis, the wave functions for the rotations 
divide into a symmetrical and an antisymmetrical series. There 
will be no intercombination between states belonging to different 
series, unless there is another wave function corresponding to some 
other property, say a nuclear spin, in which case the two sets of 
states may have different weights and we have to write® 


F (c,¢’) 
=X f > (27 + 1) ejtor 4 $ $ (2j +1) gtm) 
. j=1,2,3,... n=1 


j=0,2,4,.. 
+(1—2) E (Brel esse 
j=1,3,5,... 


2 Í 
+ > > (2) a. 1) ejt -nia (9), 
j=1,2,3,... n=1 f 


where à has some value between 0 and 1. 


* The corresponding equation for a homopolar diatomic molecule is given by 
Hund, Zs. f. Phys. 42, p. 118 (1927). 


59—32 
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It is seen, however, that the form when ø’ is very small is 
exactly the same as (7)* for all A, so that there is no change from 
the first case considered; and this is obviously true even if there is 
no intercombination, for each series gives by itself the same specific 
heat. 

For half quantum numbers there is no change in the form of 
F (c,c') when this division is taken into account. 


4. The failure to get agreement with experiment in this 
manner for any probable value of the moment C, together with 
the success of this particular model in other directions, led one to 
look for other possible ways of accounting for this behaviour at 
low temperatures. The following hypothesis, which seems at first 
sight rather arbitrary, gives reasonably good agreement for the 
specific heat and also seems to account for some peculiarities, 
remarked by Dennison t in the fine structure of some bands. 

We suppose that whenever the vibration vs is not excited the 
molecule is linear, but that whenever it is excited the molecule 
has the triangular form we have been considering. Having made 
this assumption, it is natural to suppose that when the molecule is 
linear there will be no rotation about the line of nuclei, and that 
in the other form the state of no rotation about the corresponding 
(C) axis is excluded. 

When the A and B rotations have their equipartition values, 
supposing that the v, and v, vibrations, which. in any case 
make negligible contributions to the specific heat below about 
300° abs., are independent (see below) of the suggested change 
of form, the partition function for the remaining rotation and 
vibration is 


m=1 #=1 
=] + = ( 2 emme) REA (10). 
—_3 n=1 
(fT —1) 


This will, of course, give the usual values for high temperatures 
when the first term becomes unimportant. 


Write He = ao 
Then for v, = 2'05 x 10 and C = 1:01 x 10-, 


a = 25, 


* For example, sea 4 (Qy +1) e FNL = +0 (1). 


+ Zs. f. Phys. 38, p. 137 (1926). 
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and it is found that (10) may be written without appreciable 
error as 


1 + 26-2 (= ene] = (co) (889) cesses. (11). 


This makes a contribution 


d? 
Ra? aa logo (0) ee ce oshbsinceusceewase (12) 
to the specific heat, which has been calculated forthree temperatures, 


giving the results below which are indicated in Fig. 2 by the dotted 
curve ab. 


TABLE II. 


T° Calculated value Resulting 
Absolute of (12) specific heat 


0°237R 5°44 
0°430R 5°82 
0:628 R 6°32 


ab is seen to lie quite reasonably near the experimental curve 
(the value T= 155°, C,= 5°02 + 0'4 is not shown in Fig. 2) and in 
obtaining this we have used a value of C (1:01 x 10) of the order 
predicted by the optical evidence. 

e may now consider briefly the optical behaviour of this 
molecule. Mechanically we do not expect the vibrations »,, v to 
be much affected by the contemplated change taking place in the 
form of the molecule, on account of the particular directions of 
vibration of the particles in the associated normal modes (Fig. 1) 
and the fact that the bending is really quite small. All we should 
anticipate is that v, would become optically inactive in the linear 
form owing to the vanishing of the small vibration of the carbon 
nucleus. 

In the v, band the fine structure (Dennison, Phil. Mag., l.c.) is 
due to switches Aj=0, +1; An=+1 in W;,, given by (1), i.e. 
lines of spacing ( 5- =) La and Z Ne superposed. What is 
actually observed is a double doublet formed of two lines of the 
first spacing, each of which becomes a Bjerrum doublet of unresolved 
lines of the second spacing. 

On the simple theory we should expect the same structure for 
the v, band, but it is observed only as a single doublet of separation 
similar to that of the above Bjerrum doublets. But, on or theory, 
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when v, is absorbed by a switch from the straight form the C 
rotation is uot initially excited, so that n must increase, and thu: 
only half of the band formerly predicted is now possible. Also, 1f 42 
must still be unity, the only possible switch for n is O—>1 and » 
only one line of the n series will be observed. The same will be 
true of the combination bands v, + v, and 3r, observed by Schaefer 
and Philipps as single doublets *. 


- 


5. It remains to consider the magnitude of the discrepancy in 
C, at high temperatures. We saw that it was probably due to a cen- 
trifugal stretching of the molecule and we appealed to the analogous 
phenomenon in H,. In the diatomic case as treated by Kemble 
and van Vleck (l.c.) or Kratzer+ the correction will be greater the 


a. so 


TABLE III. 
| 
| Hydrogen. Specific heat (vibration + rotation) | Difference 
T° m ' (iii) Calculated 
nici (8) cxtnated | aes oe 
(i) Observed | °) n Vleck? theory (i) (iil) | (i) fii) | fror, 
a 6982 Table: 
method R+RP (E | 
673 2°12 2°08 2°01 0-11 007 0-24 
1273 2°55 2°55 2°23 0°32 0°32 Os 
1873 3°11 3:36 2°66 0°45 0°70 o7 
2273 3:57 3:85 2°94 0°63 091 O73 


less the moment of inertia and the less the frequency of vibration. | 
We notice now that in CO, in n; the slowest normal mode, the 

particles all vibrate in directions intersecting and almost perpen- | 
dicular to the C-axis, the one about which the moment 1s least. 

Hence this combination of vibration and rotation will, presumably, 
be responsible for effectively the whole correction. Further C 1s 
greater than the moment of inertia of hydrogen{ and v, is less 
than its fundamental frequency? so a C, v, dipole ought to have a 


* Schaefer and Philipps remark that the band which they tabulate as 2», — », may 
alternatively be given as v,+ 2v,. It is a double doublet and forms the only possible 
exception to what is said above. 

On our theory the two lines of the n series in »,, for example, will be due to 
switches in n of 1-2 and 2-1 (requiring again C =Œ 1:5 x 10-10) and we still 
cannot explain why more lines of the series are not observed. 

t See, for example, Born, dtommechanik, p. 140 et seq. 

$ For the values of these quantities see Kemble and van Vleck. 


— sie D o = ey, 
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correction of the same order as H,. We estimate then that this 
combination in the triatomic molecule will give half the dipole 
value since the rotation has then, so to speak, only half the value. 
At any rate we are led to the conclusion that CO, should need a 
correction of the same order as H,. Table III shows that this is the 
case and that the error C, — O, exhibits the right kind of variation 
with temperature. 

No way was found for working out for a triatomic molecule 
a complete theory similar to Kemble and van Vleck’s. It would 
seem that, before working out the case of a non-rigid rotator, one 
would have to have an exact solution for a rigid rotator with un- 
equal moments and it will be remembered that we have hitherto 
neglected the small difference between A and B. The latter problem 
has been worked out by Witmer* but is in itself so very compli- 
cated that it seems scarcely possible to apply additional corrections. 

It was thought, therefore, that it might be worth while calcu- 
lating the correction for a O, v, dipole. Now the formula obtained 
by Kemble and van Vleck contains series which are really divergent, 
but from the physical nature of the problem we have only to take 
a certain number of the terms at the beginning. This presents no 
difficulty for the hydrogen case where the constants involved are 
such that the early parts of the series behave as though they were 
convergent. The constants for the C, v, case, however, make the 
terms of some of the series increase from the start so that there is 
no way of knowing where to stop the series. Finally, one attempted 
to apply to the same dipole, Kratzer’s formula, with what seemed 
possible values of the coefficients of the small correcting terns in 
the energy levels. Such a large number of terms had, however, to 
be taken that the working evidently was not sufficiently accurate, 
for the result was practically identical with that of the crude theory. 

Thus the qualitative comparison with known results for 
Hydrogen already given seems the only method left to us for 
estimating the correction. 


6. X-ray evidence shows the molecule of solid CO, to be linear 
and, since 1t seems certain that the gas molecule can have the 
triangular form, the transition from one form to another may take 
place in the manner we have suggested. There may be nothing 
in this argument if we consider the lattice structure of solids, 
but it seems natural that when the lattice breaks down into the 
separate molecules of the gas they should leave it with the straight 
form. 

Lastly, if both forms are possible the presence of the straight 
molecules would reduce the average electric moment we should 


* Proc. Nat. Acad. Sci. 12, p. 602 (1926). The method of the old Quantum 
theory is used but the new theory is bound to give a similar solution. 


900 Mr MCrea, The specific heat of carbon dioxide, etc. 
expect supposing they all had the bent form. Experiment does 


indicate a non-zero electric moment though its value is not 
definitely settled *. 


In conclusion I wish to thank Mr R. H. Fowler, for suggesting 
the problem and for his invaluable advice. 


* Zahn, Phys. Rev. 27, p. 455 (1926); Weigt, Phys. Zs. 22, p. 643 (1921): 
Jona, Phys. Zs. 20, p. 14 (1919). 

[My attention has been called by Mr F. I. G. Rawlins to some work by Kliefoth, 
Zs. f. Phys. 39, p. 402 (1926), who obtains a non-zero moment agreeing with Weigt's 
but by a different method. (Added in proof.)] 


| 
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Eddy currents in thin circular cylinders of uniform conductivity, 
due to periodically changing magnetic fields, in two dimensions. By 
F. W. Carter, M.A., Sc.D., St John’s College. (Communicated by 
Mr F. P. WHITE.) 


[Received 8 July, reud 25 July 1927.] 


1. Introduction. 


The paper deals with the eddy currents in thin circular 
cylinders of uniform conducting material, due to periodic cur- 
rents in conductors lying parallel to the axis of the cylinder, or 
to the rotation of the cylinder in a two-dimensional field of force. 
The first of these problems was discussed by Mr M. B. Field in a 
paper entitled “Eddy current losses in three-phase cable sheaths,” 
read before the British Association at their Cambridge meeting 
in 1904. The solution proposed, however, although probably 
sufficient for the object, is mathematically defective, in that the 
field due to the current carried by the cable is assumed as the 
total field, the effect of the eddy-current field on the eddy cur- 
rents themselves being left out of account. 


2. General Investigation. 


Let a be the radius of the cylindrical surface. 

Let o be the eddy-current density at any point. 

Let ¢, be the potential function of the eddy-current field, 
within the cylinder. 

Let ¢, be the potential function of the eddy-current field, 
without the cylinder. 

Let ¢’ be the potential function of the disturbing field. 

Let k be the product of the thickness and the specific con- 
ductivity of the cylindrical sheet. 

The functions ¢, and q, satisfy Laplace’s equation, and are 
without singularity in their respective regions. At the cylindrical 
surface, r= a, 


ab, _ Ob, 
or — or @eoeeeevesnvnneeeceeeeeeeeseeneevennenes (1), 
0d, 0d, 
ano =- aoe ade eeoeceemeeeorvr eer eeeseeenves (2), 


da p82 Obit?) 


— 


eae hag ga na ieee (3). 
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Equations 2 and 3 give ` 
Rb, do 4 1 2 A(t) | 
56? 3g? = 4rka? ot ge O Ens (4 ). 


Permissible forms of solution, periodic in @ and in t, and satisfying | 


the surface equation (1), are 


h = = > (y [4n cos pt + B, sin pt] cos nô 
+ [4x cos pt + B,’ sin pt]sin nO} ...(5), 
p= — > > (5 [An cos pt + B, sin pt] cos nO 
+[A,’ cos pt + B,’ sin pt] sin n0} ...(6). 
In order to satisfy equation 4, writing 2rkpa = m, 
Z Èn {[(nAn+ mB,) cos pt + (nB, — mA,) sin pt] cos n8 
oo [(nAn + mB,’) cos pt + (nBy’— mA,’) sin pt] sin n0; 


a op 
= mk SS onn Ha eed te EAEN (7). 


Thus if the value of ae at the surface of the cylinder be ex- 


panded in the form of a Fourier’s series, the constants A, B, A’, B’, 
are determined by identifying the coefficients in equation (7). 
3. Disturbance due to linear alternating current. 


Let the current be C sin pt, located at (b, 0). Then, l 


' = — 2C sin pt sin se, ...(8), 
i (r? + b? — 2rb cos 0)? m 

ad’ E b sin 0 
(a) = 2Cp cos pt a? +b? — 2ab cos 6 Sfacsictavetats Meness (9) 


20 A 2 
= = poos pt 2 (2) sin nô, when b< a, 


= 2p cos pt 5, (5) sin n, when b> <a. 
1 


From equation (7), 


A=B=0, 
An By | 2nC b\" 
and 7 -t= eam (g) e When d<a, 
2nC a\" 
= — n(m? +n?) (z) $ when b > a. 


of uniform conductivity, etc. 903 


Hence when b< a, 
¢, = — amCS y el a A sinnô ...(10), 
1 


a’ n(m? + n?) 
_ = (b\" ncos pt+msin pt . 
dy = 2mC È (") nan (m +n) sin nO .......8. (11), 


and when b>a, 


¢,=- mC F Aj R e to SIn n@ ...... (12) 
1 


; n (m? + n?) ? 
is t+mesin pt . 
o= mC F (E) n o sinnô ...... (13). 


The eddy-current density, when b<a, is given by (see 
equation (2)) 


mC $ (7) n cos pt + m sin pt 


M? +n? 


a cos n@ ...... (14). 


The mean eddy-current loss per unit length is accordingly 
l 2r 
w={ a|" Fado 
o -0 


k 
: oo 1 b 2n 
= mpC = m+n? @ ccc n ec eecccccee (15). 
Similarly, when b >a, 
: ro) 1 a 2n 
W = mp È -r (5) PET (16). 


Note. In this case, in which the return current is not taken 
into account, there is a tendency to produce a current in one 
direction in the cylinder, which may become actual if the circuit 
is duly completed. A single-phase cable, having a central core, 
for instance, may have sheath loss if the sheath circuit is duly 
completed. To take account of this a term of the form 


— 20,6 sin (pt + a), 


in which C; $ C, should be added to œ, in equations (6), (11) and (13). 
The corresponding loss is additive to that given by equation (15). 


4. Disturbance due to a distributed alternating current. 


It will now be shown that if the conductor carrying the alter- 
nating current is circular and such that the current density in it 
is a function of the distance from its centre only, the eddy current 
nena is the same as if the whole disturbing current were col- 
ected at the centre of the conductor. 
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Let (b, 0) be the coordinates of the centre of the conductor, 
and (b', 6’) those of any point on it, referred to origin at the 


centre of the cylinder, and let the latter of these points have 
coordinates (x, $) referred to origin at the centre of the conductor. 
Let o’ be the current density at radius 2 in the conductor, and c 
the radius of the conductor. Then, from equation (10)*, 
"ncos pt +m sin pt 


a Qe fe : 
dh, = — 2m = f f o xdxzdd or) Ante) sin n (0 — 0^). 
Now ib” sin n (0 — 6’) is the imaginary part of [b’e © }" or of 
en? [b + we)", 
i.e. of en [br + nb" re + ...]. 


Integrating this with respect to $ from 0 to 2r, gives 
27rb" er"? 
of which the imaginary part is 272b"sin nô. The same conclusion 


holds with reference to equations (11), (12) and (13), and the pro- 
posed result follows, since 


C = 2r f oxda. 
0 


Mr Field, in the paper cited above, pointed out that in the 
case of stranded cable it is legitimate to assume the current 
density in a circular core to be a function of the distance from its 
centre only. For the strands are sufficiently insulated from one 
another to prevent sensible interchange of current with small 
differences of potential; and, being spiralled, the average electro- 
motive force in the strands, due to currents in neighbouring cores, 
is the same for all strands at one radius. Thus all such strands 
are treated alike by the fields which, but for this, would tend to 
produce inequality in the distribution of the current. 


5. Twin core single-phase cable sheath losses. 


The field in this case is due to a current C sin pt at (6, 0), and 
a current — C sin pt at (b, m). The combined effect is evidently to 
take out the even terms in equations (10) and (11), and to double 
the odd terms. The mean loss per unit length is therefore (cf. 
equation (15)) : 
W =4mpC? È (2) E EEES (17), 


1(nodd)\@/ ml? + 23 


which may be written 


sin? tals 


W = 4mpC”? > (=) a ee (17 a). 


1 m? + nê? 


* Strictly this formula assumes that g’ is in the same phase throughout; the 
restriction can however readily be shown to be unnecessary. 
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6. Three core three-phase cable sheath losses. 


The field in this case is due to a current Csin pt at (b, 0), a 

current Csin (pt - =) at (6, >). and a current C sin (vt + =") 
2 . ae 

at (o,-F). The terms in the potential in which n is a multiple 


of 3 cancel; the others combine to give (cf. equation (10)) 


© br , Sin (70 — pt + are tan =) 
; =0 a n Nm? +r? 


=3v+1 
= fh „ Sin (n9 + pt — aro tan =) 
+ = (=) n nia eeeeee (18), 
nat? EI TE 


with a corresponding expression for ġe. 
The mean loss per unit length of sheath is 


- NN 
o s?n sin? -y 
Ww = GmpC? Z (2) m4 ne eee REE (19). 


7. Cylinder rotating in a uniform field. 


Let p be the angular velocity, and H the field strength; then, 
referring to axes moving with the cylinder, 


p =— Hr cos (6 + pt) nosses. (20), 
ad’ _ 
(sf) = Hp sin (6 + pt) eseese. (21). 
Hence, from equation 7, n = 1, and 
Al Bed Pa me 
m m 1 + ni? 
m 
nd = —__——. Hr sin(6@ + pt — arctan m)...... 22), 
a Q Ji m (0 + pt — arc m) (22) 
KOTE . H” sin(0+ t — arc tan m) (23) 
Se EF pt — arctan m) ...... 
The loss per unit length is given by 
H*ap m 
W = g iam (24), 


and this, divided by p, gives the counter-torque on the cylinder. 
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8. Cylinder rotating with its axis parallel to a conductor carrying 
steady current C. 


In this case (cf. equation (8)), 


an 0G git OPO (25) 
[r + b? — 2rb cos (0 + pt)]? l 
0?’ 2C & fa | 
(55) = =p p2 n (F 3 cosn (0 + pt) ...... (26), 
when b> a. 
Hence, from equation (7), 
Ae a ai --= 57, (5. 
m m n l+ m\b 
and ġ,=-— 2C —— Fa F z TA cos [n (0 + pt) — arc tan m] 
bia (27) 
y s 1 
d, = 20 ——— Fe ee HA cos [n (0 + pt) — arc tan m] 
meot (28). 
The eddy-current density is given by 
C m Z/a. 
E T (F) sin [n (0 + pt) — arc tan m] 
eee (29). 
The loss per unit length 1s 
: m æ% /q\2n 
Waor roe C) 
= 20" Ge alicia (30), 


PIF: z7 b? — a? 
and this, divided by p, gives the counter-torque on the cylinder. 
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The Relation between Refractive Index and Density. By 
D. Burnett, B.A., Clare College. 


[Received 5 August, read 24 October 1927.] 


Varying ideas of the mechanism of the propagation of light and 
of the constitution of matter have led at different times to different 
formulae for the dependence of the refractive index n of a medium 


2 
on its density p, notably those of Laplace, = = = constant, and of 


2 — 
Lorenz* and Lorentzf, aap = constant. Recently Macdonald? 
has given a theory which seems more in accord with the modern 
2 
Lira = constant 


concept of atomic structure and finds a formula 


for a non-magnetic medium. It has therefore seemed worth while 
to examine a number of experimental results to see whether this 
new formula gives as satisfactory agreement as that of Lorenz and 
Lorentz; it is found that it does in most cases, and is occasionally 
the better. 

The assumptions made by the different authors about the 
structure of matter may be noted. Lorenz postulates a distribution 
of homogeneous, transparent molecules in free space, whose volumes 
and refractive indices do not change when the density changes ; 
his result is that, though n and p are not the same for a molecule 
as for the matter in bulk, yet in the limiting case of infinitely long 


2 
waves rs ; is the same, and this relation holds approximately 


for the wave lengths of light. Lorentz applies the theory of 
electrons, with the assumption that each electron in the substance 
is acted on by a force, of the nature of a resistance, which 1s 
proportional to its velocity. Macdonald supposes that the difference 
between matter and free space can be attributed entirely to the 
presence of electric charges, the amplitudes of whose motion 
depend on the density of the matter; various simple assumptions 
as to the nature of this dependence lead to the formulae already 
quoted. 

His results may be given briefly as follows: let ze'‘?**+9 be the 


* Lorenz, Oeuvres Scientifiques, Copenhagen, 1898, vol. 1, p. 211. 
+ Lorentz, Theory of Electrons, Ch, rv. 
t Macdonald, Proc. Roy. Soc. A, vol. 113, p. 237 (1926). 
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part of the electric current, in the direction of the electric force in 
the incident wave, associated with one of the charges, 2, the value 
of i at the centre of a sphere, large enough to permit the assumption 
that it is homogeneous and has the same electric constants as the 
matter in bulk, yet with a radius small compared with the wave 


length of light; then in a non-magnetic medium a is pro- 


portional to Xi, so that the Lorenz-Lorentz formula involves the 
assumption that Èt, is proportional to the density. Itis also found 
that X || is equal to (n?—1) multiplied by a factor depending on 
n and on the angle of incidence of the light on the surface of the 
medium. In these cases the amplitude of the incident waves is 
supposed unaltered when the density varies. Macdonald then puts 
forward the hypothesis that the amplitude of the motion of a charge 
is the same in two media of the same kind but of ditterent 
densities provided that the density of electric energy is the same in 
both, and this of course is not consistent with the amplitude of the 
incident waves being the same in the two cases. This assumption 


ia 
leads to = = constant for a non-magnetic medium and 
p 


> =kV1+k*p?+k Vl +p? 


for a magnetic medium, k and k’ being constants. 

Experimental results are available for a large number of 
substances. In the case of gases the refractive index is so near 
unity that it is not always possible to differentiate between the 
formulae. Magri’s* results for air up to pressures of 200 atmospheres 
are quoted by Lorentz in support of his formula, and the agreement 
is good. No other results have been found for such a wide range 
of density, but it is to be noted that recent authorst give 


n=l TEE ae ; 
“~~ = constant within the limit of experimental error for pressures 


p 
from one to ten atmospheres; this has been found for air, oxygen, 
hydrogen and carbon o 
In view of this uncertainty, it has seemed advisable to consider 
liquids rather than gases. Variation of the density of a liquid is 
obtained by varying the temperature, and this introduces the 
gainer ed of a shift of the absorption bands. Such an effect has 
een observed in specimens of glasst and some other crystalline 


* Magri, Phys. Zeit. vol. 6. p. 629 (1905). 

t Cf. Posejpal, Journ. de Phys. vol. 2, p. 87 (1921) and vol. 4, p. 451 (1923); 
Opladen, Zeit. fiir Phys. vol. 42, p. 160 (1927). 

t Gibson, Phys. Rev. vol. 7, p. 194 (1916); Peters, Sc. Papers of the Bureau of 
Standards, 1926. 
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media*, and in solutions of certain colouring matters+, but in- 
formation about other substances is scanty. Henrit has studied 
the absorption of most of the substances considered in this paper 
and he does not seem to have noted any temperature effect, so 
that it is probably justifiable to assume that in these cases the 
shift of the bands is inappreciable in the range of temperature 
involved. 

The following table indicates the kind of results obtained : 


oe 211 
in ıt A and B represent the formulae ” —- L= constant and 
+2) 
n?—1 
- — = constant respectively. 
np 
Best 
Substance Formula Author 
Water, Ice, and Steam A Lorenz§ 
Water B Hall and Payne]| 
Alcohol (liq. and vap.) A Lorenz § 
Alcohol (liq.) B Hall and Payne||; Ketteler T 
Benzene A or B Landolt-Bornstein** 
Ether (liq. and vap.) A Lorenz § 
Ether (liq.) Aor B Landolt- Bornstein** 
Ethyl Bromide AorB Weegmann tt 
Aniline B Landolt-Bornstein ** 


In the cases in which an extended series of observations is 


ae: . -ll 

available there is a steady variation in the same sense in a r 
2 

and — : . Some of the figures obtained from the measurements 


of Hall and Payne on pure water and alcohol may be quoted: 


* Cf. Martin, Proc. Roy. Soc. A, vol. 96, p. 185 (1919). 

+ Cf. Houstoun, Ann. der Phys. vol. 21, p. 535 (1906). 

t Cf. Henri, Etudes de Photochimie, Paris, 1919. 

§ Loe. cit. p. 332. 

| Hall and Payne, Phys. Rev. vol. 20, p. 249. The densities are from the 
Smithsonian Tables, 7th ed. 

7 Ketteler, Wied. Ann. vol. 33, p. 508 (1888). 

** Landolt-Bornstein, Tabellen. (The values given are from different authors 
and only those which are consistent have been used.) a 

Weegmann, Zeit. Ph. Chem. vol. 2, p. 234 (1888). (A large number of similar 

compounds are also investigated.) 
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Water. 


20 30 40 50 60 70. | 


_ —|_—- ee 
1°33335 | 1°33228 | 1:33087 | 1:32930 | 1:32754 | 1°32547 | 
99823 | -99568 | 99225 | 98807 | -98324 7781 | 


58439 | -58422 | -58401 | -58399 | -58406 | -58398 | 


"20626 20618 20610 "20607 "20608 “20603 


< a m 


Alcohol. 
To 16 20 24 28 82 38 j 40 | 
| 
n?—] =g 
a "7915 "7918 7920 "7922 7925 7927 7929 
n?—1 1 : 
z 5- | 22402 | -22412 | -22420 | -22427 | 22434 | -22442 | -22450 
n*+2 p 


| | 


Lorenz gives values of n and p for ice, water and steam; the 
values of the constants calculated ‘Goin them are: 


Toe Water at 10°C. Water at 20°C. Steam 


n?—] 
= -5903 5841 5839 -6203 | 
ri EES 
nll | 080 -20615 -2061 -2068 | 
ni+2 p | 


It is evidently only in the case of steam that the Lorenz-Lorentz 
formula is the better. 

The following tables were calculated from the values of n and 
p given in Landolt-Bornstein: 


Aniline. 


j 1-016 10216 | 10220 | 102478 | 102792 
n 1:5828 | 158629 | 158632 | 1°58818 | 159073 
w= -360 -9357 9354 9354 -9360 


"3288 "3286 *3285 


"3285 


á 
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Benzene. 
p ‘8801 *88341 “8867 
n 1°49646 1-4988 1:50119 
n?-—l 
9411 9414 9418 
np 
ni-11 
AFE 23 | 33218 33226 33237 
Ethyl Ether. 
p 7 141 "7157 ‘7166 
n 1°3519 1°35032 1°35112 
ni—1 
ds = 8573 *8520 "8526 
2L 
nll | goog -3008 3011 


"89137 
1°50381 


9411 


"33209 


"7183 
1°35246 


"8535 


3015 
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On the Distribution of the Error of an Interpolated Value, and 
on the Construction of Tables. By R. A. Fısmer, Sc.D., Gonville 
and Caius College, and Mr J. WISHART. 


[Received 8 August, read 24 October 1927. ] 
1. Introduction. 


Before the introduction of interpolation formulae, beyond linear 
interpolation by proportional parts, the presentation of the 
numerical values of mathematical functions was much restricted, 
for the labour of computation and the cost of printing, to say 
nothing of the inconvenience of handling a bulky volume, had to 
be increased quite disproportionately with every increase in accu- 
racy. A four-figure logarithm table occupies two small pages, 
Chambers’s seven-figure table takes 150 pages, while Vega’s ten- 
figure table requires 300 pages twelve inches long. 

The modern tendency towards compact tables used with more 
or less high order interpolation formulae arises from two advances: 
(i) the introduction of simple and adequate interpolation formulae, 
and (ii) the development of the theory of the remainder term. 
The central difference formulae of Everett not only reduce the 
calculation of the interpolate to a few very simple operations, of a 
kind suitable for machine calculations, but since they require only 
even differences they enable adequate differences to be presented 
compactly with the table. Tables of the coefficients of the second, 
fourth and sixth differences have been prepared by A. J. Thompson 
(1, 1921). Even a moderate use of differences results in a very great 
saving. For example in A. J. Thompson's recent twenty-figure 
logarithm tables (2) the values from °9 to 1'0 occupy only 100 pages, 
ulthough differences beyond the second are not ad the fourth 
differences being negligible. The table could in fact have been made 
much more compact, by the use of higher differences, although in 
view of the special properties of the logarithm, it is doubtful if this 
would be desirable. Pearson has exhibited seven-figure logarithm 
and anti-logarithin tables which, using second differences, together 
occupy only a single page (3, 1920, p. 60). 

Steffensen’s recent book on interpolation (4, 1927) makes 
available in English the author's important work on the remainder 
term, and so makes it possible to gauge how far high order inter- 
polation may be carried with advantage. The contributions to the 
interpolate of the tabular entries and of their second, fourth, etc., 
ditferences will usually form an asymptotic series, the magnitude 
of the terms falling to a minimum and then increasing. This 
minimum should be a negligible fraction in the last decimal place 
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tabulated, and if so an interpolation formula will give the inter- 
polate to the full accuracy of the table. A table should in fact 
always be regarded as giving not an isolated series of values of a 
function, but, by means of the interpolate function implicit in 
these, the whole continuum of its values. The possibility of ade- 
quate interpolation thus depends on the tabular intervals being 
sufficiently small for the remainder term to be negligible. This 
condition allows of the use of immensely more compact tables than 
the requirement that linear interpolation shall be valid, and brings 
with it the possibility of accurate tables of double and triple 
entry, without prohibitive labour either in their preparation or 
their use. 

When the remainder term is negligible the error of the inter- 
polate will depend only on the tabular errors, that is to say, on the 
differences between the exact value of the function and the corre- 
sponding value given in the table. When a table is “correct to 
the last figure” this error will be uniformly distributed between 
the limits — 0'5 and +05 in the last place. Disproportionate 
efforts are often made to ensure this accuracy of the last place. 
Calculations are frequently carried to two or three figures more 
than are given in the final form, and the entries then cut down. 
Even so, 1t is by no means certain, owing to entries occurring that 
end in 50 or 500, that the final figure will in all cases be “correct” 
and a lengthy series of calculations in such a doubtful case will 
seldom effect more improvement than to replace an error of say 
‘503 by one of ‘497, a most trifling gain seeing that the standard 
error of a “correct” table is ‘288. It has not been hitherto 
sufficiently realised that a table to a larger number of places, the 
last one or two of which are not necessarily correct, 1s capable of 
giving a more accurate interpolate than the same table cut down, 
provided that the standard error of the tabular entry is known. 
The expense of printing one or more figures would be more than 
compensated for by the increased accuracy obtainable. It is usually 
possible to ensure that positive and negative errors should be, in 
the long run, equally frequent, and that the distribution of errors 
shall follow approximately the normal law. 

The purpose of this note is to establish the extent and nature 
of the errors to which the interpolate is liable, in so far as these 
depend only on tabular errors, in terms of those of the entries from 
which it 1s derived, whether in a table correct to the last figure or 
not. A statement of this error, which need not be given more than 
once on each page, would be a necessary and valuable addition to 
the many-place table that has been advocated above. It will be 
assumed in what follows that the standard deviations of tabular 
errors are all equal, within the range of the interpolation formulae, 
and that errors in adjacent values are independent ther, 
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i.e. no correlations exist between e, and e,, & and e,, etc., where e 
denotes the error of a single value. All the formulae of interpola- 
tion by differences are included in the following general reasoning, 
where Lagrange’s formula has been used, and the intervals assumed, 
for simplicity, to be equal. 

2. The Mean Variance of the Interpolate. 


Let p be the fraction of the interval (taken as 0 to 1) for 
which it is desired to obtain an interpolated value. Let g=1-p. 
Then we shall examine the contribution of any one error to the 
variance of the interpolate for one-, two-, three-, four-, .... point 
formulae and average this over the interval. The total contribu- 
tion will be expressed as a polynomial in pg and we shall use the 
result that 

(r!) 


| ea dp = oe 1)!" 


1-point Interpolation. 


The interpolate is here equal to the tabular entry, and so the 
ratio of the variance of the interpolate to that of the entry is 
unity. 

2-point Interpolation. 


We have contributions ge at 0 and pe at 1. The variance of 
the interpolate is then the average value of 


(p+ 9°) o* = (1 — 2pgq) o, 
and our required ratio is 2. 


3-point Interpolation. 
Contributions to the error are 
PaMP~D at}, (ptd)(p—H ab +h, 


and (e+ (pnd) 


We then have the total variance 


- ma E (2p — 3} + (2p +1)} + 


= a [(1 — 4pq) (5 — 4pq) + 2 (3 + 4pq)"], 


and the average value of the variance of the interpolate is 


at +3. 


(2p +1) (2p — 2 e 
16 


the ratio of variances being °89375. 
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A similar procedure gives, for 4-point interpolation, °77566, 
5-point 89574, 6-point °82244, 7-point ‘90291, and 8-point 84942. 


3. The Limiting Condition for High Order Interpolation. 


It is easy to show that the limit to the ratio of variances as the 
number of points is indefinitely increased must be unity. For the 
function 


(x — a) (T= a)... (£ — api) (£ — Api) -0.0 (T — An) 
(ap — Q1) (ap — ae) ...... (ap — ap—1) (Ap — appi) «20... (ap — Gn) 
vanishes at all points a), dy, ...+.. an except dy, at which its value 


is unity. When n is large, and the intervals equal to unity, the 
function tends to resemble 


sin T (x — Ap) 
T (T — dp) 


The average contribution of any one error to the variance of 
the interpolate is then 


1— ap gin? 
| e LA where pale 
02 T 


_1 1f w- Op se 
—Op 


and the average value of the total variance, expressed as a ratio to 
that of the tabular entry, will be 


Sf i do = — E] + = eee 
mT 0 —2 @ 


of which the first term vanishes, while the second is 


1/f” sing ,, | l 
S i a (3-1) 


We have, then, the result that the average standard error of 
the interpolate is always somewhat less than that of the tabular 
entry, being least for linear interpolation, and the advantage of a 
system of tabulation which is not concerned with the accuracy of 
the last figure recorded, but which states the standard error of 
entry, 18 apparent. 

For certain functions it is possible to tabulate better values 
for the even differences than those derived from the tabular values, 
If exact values for the differences are employed in the interpola- 
tion formula, errors will only be introduced by the part calculated 
from the two adjacent tabular values, and the distribution of 


2 
—Ap 
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errors will be exactly the same as for 2-point interpolation. This 
condition is nearly realised when even differences are given correct 
to the last digit of the tabular values. 


4. The Error Distribution for High Order Interpolation. 


When we turn to examine not merely the variance but the 
form of the distribution of the error in the interpolate, a normally 
distributed tabular error is seen to have an added advantage 
beyond that due to the increased accuracy attainable when the 
table is not cut down to be “correct to the last place.” In what 
follows n, the number of points, will be assumed to be large, and 
the theory put forward may be regarded as that to which we tend 
as the number of differences used in interpolation is increased. It 
will first be necessary to find the average values of the powers 
of the several errors. For the average value of the 4th powers of 
the tabular errors we require 

~ 3! ar bee F 


1 (° sinté EOSS g sin 6 2 
| Sdo se] 4) das...) 
1 

20’ eeoeeea 


while for the eighth, tenth, and twelfth powers we have the average 
values 


sin 


‘9, 1 


Similarly zf 


151 15619  , 655177 


315 ; 36288 and 1663200 ` EEN (4°3) 
The general term for this average can be written 
a ae 
2 (2r 11) "o 


where un =| n |7. 

Alternatively the actual values for particular points of inter- 
polation, and not merely the averages over all points, of the mean 
powers of the errors may be reached by noting that the series of 
coefficients of the independent tabular errors, in the error of the 
interpolate, 1s 

sin sin( +r) 


—_— 


Q.’ “Pia y reeees ’ 
so that the sum of their squarcs is 1 if @=0, and 
2 
— sin? ð S (—) , +0, 
rao \TET 
where = g ; 
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and r is an integer. We have 


0? 
Also rao x)!. 


[(a—1)! is written for T(x) even though v is not an integer. |] 
Adding, we have 


S _1 _@#, pee 
-o (£ +r} ðr? °8 Sin ra 


Thus the sum of squares is unity for all values of 6. The sum 
of the fourth powers is, — 


= 7? cosec? l. 


> , Sin‘ ea api OË 0)=1 —-}2sin? ðb. ...... (4°4) 
For the sixth powers we have 
l — sin? ð + # sint ð, aaa (4:5) 
and for the eighth powers 
l— $sin’@ + 2 sint — zt sinf Â. aens (4:6) 


These expressions are the coefticients of h?, ht, etc., in the ex- 
pansion of 


hx cot (6 — hx), 


where z= sin @. 


The assumption is made that the error distribution of the 
interpolate will be symmetrical, so that or even moments need 
be considered. The two cases that arise are (a) normal distribution 
of tabular errors, which occur when the table is used as constructed, 
and not cut down, (b) rectangular distribution of errors, as in the 
case of all ordinary tables, which are correct to the last figure. So 
that in (b) if dp represent the small element of frequency 
(= f(x) dx), we have dp=de for all values of æ between — $ and 
+4, say, and dp = 0 outside these limits. 

The nature of the distributions is best exhibited by studying 
their characteristic functions. If, in the usual notation, 


br = i a” dp 


is the rth moment of the distribution (taken as unlimited in 
range) about an arbitrary origin, and yw, is the corresponding 


918 Messrs Fisher and Wishart, Distribution of the error 


moment about the mean, then the Moment Generating Function 
is defined as 


j ,? ’ 
u=| edp=1+ ptt m gi ths at PEA 


TER. : 
=O (1+ mass + ba + ie E ) e asocoo (47) 


The logarithm of M may be called the Kappa Generating 


Function, and we have 
t e 
= log M = mt + r gj te gyt TEI T store. (48) 


where the «’s are the semi-invariants of Thiele. Thus 


= fh), Ky = Hha, Ks = fs, Ky = py — Sue", Ks = Ms — LOpg py, etc. 
ie important property of the K-functions is that if one distri- 
bution of e has for its characteristic function 


t 
Kenttmas tat @aases 3 
then that of pe, where p is constant, has 
e t 
K, = prt + pP’ ke x + p* Ks gy tere 
Also for any linear compound of independent variates the K-func- 
tions are added, i.e. for 


X = pic: + Pola + Dsl +... ; 


where 9, Pa, Ps, --. are constant and €, €z, €s, ... are independent 
varjates of a distribution given by K, then for the distribution X 


K, =S (p)t + rS (p?) taS) +.... ...(49) 


This property enables us to reach very quickly the form of the 
distribution of the error of the interpolate for a given distribution 
of tabular errors. Thus for the rectangular distribution of common 


occurrence 
, 


4 
M’ = | ezda = - ERNA 
-} 


2 
ee e ee ee ee 
3.2: 2! 5.204! 7.2° 6! 
Adjusting so as to obtain a unit standard error by writing 
ť = t12, 
valivé M=1+ta tT at e (410) 
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E 68 48 & 432 # 
Then =J 5S 41° 4°61. B BIT caabwes aes (4'11). 


So for the interpolate, using the results (4'4), (4:5), (4'6), we have 


6 2 t 48 2 
K=5,-3(1- 3 sin®8) j + (1 — sin? 0 + = sin‘ 8) = 


_ 432 4, 4. 
(1-3 sin? 8 + — = sit @— az sint 0) + NETEN (4°12) 

If the successive terms are averaged, by the use of (41), (42), 
(4°3), we have what may be called the synthetic distribution of the 
interpolate, given by the function 


O Ë 4 t 132 & 7248 # 

“ei bai 3561” We Bt 
in which the terms beyond the first indicate the departure from 
normality. It will be seen that the distribution does not tend to 
normality, even though the number of tabular errors involved is 
increased without limit. Pearson’s 8, tends to 2°2 instead of 3°0. 


If the moments are wanted the procedure is reversed and we 
obtain 


M=1+5 


...(418) 


t? ,i t _ 237 e 4127 Lä 
21° Bai" 35°61" 175 8! 
Alternatively we may consider the distribution compounded of 


the several distributions of the successive tabular errors. Thus if 
the frequency distributions are 


dp aT Qı dz, hdz, dz, 
and so on, we consider the distribution dp = $dx, @ being the 


mean of hı, $a, ds, +--+ The corresponding Moment Generating 
Function is 


+ cee a (814) 


M=| etgde = M 


This procedure is equivalent to reversing equation (4°12) and 
then averaging the terms. Thus 


E 9+4sin?d tt 135 + 180 sin? +32 sin'@ t’ 


ee ae 35 61 
4 1575 + 4200 sin? 6 + 2352 sint +192 sinf t 

175 ‘git outside 

peste (4°15) 

_ E 11 # 237 & 4617 £ ? 

ltt gegt 35 61t is ait TETTE (4°16) 
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The synthetic and compounded distributions agree, as was to be 
expected from the constancy of the variance, up to the sixth 
moment. 


5. The point we now make is that if the distribution of 
tabular errors is normal, as may be reasonably assumed for a table 


2 


not cut down, the only term left in the K-function is Sn- Tr 


follows that K for the error in the interpolate is always a for all 
values of 0, hence the distribution of error at any point of inter- 
polation is exactly the same as that of the tabular error. The 
distinction between the synthetic and the compounded distribu- 
tions now disappears. 

A distribution of error such as that given by (4'12) or (4°15) is 
by no means easy to deal with. Variation will take place as the 
interval between the tabular entries is traversed, and even when 
this is averaged over the interval, and very high order interpola- 
tion formulae are used, the distribution is still of a type which has 
not been investigated, and for which probability integral tables are 
not available. The best that could be done would perhaps be to 
use the Pearsonian Type II 


= at 11 
df= (1-2)F de, n= 


Jz 23 


NT 2 


which agrees with it as far as the fourth moment, and does not 
differ widely in the neighbouring higher moments. It 1s, however, 
a distribution of finite range, whereas the true range must tend 
logarithmically to infinity as the order of interpolation is increased. 

On the other hand, when the distribution of tabular errors is 
normal, that of the interpolate is also normal, and is constant 
throughout the interval. The restriction still applies, however, 
that this result has only been demonstrated for high order inter- 
polation. With formulae using fourth or sixth differences the dis- 
tribution is still normal but with a slightly inconstant variance ; 
the synthetic distribution formed by averaging the variances is 
normal, and may be used for most purposes. The convenience of 
doing so should be borne in mind when new tables are in contem- 
plation, and it is suggested in particular that, before a manuscript 
table is cut down to ensure the accuracy of the last figure, the 
effect of this procedure on the accuracy of the interpolate should 
receive very careful consideration. 


! 
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A differential retarding potential method for the study of the 
energy distribution of slow electron emissions. By C. F. SHARMAN, 
B.A., King’s College. (Communicated by Professor Sir ERNEsT 
RUTHERFORD.) 


[Received 15 August, read 25 July 1927.] 


In a previous paper* the relative merits of the two general 
methods for the determination of electronic energy distributions 
have been discussed in general. Both methods present special 
difficulties when a detailed study of the low energy region is 
attempted. In the first place, residual gas in the apparatus may, for 
obvious reasons, seriously distort the magnetic spectrum; whereas 
retarding potential measurements are much less affected since 
elastic collisions with molecules of the gas (which are a ae 
fraction of the total number of collisions at these low energies) do 
not necessarily alter the ultimate destination of an electron. 
Secondly, an accurate knowledge of the intensity of the magnetic 
field becomes very necessary in this region, owing to the nature 
of the transformation required to obtain the energy distribution 
from the experimental results. On the other hand, the great 
advantage of the magnetic method remains, namely, its differential 
property. 

The arrangement to be described, since it makes use of retarding 
potentials, does not suffer from the first two defects yet gives its 
results in the convenient differential form and needs no drastic 
transformation. It actually differentiates automatically the ordinary 
retarding potential curves. The method was applied to the secondary 
electron emission from a polished copper surface, excited by an 
electron beam of a few hundred volts energy. 


Suppose that dn= A f(v) dv 


represents the energy distribution to be studied, where A is a 
constant depending on the intensity of the primary beam and the 
nature of the target, f is a function determining the shape of the 
distribution curve, and dn is the number of electrons with energies 
in the range v to v+dv. The ordinary retarding potential method 
measures the current 


| ” A f(v) do 
represented by the area ABC of Fig. 1 (a). 


* Camb. Phil. Soc. Proc. xx1n, Pt. 5 (1927), p. 523. 
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The original idea was to have two retarding potential arrange- 
ments, exactly similar in every respect, to apply a retarding 
potential v to one and #+dv to the other, and to measure the 
difference of the currents to the two collecting electrodes. This 
would be represented in Fig. 1 (a) by the element of area ABED. 

The conditions necessary for the application of this method are 
that both the constant A and the function f shall be identical for 
the two arrangements; that is, that the two distribution curves 
shall be exactly superposed. We can assume that for two targets 
carefully prepared under the same conditions the f-condition will 
be satisfied. The equality of the A’s can only be effected in the 
pn case by having two filaments to supply the primary beams, 

eated by the same battery, but separately adjustable. This was 
tried, but it was found that slight variations of one filament against 
the other entirely masked the small differential current, unless 


(4) 


Fig. 1. 


very large elementary potential differences dv were used. The 
“resolution” obtained was far too poor. In order to remove this 
difficulty, both primary beams were derived from a single filament 
and the balancing of the galvanometer was done artificially. 

Fig. 2 shows the part of the apparatus in the tube, and is 
symmetrical about a plane through the filament and perpendicular 
to the axis of the tube. 

Two beams of thermions were accelerated through the coarse 
grids AA of o vertical wires, and were defined by the 
2 mm. circular holes BB. The filament was raised to a negative 
potential V and the steel cylinder containing the grids and holes 
was earthed through a milliammeter. The primary beams then 
passed through 3 mm. holes in the hemispherical collectors CC 
and struck the copper targets TT which were supported on e 
stalks from the back plate of the collectors. The inner surfaces 
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of the collectors were smoked with a tallow candle and then heated 
in a Bunsen flame to free them from condensed hydrocarbons. In 
these experiments the dimensions of the collectors (35 mm. in 


Fig. 2. 


diameter) were limited by the size of the enveloping glass tube; 
their efficiency would have been improved by using complete 
spheres of very much greater radius. The collectors were supported 
from the two large central discs by three glass rods set into the 
various discs with screws. The alignment of the whole was easily 
verified by removing the targets and looking along the axis. 

The electrical connections are shown diagrammatically in Fig. 3. 


i = $ 7 

= (a) 

5 7) : Vv, 

a MA 
led 
r = 

EARTH 
Fig. 3. 


The secondary electrons were retarded by charging the targets 
ositively, the collectors remaining very nearly at zero potential. 
his, of course, increases the energy of the primary beams on 

reaching the targets, but owing to the small range of the retarding 
potentials and to its greater convenience, this method was used in 
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reference to charging the collectors. Both targets were charged 
by the same battery v, but on one side was included an insulated 
potentiometer, which on the completion of its circuit by the key 
K, added a small extra retarding potential dv. Generally this was 
0-1 volt. 

The arrangement for measuring the difference of the two 
currents is shown in the diagram. The currents passed to earth 
through two resistances r and R, and the difference of potential 
between their ends was measured by a sensitive galvanometer 
(sensitivity 107° amp.). It is necessary that the difference of 
potential across the galvanometer shall be small compared with 
dv, and that those across r and È shall be small compared with v. 
These conditions were easily satisfied in practice. 

Now suppose that, for the same retarding potential on the two 
sides, the currents are given by 


i=a f fod 


I=A | fod 


being represented by areas BAZ and CAZ respectively of Fig. 1 (b). 
The resistances r and R are now adjusted to give no current 
in the galvanometer. Hence, for dv = 0, we have j= 0, and 


ir=IR essees. (2). 


On applying the extra E potential dv, suppose that the 
current J is changed to Z +dI. Then, by Kirchoff’s Laws, 


(I+dIl—j) R-4+7)r=JE ooreen (3) 
and, substituting from (2), 
AL =J(G HRA Y/R ...cccccccccscceesees (4). 
But dI = Af(v) dv. 


Hence, for this particular value of v, the galvanometer current j 
aud the distribution function f(v) are connected by the relation 


S(v=)dv=j(G+R+7r)/RA. 
Now from equations (1) and (2) we see that 
SOAS Ea (5). 


Since this fraction is independent of v, the adjustment of r and R, 
once made, holds good for the whole range of v; and j plotted 
against v gives the form of the energy distribution function. 

The procedure, then, was as follows: the resistances r and R 
were adjusted until for v=0 and dv=0, the galvanometer was 
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undeflected®. The reading was taken on closing the key Æ. Thi: 
was repeated for various values of vin the range —10 to + 20 volts 
If relation (5) 1s correct, the zero reading should remain unchanged 
as v is varied. Actually there was a small movement, due probabir 
to an inevitable slight difference in the targets; but this was never 
serious enough to require a readjustment of r and R in any one 
run. The targets were cut from the same sample of copper, and 
were carefully polished on the same polishing agent. The total 
filament emission was read on the milliammeter before every 
galvanometer reading. 


dv =0 1 volt. 
-e-e-e- V = 200v 


~-—e—e \ = 400v 


-y+ V = 800v 


Galvanometer readings 


-5 0 5 10 15 
Retarding potential v in volta 


Fig. 4. 


A typical curve is shown (black dots) in Fig. 4 for a primary 
energy of 400v. The portions of curves indicated by squares and 
triangles were obtained with accelerating voltages of 200v and 
800v respectively. Except at the peaks they are very nearly 
coincident. Two facts emerge from the study of these curves. In 
the first place, the position of the peaks and the general shape 
do not appear to depend on the primary energy: this has been 
suggested before by Beckert for a primary electron beam, and by 


* The actual magnitudes of r and R are governed in practice by the relations 
ir=IR and R=(G+R+r) 
where È is the resistance for critical damping of the galvanometer. 
t Becker, Ann. der Physik, txxvitr (1925), p. 209. 
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Becker* and Campbellt for a primary beam of alpha particles, 
both from consideration of the ordinary retarding potential results. 
Secondly, so far as the low energy region is concerned, the intensity 
of secondary emission increases with the primary energy, although 
much more slowly between 400v and 800v than between 200v 
and 400v. This conclusion is not necessarily incompatible with 
the results of many workers} who have found a maximum of the 
“cuefticient of secondary emission” at about 300v, since they have 
been dealing with the total unresolved emission, corresponding to 
the area under these curves. 

It will be noticed that the current through the galvanometer 
did not fall to zero in passing through the origin, which would 
appear to Indicate electrons of negative energy. This effect, which 
was expected, is of course instrumental, and its explanation is 
easily found. Consider the conditions inside a collector with a 
retarding potential v in operation. The collector will receive all 
electrons from the target with emission energies greater than v, 
but of these a small fraction (depending on the energy with which 
they impinge on the collector) will be “reflected.” And of these 
again some will be received back by the target and so will be lost 
from the point of view of the collector. Hence each collector will 
not receive its total current (which it should get when v=0) until 
the applied field is reversed and is intense enough to prevent 
reflected secondaries from returning to the target. This latter 
fraction depends in a positive manner on the solid angle subtended 
by the target at a point on the collector. In the present arrange- 
ment, as previously explained, this solid angle was rather large; 
but even so, the effect was not great enough to mask the general 
characteristics of the energy distribution in this region. There is 
no doubt of the existence of the maximum—in this case at about 
3 volts; and since all ordinates on the low energy side must be 
reduced slightly to correct for reflection from the collectors, there 
is a strong indication that the true distribution curve passes 
through the origin. 

It was noticed that the position of the maximum moved as the 
targets were bombarded. A series of distribution curves was 
therefore taken with a constant primary energy (200v) and a 
constant total filament emission, beginning with clean highly- 
polished targets. The whole run lasted fifteen hours and was done 
on three successive days. The circles in Fig. 5 show how the 
position of the peak varied with the time the targets had been 


* Becker, Ann. der Physik, Lxxv (1924), p. 217. 

t Campbell, Phil. Mag. xxii (1914), p. 46. 

$t Petry, Phys. Rev. 1925, p. 346; Farnsworth, Phys. Rev. xxvi (1925), p. 41; 
Barber, Phys. Kev. 1921, p. 322. 
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bombarded, the scale of position of the peak being in volts on the 
right. 
į In the same figure is plotted the corresponding height of the 
eak in galvanometer deflections. The first pair of points is less 
reliable than the rest, since it corresponds to a curve taken hurriedly 
immediately at the start, with dv = 0'04w, whereas for all the other 
points dv = 0'1v. 

An examination of the targets at the end of the run revealed 
circular patches in the middle, of a size corresponding to the 
geometrical image of the filament and slit system, and of a deep 
purple colour. They were undoubtedly films of tungsten formed 
by evaporated tungsten molecules which had travelled in free 
paths from the filament to the targets *. The deposition of these 
films was followed in a separate experiment and the sequence of 


400 


300 


Height of peak 


Time in hours 


Fig. 5. 


colour changes was as follows: first a gradually deepening brown 
coloration which turned to a bright red, then followed a number 
of alternations from bright red to bright green, then a gradually 
deepening purple and finally black. Mr J. D. Cockcroft, from a 
comparison with films of cadmium deposited by him at a known 
rate, has kindly given me his estimate of the thickness of the 
purple film—rather less than 20 atoms. This would correspond to 
the point on the extreme right of Fig. 5. On this rough estimate, 
and assuming that the deposit was laid down at a uniform rate, it 
is seen from both curves of Fig. 5 that there is an indication of a 
change of secondary emission characteristics when the film reaches 


* The sharpness of these images showed that the vacuum conditions inside the 
experimental tube were adequate. 
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the monatomic stage (that is after one hour in this experiment). 
After this the distribution changes much more slowly, but still 
appreciably. 

These curves seem to receive a reasonable explanation if the 
mechanism of secondary emission is considered as made up of two 
separate processes: (a) the excitation of the (free) electrons of the 
metal to energies large compared with the thermal energy corre- 
sponding to the temperature of the target, and (b) the escape of 
these through the surface. The rapid changes accompanying the 
deposition of the first monatomic layer would be due to the 
modification of the second process as the surface only changes from 
copper to tungsten. The slower and more sustained variation of 
the distribution must then be caused by the change from copper 
to tungsten of the deeper layers where the secondaries are actually 
excited. A very drastic extrapolation indicates that the position 
of the peak becomes constant at about 50 atoms, which may be 
taken as giving a rough idea as to the number of monatomic layers 
contributing to the secondary emission. If the above explanation 
is correct, these experiments give some useful information which 
would be difficult to obtain by any other means. 

It seems likely that this contamination of targets by evaporated 
molecules from the filament supplying the primary beam must 
have entered into much of the work on secondary emission. It may 
account for some of the contradictory results which appear in the 
literature on the subject. 


SUMMARY. 


The method described gives the differential energy distribution 
curve directly from readings of a galvanometer and a voltmeter. 
When adjusted, the arrangement is convenient in operation and 
very good “resolution” can be obtained. The existence of a 
maximum frequency of secondary electrons at a finite small 
energy has been established, and its position is shown to be 
independent of the energy of the primary beam over a fairly wide 
range. The effect of deposition of tungsten on a clean copper 
surface is studied with respect to the secondary emission pro- 
perties of the surface. From these experiments some interesting 
conclusions concerning the mechanism of the process may be 
drawn. 


I am very grateful to Prof. Sir Ernest Rutherford for the 
encouragement he has given and the interest he has taken in 
this work, 
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The emission of radiation by a quadripole electric moment on 
the Quantum Mechanics. By J. A. Gaunt, B.A., Trinity College, 
and W. H. M°Crea, B.A., Trinity College. | 


[Received 15 August, read 24 October 1927.] 


The usual method of calculating the probability of a switch 
between stationary states by the bie Mechanics is really 
equivalent to finding the intensity of the dipole radiation. Other 
switches of the system not involved in this radiation may be 
possible but are not taken account of by the calculation. A method 
of calculating the probability of switches due to radiation by the 
quadripole moment seems to be supplied by Dirac’s recent theory 
of the interaction between matter and radiation in his paper “The 
Quantum Theory of Dispersion*.” Equations from this paper will 
be denoted bya D. The results are probably of a purely theoretical 
interest and the intensities found probably too faint to be observed; 
but the present considerations do appear to emphasise the need 
for including the radiation in the exact theoretical treatment of a 
Quantum Mechanical system. 

The radiation field is given by its vector potential (x,«, xz), 
chosen so that the scalar potential is zero. The laces relativistic 
Hamiltonian for an electron moving in this radiation and an 
electrostatic field of potential ¢ 1s: 


H =c [me + pz? + py? + pa") + 2e/c .( pets + pyty + Pek) 
HPJ. (e? + Ky? + x2)}4 — ed 
=c [me + pè + p,? + pz lt — edb + e/c. (trz + ġry + 2K) 
+ €?/2me?. (1? + Ky? +e) 
= H, + Beje. ty + Ler{Bme?. tè =n acncccccecccceees (D 10) 


where H, is the Hamiltonian in the absence of radiation. The 
largest terms neglected are proportional to ez*«,/c*, EPer me, 

The second term of the Hamiltonian (D 10) will express the 
interaction between the radiation and any charged particle, if e is 
suitably interpreted; it will also apply to several particles if the 
summation is taken over the coordinates of each of them. 

As a tule, «, 18 given its value at the centre of the system. The 
interaction term is then proportional to 2ez, the rate of change of 
the dipole moment. This gives rise to the usual formula for the 
intensity (sce Dirac). When, however, the dipole moment vanishes, 


* Proc. Roy. Soc. A, 114 (1927), pp. 710-728. 
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it is necessary to go a step further, and to add to the central value 
of «, the next term in its Taylor's expansion, viz.: 


The derivatives in (1) are to be evaluated at the origin. 

Now if the radiation is analysed into plane-polarised mono- 
chromatic plane waves, the contribution to the vector potential of 
the rth component is 


x, = 2 (hv,/2rco,)? N,2 cos 2r (0,/h — v, E,/c] 
..(D11 and p. 719). 


Here h is Planck’s constant, v, the frequency, 0,/h the phase, N, 
the number of quanta, o, the number of components per unit solid 
angle per unit frequency, and ¢, is the component in the direction 
of propagation of the vector (xyz). Thus, (1) is equal to 


LE,.2(Qrhv?/eo,)t N, è sin Q7,/h. cos dz, seve (2) 


where a,, is the angle between the z-axis and the direction of x,, 
which is the direction of the electric vector of the rth component. 
Substituting (2) for «, in the second term of (D10), and using 
mn, for the projection of (xyz) on the electric vector of the rth 
component, we have for the interaction term in the Hamiltonian 


TLe/c. Eh, . 2 (QrhvZ/co,)t Nè sin W7O,/h ...... (3). 


The second summation is over the various particles. 

It should be pointed out that (3) is larger than the terms 
neglected in (D 10), at any rate for frequencies such as are emitted 
by the system. For it is proportional to etave,/c? œ ex*x,z/c’. 

So far the calculation has been classical, and the order of factors 
has been irrelevant. In quantum theory, however, N, and 6, are 
non-commuting conjugate variables, while &,, 7, depend on the 
dynamical variables of the atom or molecule, and may not commute 
with each other, though they do with N, and 6,. It is necessary 
to introduce the “real g-numbers”: 


> (N, e279 rdh as (N, + 1)3 e - Sn for N,3 sin 2m 0,/h, 


4 (Erir + Ùr E+) for &,7,. 
The interaction term (3) becomes 


XEe/ Dic. (Arhv,!/c°ar)? (Erie + tr Er) 
{N e?7i9h— (N, + 1) go eriti ..(A4). 
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This may be compared with the third term in (D13), which 
expresses the dipole interaction. The deduction of the intensity 
of the radiation is exactly parallel to Dirac’s argument, and the 
result is an obvious adaptation of Dirac’s on p. 719. 

For a switch from a state denoted by J’ to one denoted by J’, 
with the emission of the appropriate quantum of radiation, the 
value of Einstein’s A coefficient per unit solid angle for each plane 
of polarisation 1s 


2re/he. (IIT) E (Erte + te Ep) (SI) |? (5X 


We can obtain in this way the quadripole radiation of a Planek 
oscillator. We suppose that the charge e is vibrating about the origin 
along the x-axis and have to evaluate (Eù + 9&)(J’J’’) [dropping 
the 7s now since we are dealing with the emission of a single 

uantum |]. Let the direction of propagation make an angle a with 

x and take the plane of polarisation through this direction and Uz. 
The component in the perpendicular plane will be zero since y is 
then zero. 


We have 
(Eit (I'I")= Bei E [a (J I)a" I") (IJ) 
+a(S' J” )v(J'J”)a(J”J")]sinacosa ...(6). 
Now for a simple harmonic oscillator * 
x(n, n')=0 unless n =n 41, 
1 Ja 
2r N 2um’ 


v(n,n—1l)=n, 


æ(n,n—1)= 


where v, is the characteristic frequency and m the mass of the 
particle. 

Thus the quantity in (6) is not zero only if the switch is n => n 
(no radiation) or n—n+2. The A coefficient for n—>n—2 is, 
from (5), there being no contribution from the dipole radiation, 


n(n —1)sin?2a, 


and the frequency is, of course, 21. 

The factor sin*2a gives the distribution of the radiation in 
space; it vanishes along the axis and in the plane through O 
perpendicular to it. 

Thus there is a finite probability of a switch An=2. There 
will be the higher switches as well but our original Hamiltonian 
(D 10) would have to be replaced by a higher approximation to 
obtain them. 

* Schrödinger, Ann. der Phys. 79, p. 514 (1926). 
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To find the radiation from a rigid homopolar molecule, possessing 
equal charges e separated by a distance 2/, rotating about its 
centre, suppose its position defined by Eulerian angles 0, $, y so 
chosen that the electric vector is in the direction 0 =0 and the 
direction of propagation lies in the plane 6=0. Then 


£= [sin 6 cos ¢, n =! cos 0 
and we have to calculate 
2 [(sin 8 cos ġ) (J' J”) cos 0 (J” J”) v (J” I”) 
+ cos 0 (J' J”) v (S'S) (sin 8 cos p) (J” J’). 


Summing for the two particles just introduces a factor 2. 

The matrix components involved are amongst those calculated 
by Rademacher and Reiche*. It might be remarked, however, 
that their working can be shortened by using a form of the 
eigenfunction for a symmetrical rotator given by Darwint. We 
shall merely write down the values for this expression when it is 
non-zero and when J” #J'. We denote it by {r,s t; r”,8”,t"} 
where r, s,t are the three quantum numbers. The possibility of 
axial spin is included; it exists when ¢ +0. 


{r,8,t; r—1,s—1,¢} 
h (a r—s (r+s)(r+s—1)(r—t)(r+d) 


+ 


~ 4 A \r(r+1)° (r—1)r (2r+1)(2r—1) i 
h fl 1 1 
{r,8,t;7-28-1,Q=745 (5+ a) a4 
Py fsa! | l(a a Lc 
= (2r +1) (2r—3) i 


where A is the moment of inertia about an axis perpendicular to 
the figure axis. 
There will be similar, though not identical, results for 


fr,s,t; r—1,s+1,t} and {r,s,t; r—2,s+1,t}. 


If we call the eigenfunction corresponding to a state (7, s, t) 
Y (r, s, t). then 4 (r,s, t) and y (r,s, — t) belong to states of the same 
energy. Following Hundt we can use instead the pair of eigen- 


l 1 1 
functions zY (r,s,t) + aY (r,s,—t). Each of these, from the 


properties of hypergeometric polynomials, is alternately sym- 

metrical and antisymmetrical as r takes successive integral values 

and one is symmetrical when the other is antisymmetrical. The 
* Zs, f. Phys. 41, 1927, p. 453. 


t Proc. Roy. Soc. A, 115, p. 1 (1927); see p. 5. 
t Zs. f. Phys. 43, p. 805 (1927) (see p. 821). 
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corresponding states can only combine accordingly, symmetrical 
with symmetrical, antisymmetrical with antisymmetrical. We see 
that our results are in exact agreement with this since 


{r,s,t; r—1, s—1, t} 


changes sign with ¢ while {r, s, t; r— 2, s — 1, t} is unchanged when 
the sign of ¢ is changed *. 

It will be noticed that the switch r-»r—1 has non-zero 
intensity only if ¢#0. This corresponds to the fact that the spin 
about the figure axis gives directional properties to the molecule, 
so that it does not, so to speak, repeat itself at every half revolution 
about the perpendicular axis. 

The quantum number ¢ can never change in a quantum switch, 
which is what we should expect. We can, however, apply similar 
working to the case of a symmetrical rotator with an electric 
moment perpendicular to its axis and obtain selection rules for t. 

* For example [y (r,s, t)+y(r, 8, —t)) »[y(r-1,s-1, 0) -y(r-1, 8-1, - 9] 
gives 2 {r, s, t; r—1,s-1,t}, the cross terms y(r, 3, t)-»y(r—1,s—1, —2), etc. 
giving zero. The factor 2 disappears when we normalise. 
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The Amount of Energy emitted in the y-Ray Form by Radium E. 
By G. H. Aston, B.A, Trinity Hall. (Communicated by Prof. 
Sir E. RUTHERFORD.) | 


[Received 19 August, read 24 October 1927.] 


The f-ray type of disintegration is accompanied in general by 
two forms of radiation, the 8-rays and the y-rays. Radium E is 
noteworthy in that it gives a large amount of 8-radiation but so 
little y-radiation that it can only be detected by careful measure- 
ments. Yet, since it differs in this way from 8-ray elements such 
as radium B and radium C, it is important for theoretical discus- 
sion that we should obtain as much knowledge as possible about 
this small amount of y-radiation. 

The first characteristic feature of y-rays to be determined is 
their quality, i.e. a rough knowledge of the wave-lengths, and 
this has been done several times in the case of radium E by the 
usual method of finding the absorption coefficient. The results 
show that these y-rays lie between the X-ray region and the 
hard y-rays of radium C. For many radioactive elements precise 
determinations of the wave-lengths have been made by measuring 
the energy of the §-ray lines in the magnetic spectrum, these 
groups of homogeneous -rays being produced by the ejection of 
electrons from the extranuclear part of the atom by the y-rays 

from the nucleus. This method cannot be applied to radium E as 
no lines have been observed in the spectrum, either because they 
are too faint as a result of the weakness of the y-rays, or possibly 
because, as 1s suggested later, the y-rays may have a continuous 
spectrum and hence would not produce homogeneous 8-rays. 

The second important determination for y-rays, and the one 
with which we are concerned chiefly in this paper, is the amount 
of energy emitted per disintegration. A knowledge of the effective 
wave-length gives an approximate mean value of the energy 
quantum, and thus the number of quanta per disintegration can 
be found. Though this energy determination is of considerable 
importance, it has only been carried out for radium B and 
radium C*. In this case it was found by measuring the heat pro- 
duced on the absorption of the y-rays, but considerable difticulty 
was experienced since the y-ray energy is only a small part of the 
total emission. The y-ray energy of radium E is much smaller, 
and also the available sources are much weaker than for radium B 
and radium C. The heating method is therefore impracticable 
for radium E. Fortunately, however, there remains a simple 
ionisation method, which, though not capable of giving a precise 


* Ellis and Wooster, Phil. Mag. 50, p. 521, 1925. 
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value, yet determines limits within which the energy must lie. 
As there does not at present seem to be any method of measunng 
the energy accurately, it was thought that this method was of 
sufficient value to be carried out. 


Principle of the Method. 


There are two separate determinations involved in finding the 
y-ray energy per disintegration. The total energy emitted in 
y-ray form from a particular source has to be measured, and also 
the number of disintegrations occurring per second in this source. 
As pointed out above, a direct measurement of the energy 1s not 
practicable, and it was necessary to derive it from that of radium B 
and radium C by comparing ionisations. If the effective wave- 
length of radium E were the same as that of radium B or radium C, 
then the ratio of the ionisations would also be the ratio of the 
energy emissions. Since we have not this simple case, a know- 
ledge of the variation of ionisation with wave-length is required 
to convert ionisation ratios into energy ratios. At present this 
has not been found, but the difficulty can be avoided by using 
simply the fact that the ionisation for y-rays of given energy 
decreases as the wave-length decreases. The effective wave-length 
of radium E is longer than that of radium C and therefore by 
taking energy to be proportional to ionisation, we obtain a value 
of the energy of radium E in terms of that of radium C, which is 
too large. Silai. considering radium B, for which the etfective 
wave-length is longer than for radium E, we obtain a value for 
energy of radium E in terms of that of radium B which is too 
small. By using the ionisation ratios in this way we can obtain 
limits within which the radium E energy must lie. 

It was possible to find the strength of the radium E in terms 
of the number of disintegrations per second by using a §-ray 
electroscope which had been calibrated by Dr Ellis and Mr Wooster 
during the course of their measurement of the heating effect of 
radium E*. The accuracy of the heating measurements was 
about 10°/, and the uncertainty in the strength of the radium E 
source used in the experiment described below is certainly not 
more than 20°/,, and is probably less. 


Experimental Details and Results. 


With the amount of radium E that was available the ionisa- 
tion by the y-rays was small, and therefore a large electroscope 
of about 5 litres capacity was used. The sources were placed in a 
fixed position about 4 cms. below the base of the electroscope, 


* Nature, April 16, 1927. 
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which consisted only of a thin aluminiuin foil having absorption 
negligible compared with that of the lead foils used. An absorp- 
tion curve for radium E was found using thin lead foils, and then 
measurements were made under the same conditions, using a 
source of radium B and radium C in equilibrium. The source of 
radium E was obtained by electrolytic deposition on a platinum 
wire from a solution of radium D containing radium E and 
polonium in equilibrium. It was free from radium D, and the 
amount of polonium present was not more than a tenth of the 
radium E (in terms of the rate of disintegration), so that it would 


Log. of divisions per minute per milligram 


Thickness of lead in mm. 


not have any effect. The strength was found by using the 
calibrated 8-ray electroscope mentioned above, and was ‘54 mg. 
(i.e. it disintegrated at the same rate as this weight of radium) at 
the beginning of the experiment, and the measurements were 
corrected for the decay, using a half-period of 5'0 days. The 
radium B and radium C source consisted of radium bromide with 
its equilibrium products in a thin metal tube, its strength being 
‘22 mg. The thickness of this thin metal filter which alters the 
relative ionisation of radium B and radium C was not known, but 
it will be shown below that this does not invalidate the limits 
found for the radium E energy. 
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The graphs are drawn in each case for a milligram source. 
The kink in the radium E curve corresponds to the thickness of 
lead for which the 8-particles are just stopped. This is 035 mm, 
giving a value of 0°40 grams per sq. cm. The corresponding value 
for aluminium was found by H. W. Schmidt* to be 0°47 grams 
per sq. cm. The -particles from the radium B and radium C 
could not enter the electroscope as they were stopped by the 
metal cover of the source. The absorption coefficient of the y-ravs 


of radium E over a range ‘5 to 1'5 mm. is 495 cm.-, Le. P= 43. 


Schmidt found the absorption coefficient in aluminium over a 
similar range just past the complete absorption of the -particles 


to be about ‘9 cm.—, Le. É = -33. 


The graphs can be used to find the ratio of the ionisations of 
the two sources for any thickness of lead up to 15mm. The 
results are calculated below for a thickness of 1:0 mm., since this 
is a convenient value in the middle of the graphs, and it also has 
bearing on the heating measurement of Ellis and Wooster men- 
tioned above, as the walls of the calorimeter were of lead of this 
thickness and the calculation below gives the energy of the y-rays 
not absorbed in the calorimeter. 

For this thickness the ratio of the ionisation of radium E to 
that of radium B plus radium C for sources of equal strength 
is 4°25 x 10-3. We now require to divide up the ionisation between 
radium B and radium C. The measurements of Moseley and 
Makowert can be used; they find that after the radiation has 
passed through 1 mm. of lead about 16°5°/, of the ionisation is 
due to radium B. Hence 


radium E ionisation = 9°57 x 10- 
radium B ionisation 


and AOA e Onon 566108 
radium C ionisation 


As mentioned above, the y-rays of radium E are harder than 
those of radium B and softer than those of radium C, e.g. Curie 


and Fournier found : in aluminium to be 0092 after passing 


through 3 cms. of the absorber. The corresponding values of Ë 


for radium B and radium C are 0'21 and 0'043. Therefore the 
radium E and radium B ionisation ratio gives a lower limit for 


* Phys. Zeit. 8, p. 862, 1907. 
t Phil. Mag. 23, p. 302, 1912. 
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the energy and the radium E and radium C ratio an upper limit. 
Ellis and Wooster* find the sum of the y-ray energies of radium B 
and radium C to be: 170 x 10° volts per atom disintegrating t. 
Taking the ratio of the energies to be 0°0851, the energies of 
radium B and radium C are respectively 1°33 x 10° and 15°7 x 10° 
volts per atom disintegrating. We require to deduce the energies 
after 1 mm. of lead. Most of the energy is contained in the high 
frequencies for which the absorption is small. Taking the absorp- 
tion coefficient for radium C as ‘5 cm.—}, the energy passin 
through 1 mm. of lead is 14:9 x 10° volts, and that for radium 
as 3:0 cm.~, the energy 0°98 x 10° volts. We then find that the 
y-ray energy of radium E escaping through 1 mm. of lead lies 
between 2500 and 7600 volts per atom disintegrating. The effect 
of the thin metal covering of the radium B and radium C which 
has been neglected is to increase the ionisation of radium C 
relative to radium B. This correction would therefore bring the 
limits slightly closer together, so neglecting it does not affect the 
validity of the argument. The ratio of the energy of radium B to 
the energy of radium C is not known accurately, but an alteration 
of the value assumed for it would not alter appreciably the value 
of the energy of radium C though the value for the energy of 
radium B would be changed. Therefore the lower limit only is 
dependent on this division of energy. 

It is of interest to obtain a value for the order of the energy 
by a different method. This consists in using the ratio of the 
-ray and y-ionisations, and making the assumption, which is 
true to within a factor of two or three, that for the same energy 
the ionisation of 8- or y-rays is proportional to the absorption 
coefficient. From Schmidt’s§ measurements, the initial ratio of 
the ionisations is 6230, any soft y-rays having an absorption 
coefficient comparable with that of the -rays not being included 
in this value. The absorption coefficient in lead of the y-rays is 
495 cm.—', and therefore the ratio of the initial 8-ray ionisation 
to the y-ray ionisation after 1 mm. of lead is 10,200. The initial 
absorption coefficient of the -rays is 315 cm... Making the 
assumption mentioned above, the ratio of the y-ray energy after 
1 mm. of lead to the §-ray energy is found to be 7:1 x 10-*. Ellis 
and Wooster find the mean -ray energy to be 360,000 volts per 
atom disintegrating. The y-ray energy after 1 mm. of lead is 
therefore about 2600 volts per atom disintegrating. The agree- 
ment with the value by the other method confirms the result that 
the y-ray energy is very small and is of the order of 1°/, of the 


B-ray energy. 


* loc. cit. 
t Using the value 3'7 x 107 atoms disintegrating per sec. per milligram. 
t Camb. Phil. Soc. xxiu, p. 717, 1927. § loc. cit. 
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The most important use that can be made at present of the value 
for the energy per disintegration is to obtain a rough estimate of the 
number of quanta emitted per disintegration. We require for this 
purpose a value for the effective mean wave-length. This can be ob- 
tained from the X-ray result that the atomic photoelectric coefficient 
of absorption is about 2°29 x 10-*A°N“«. The atomic coefficient of 
absorption of the y-rays of radium E is 14°8 x 10-*. The part due 
to scattering must be subtracted and as this does not vary rapidly 
with the wave-length the value for radium B and radium C, 
1:76 x 1077, can be used, The photoelectric absorption coefficient is 
therefore 13:0 x 1073 and the effective mean wave-length deduced 
from this is 0'050 A.U. The quantum corresponding to this is 
about 250,000 volts. The true mean value for the quantum may, 
however, be higher than this if the y-rays extend over a consider- 
able range of wave-lengths, since the absorption coefficient 1s 
largely determined by the rays of longer wave-lengths. If we 
take for the y-ray energy per disintegration after 1 mm. of lead 
the mean value of 6000 volts, then the initial energy will not be 
more than 10,000 volts, and probably will be less. 

It follows that only one y-ray quantum can be emitted during 
about thirty disintegrations of radium E atoms. This case is 
quite unlike that of radium B or radium C where roughly one 
quantum is emitted per disintegration. It seems probable that 
the origin of the y-rays is different in the two cases. We know 
that most, if not all, of the y-ray energy of radium B and radium C 
is in the form of a number of homogeneous rays, and there is sume 
evidence for supposing that these are due to quantum changes 
between energy levels in the nucleus. Gray has shown that the 
8-rays of radium E falling on matter excite y-rays* and probably 
the primary y-rays are produced in a similar manner within the 
disintegrating atoms. The effective wave-length is considerably 
shorter than that of the K-radiation of radium E, and, taking into 
consideration the fact that no lines have been observed in the 
-ray spectrum of radium E, it seems likely that these y-rays have 
a continuous spectrum. Their origin is possibly to be found in 
the retardation or collision of the 8-particles escaping from the 
nucleus. It has been suggested that the distribution of the 
velocities of the -particles of a particular element over a wide 
range may be due to the 8-rays originally homogeneous exciting 
continuous y-rays in this way, and thus losing varying amounts of 
energy. It is evident, however, that this explanation cannot be 
used in the case of radium E, since the fact that one quantum 
only is emitted in about thirty disintegrations indicates that only 
a small fraction of the -particles can lose energy in this way. 


* Proc. Roy. Soc. 85, p. 131, 1911. 
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Another point of interest is that the -ray spectrum of 
radium E is of about the same form and extent as most of the 
continuous -ray spectra, and we should therefore expect that in 
these other sad bactive disintegrations there is produced con- 
tinuous y-radiation of the same order of magnitude. Kovarik has 
shown that for radium B and radium C the emission of y-rays is 
of the order of one quantum per disintegration, while, as shown 
above, the continuous y-radiation gives one quantum in only 
2 or 3 per cent. of the disintegrations. In the case of radium B the 
mean quantum is of the same order as that found for the con- 
tinuous spectrum, while for radium C and most y-ray bodies it 
is considerably higher. The energy of the continuous spectrum is 
therefore in general of the order of 1 per cent. or less of the total y-ray 
energy. If this deduction is correct, the conclusion of Ahmad * 
that the continuous y-radiation contains a considerable fraction of 
the total y-ray emission cannot be correct. He assumed that the 
ordinary X-ray absorption law can be extended to the high 
frequency y-rays, and it is possible that the disagreement between 
his work and the present conclusions is due to this assumption 
being untrue. 

It will be seen that the conclusions of general importance for 
the 8-ray disintegration which are reached in this paper depend 
on the smallness of the y-ray effect from radium E. It seems 
possible both from the work of Gray and of Chadwick that a frac- 
tion of the order of 25 per cent. may originate in the screens due 
to the impact of the 8-particles. It is difficult to be sure of this 
point, but should it be correct it will only tend to strengthen the 
deductions that have been made and by attributing all the 
y-radiation to excitation within the radioactive atom we are certain 
to obtain an upper limit to the amount of continuous y-rays in the 
ordinary -ray disintegration and the extra amount of inhomo- 
geneity introduced into the disintegration electrons. 


J wish to express my thanks to Sir Ernest Rutherford for his 
interest in this work, and to Dr C. D. Ellis for helpful criticism 
and advice. I am also indebted to Dr Ellis and Mr Wooster for 
use of their measurements in finding the strength of the radium E 
source. 


* Proc. Roy. Soc. 109, p. 206, 1925. 
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The specific heat of water vapour and the theory of the 
dissociation of water vapour at high temperatures. By W. EL 
M°Crea, B.A., Trinity College. 


[Received 19 August, read 24 October 1927.] 


1. The following is an attempt to account theoretically for the 
observed specific heat of water vapour. The usual theory of the 
vibrational epeciie heat together with the theory of the dissociation 
of the H,O molecule at high temperatures is found to account 
satisfactorily for the observed facts. It is shown, also, that at 
temperatures near 100° C. there is an effect due to polymerisation. 

The experimental values of the specific heat at constant 
volume (C,) at a pressure of one atmosphere are given by 
Partington and Shilling*. Some of them are given here in 
Table fi and plotted in the figure. 


2. The first point that arises is to explain the minimum 
appearing near the beginning of the curve. 

In working out specific beate theoretically the molecules are 
always assumed to be independent systems and so, for purposes of 
comparison, observed values must be reduced to the ideal state of 
infinitely low pressure. The equation 


(=) = 7 (sh) PEPE AELE (1) 


is used. The effect is, of course, zero if the perfect gas equation is 
obeyed, but for steam the equation of state which fits the facts 
best is Callendar’s, viz. 


RT C ; 
=a T E Dorca (2 
which, using (1), leads to 
—1)CR 
C,(p) — 0,(0) = ne : NEI (3), 
and here n=4, 


C = 1'769 x 10% litres/gm. mol. 


The calculated value is given in Table II for the first three 
temperatures, after which it is inappreciable. The “C?” term in 
(2) ıs due to the association of the water vapour molecules and 
this correction to the apparent specific heat measures the amount 
of heat spent in separating them. 


* The Specific Heats of Gases (Benn, 1925), Table C. 
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3. It is necessary to remark here that in Shilling’s* more 
recent work the minimum is more pronounced and occurs at about 
600° abs. It cannot be explained by the above method. If the 
values are correct the only possible explanation would seem to lie 
in some peculiar behaviour of the rotational specific heat. It is 
well known that certain expressions for the latter given by the 
Quantum Theory predict a maximum above the equipartition 
value. It is clear that such an expression added to one for the 
vibrational heat could yield a minimum in the total specific heat. 
For any measurable values of the molecular moments of inertia 
this could, however, only happen at about 100° abs. or lower, 
unless the rotational heat approached its asymptotic (equipartition) 
value from below by passing through a minimum after the 
maximum. Even then it is extremely unlikely that it would differ 
appreciably from equipartition at temperatures as high as 600° abs. 
But a number of calculations were made on different expressions 
given by the Quantum Mechanics and none (even allowing for the 
symmetry of the molecule) showed such a behaviour. It therefore 
seems likely that this minimum is spurious and is probably due to 
some difficulty in the velocity of sound method of finding specific 
heats. 


4. Two of the fundamental frequencies of vibration of the 
H,O molecule are known from band spectra data to be 


v, = 4°785 x 10" and v,=11°235 x 10%. 
The third (which must exist) is not definitely known, but it must 
be high and Dennison has suggested for it 
v, = 21°720 x 10”. 
This gives for the vibrational specific heat, in the usual way, 


Crol R = ¢ (=) +¢ (=) +¢ (=) oe (4), 


e” 

where $ (2) = Tp 

The values of the specific heat from (4), assuming that the 
rotations have attained equipartition, are given in Table II and 
shown by the broken line in the graph. 

There is obviously no agreement between this simple theory 
and experiment. 

Clearly we could not have expected this theory to be sufficient 
since it predicts a specific heat rising asymptotically to 


6R (= 12 approx.) 
* Phil. Mag. (7), 3, p. 273 (Feb. 1927). 


62—2 
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and the experimental curve rises well above this. Now there is 
known to be a certain amount of dissociation in steam at high 
temperatures and so some of the heat will be spent in bringing it 
about. It may mean, however, that there is a large general 
departure from the simple harmonic type of vibration since this 1s 
certain to be the case with those molecules that are just about to 
split up. 

Before discussing the dissociation itself it is, therefore, in- 
teresting to see if this latter phenomenon is likely in itself to 
cause the specific heat to increase above its equipartition value. 
The only way of doing so seemed to be by considering the pheno- 
menon ın the case of hydrogen. Kemble and van Vleck* have 
given an expression which takes account of the interaction of 
rotation and vibration and of the departure from simple harmonic 
type for the H, molecule. I find that for a temperature of 
2537° abs., which is higher than those for which they give numerical 
results, their formula yields a specific heat of 3:54R (equipartition 
value 4R; value on elementary theory 3°03R). Thus a law of 
force between the nuclei in the molecule, which gives good agree- 
ment with observation, is, in fact, capable of accounting for an 
excess above equipartition values. 

In the figure the curves given by the elementary theory and 
. Kemble and van Vleck’s theory for H, are drawn for comparison 
with H,O results. 


5. We now consider the effect of dissociation on the specific 
heat. We cannot treat it by any reduction to an ideal state 
because the only ideal state would be that in which all the mole- 
cules were dissociated and we should then obtain the specific heat 
of a mixture of 1 gram molecule of H, and 4 gram molecule of O,, 
or even rather of z gram atoms of H-atoms and one of O-atoms. 
The only reason that we could get results this way before was that 
our equation of state assumed there to be no dissociation and so 
could be used to find the specific heat supposing the molecules 
removed from each other's range of influence but undissociated. 
As soon as the equation of state allows for dissociation it must be 
such as to give complete dissociation for zero pressure. 

Thus the only method is to calculate the amount of heat used in 
splitting up the molecules at the pressure at which the specific 
heat is measured. This could be done empirically from experi- 
mental dissociation curves, but it 1s more instructive to work out 
the theory in the fullowing manner, which at the same time checks 
the observed values. 

We shall assume that, apart from dissociation, the assembly 
behaves as a pertect yas. 


* Phys. Rev. xxi, p. 653 (1923). 
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The Dissociation of H,O. 


Suppose that the whole assembly we are considering is formed 
out of $ atoms of oxygen and 2X atoms of hydrogen, and suppose 
that, at any instant, it consists of 

M, free atoms of oxygen (O), 

M, free atoms of hydrogen (H), 

N, molecules of oxygen (Q,), 

N, molecules of hydrogen (H3), 

N, molecules of water vapour (H,O). 


Then we must have 
M,+2N,+ N;= xt 
M,+ 2N,+ 2N;, = 2X 
We neglect changes in the internal energies of the atoms and 
take as the zero energy state of the assembly that in which all the 
molecules are dissociated and all the atoms are at rest. The zero 
state of any molecule is taken to be rest in its lowest quantum state, 
and its heat of dissociation y the work required to resolve it from 
such a state into its constituent atoms at rest at infinite separation. 
Let 9,(z), g2(z) be the partition functions for translatory 
motion of the atoms; h, (z), h,(z), hs(z) those for the molecules; 
b, (2), b,(z), 6,(z) the partition functions for the internal motions 
(rotations and vibrations) of the molecules; and o,, c, o; the 
symmetry numbers of the molecules which are each two in the 
present case. Then the equilibrium state at any temperature, 
defined by 0 = e~*7, is given by* 
N, h, (8) b, (0) 


Han Rgp (2), 

N, _ h (0)b(0) 

B aE eee (3), 
N, ___s(8)b,(8) d 
ED aa GDR eee 


We eliminate M,, M, (dropping the bars for convenience), 
which for finite Xı, x2, Xs Will never be zero, though from experi- 
ment they must be negligible compared with N,, Na, N, for the 
temperatures we are consideringt. We find 


Ni N, | / hyd, hb o30% 99? 
N, 7 a, 0% 9, C0 gè" h3bs 


_ Aab.h,*b,t 37 ie | 1 
= ohh OKUS RETENE oh aooaa NRN (5). 


* R. H. Fowler, Phil. Mag. (6), 45, p. 1 (1923). 
t I have calculated that, for the amount of dissociation found experimentally, 


the value of ea at 1700°K is very nearly yyy. 
2 
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Neglecting M,, M, in equation (1) we have N,=2N,. Also for 


the most part we are concerned with less than 1 per cent. dissocia- 
tion, so that it is sufficiently accurate to consider N, as constant in 
(5) and we shall take it as applying to one gram molecule of H,O. 

To a first approximation we can write b; (0) =r; (6) v: (@), where 
i = 1, 2 or 3, and r;(@), »;(@) are the partition functions for rota- 
tional and vibrational motions considered separately. This is the 
usual first approximation used in specific heat and band spectrum 
theory. 

For the temperatures considered all rotations will have their 
equipartition values, so that 


8r? I; kT 
he” 
for the diatomic molecules with moments of inertia J, and J,, and 


8rAkT /8rCkT 
T3 (T) = hi ae ft REETETTTTTTETT (6 


for the triatomic molecule H,O, assuming that its moments are A, A 
and C*. The values of the moments are not known very accurately, 
so we take /,=0°'4x 10—, A =3 x 10, C= 10— gm. cm.?, which 
must be approximately correct, and, since estimates of J, have 
hitherto varied greatly, we shall take it to be a x 10— and use our 
theory as a means of finding a which we can then compare with 
other estimates. [We have written r(T) for the function of T 
obtained by substituting e~'*? for 0 in r(0).] 

In v: (0) we consider each normal mode of vibration as equiva- 
lent to a Planck oscillator of the same frequency (v, say). Each one 
contributes a factor 


r;(T)= 


wo ake _ h 
lte Tee T+ TE T L (7), 


where the “p” state is the pa that is physically possible. It 
is found that hv/kT, for the values of v in each of the three mole- 
cules and for nearly the whole range of T considered, is sufficiently 
large to make the expression (7) nearly unity. 
Also we havet 
oT (2mm V _ (2rm;kTV 

h; (8) = h? (log 1/8) E As “Tw ecw esc cccce (8), 

where m; is the mass of a molecule and we take 
m = 32 x 1:65 x 10, m,=2x 1:65 x 10™, 
Ms = 18 x 1:65 x 10-* gm., 


* There is no simple expression for the energy levels when all the moments are 
unequal, but the form of rg(7') must be very similar. If two of the moments of 
H,O are 3 and 1 x 10-“ the other should strictly be taken as 4 or 2x 10-®. 

t Darwin and Fowler, Phil. Mag. (6), 44, p. 450 (1922). 
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and V is the volume at 1 atmosphere, the pressure at which the 
dissociation and specific heats are measured. We may write 
Ve 
V =T a73’ 
where V, is the theoretical volume at 273° abs. 


Now let «(7) be the percent. dissociation at temperature 
T° abs., then 


l æ 
= 3 i00 A 
N èN, 2 (NN 
Therefore N N. ( <2) E AE .(9). 


Substituting from (6), (6), (8) and (9) and writing unity for 
each v; (6), we eventually obtain from equation (5) 
3.8) Fat (1-65 x 10)tdat TH 5 (Se) 
«= 200 (Fr) ee me 
81 (2705x10%)th 7,3 


giving log = $ log, T — nt P E EEE, (11), 


where A and b are constants. 

Partington and Shilling® give a table of values of « which we 
can use successively in equation (11). By subtracting each of the 
resulting equations from that immediately succeeding it we get a 
series of values for b and can test its constancy. The results are 
contained in the following Table. The experimental values of «x 


TABLE I. 


Temp. T x observed b A 


(abs.) | (1 atmosphere) 


1300 0029 — — 

1397 0084 8162 1'244 
1480 0185 8032 1052 
1500 "0221 i 8033 1054 
1561 0368 7932 0°986 
1705 108 l 8069 1'074 
2155 1:18 7780 0:903 
2257 1:79 7814 0:919 


Mean = 7975 Mean = 1033 


* The Specific Heats of Gases, p. 178. 
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extend to higher temperatures, but the corresponding values of b 
do not agree with those given below. The disagreement is so 
irregular that one a that the observations must be at 
fault whether or not the theory is beginning to fail. But we 
should, in fact, expect the theory to have to be modified since 
v, (0) is beginning to differ widely from unity. 

The constancy of b and A is satisfactory, but it is not sensitive 
to changes in the coefficient of log T in (11) which cannot, therefore, 


be altogether established by it. However (yx; — Xs — $ xı), and hence 


TABLE IL 


Correction C, calc. on | Heat employed | Sum of 
due to elem. in dissociation | last two 


Abs. Temp. | C, observed 
. polymerisation theory (1 atmosphere) | colamns 


(1 atmosphere) 


ees | eee eee eee | eee ee EEE 


373 6°65 — 0°24 6:13 — — 
473 6:61 - 0°10 6°34 = — 
573 6°61 — 0°04 6:58 — — 
673 6°65 — 6°83 = — 
7173 6°74 — 706 = s> 
873 6°88 — 7:19 — — 
1073 7°30 == 7°70 — — 
1273 7'90 = 8-08 — — 
1473 8°70 = 8°40 093 8°49 
1673 9°67 — 8°72 — — 
1873 10:84 — 9-00 1-007 1001 
2073 12°17 — 9°26 2°285 11°55 
2273 12°95 — 9°51 4°398 1391 
2473 13°45 — 9°72 — — 
2573 13:57 — — — — 
— 9°92 — — 


2673 — 


the heat of dissociation of water vapour at 0° abs., can be calculated 
from b. The above value of b gives for the latter quantity 
D, = 54,760 cals. per gm. mol., 


and the empirical formula for the heat of formation at any tem- 
perature is * 


Dr= 57,095 + 0249F + 00,9975 7? — 0°0,77987° ...(12). 
The agreement is quite good and it is found that D, is fairly 


sensitive to changes in the above coefficient which ceuld not there- 
fore be very different from that derived here. 


* Partington and Shilliog, loc. cit., p. 169. [There seems to be a misprint in 
their final result for Dy, 0:449T occurring in place of 0:249T. ] 


Calories per gm. mol. H,O 
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From the value of A we have found, and from equation (11), 
a comes out to be 34°53, giving for the moment of inertia of the 
oxygen molecule 
34°53 x 10-* gm. cm.?. 


This is about twice the value given by Mecke®, which is probably 
a reliable determination’ by the band spectrum using the latest 
theories. In view of thedata the agreement here isnot unsatisfactory. 

The contribution to the apparent specific heat due to dis- 
sociation will be 


—- ~—Red.to zero press 


. 
oo 
o- 
s...’ 
. 
..” 
ooo? 
raed bd 


<i 


(K.ev.V.) 
H 


273 673 1073 1473 1873 2273 ` 2673 
473 873 1273 1673 2073 2473 


Abs. temperature 
Fig. 1. 


We obtain from (11) using the calculated b and A 


7975 
5 aroas] 
4343 dx 1 7975 | 


The values of (13) for certain temperatures were calculated 
using Dr given by (12)+ and the results are given in Table II and 


* Zeit. für Phys. vol. 42, p. 396 (1927). 

t Dr is derived from the observed specific heat of steam and it would be better 
to use the calculated specific heat based on the elementary theory since we now 
see that a large part of the former is due to dissociation. The variation of Dr with 
T is not, however, large. 


Calories per gm. mol. Hg 


logoe = $ log, T- 
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shown in the figure. The agreement is good over the range in 
which we expect the theory to hold. 

We conclude that the difference between the specific heats 
observed and given by the ordinary theory is due almost entirely 
to dissociation. 


I wish to express my thanks to Mr R. H. Fowler for his 
interest and advice in this subject. 
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A Case of Double Reflezion. By E. T. S. APPLEYARD, B.A., 
King’s College, and H. W. B. SKINNER, Ph D., Trinity College. 


[Received 22 August, reud 24 October 1927.] 


We recently had occasion to have a right-angled quartz prism 
made with the optic axis of the quartz perpendicular to one of the 
short sides of the right-angled triangle (Fig. 1). The prism has the 
property that it gives two images when light enters perpendicular 
to one of the faces and, after internal reflexion at the hypotenuse, 
passes out at right angles to the other face. It was at first sight 
rather difficult to see why this doubling of the image occurs, since 
the incidence on both faces of the prism is normal and quartz is a 
uniaxial crystal, there can be no double refraction occurring. 


DIRECTION 
OF OPTIC AXIS 


Fig. 1. 


A little consideration showed that the effect was due to double 
reflexion at the hypotenuse of the prism. In the case of ordinary 
reflexion, for example from a glass surface in air, the equality of the 
angles of incidence and reflexion depends on the equality of the 
velocities of the light before and after reflexion. 

In the case of the quartz prism, for the ordinary ray these two 
velocities are equal; for the extraordinary ray they are not, since 
before reflexion the light is going (for instance) parallel to the 
optic axis and after reflexion perpendicular to it. Thus there are 
two reflected rays; for one the angle of incidence is equal to the 
angle of reflexion, but for the other it is not. Though slightly com- 
plicated by the fact that the Huyghens wavelets are spheroids, an 
elementary calculation gives for the angle êp between the ordinary 
and the extraordinary reflected rays 


where V,and V_are the principal velocities of the two waves. The 
angular separation of the images, calculated from the refractive con- 
stants of quartz, is 0°36°, and this agrees excellently with that 
actually observed. If the light enters the prism perpendicular to 
the optic axis, the splitting is obviously the same. 

Thus the quartz prism gives an instructive example of the fact 
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that the angle of incidence is not always equal to the angle of re- 
flexion, and shows on what the equality of these two angles depends. 
We expected to find a reference to this property in the standard 
works on the subject, but we have not found any explicit notice of 
the fact. We do not claim to have made a very elaborate search, 
however; for it seemed that the effect, even if it has been noticed 
before, is of sufficient interest to be recalled. 

On account of the rotational property of the quartz, the prism 
behaves differently according as the light enters ıt parallel to the 
opa axis or in the perpendicular direction. If it enters parallel to 
the optic axis, the rotation property does not alter the character of 
the light internally reflected; for the rotation has no effect on 
natural light. In this case, looking through the prism, we see two 
completely polarised images. In the case when it enters by the 
other face of the prism, on reflexion the light is split up into two 
polarised components; but these components are rotated in their 
subsequent passage through the quartz parallel to the optic axis. 
Since the light entering at different points along the face of the 
prism traverses different thicknesses of quartz parallel to the optic 
axis, the effect seen, if we are using a finite aperture of the prism, 
is two images which are apparently more or less Darie The 
behaviour of the prism in these two cases shows clearly that the 
splitting up occurs at the reflecting surface. 

Thus the prism, in the second case, first splits up the light into 
two polarised components and then effectively depolarises it. We 
have found this property of the prism very useful in the spectroscopic 
determination of the polarisation of light. Actually we are using a 
spectroscope of the Littrow type, and we use the quartz prism in 
place of the usual single image internally reflecting prism. The 
spectrum lines are then doubled, the images corresponding to 
_ vibrations are parallel and i eal aac to the spectroscope slit. 

The advantage of this procedure is due to the depolarising effect of 
the prism. The light falling on the refracting prism of the spectro- 
scope is effectively unpolarised, and hence only a very slight 
intensity ditference between the two components occurs owing to 
the reflexion at an angle at the faces of the refracting prism. In- 
tensity measurements on the two iaa images therefore give 

ractically the degree of polarisation directly; only a small correction 
has to be agai for the polarising effect of the spectroscope on 
light passing through it. This is a great advantage since the cor- 
rection in the case of an ordinary quartz spectroscope may easily 
reach a value corresponding to 25 per cent. of polarisation, and 
owing to residual rotational effects, it varies in an extremely com- 
plicated way with the wave-length of the light. Using the present 
quartz reflecting prism, in the blue and ultraviolet regions, the 
correction is always less than 5 per cent. 
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A Convenient Method of Distillation of the Alkali Metals. By 
R. J. CLARK, Lecturer in Physics and Carnegie Teaching Fellow 
in the University of Edinburgh. (Communicated by Prof. Sir E. 
RUTHERFORD.) 


[Received 8 August, read 24 October 1927.] 


The alkali metals, sodium, potassium and rubidium can be 
distilled easily in a good vacuum and obtained reasonably free from 
occluded gas in the following way. As potassium is now used for 
the absorption of mercury vapour and many experiments are being 
done on the others, an account of a convenient way of preparing 
pure specimens may be of some service to experimenters. 

A still is first made like that shown in Fig. 1, which will serve 
for the preparation of trebly distilled specimens. The size shown 
will do for the distillation of about six or seven grams. The con- 
strictions where the various sealings are to be done should be of 
only moderately thick walls, and the bore should be about 1:5 to 
2mm. The connections are on one side only for convenience in 
washing. When the still is made it is thoroughly cleaned and 
dried, and set vertically in a clamp (on the tube S by preference) 
and connected through a mercury-vapour trap to either a Gaede 
rotatory mercury-pump or to a small diffusion pump. 

A sufficient quantity of the alkali metal is washed in some dry 
ether containing 4 or 5 per cent. of alcohol, and all the oily scale 
is knocked off it. After two or three washings when it is bright 
and clean beneath the ether, it 1s taken out, wiped off with filter 
paper and dropped into the still. A small wad of glass wool is next 
put in and the still is sealed off at A and exhausted. 

As soon as the exhaustion is well under way all the still except 
B is heated with a Bunsen burner (non-luminous flame) and then 
allowed to cool. B is next heated very gently when the metal will 
melt, and breaking through its skin of oxide, run into the bulb C. 
If this heating is properly done the oxide will not fuse and it will 
be easy to seal B off. The residue left behind in B will be con- 
taminated with oil, and it is important that none of it should get 
into C. When the metal melts a lot of gas comes off and the pump 
should be watched to see that it does not choke. 

A small electrically heated oven is next inverted over C, and 
the metal distilled from one bulb to the next, the operator sealing 
off the bulbs in turn as they empty. The open end of the oven 
should come a little below the top of the next lower bulb, in order 
to keep the connecting tube warm. Finally, the metal may be run 
into an ampoule which is to be sealed off, or it may be run directly 
into the apparatus in which it is to be used. 


954 Mr Clark, A convenient method of distillation 


Fig. 1. (Scale 4 natural size ) 
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To distil sodium it is best to use either Pyrex (Jobling) or 
Monax (Moncrieff) or similar glasses; the temperature of the oven 
should be about 500 degrees centigrade. Potassium and rubidium 
can be distilled in soda-glass and a temperature of 400 degrees 
centigrade is ample for potassium and 350 for rubidium. 

A suitable oven can be made from a piece of 20 guuge sheet 
iron pipe, 3 inches in diameter and 6 inches long. Over one layer 
of asbestos cloth a single winding of nichrome wire about number 
22 S.W.G. is put on (the resistance will be about 25 ohms); this 
winding is covered with about three-quarter inch thickness of 
asbestos, and the whole is slipped inside a piece of 5 inch sheet 
iron pipe 7 inches long. One end is closed with three-quarter inch 
asbestos and a sheet iron disc on which the binding screws are 
mounted. This oven can be connected directly to the 110 volt 
mains. The temperature is regulated by a series rheostat and in 
practice the rate of distillation is a good guide to the proper 
temperature. Each distillation of 5 grams should take about 10 
to 15 minutes. 

This method has been used also to distil mercuric-chloride, 
mercurous-chloride, zinc bromide, arsenic trioxide and some similar 
substances in order to free them from occluded gases and non- 
volatile impurities. Ordinary soda-glass is suitable for all these 
substances, and a person skilled in this sort of manipulation will 
find it the most convenient, but any one else had better use a 
harder glass, as the chance of cracking a tube in sealing it, is then 
very much less. 
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A Rapid Mercury Still. By R. J. CLARK, Lecturer in 
Physics and Carnegie Teaching Fellow in the University of 
Edinburgh. (Communicated by Prof. Sir E. RUTHERFORD.) 


[Received 8 August, read 24 October 1927.] 


This still is a modification of Hulett’s pattern® in which 
mercury is distilled in a current of air at greatly reduced 
Ko The current of air has two uses; first it prevents 

umping and so is led in beneath the surface of the boiling 
mercury, and secondly, it oxidizes most of the zinc, cadmium and 
lead which go over. The oxides float on the distillate and are 
easily removed by straining it. A still made according to Hulett’s 
directions and having a boiler of half a litre capacity will distil 
satisfactorily about 750 grams per hour. If the rate of distillation 
is increased much, some of the other metals go over, and if more 
air is admitted to prevent this, the boiling mercury is thrown 
about very violently in the boiler, which breaks sooner or later. 

By one change in design, the use of two inlets for air instead 
of one, the capacity of the still can be doubled for a given size of 
boiler. One of the two inlets is near the bottom of the boiler 
beneath the mercury, and the other is at the top above the surface. 
Only enough air to stop Dupe is led in through the first, the 
rest goes kroug the other. A boiler of half a litre capacity can 
be used to distil 1500 grams per hour in this way. 

A pattern of still, one of which has been in use for some years, 
is shown in the accompanying diagram, which is to scale and in- 
dicates sufficiently the way in which the still is made. The boiler 
B, a round-bottomed flask (soda-glass) of half a litre capacity rests 
on some fine brass filings in a hemispherical iron dish D, of 6 cm. 
radius, in its turn supported on an iron ring X fixed to the wooden 
support A. The neck of the flask is 2°5 cm. in diameter and 30cm. 
long so that the mercury sealed ground joint J remains cool. 
Through this joint pass two concentric tubes, the larger extend- 
ing 2 cm. into the boiler when in position, the smaller ending in 
a fine capillary 1 or 2 mm. only trom the bottom of the boiler. 
This is shown in the detailed diagram of the boiler in Fig. 3. 
Taps are provided to regulate the amount of air admitted through 
each tube. The eduction tube to the condenser is 15 mm. in 
diameter, and is sealed in the neck 7 cm. above the bulb, and to 
avoid priming it is bent at right angles, and carried up 20 cm.; 
then it is bent through 180° on a radius of 4 cm. and joins the 
condenser C. This is a vertical tube 3 cm. in diameter, 60 cm. 


* Hulett, Physical Review, vol. 21, p. 288, 1905. 
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long and with a wall -75 mm. thick ; it is supported on a wooden 
arm at its lower end, and through a hole in this arm passes a 
7 mm. tube ending in the male part of a ground joint K. A three- 
way tap T is sealed on 2 cm. above the bottom of the condenser, 
and so the still can be evacuated or filled with air. The other part 
of this ground joint is at the upper end of the barometric over- 
flow O, which is a heavy wall capillary tubing about 1 mm. in bore. 
A small manometer is connected to the lower end of the condenser 
by a piece of pressure tubing. The whole apparatus is mounted 
on a board stiffened by ribs, and occupies a floor space 30 cm. 
square, and is 150 cm. high. 

To work the still the upper part of the head is taken off, and 
4500 grams of mercury are poured into the boiler through a funnel 
with a stem long enough to reach nearly to the bottom. The joint 
J is rubbed over with graphite and put in place, and a little mercury 
is put in the cup to seal it. A good water suction pump is next 
connected to the tap T by some wide tubing. It is important that 
there should be no leaks and that the passage of gas to the pump 
should be entirely unobstructed. The end of the over-flow tube is 
now dipped into a dish of mercury, and the tap T is turned to con- 
nect the still with the pump. When the manometer shows a 

ressure of 25 mm. the amount of air admitted by the submerged 
inlet is adjusted so that one or two bubbles per second rise through 
the mercury. The other inlet is then adjusted until the pressure 
stays constant at about 21 mm. The burner is then lighted ; when 
the distillation begins the air supply will probably want further 
adjustment. Once started it can be let alone until there is 400 
grams or so left in the boiler when the connection with the pump 
is cut off and the still allowed to cool. The distillate is then 
strained once or twice through a perforated filter-paper. 

A still like this works as a pump, the pressure of oxygen 
being many times greater in the cold part of the condenser than 
in the boiler. Calculation shows that when 1500 grains of mercury 
are distilled per hour, 1 c.c. of air is admitted per second and the 
manometer shows a pressure of 20 mm., the pressure of oxygen in 
the boiler is less than 0°1 mm. Plenty of air must therefore be 
admitted and pumped out again by an efficient pump. 
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Notes on Spectrophotometry. By R. W. DircuBuRn, B.A., Trinity 
College, Isaac Newton Student. 


[Received and read 25 July 1927.] 


1. Sources of light for ultra-violet spectrophotometry. 


The source of light used as a background is an important 
factor in determining the convenience and accuracy of ultra-violet 
absorption work, etc. If a source of light of constant intensity is 
available, a direct comparison method can be used and it is only 
necessary to calibrate the plates. If the source of light is not 
constant in intensity, it is necessary to divide the light into two 
beams and use one to check the variations of intensity while 
the other goes through the absorbing substance or (during cali- 
bration) the reducing sector or wedge. This latter method requires 
much more complicated apparatus and if the variations in the source 
are at all large it becomes inaccurate. In addition to being con- 
stant in intensity a good background for ultra-violet absorption 
spectra should possess the following qualities: 

(1) Most of the energy should be emitted in the form of a 
continuous spectrum. 

(2) It is desirable to be able to use one photograph of the whole 
region to be investigated. For this purpose it is necessary that the 
variations of intensity in different parts of the spectrum should be 
small enough for it to be possible to arrange the exposure so that 
all parts of the spectrum are within the correct exposure range, 
i.e. it must not be necessary to over-expose any part in order to 
geta ses enough intensity at another wave-length. 

The hydrogen continuous spectrum possesses both these quali- 
ties and is an excellent background for the region on the short 
wave-length side of 3200 a.u. It may be used for longer wave- 
lengths, but the hydrogen secondary lines are apt to prove trouble- 
some unless a fairly large dispersion is used. 

The most convenient way of producing this light is a discharge 
tube of the pattern invented by Lyman* (Fig. 1). The writer has 
found that with suitable precautions it is possible to make this tube 
run perfectly steadily. In the form used by the writer the tube is 
of sott glass and a quartz window is waxed on to one end, enabling 
the capillary to be viewed end on through the cylindrical electrode. 
A more permanent tube might be constructed of pyrex with 
tungsten-pyrex electrode seals and a pyrex-quartz seal enabling 
the quartz window to be fused on. 


* Astrophysical Journ. 23, 181 (1906). 
63—2 
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The diameter of the capillary should be between 2 and 3 mms. 
and the length between 5 and 6 cms. There is some advantage to 
be gained by making one of the ends larger than the other and, since 
the window must be placed well away from the electrode, the 
window end should be the larger. A bulb of about a litre capacity 
is attached to the tube to prevent violent changes of pressure when 
the tube heats up and also to reduce the fall of pressure produced by 
prolonged running of the discharge. The best pressure is about a 
millimetre of mercury, which is a little above the pressure at which 
the effective impedance of the tube is least. This assists in pro- 
ducing stability. When the current increases, the tube becomes 
hotter, the pressure rises and causes the current to fall, and similarly 
if the current falls the consequent change of pressure tends to bring 
it back to its former value. 


1000 V 
INS 


and Seal 


Cooling Discs 


Fig. 1. 


It is very desirable to have the hydrogen really pure. For this 
purpose the tube should be run for some hours with a stream of 
electrolytic hydrogen passing through it, liquid air traps being 

laced between it and the nearest taps. This removes mercury and 

ydro-carbons. Lyman* found that when the discharge was run a 
film collected on the window. This seems to be entirely due to the 
presence of hydro-carbons. For this reason the window should be 
taken off and cleaned after the discharge has been run long enough 
to remove all traces of hydro-carbon. After this the tube is again 
run for some hours with the stream passing and then the pressure is 
adjusted to a little above the right value and the taps are turned otf. 
The tube is then run for at least three hours more to get rid of the 
last traces of oxygen and mercury and is then sealed otf. The purty 


* Lyman, loc. cit. 
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of the hydrogen is best tested by watching the relative intensity of 
the line and continuous spectra. When the hydrogen becomes 
really pure the relative intensity of the latter increases enormously. 

The tube runs much more steadily with nickel electrodes than 
with aluminium. The electrodes should be prevented from vibrat- 
ing and this is conveniently done with small glass wedges. The 
source of electrical supply 1s a 1000 volt transformer, the current 
being controlled by a resistance in the primary. As much as 200 
milliamperes may be put through the tube steadily, but with currents 
of more than 30 milliamperes the capillary needs cooling. This is 
secured by wrapping with tinfoil on which may be fastened the brass 
radiating discs. With a current of 100 milliamperes the continuous 
spectrum is sufficiently intense to be photographed in a low dis- 
persion spectrograph with an exposure of a few seconds. 

The tube may still run unsteadily owing to certain capacity 
effects. These are avoided in the case of the tube at present in use 
by connecting the cooler to one side of the supply. For another 
tube it was found to be desirable to connect a Leyden jar to the 
cooler instead. These capacity effects are difficult to understand, 
but it is fairly easy to find the right arrangement to eliminate them 
after a few trials. 

When this has been done the tube runs steadily to better than 
a half per cent. If run on the town supply it is of course necessary 
to follow the fluctuations of the supply and keep the current through 
the tube constant by adjusting the resistance in the primary of the 
transformer. Photometric tests showed that for small changes the 
intensity of light produced is proportional to the current. Thus the 
constancy of the source is simply dependent on the effectiveness of 
the control of the supply voltage. 

The only other constant sources of continuous ultra-violet light 
are the tungsten lamps and the cadmium spark used by Harrison *. 
The intensity of the tungsten lamp falls very rapidly in the direction 
of shorter wave-length. It is necessary to take several exposures 
to cover any considerable range of wave-length and the intensity is 
very feeble for wave-lengths below 2800 a.u. The source used by 
Harrison seems to possess most of the qualities of the hydrogen tube 
in the region from 3500 A.U. to 2000 a.u. The hydrogen discharge 
tube appears to be simpler and more convenient than the spark. 
Moreover, with a fluorite window, it may be used for work in the 
Lyman region. 


2. Reducing Sectors, etc. 


For all methods of spectrophotometry it is necessary to have 
some way of reducing a beam of light in a known ratio. The 
purpose of this section is to discuss the various devices which have 

* Harrison, Phys. Rev. 24, 466 (1924). 
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been used, and to describe a form of sector which is simple in con- 


struction and possesses many advantages. 


I. Neutral Wedge Methods*. A wedge of neutral grey glass is 
cemented to one of clear glass. The difference between the ab- 


sorption coefficient (for a given wave- 

length) at two planes, such as A and B, 

is proportional to the distance between 

them. If it is desired to have a small 

area where the absorption coefficient is A 
constant, two grey wedges may be used, Ñ 
as shown in Fig. 2b. The small wedge B 

has the same angle as the other, and 

thus the same density gradient. The (a) 5) 


density of the combination is constant 
over the area of the small wedge, and is Fig. 2. 
varied by moving the large wedge. 

For alaki work, wedges of gelatine on quartz have been 
investigated to A2900 a.u. by Toy and Ghosh f. W edges of splut- 
tered platinum have been used by Merton} and by DorgeloS. 
These is have not a uniform density gradient, but this can be 
allowed for in calibration. 


The neutral wedge is very useful for many purposes (as is — 
illustrated in the book of Dobson, Griffiths and Harrison), and it 


is the basis of the very interesting method of spectrophotometry 


devised by Merton, but it is at best a secondary standard in that 
it needs to be calibrated by reference to some other reducing 


device. 


II. Variable Aperture Screens. The screen is used to reduce 
the effective area of one of the lenses in the optical system. If the 
illumination were uniform over the whole area of the lens an iris 
diaphragm might be used. To compensate for uneven illumination 
a grating or gauze replaces the simpler diaphragm. The opaque 
and clear spaces must be quite irregularly distributed, or else the 
screen must be kept in irregular moticn to and fro across the sur- 
face of the lens. 

The calibration is made by measuring up the area of the opaque 


spaces. A set of about five different screens is needed, and by using 


these in different combinations a sufficient number of calibration 
points is obtained. 

This method of reducing the intensity suffers from two dis- 
advantages. 


* Dobson, Griffiths and Harrison, Photometric Photometry, ch. 1. 

t Toy and Ghosh, Phil. Mag. 40, 775 (1920). 

+ Merton, Proc. Roy. Soc. A, 106, 378 (1924). 

§ Dorgelo, Phys. Zeits. 26, 756 (1925) ; Zeits. f. Phys. 81, 827 (1925). 
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(1) If the size of the spaces is too small diffraction effects 
become appreciable, and these cause an error which is different 
for different wave-lengths. If, on the other hand, the size is too 
large the distribution over the lens area will not be sufficiently 
irregular. It is very difficult to be sure that both these troubles 
have been avoided. 

(2) The calibration (which must consist of measuring up each 
space) is rather a lengthy process, and it is by no means certain 
that the value will remain constant. If the screen consists of a set 
of lines ruled on a silvered surface it is very liable to collect a 
little dust or to become oxidised, and so change its opacity by 
a few percent. Wire gauze or metal plates drilled with a number 
of holes are a good deal better from this point of view, but not 
perfectly satisfactory. 


III. Nicol Prisms. A pair of nicol prisms is placed in the 
path of the beam; the intensity of the light transmitted is pro- 
portional to the square of the cosine of the angle between their 
principal planes. It is necessary to arrange that the light entering 
the spectroscope always has the same plane of polarisation. 

This method is convenient for visual measurements though, 
as will be shown later, the angle-sensitivity is rather low. For 
ultra-violet work Foucault air prisms might be used since Canada 
Balsam is opaque. These have a small field, and cannot be used 
below 2500 A.U., since calcite begins to absorb strongly at this 
wave-length. 


IV. The Circumference-aperture Sector. In this device two 
discs of the shape shown in rig. 3 are fastened on the same 
spindle so that they can be fixed at any angle relative to each 
other and so that the whole system can be rotated. The light 
passes through the aperture A, of which the size can be varied by 
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altering the angle between the discs. This device is very simple 
and is quite useful for finding the shape of an absorption curve 
(qualitatively), but it cannot be used for accurate quantitative 
work on account of the failure of the reciprocity law of photo- 
graphic action. It is known that the effect of steady exposures is 
approximately proportional to It? (where J is the intensity, t the 
time of exposure and p is a constant). These, however, are not 
steady exposures, and it is not known what the law of action is 
for intermittent exposures of this type. There is thus no possibility 
of working out a correction, and this method is more uncertain 


than calibrating by reducing the length of exposure. 


V. The Judd-Lewis Vane Sector*. The sector system consists 
of four triangular vanes, each of which has two edges at right 
angles. The angles of the vanes all meet 
in a point, so that when they are all in 
one i (perpendicular to the direction 
of the beam) no light is allowed to pass. 
The vanes are capable of being rotated m 
about their bisectors (“m” in Fig. 4a) 
through a measured angle, and their 
shadow in the beam is in the form of a 
maltese cross (Fig. 4 b). 

The sector system is placed in a 
parallel beam of light with its centre as 
near as possible to the axis of the optical 
system. The area of the beam is thus 
reduced in a known ratio. The intensity 
of the beam will be reduced in the same 
ratio, provided that the mean intensity 
over the shadowed part of the beam is 
equal to that over the clear part. In view of the form of the 
shadow this condition will in general be fulfilled, but if the 
source is an arc or spark capable of wandering far from the axis 
of the optical system an appreciable error might be involved. The 
sector possesses the advantage of having the whole aperture avail- 
able (and not half, as in most sectors). This advantage is however 
completely outweighed by the mechanical difficulties of the device. 
These make it useless for general purposes. 


VI. The Radial-aperture Sector. 


We shall now describe a radial-aperture sector which was made 
for the writer by Messrs Bellingham and Stanley, and has been in 
use for the past year. | 


Fig. 4. 


* Judd-Lewis, Trans. Chem. Soc. 1919, 312; Journ. Roy. Soc. of Arts, 1921, 206. 
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This sector consists essentially of two discs A and B, in each 
of which there is a semicircular hole. The discs have a common 
centre C, being mounted on the same large hollow spindle D. A can 
be rotated relative to B and fixed in any position. A is divided into 
degrees, and B carries a vernier so that the angle LCM can be 
read to a tenth of a degree. The sector system is placed in a 
parallel beam of light, and C is fixed as accurately as possible on 
the axis of the optical system. The reduction of area and of in- 
tensity is similar to that produced by the Judd-Lewis sector, but 
the radial aperture sector may be rotated to eliminate the effects 
of non-uniformity over the area of the beam. It has always been 
found necessary to carry out this rotation. When the centre of the 


sector has apparently been set on the optical axis, it is found on 
looking into the spectroscope that quite large changes of intensity 
are produced when the sector is turned. Great care is needed in 
making a final adjustment so that no perceptible difference could 
be seen on rotating the sector. 

Dr Skinner has pointed out to me that the difficulty of this 
adjustment may be avoided when it is possible to place the sector 
in one focal plane of the lens which condenses the light on to the 
slit of the spectrograph. When the sector is not quite accurately 
set on the axis of the optical system, intermittency is really pro- 
duced by movement of the image of the sector which, in general, 
is partially focussed on the slit of the spectrograph. With the 
above arrangement, however, the image of the sector is at infinity 
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and is thus completely out of focus on the slit of the spectrograph. 
It is desirable to employ this arrangement when using any of the 
aperture reducing devices described in Sections II and IV. 

In comparison with the Judd-Lewis instrument this sector has 
the disadvantages that only one half of the field is available, and 
that it has only one aperture instead of four symmetrically placed 
openings. It has, on the other hand, the advantage of being much 
simpler in construction (which means that less reliance is placed 
on the workmanship and that it is less costly). Moreover it may 
be rotated when this is desirable. 

For technical purposes and routine work it may be desirable 
to have an instrument which need not be rotated. For this pur- 
pose it 1s necessary to have several 
symmetrical openings. The radial 
aperture sector may be modified 
in the following way. Two metal 
plates are accurately cut in the 
shape shown in the diagram and 
mounted on a large hollow spindle. 
By fixing them at different angles 
relative to one another the beam 
may be cut down in any desired 
ratio. In this way three symmetric- 
ally placed openings are obtained. 
By suitably cutting the plates any , 
number of symmetrically placed Fig. 6. 
openings may be obtained, If more 
openings than one are used, however, each of them will have to be 
proportionately narrower for a given intensity. This means that 
diffraction effects will be greater and also (as will be shown later) that 
the angle-sensitivity will be reduced in proportion to the number 
of openings. For purposes where it is not desired to rotate the 
sector, the three-aperture type is probably the best. It should be 
noted that even this type, while not so simple in construction as 
the single-aperture type, is considerably simpler than the vane 
sector and can be rotated if necessary. 


Angle Sensitivities. 

In several of the methods described above the reduced in- 
tensity is calculated from the measured value of an angle. In 
comparing the instruments it is interesting to see how the 
intensity changes with the angle in each case. We may define S 
by the following equation : 


where J is the fraction of the maximum intensity which is trans- 
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mitted when the measured angle is @ (zero angle being that where 
no light is transmitted). S measures the accuracy with which it is 
possible to measure the absorption coefficient of a substance which 
transmits the same fraction of the incident light. Or, looking at 
it from a slightly different point of view, S measures the rate of 
change of density of an equivalent absorbing screen ; for 


Delor klg 


I 
(where k = = : 
a= (log) 
= k 5 (D) PE E E E EN T (2) 


We shall refer to S as the “angle-sensitivity,” and proceed to 
compare its values for the ditferent instruments. 
We first write down the relations between J and 8: 


(A) For the Nicol prisms, 
[SS Of en A ...(3); 
2 For the Judd-Lewvs vane sector*, 
m — 4 tan™ (cos 0) 


I = nr ccc eect eee (4) ; 
(C) For the Radial-aperture sector, 
n@ 
I = a ~  esosoooosessoscoecoeooooooo (5), 


where n is the number of openings available. 

For the circumference-aperture sector the relation is the same 
as for the radial-aperture sector with two openings. 

From these we obtain for S, 


(A) For the Nicol prisms, 


S = 4 tan 0, 
o I 
S=4 ee (6); 
(C) For the Radial-aperture sector 
S= 6, 
mI 
= a ceseooooooevsorovosocoosoonsoo (T). 


(Thus S is inversely proportional to n, the number of openings.) 
* Judd-Lewis, Trans. Chem. Soc. 1919, 316. 
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(B) The expression for S is rather complicated in the case of 
the vane sector, and the values of S are best obtained by cal- 
culating pairs of neighbouring values for T. 

The values of S for the different instruments are shown as 
functions of I in the accompanying graph (Fig. 7). The graph 
shows that, for intensities of ten per cent. and less, the angle- 
sensitivities of the Judd-Lewis and the radial-aperture sectors (with 


0°6 


Q 
A 


Sensitivity (S) 


Intensity (I) 


Fig. 7. 


one opening) are about equal. The angle-sensitivity of the nicols 
in this region is about the same as that of the radial-aperture 
sector with two openings, i.e. half that of the radial-aperture sector 
with one opening. For intensities of over ten per cent. the radial- 
aperture sector with one opening has a far greater angle-sensitivity 
than any other device. 

In general it is necessary to be able to measure I to one 
per cent. in order to have the error of the sector of the same 
order as other experimental errors. 
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Since S = Id6/dI and we must have dJ/I + 1/100, we require 
S ¢ ‘17 if angle readings are correct to one-tenth of a degree, and 
S ¢ ‘U6 if angle readings are correct to one-thirtieth of a degree. 
From the graph we have 


S17 
for the Vane sector when ___... “bs I ¢ 04 
» » Radial-aperture sector (1 opening) I< 06 
» » Radial-aperture sector (2 openings) J<¢-1l 


» » Nicols . s I 4:12 
and S ¢ ‘06 
for the Vane sector when ; I ¢ 007 


» » Radial-aperture sector (1 opening) I 402 
» » Radial-aperture sector (2 openings) TI ¢ ‘04 
» » Nicols Ses ve Sos I € 03. 


In general it is not desirable to use this type of device to 
effect a reduction to less than about five or ten per cent. of the 
original intensity. In the case of the sectors, diffraction effects 
become appreciable when the openings are too narrow. In the 
case of the nicols, errors due to obliquity of part of the light may 
enter. Ifa greater reduction is desired it is better to use a wedge 
and calibrate it in position by reference to the sector or the nicols. 
We thus see that an accuracy of one per cent, in J is required for 
values of J of ‘05 and greater, For this purpose it is necessary 
to know @ to one-tenth of a degree for the vane sector and the 
radial-aperture sector (with one opening). For the nicols and 
the radial-aperture sectors with two or three openings it is neces- 
sary to read the angle to one-thirtieth of a degree in order to 
reach this accuracy. 

If it is desired to be able to vary I by one per cent. it is 
necessary to have verniers reading to one-tenth or one-thirtieth 
of a degree. But if, as is usual, it is only necessary to know T to 
this degree of accuracy for a set of values spaced at about ten 
per cent. intervals, the scale need only be divided into degrees, 
provided that the setting is made with the above accuracy. 
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The Absorption and Reduction in Velocity of B-rays on their 
passage through matter. By E. Mapewick, M.C., Ph.D., Emmanuel 
College. (Communicated by Prof. Sir ERNEST RUTHERFORD.) 


[Received 22 August, read 24 October 1927.] 


Introduction. The early experiments of Lenard (1), Leithauser (2), 
and Becker(8) on cathode rays led to the exponential law of 
absorption; those of Rutherford (4), Schmidt (5) and Hahn and 
Meitner (6) on §-rays indicated that the rays from some radioactive 
bodies were absorbed exponentially and that those from others 
were not. It was sonidcel by Hahn and Meitner that the 
exponential law of absorption was an indication of the homogeneity 
of the rays. It was found also that the exponential law was not 
disturbed by the thickness of radiating material and this led to 
the conclusion that the rays are not appreciably reduced in velocity 
on their passage through matter. The theories of McClelland (7) 
and Schmidt (8) attributed the absorption to the stoppage of 
particles in mid-career. 

In 1906 Sir J. J. Thomson advanced a theory which supposes 
the energy lost by charged particles on their passage through 
matter to be transferred to the constituents of the atoms in the 
course of a series of collisions. Suppose a colliding particle of 
charge E, velocity V and mass M to be projected towards an 
electron of charge p and mass m in a direction such that p is the 
perpendicular distance from the electron to the original path of the 
colliding particle. Then if the electron may be regarded as free 
the energy transterred 1s 


2E?e 1l l 
mV? p + a?’ 


“cit _ eb (M +m) 
ere a= — iny ` 


If N is the number of atoms per unit volume and n the number of 
electrons per atom the average loss of kinetic energy in penetrating 
a distance Az is 


_ me E NnAsx fP pdp 
= mV? 0 pet a? 


AT 


the effect of the nuclei on decrease in energy being negligibly 
small. If the integration be carried out between p=0 and p= <œ, 
the value of AT is infinite, and Thomson fixed an upper limit b 
considering only collisions in which the closest distance of approac 
is of the order of the average distance apart of the a re 
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within the atom. When 3.4 V? may be written for T, equation (1) 
gives by integration 
Ve VPC EIE E T (2), 


where C is constant. Experimenting with homogeneous cathode 
rays Whiddington (9) verified equation (2) and found C for various 
elements. Wilson(10), using the electrical method, showed that 


homogeneous §-rays are absorbed by aluminium according to the 
linear law 


Eh E T TEETE (3), 


and that the exponential law previously found was in fact a con- 
sequence of the inhomogeneity of the radiation employed. He also 
measured the reduction in velocity of homogeneous -rays on their 
passage through sheets of various thicknesses of absorbing material. 
Measurements of the reduction in velocity of 8-rays have been 
carried out photographically by Danysz(11), von Baeyer(12), 
Rawlinson (13) and d’Espine (14). 

Bohr’s theory. Bohr(15) decided on an upper limit for the 
integration in equation (1) by assuming, as in the electron theory 
of dispersion, that the electrons when disturbed vibrate with 
characteristic frequencies v. He introduced the conception of 
a time of collision, i.e. a time interval of the same order as that 
which the colliding particle takes to travel a distance p. If the 
time of collision is very short compared with the time of vibration 
of the electron the energy transfer will be nearly the same as it 
the electron were free ; if this time is long compared with the time 
of vibration the electron will behave almost as if rigidly bound. 
From these considerations Bohr found for the effective upper limit 


of the integral ae where & has the value 1:123, deduced the 


equation (2), and calculated the constant C. In addition to the 
average loss of energy he estimated the most probable loss which 
is suffered by the individual particles and also allowed for the fact 
that V may be comparable with c, the velocity of light. For @-rays, 
remembering that M =m and E =e, his ex pression is 


7 n apye 
Afan E log Ca 3 MAR) — og — 8) - e] 


the electrons in the atom having characteristic frequencies v, 
V3, ++. Vne If we suppose this law to hold until the particles are 
stopped we have for the “ SEE ” of the 8-rays, 


T me ET 


R= =j ana I. nas a 
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writing È for the last factor in equation (4). Considering this as 
constant 

_ mú B i RdB 

— Qre NZJ (1 -— gs 


m? ct 
= E — T3 5 
ca PRHA- #9} ou... (5). 

Bohr’s theory can thus be tested by measurements both of the 
reduction in velocity and of the ranges of homogeneous §-rays. 
In the case of a-rays the theory gives an excellent agreement with 
the velocity-distance curve in the case of elements of low atomic 
number (for which certain approximations introduced by Bohr are 
valid) and from experiments on aluminium the value 39-02 is 


R 


found for log». This is employed in estimating & in the above 


equations. It is convenient to express the results of experiments 
on reduction in velucity in terms of A(Hp). Since 


Hp= pa- eà, 
and T=¢m{(1- 6)" 4-1), 
we have A7'=e8A (Hp) and, from equation (4), 


ER 


Experiments on the absorption of homogeneous -rays have 
been carried out by Varder (16). His curves for aluminium agree 
over considerable parts of their length with the linear law 
previously found by Wilson. By producing these linear portions 
to cut the z-axis, Varder estimated the ranges of 8-rays of various 
velocities in aluminium. His results agree with eauation (5) over 
a wide range of velocities to within about 20 per cent. The ranges 
of cathode rays in a number of metals have been measured by 
Schonland (17), whose results for aluminium show a substantial 
agreement with Bohr’s theory. The reduction in velocity of cathode 
rays has been measured by Terrill (18), who verified the Thomson- 
Whiddington law and found the constant entering to be of the 
order of magnitude predicted by Bohr. 

The experiments on rays of velocities from 0°2C to 0:99C have 
yielded results which substantiate Bohr’s theory as to orders of 
magnitude, but which differ to a considerable extent among them- 
selves. In the present experiments the writer has endeavoured to 
eliminate some sources of error which enter into the measurement 
of R and A (Hp) tor B-rays. 
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Measurements of the ranges of B-rays in aluminium. The 
ee is shown in Fig. 1. The box containing the source A of 

lation is placed between the pole pieces of an electromagnet so 
that those particles which are projected in a direction normal to 
the magnetic field describe circular paths of curvature depending 
on their velocities. A limited beam of mean radius of curvature 
p = 6 cms. passes through the slot B and is brought to a focus on 
to a mica window C of 1:8 cms. stopping power for a-particles and 
width 2 mms., where it leaves the box and enters the ionisation 
chamber D. The y-radiation is absorbed as far as possible by the 
lead blocks H and J, and its effect in the ionisation chamber is 
still further reduced by means of the balance chamber Æ.. The 
walls of the ionisation chamber are charged positively, those of the 
balance chamber negatively, and the opposing ionisation currents 


due to y-radiation are nearly balanced out by adjusting the size 
of Æ. The ionisation current is measured by means of a Wilson 
tilted electroscope working at sensitivities of from 30 to 200 
divisions per volt. The source, consisting of a tube containing 
radium emanation, is placed in position by removing the plate K, 
and the box is evacuated by means of a Gaede pump. 

The ionisation in D may be due to three causes, viz. (1) the 
direct 8-radiation, (2) the scattered 8-radiation, and (3) the un- 
balanced y-radiation. To separate out the three effects a device 
previously used by Chadwick (19) was employed. This consists of 
a lead screen F which can be interposed in or removed from the 
path of the direct beam by turning G. When the direct beam 
is free to enter the ionisation chamber all three effects are 
measured together. If now the screen F be interposed in the path 
of the direct beam the ionisation current is the result of (2) + (3); 
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and when the exciting current of the magnet is reversed, of (3) 
alone. The effect of the direct beam is thus represented by the 
difference between the readings corresponding to the two positions 
of F. In Varder’s experiments no attempt was made to allow for 
the scattered @-radiation, though steps were taken to diminish it. 
To what extent this would affect his results is uncertain, but it is 
found in these experiments that in measurements on the high- 


Rance IN Gus/cut 


velocity rays the correction for scattered radiation is very appreciable. 
In an investigation of the continuous §-ray spectrum of Ra (B + C) 
the writer found the highest velocity rays to correspond to about 
12,000 Hp. Effects which Varder detected up to 16,000 Hp were 
probably due solely to scattered radiation. 

The magnetic field was calibrated against the current through 
the electromagnet by comparison with Ellis’s values (20) for the 
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principal lines in the spectrum of Ra B. The field being adjusted 
to a particular value, sheets of absorbing matter of progressively 
increasing thickness were placed over the slit C and measurements 
of the ionisation currents were made in each case. The results of a 
typical experiment on aluminium are shown in Fig. 2. The curve a 
represents the effects of the direct §-radiation, the scattered 
§8-radiation, and the unbalanced y-radiation, b that of the scattered 


Rance in Mams/em? 


8 plus the unbalanced y-radiation, and c the difference between the 
two. Fig. 3 shows a series of curves c corresponding to various 
values of Hp. It will be seen that they agree with the results of 
Wilson and Varder iu that they are very nearly linear over a con- 
siderable part of their length. Values of the ranges as estimated 
by producing these linear portions to cut the x-axis are set out in 
Fig. 4 together with the results of Varder’s experiments and some 
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theoretical values calculated from equation (5). It is of interest to 
note that the values of the ranges which are given by the constant a 
of equation (3) in Wilson's early experiments show a good general 
agreement with thetheory. Forthe sake of completeness Schonland’s 
results are given in Fig. 5. 

Absorption experiments were also carried out on copper, tin, 
and lead. These gave a progressive deviation from the linear law 
of absorption due to the increasing scattering effect. 


ee T 
ae i 
a 

VAT E 


lonisation 


Experiments on the reduction in velocity of homogeneous B-rays. 
No great accuracy can be claimed for measurements on the 
reduction in velocity of 8-rays by the photographic method. The 
lines are displaced only slightly and are so broadened that it 1s 
difficult to estimate the position of maximum intensity. On the 
other hand, experiments can be carried out on a number of lines 
at the same time. 

The distribution of intensity in the displaced and broadened 
line can be investigated accurately by the electrical method, provided 
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that the original line is sufficiently pronounced. The Th B line of 
Hp 1382 is one of exceptional intensity and this has been examined 
before and afterits passage through various thicknesses of aluminium, 
copper, silver, and gold. The source was of Th (B + C) on a platinum 
plate, the back of which was enamelled. The plate was about 
2 mms. wide and was inclined to the vertical (i.e. to the initial 
direction of the beam) at an angle of 29°. The effective thickness 


of the absorbing sheet is thus cosec 29°=2:06 times its actual 
thickness. The sources were of the order of one or two mgms. as 
measured by their y-ray activity, and for such small sources the 
balance chamber was unnecessary. The results of a typical experi- 
ment for copper are shown in Fig. 6 and the displacements of the 
maxima of the peaks in Fig. 7. The value of A(Hp) for a given 
mass per sq. cm. is distinctly less for gold than for aluminium, 
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which is at variance with the conclusion reached by Danysz, 
Terrill, d’Espine and others that the reduction in velocity per unit 


Fig. 8. 


mass per sq. cm. is constant. For aluminium the value of A (Hp) 
for a thickness of 0:01 gm. per sq. cm. was found to be 107 whereas 


rlicles in beam. 


Number of 


the value calculated from equation (6) is 171. The values of this 
quantity obtained from the results of other experimenters, together 
with Bohr’s theoretical curve, are shown in Fig. 8. 
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A rough estimate of the relative numbers of aaah remaining 
in the beam has been formed by detaching the peaks from the 
continuous background and determining their areas after correcting 
for change in Hp, the variation in ionisation due to change in 
velocity, and the decay of the source. The results are shown 1n 
Fig. 9. 

onnon There is a close parallelism over a very wide range 
of energies between the theoretical and experimental results both 
for R and A (Hp), which lends strong support to the general truth 
of the theory. Considering the complexity of -ray absorption and 
hence the uncertainty attaching to the interpretation of the experi- 
mental data, the disparity between theory and experiment 1s not 
great. The ranges measured by Varder and the writer are less 
than those deduced from equation (5), but no account is taken by 
Bohr of the tortuosity of the path described by the A-particle. 
C. T. R. Wilson (21), by his cloud method, has measured the total 
ranges of electrons ejected from atoms by X-rays, and has found 
values which are greater than those calculated from the theory. 
The experimental values of A(Hp) are nearly all decidedly less 
than the theoretical values, but here again it is to be noted that 
increasing numbers of particles are withdrawn from the beam and 
the experimental results do not represent the most probable loss 
of energy in the whole beam. 

It 1s a pleasure to thank Professor Sir Ernest Rutherford 
for his kind interest in these experiments. I am also indebted 
to Dr J. Chadwick for the sources of Th(B +C) and for much 
helpful advice; to Mr G. R. Crowe for preparing the emanation 
tubes; and to the Department of Scientific and Industrial 
Research for financial assistance. 
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The B-ray spectrum of Ra E. By E. Mapewick, M.C., Ph.D., 
Emmanuel College. (Communicated by Prof. Sir ERNEST 
RUTHERFORD.) 


[Received 22 August, read 24 October 1927.] 
Introduction. 


In the course of an investigation of the B-ray spectrum of 
Ra (B + C) by the ionisation method, Chadwick (1) concluded that 
the line spectrum is superimposed on a strong continuous back- 
ground. The ionisation method, however, is not one which admits 
of high resolving power, and doubts have been entertained 
whether the continuous spectrum has in fact any real existence. 
In this connection the case of Ra £ is one of special importance, 
since no line spectrum from this body has been detected by the 
more sensitive photographic method. Experiments have there- 
fore been undertaken with the object of determining the distribu- 
tion with velocity of the numbers of particles in the @-ray spectrum 
of Ra £. 

Experimental. The source of radiation 1s contained in a brass 
box which is situated between the pole pieces of an electro- 
magnet and evacuated to a pressure of a fraction of a millimetre. 
A limited beam of the rays of radius of curvature p= 6 cms. is 
focussed on to a mica window where it passes out of the box and 
enters an ionisation chamber, the ionisation current being measured 
by means of a Wilson tilted electroscope working at a sensitivity 
of 200 divisions per volt. By adjusting the current through the 
electromagnet the ionisation currents corresponding to successive 
values of Hp are determined. To eliminate the effect of scattered 
radiation a small lead screen, sufficiently thick to stop the B-rays, 
is arranged so that it can be turned into or out of the path of the 
direct beam so that the effects of the scattered and of the direct 
+ scattered radiation can be determined separately, the difference 
representing the etfect of the direct rays. The source was obtained 
by rotating a small nickel plate in a solution of Ra D. The plate 
was 5 mms. long and 3 mms. wide and was arranged so that the 
beam to be measured left the plate at a very small angle. 

Experimental results are shown in the diagram. The curve 
(a) represents the effect of the direct + scattered radiation, 
(b) that of the scattered radiation alone, and (c), the difference 
between the two, that of the direct beam. To estimate the dis- 
tribution of the numbers of particles with Hp the curve (c) must 
be corrected in two respects. The beam contains particles of radu 
of curvature between p and p +ôp. Therefore for any field H the 
rays have values of Hp between Hp and H (p+ èp), that is a 
range of Hép. In order that each reading shall correspond to a 
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constant increment of Hp it is thus necessary to divide it by H. 
Also, the numbers of pairs of ions produced by an electron per cm. 
of path varies with the velocity, and for fairly low. velocities the 
variation is very considerable. Block (2) has collected data from all 
available sources and gives a curve showing the number of ions 
produced per centimetre path in air by particles of velocities up 
to 2:9 x 10" cms. per sec. This is employed to estimate from the 
ionisation currents the relative numbers of particles entering the 
ionisation chamber. Corrected in these respects the results are 
represented by the curve (d). 

Discussion. The curve starts at about 600 Hp, rises to a 
maximum at about 2200 Hp, and ends at about 5000 Hp. The 


beginning will be affected to some extent by absorption of the 
rays in the mica window (of 1'8 cms. stopping power for a-particles) 
and the 2 mms. of air space between the window and the ionisa- 
tion chamber. It is to be noted also that the rays which are 
measured include those reflected from the nickel plate, which 
would tend to move the maximum in the direction of lower 
velocity. There is no reason to doubt the accuracy of the end 
int. 

Ellis (3) considers that the particles comprising the continuous 
spectrum are ejected from the nucleus through a wide range of 
velocities. Meitner(4), on the other hand, supposes them to be 
ejected with constant velocity. If Meitner’s supposition is correct 
it is clear that varying amounts of energy are lost by the particles 
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during their passage out of the atoms; the energies represented 
by the end point and by the maximum of the spectrum differ by 
roughly 7 x 10° volts. If this loss is to be attributed to collisions 
with extranuclear electrons the number of particles ejected 
must be substantially greater than one per disintegrating atom, 
which is in conflict with the results of Emeléus’s experiments (5) ; 
and there ought to be present x«-radiation, which, however, is not 
found in any quantity. Rosseland (6) suggests that the continuous 
spectrum may be due to the radiation of energy as the B-ray 
passes through the intense fields within the atom, but Ra E emits 
practically no y-radiation. The phenomena attaching to the dis- 
integration of Ra £ are relatively simple, yet by virtue of their 
simplicity they impose restrictions on the way of explaining the 
continuous §-ray spectrum; and at present there appears to be 
no alternative but to follow Ellis and postulate that the particles 
are ejected from the nucleus with velocities which vary continuously. 

‘The continuous spectra of RaC and Th(B+C) have also 
been investigated. The values for the maxima and end points are 
set out below. i 


Maxima End points 


Hp volts Hp volts 
Ra C 2500 4x10 12,000 30x10 
Ra £ 2200 3:26 x 105 5,000 10:7 x 104 
Th (B+C)| 1400 1°52 x 105 8,800 22x 105 


I am greatly indebted to Prof. Sir Ernest Rutherford for his 
interest in the experiment; to Dr J. Chadwick for providing the 
source; and to the Council of Armstrong College for financial 
assistance. 
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PROCEEDINGS AT THE MEETINGS HELD DURING 
THE SESSION 1926—1927. 
ANNUAL GENERAL MEETING. 
October 25, 1926. 


In the Cavendish Laboratory. 
Proressor J. T. WILSON, PRESIDENT, IN THE CHAIR, 


The following were elected Officers for the ensuing year: 
President ; 
Dr Horace Lamb. 
Vice-Presidents : 


Mr G. Udny Yule. 
Prof. J. T. Wilson. 
Prof. A. Hutchinson. 


Treasurer: 


Mr F. A. Potts. 


Secretaries: 


Mr F. P. White. 
Mr R. H. Fowler. 
Mr H. Munro Fox. 


Members of the Council who continue: 


Dr C. D. Ellis. Prof. Nuttall. 

Mr F, F. Blackman. Dr J. Chadwick. 
Prof, C. T. R. Wilson. Mr W. B. R. King. 
Mr J. E. Littlewood. Mr P. M. S. Blackett. 


New Members of Council: 


Prof. T. M. Lowry. 

Mr H. Jeffreys. 

Dr F. J. W. Roughton. 
Mr F. T. Brooks. 


The President announced the deaths of the following Fellows, since 
the anuual General Meeting 1925: 


Dr William Bateson, St John’s College. 
Mr E. J. Bles, King’s College. 

Mr C. G. F. James, Trinity College. 
Prof. J. N. Langley, Trinity College. 
Prof. W. J. Lewis, Trinity College. 


986 Proceedings at the Meetings 


The following were elected Associates of the Society: 
% 


R. 8. Bartlett. 
F. W. Bradley, Trinity College. 
Max Brunner. 
E. C. Bryant. 
L. W. Elder, Fitzwilliam House. 
B. A. Fletcher, Sidney Sussex College. 
R. P. Gillespie, St John’s College. 
T. Iwatsuki. 
_ G. Jessop, Trinity College. 
O. A. Jones, Emmanuel College. 
C. T. Knipp. 
W. V. Lloyd, Emmanuel College. 
C. A. MacConkey, St John’s College. 
Miss S. M. Manton, Girton College. 
E. F. Porter, Trinity Hall. 
Mrs E. Salaman, Newnham College. 
Miss K. I. Sayers, Girton College. 
J. H. Schulman, Trinity Hall. 
G. F. Smith, Fitzwilliam House. 
K. Suda. 
W. Taylor, Trinity College. 
E. E. Watson, Gonville and Caius College. 
The following Communications were made to the Society : 
1. On compressional waves in two superposed layers. By Mr H. 
JEFFREYS, St John’s College. 
2. (1) On the descriptive-form of Taylor’s theorem. 
(2) The summation of a Fourier integral of finite type. 
By Mr S. Portar, Trinity College. 
3. Note on the Petzval optical condition. By Mr G. C. STEWARD, 
Gonville and Caius College. 
4. Maxwells law, and the absorption and emission of radiation. 
By Mr E. A. Mırnr, Trinity College. 


5. The correspondence between lines in threefold space and points 
of a quadric fourfold in fivefold space, established by a geometrical 
construction. By Mr T. L. Wren, St John’s College. 

6. Improvements in the apparatus for measuring the velocity of 
very rapid chemical reactions. II. By Dr Roucuron, Trinity College, 
and Dr HartripcEr, King’s College. 

7. On the stability of copper catalysts produced by thermal decom- 
position. By Dr ConstaB_e, St John’s College. 

8. Note on the velocity of gas-reactions. By J. A. CHRISTIANSEN, 
(Communicated by Mr R. H. Fow er.) 

9. Note on the effect of alpha particles on parafiin. By W. T. 
Ricwarps. (Communicated by Professor Sir E. RUTHERFORD.) 


10. On the figure of Pappus’ theorem. By C. V. Hanumanta Rao. 
(Communicated by Professor H. F. Baker.) 
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November 8, 1926. 
In the Botany School. 
Dr Horace Lams, PRESIDENT, IN THE CHAIR. 


The following were elected Fellows of the Society: 


J. A. Ratcliffe, B.A., Sidney Sussex College. 
F. P. Smith, B.A., Peterhouse. 
A. F. H. Ward, B.A., Jesus College. 


The following were elected Associates of the Society : 


T. E. Allibone, Gonville and Caius College. 
O. M. B. Bulman, Sidney Sussex College. 

: H. M. Cave, Trinity College. 

R. R. Nimmo, Clare College. 

J. V. L. Rennie, Emmanuel College. 


The following Communications were made to the Society: 
1. Recent advances in Stereochemistry. By Professor T. M. Lowry. 


2. Some investigations of gas discharges by means of an exploring 
electrode. By Dr K. G. EmMELÉUS, St John’s College. (Communicated 
by Mr E. V. APPLETON.) 


3. The absorption spectra of “saturated” and “unsaturated” 
organic substances. By Mr J. E. Purvis, Corpus Christi College. 


November 22, 1926. 
In the Cavendish Laboratory. 
Dr Horace Lams, PRESIDENT, IN THE CHAIR, 


The following were elected Fellows of the Society: 


J. G. Adshead, B.A., Gonville and Caius College 
E. T. S. Appleyard, B.A., King’s College. 
. R. Clapham, B.A. , Downing College. 
. Dee, B.A. , Sidney Sussex College. 
. M. Dirac, Ph.D., St John’s College. 
. Hudson, B. A., King’s College. 
. Salaman, B.A., Trinity College. 
. Thomas, B.A., Trinity College. 
. Vernon, B.A., Trinity College. 
. Wansbrough-Jones, B.A., Trinity Hall. 
A. H. Wilson, B.A., Emmanuel College. 


The following Communications were made to the Society : 


DORMS END | 
po bE as OB 


1. On the polarisation of mercury lines emitted from a discharge 
tube in a magnetic field. By Dr H. W. B. Sxinner, Trinity College. 


2. The application of the method of the magnetic spectrum to the 
study of secondary electronic emission. By C. F. Suarman, B.A., 
King’s College. (Communicated by Professor Sir E. RUTHERFORD. ) 
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3. The calculation of atomic fields) By L. H. THomas, B.A, 
Trinity College. 


4. A contribution to the theory of diffusion pumps. By L. 
WERTENSTEIN. (Communicated by Professor Sir E. RUTHERFORD.) 


5. On a group of order 25920 and the projective transformations of 
a cubic surface. By Mr W. Buxnsipx, Pembroke College. 


6. The Compton effect in wave mechanics. By Dr P. A. M. 
Dirac, St John’s College. 


7. A mathematical theory of natural and artificial selection. Part 
IV. By Mr J. B. S. Hatpang, Trinity College. 


8. On the addition of the primary aberrations. By Mr G. C. 
STEWARD, Gonville and Caius College. 


January 17, 1927. 
In the School of Agriculture. 
Dr Horace Lams, PRESIDENT, IN THE CHAIR. 
The following were elected Fellows of the Society : 


S. J. Hickson, M. A., Downing College. 

J. Hilton, B.A., Christ’s College. 

W. H. McCrea, B.A., Trinity College. 

E. B. Moullin, M.A., Downing College. 
The following were elected Associates of the Society: 


F. B. Bowden, Gonville and Caius College. 
Miss L. Chitty, Newnham College. 
B. H. C. Turvey, St Catharine’s College. 


The following Communication was made to the Society: 


Animal Calorimetry. By Professor T. B. Woop. 


January 31, 1927. 
In the Cavendish Laboratory. 


Dr Horace LAMB, PRESIDENT, IN THE CHAIR. 
The following Communications were made to the Society : 


1. What determines the resistance and tilt of an aeroplane? By 
Professor Sir J. LARMOR. 

2. The effect of the orbital velocity of the electrons in heavy atoms 
on their stopping of a particles. By L. H. Tuomas, B.A., Trinity 
College. 
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3. Surface adsorption and the velocity of chemical action at gas 
solid interfaces. By Dr F. H. ConstaBue, St John’s College. 


4. The evaluation of Gibbs’ phase integral for imperfect gases. By 
H. D. UrseLL, Trinity College. (Communicated by Mr R. H. Fow.er.) 


5. Note on Ramanujan’s arithmetical function r (n). By Mr G. H. 
Harpy, Trinity College. 


6. Notes on the theory of series (iii): On thé summability of the 
Fourier series of a nearly continuous function. By Mr G. H. Harpy, 
Trinity College, and Mr J. E. Litt.ewoop, Trinity College. 


7. The pedal (3, 2) correspondence. By R. ValpYANATHASWAMY. 
(Communicated by Mr H. W. TURNBULL.) 


8. Lines and planes in a metrical space. By W. Hunter, B.A., 
Trinity College. (Communicated by Mr S. Potiarp.) 


February 14, 1927, 
In the Botany School. 
Dr Horace Lams, PRESIDENT, IN THE CHAIR. 


The following were elected Fellows of the Society: 
H. Lob, M.A., King’s College. 
F. I. G. Rawlins, M.Sc., Trinity College. 
T. W. Wormell, B.A., St John’s College. 
The following were elected Associates of the Society : 


W. R. Andress, Trinity College. 
S. E. A. Landale, Corpus Christi College. 


The following Communication was made to the Society: 


Some problems in the Evolution of the Echinoidea. By Professor 
H. L. Hawkins. 


February 28, 1927. 
In the Botany School. 


Dr Horacr Lams, PRESIDENT, IN THE CHAIR. 
The following Communications were made to the Society : 


1. Some problems of plant biology in Malaya. By Mr e E. 
Ho trum, St John’s College. 

2. The mammalian sex-ratio. By M. A. S. Parkes, Christ’s 
College. (Communicated by Mr H. Munro Fox.) 

3. On the present position of the mitochondria and the Golgi 
apparatus. By Dr V. Naru, Trinity Hall. (Communicated by Mr H. 
Mucunro Fox.) 
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4. Glutathione. By Mr H. E. Tunnicuiirre, Gonville and Caius 
College. (Communicated by Mr H. Munro Fox.) 


5. On Herschel’s condition and the optical Cosine law. By Mr G. C. 
STEWARD, Gonville and Caius College. 


March 14, 1927. 
In the Cavendish Laboratory. 
Dr Horace LAMB, PRESIDENT, IN THE CHAIR. 
The following was elected a Fellow of the Society : 
F. T. K. Pentelow, B.A., Christ’s College. 
The following Communications were made to the Society : 


1, An experiment on the stability of superposed streams of fluid. 
By Mr G. I. TAYLOR, Trinity College. 


2. The absolute intensities of the y-rays of radium B and radium C. 
By Dr C. D. Erus, Trinity College, and W. A. Wooster, B.A., 
Peterhouse. 


3. The limits of classical scattering. By Mr P. M. S. Brackett, 
King’s College. 


4. The stopping power of hydrogen atoms for a-particles according 
to the new mechanics. By J. A. Gaunt, B.A., Trinity College. (Com- 
municated by Mr R. H. Fow er.) 


5. Absorption coefficients for X-rays. By L. H. Marrin, Trinity 
College. (Communicated by Professor Sir E. RUTHERFORD.) 


6. (1) On the expression of a rational integral function of a single 
variable in terms of two other such functions, which are prime to one 
another. 


(2) On the fifth book of Euclid’s elements (Second addendum to 
fifth paper). 


By Dr M. J. M. Hitt, Peterhouse. 


May 2, 1927. 
In the Cavendish Laboratory. 
Dr Horace LAMB, PRESIDENT, IN THE CHAIR. 
The following Communications were made to the Society: 


1. Excitation by high velocity electrons. By Mr E. G. Dyxoxp, 
St John’s College. 


2. Synthesis of ammonia by electrons. By A. Caress, B.A. 
Trinity Hall. (Communicated by Mr E. K. RIDEAL.) 


3. The light intensity of the calcium chromosphere. By P. 4. 
Tay or, B.A., Emmanuel College. 
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4. On the effect of the addition of successive small quantities of 
poisonous substances on the velocity of catalytic gas reactions in closed 
vessels. By Dr F. H. Consrasie, St John’s College. 

5. On Mathieu Functions. By S. Goupstein, B.A., St John’s 
College. 

6. A case of distinction between Fourier integrals and Fourier 
series. By Miss M. E. Griusnaw, B.A., Newnham College. (Communi- 
cated by Mr S. PoLLARD.) 

7. Wave propagation in strings with continuous and concentrated 
loads. By Mr H. Jerrreys, St John’s College. 


May 16, 1927. 
In the Botany School. 
Proressor J. T. Witson, VICE-PRESIDENT, IN THE CHAIR. 


The following were elected Fellows of the Society: 
J. A. Chalmers, B.A., Queens’ College. 
W. L. Edge, B.A., Trinity College. 

The following was elected an Associate of the Society: 
S. B. Setna, Fitzwilliam House. 


The following Communications were made to the Society: 
1. The carbohydrate metabolism of the developing frog embryo. 
By Dr J. NEEDHAM, Gonville and Caius College. 


2. Some structural characters of the genus Dictyonema Hall, and 
the technique employed in their determination. By O. M. B. BULMAN, 
Sidney Sussex College. (Communicated by Mr W. B. R. Kina.) 


3. Some problems in the comparison of chromosomes. By J. S. 
Yeates, Trinity College. (Communicated by Mr F. T. Brooks.) 

4. Les théories de la polarité dans les phénomènes de regénération. 
By MarceEL ABELOoS. (Communicated by Mr H. Munro Fox.) 

5. The conditions governing parturition. By Dr F. H. A. MARSHALL, 
Christ’s College. 

6. The mechanics of vertebrate development. By G. R. pe BEER. 
(Communicated by Mr H. Munro Fox.) 


July 25, 1927. 
In the Cavendish Laboratory. 
Dr Horace LAMB, PRESIDENT, IN THE CHAIR. 
The following were elected Fellows of the Society: 


A. Caress, B.A., Trinity Hall. 
D. Stockdale, Ph.D., King’s College. 
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The following were elected Associates of the Society : 


D. Barnett, Corpus Christi College. 
Miss 8S. F. Cox. 

G. H. Dickson, Corpus Christi College. 
Miss N. Martin, Girton College. 

R. J. Pumphrey, Trinity Hall. 

Miss D. H. Strangeways, B.A. 

The following Communications were made to the Society : 

1. A valve amplifier for ionisation currents. By C. E. Wrywyy- 
WILLIAMS, Trinity College. (Communicated by Professor Sir E. RUTHER- 
FORD.) 

2. A differential retarding potential method for the study of the 
energy distribution of slow electron emissions. By C. F. SHARMAN, 
B. A., King’s College. (Communicated by Professor Sir E. RUTHERFORD.) 


3. The Hall effect in single crystals of iron. By Dr W. L. 
WeExssTER, Trinity College. (Communicated by Dr Kapitza.) 


4. The production of characteristic X-rays by electronic impact. 
By Dr L. H. Tuomas, Trinity College. 

5. (1) A mathematical theory of natural and artificial selection. 
Part V: selection and mutation. 

(2) The comparative genetics of colour in Rodents and 
Carnivora. 
By Mr J. B. S. Hatpang, Trinity College. 

6. On the generalizations of the theorems of Parseval and Riesz- 
Fischer. By Mr S. Portlar, Trinity College. 
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